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Outline

TMD Factorization & Evolution

TMDPDF = Hadronic and Vacuum matrix elements

Goal: determine CS Kernel (rapidity anomalous dimension)

Quasi-TMDPDFs for Lattice QCD calculations

Nonperturbative proposal to obtain           (& prelim. results) 

nonperturbatively�q
� (µ, bT ) [�q

� = K = D]

�q
�
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TMD Factorization rigorous QFT derivation of cross sections

eg. Drell-Yan

       Hard function  
(virtual corrections)

� = Collins-Soper parameter

�a�b = Q4 �a = (xaP�a )2 = (2xaP z)2

here:

�(qT , Q, Y ) = H(Q,µ)
�

d2�bT ei�qT ·�bT fq(xa,�bT , µ, �a) fq(xb,�bT , µ, �b)
�
1 +O

� q2
T

Q2

��

qT � Q

MS

anonperturbative
kT � b�1

T � �QCD

fq(x,�kT , µ, �)

a fq(x,�kT , µ, �)
perturbative PDFkT � b�1

T � �QCD

perturbative =
�

i

�
dy

y
Cqi

�x

y
,�kT , µ, �

�
fi(y, µ)

Quark TMDs

�[�+]
q h(x, b) = f1(x, b) + i✏µ⌫T bµs⌫Mf?1 (x, b)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

b? ⇠ 1

k?<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum

�a,b � Q2
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TMD Evolution:

µ
d

dµ
ln fq(x,�bT , µ, �) = �q

µ(µ, �)

�
d

d�
ln fq(x,�bT , µ, �) = �q

� (µ, bT )

�Must solve both equations  
to sum large logarithms:

L = ln(Q2b2
T ) � ln

Q2

q2
T

Collins-Soper  
Equation

Perturbative at short distance µ, b�1
T � �QCD

LL, NLL, NNLL, N3LL, … results

µ
d

dµ
�q

� (µ, bT ) = 2�
d

d�
�q

µ(µ, �) = �2�q
cusp[�s(µ)]

All Orders form:

�q
� (µ, bT ) = �2

� µ

1/bT

dµ�

µ� �q
cusp[�s(µ�)] + �q

� [�s(1/bT )]

�q
µ(µ, �) = �q

cusp[�s(µ)] ln
µ2

�
+ �q

µ[�s(µ)]

�q
� [�s] = �s �q(1)

� + �2
s �q(2)

� + �3
s �q(3)

� + . . .

path independence

3-loop result:   
        Li, Zhu 2016;  Vladimirov 2016 
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TMD Evolution:

µ
d

dµ
ln fq(x,�bT , µ, �) = �q

µ(µ, �)

�
d

d�
ln fq(x,�bT , µ, �) = �q

� (µ, bT )

�Must solve both equations  
to sum large logarithms:

Collins-Soper  
Equation

For                      the CS kernel               b�1
T � �QCD

�q
� (µ, bT )

µ
d

dµ
�q

� (µ, bT ) = 2�
d

d�
�q

µ(µ, �) = �2�q
cusp[�s(µ)]

All Orders form:

�q
� (µ, bT ) = �2

� µ

1/bT

dµ�

µ� �q
cusp[�s(µ�)] + �q

� [�s(1/bT )]

�q
µ(µ, �) = �q

cusp[�s(µ)] ln
µ2

�
+ �q

µ[�s(µ)]

L = ln(Q2b2
T ) � ln

Q2

q2
T

path independent

becomes nonperturbative
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TMD Evolution:

µ
d

dµ
ln fq(x,�bT , µ, �) = �q

µ(µ, �)

�
d

d�
ln fq(x,�bT , µ, �) = �q

� (µ, bT )

�Must solve both equations  
to sum large logarithms:

Collins-Soper  
Equation

Use to: Connect Lattice calculation (or model) with 

to scales needed in factorization theorem:

Solution:

µ � P z � few GeV

µ � Q P z � Q/x,

L = ln(Q2b2
T ) � ln

Q2

q2
T

fq(x,�bT , µ, �) = exp
�� µ

µ0

dµ�

µ� �q
µ(µ�, �0)

�
exp

�1
2
�q

� (µ, bT ) ln
�

�0

�

� fq(x,�bT , µ0, �0)
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TMD Definitions Beam  
Function

Soft  
factor

Reminder (& notation) of TMDPDFs

Definition of TMDPDFs

Motivation: TMD factorization theorem (example: pp ! Z ! l
+
l
�)

�(~qT ) = H(Q,µ)

Z
d2~bT e

i~qT ·~bT f
TMD
q/a (xa,

~bT , µ, ⇣a) f
TMD
q/b (xb,

~bT , µ, ⇣b) + O

⇣
qT

Q

⌘2

I H(Q ⇠ mZ , µ): Hard function (virtual corrections)

Quark TMDPDF: [Collins ’11; Echevarria, Idilbi, Scimemi ’11; Chiu, Jain, Neill, Rothstein ’12, ...]

f
TMD
q (x,~bT , µ, ⇣) = Zuv(µ, ⇣, ✏) lim

⌘!0
Bq(x,~bT , ✏, ⌘, ⇣)

p
Sq(bT , ✏, ⌘)

S0
q(bT , ✏, ⌘)

I Bq: Beam function (collinear matrix element)
I Sq, S

0
q : Soft contributions

I ⌘: Regulates rapidity divergences
I ⇣: Collins-Soper scale [Collins, Soper’81]

Definitions of ⌘ and hence of Bq and Sq

are scheme dependent,
but fTMD

q is scheme independent
l

p p

l

+

-

Soft

Beam
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Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi beam function

Beam function: (light-cone correlator)

Bq(x,~bT , . . . ) =

Z
db+

4⇡
e
� i

2b
+
(xP�

)

D
p(P )

���q̄(bµ)W (0,~0T )

(b+,~bT )

�
�

2
q(0)

���p(P )
E

Quasi beam function: (equal-time correlator)

B̃q(x,~bT , . . . ) =

Z
dbz

2⇡
e
ibz

(xP z
)

D
p(P )

���q̄(bµ)W (0,~0T )

(bz,~bT )

�
3

2
q(0)

���p(P )
E

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators related by Lorentz boost

b?

t
z

q

q

b+

?

z

t

nn̄

b
z�b

z

�
�
b z
n̄

�
b z
n̄

b
µ =

b
+

2
(1, 0, 0, 1) + b

µ
T
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Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi soft function

Soft function: (light-cone correlator)

S
q(bT ) = h0

��[S†
nSTSn̄](~bT )[S

†
n̄S

†
TSn](~0T )

��0i

Quasi soft function: (equal-time correlator)

S̃
q(bT ) = h0

��[S†
ẑSTS�ẑ](~bT )[S

†
�ẑSTSẑ](~0T )

��0i

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators not related by Lorentz boost (more on this later)

b?

t
z

?

z

t

nn̄

b
z�b

z

�
b z
n̄

�
b
z n

v < 0v > 0

n
µ = (1, 0, 0, 1) , n̄µ = (1, 0, 0,�1)
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OB :

staple shaped 
Wilson lines 

Sq = �0|OS |0�

OS :

Review of TMD factorization

Rapidity (light-cone) divergences

�(~qT ) = Hqq̄!Z(mZ)

Z
d2~bT e

i~qT ·~bT Bq(x1,
~bT )Bq̄(x2,

~bT )S
q(bT )

Hard function H: Describes hard process qq̄ ! Z

Beam functions Bq,q̄: collinear radiation

Soft function S
q: soft radiation

Beam and soft modes have virtuality p
2
⇠ q

2

T

I Induces rapidity (light-cone) singularities
(not regulated by dimension regularization)

Rapidity divergences arise from integrals of type
Z

dk+dk� f(k+
k
�)

(k+k�)1+✏
=

Z
d(k+

/k
�)

2 k+/k�

Z
d(k+

k
�)

f(k+
k
�)

(k+k�)1+✏

Unphysical rapidity divergences cancel in physical TMDPDF:
f
TMD

q (x,~bT ) = Bq(x,~bT )
p

Sq(bT ) = Bq(x,~bT )�
q
S(bT )

p
+

p
�

QqTq
2
T
/Q

Q

qT

q
2
T

Q
p
2 = q

2
T

p
2 = Q

2
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Sq

Bq

Bq

two light-cone directions
depends on color rep. (q or g)

fq(x,�bT , µ, �) = lim
��0,��0

Zuv(�, µ, �)Bq(x,�bT , �, �, �)
�

Sq(bT , �, �)� �q(bT , �, �)

contains
Sq = �0|OS |0�& subtractions

Bq = FTb+ �p|OB |p�
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TMD Definitions

fq(x,�bT , µ, �) = lim
��0,��0

Zuv(�, µ, �)Bq(x,�bT , �, �, �)
�

Sq(bT , �, �)

� :  regulates UV divergences
� :  regulates rapidity divergences

� �q(bT , �, �)

Review of TMD factorization

Rapidity (light-cone) divergences

�(~qT ) = Hqq̄!Z(mZ)

Z
d2~bT e

i~qT ·~bT Bq(x1,
~bT )Bq̄(x2,

~bT )S
q(bT )

Hard function H: Describes hard process qq̄ ! Z

Beam functions Bq,q̄: collinear radiation

Soft function S
q: soft radiation

Beam and soft modes have virtuality p
2
⇠ q

2

T

I Induces rapidity (light-cone) singularities
(not regulated by dimension regularization)

Rapidity divergences arise from integrals of type
Z

dk+dk� f(k+
k
�)

(k+k�)1+✏
=

Z
d(k+

/k
�)

2 k+/k�

Z
d(k+

k
�)

f(k+
k
�)

(k+k�)1+✏

Unphysical rapidity divergences cancel in physical TMDPDF:
f
TMD

q (x,~bT ) = Bq(x,~bT )
p

Sq(bT ) = Bq(x,~bT )�
q
S(bT )

p
+

p
�

QqTq
2
T
/Q

Q

qT

q
2
T

Q
p
2 = q

2
T

p
2 = Q

2
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Sq

Bq

Bq

Schemes:

Wilson lines off the light cone
Delta regulator
    regulator
Exponential regulator

Same     , ie. universal (across most schemes) 
Different        &

(Modern Collins ’11)
(Echevarria,Idilbi,Scimemi ’11)
(Chiu,Jain,Neill,Rothstein ’12)
(Li,Neill,Zhu ’16)

(k± + i�±)
� |kz/�|��

e�k0�

�qBq

fq

“Beam Function” “Soft Factor”

TMDPDF

�q = 1/
�

Sq

�q =
�

Sq

�q = 1/
�

Sq

�q = 1/
�

Sq
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TMD Definitions

fq(x,�bT , µ, �) = lim
��0,��0

Zuv(�, µ, �)Bq(x,�bT , �, �, �)
�

Sq(bT , �, �)

� :  regulates UV divergences
� :  regulates rapidity divergences

� �q(bT , �, �)

Review of TMD factorization

Rapidity (light-cone) divergences

�(~qT ) = Hqq̄!Z(mZ)

Z
d2~bT e

i~qT ·~bT Bq(x1,
~bT )Bq̄(x2,

~bT )S
q(bT )

Hard function H: Describes hard process qq̄ ! Z

Beam functions Bq,q̄: collinear radiation

Soft function S
q: soft radiation

Beam and soft modes have virtuality p
2
⇠ q

2

T

I Induces rapidity (light-cone) singularities
(not regulated by dimension regularization)

Rapidity divergences arise from integrals of type
Z

dk+dk� f(k+
k
�)

(k+k�)1+✏
=

Z
d(k+

/k
�)

2 k+/k�

Z
d(k+

k
�)

f(k+
k
�)

(k+k�)1+✏

Unphysical rapidity divergences cancel in physical TMDPDF:
f
TMD

q (x,~bT ) = Bq(x,~bT )
p

Sq(bT ) = Bq(x,~bT )�
q
S(bT )

p
+

p
�

QqTq
2
T
/Q

Q

qT

q
2
T

Q
p
2 = q

2
T

p
2 = Q

2
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Sq

Bq

Bq

�

�

Schemes: Same     , ie. universal (across most schemes) 
Different        & �qBq

fq

“Beam Function” “Soft Factor”

TMDPDF

fq(x,�bT , µ, �) = Bren
q (x,�bT , µ, �2/�) �ren

q (bT , µ, �)

CS kernel

 = rapidity anom.dim.

Vacuum matrix element, so                 is independent of hadronic state.

���(bT , µ) = 2�
d

d�
ln fq = ��

d

d�
lnBren

q =
1
2
�

d

d�
ln�ren

q

��(bT , µ) = 2�
d

d�
ln fq = ��

d

d�
lnBren

q =
1
2
�

d

d�
ln�ren

q

cutoff after renormalization� =
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Lattice QCD and quasi-distributions
Euclidean path integral

Quasi PDFs from Lattice QCD

Lattice determination of PDFs

Lattice QCD
Only practical tool for nonperturbative calculations
Based on discretized path integral
with imaginary time t = itE :

hOi =

Z
D D ̄DA O e

iS

!

Z
D D ̄DA O e

�SE

In general: can only calculate Euclidean-time dependence
I Requires analytical continuation to Minkowski time

Obstacles to calculating PDFs from lattice
PDF is time-dependent correlation function

I Analytic continuation from Euclidean time currently unknown

No lightlike kinematics on lattice: n2

E = 0 , n
µ
E = 0

Many proposals on PDF determination in recent years

Markus Ebert (MIT) Quasi (TMD)PDFs from Lattice QCD 02/05/19 7 / 30

PDF and TMDPDF operators are intrinsically Minkowski
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Quasi-PDF (warmup)

f̃q(x, P z, �) =
�

dbz

4�
eibzxP z �

p(P )
��q̄(bz)Wz(bz, 0)�0q(0)

��p(P )
�
(Ji 2013) 

Same IR as PDF, related to PDF by a boost

(a)

z

t
nn̄

bz�bz

�
�b z

n̄

�b z
n̄

(b)

Figure 5: Illustration of the Wilson line structure of the quasi beam function (a), and the
behavior of the longitudinal separation under a Lorentz boost along the z direction (b).

3.4 Construction of the quasi soft function

Recall the definition Eq. (2.9) of the bare TMD soft function,

S
q(bT , ✏, ⌧) =

1

Nc

⌦
0
��Tr

⇥
S
†

n(~bT )Sn̄(~bT )ST (�1n̄;~bT ,~0T )S
†

n̄(~0T )Sn(~0T )S
†

T

�
�1n;~bT ,~0T

�⇤
⌧

��0
↵
.

(3.22)

Note that this vacuum matrix element has no explicit time dependence, in contrast to
the collinear matrix element Eq. (3.18). Time dependence only enters indirectly through
the lightlike directions of the Wilson lines Sn and Sn̄, which on its own prohibits a direct
computation on lattice. To obtain a lattice-computable quasi soft function, it thus seems
reasonable to follow the same logic as above and replace

n
µ = (1, 0, 0, 1) ! ẑ

µ
, n̄

µ = (1, 0, 0,�1) ! �ẑ
µ
. (3.23)

As before, the lattice computation also requires to truncate the Wilson lines at a length L,
where they are joined by transverse gauge links. The most naive attempt of constructing a
quasi version of the soft function Eq. (2.9) thus takes the form

S̃
q(bT , a, L) =

1

Nc

⌦
0
��Tr

�
S
†

ẑ(
~bT ;L)S�ẑ(~bT ;L)ST (Lẑ;~bT ,~0T )

⇥ S
†

�ẑ(
~0T ;L)Sẑ(~0T ;L)S

†

T

�
�Lẑ;~bT ,~0T

� ��0
↵
, (3.24)

where the soft Wilson lines of finite length are given by

S±ẑ(x
µ;L) = P exp


±ig

Z 0

�L
dsAz(xµ ± sẑ

µ)

�
. (3.25)

The resulting Wilson line path is illustrated in Fig. 6a.

– 22 –

boost to O � boost to proton state
�QCD � P ztake “LaMET”

Perturbative matching

f̃i(x, P z, µ̃) =
� 1

�1

dy

|y| Cij

�x

y
,

µ̃

P z
,

µ

yP z

�
fj(y, µ) + O

�M2

P 2
z

,
�2

QCD

x2P 2
z

�

simulation & 
renormalization 

on lattice

Perturbative matching 
coefficient

PDF

Power corrections

Proven factorization theorem [Xiong, Ji, Zhang, Zhao ’13; Ma, Qiu ’14 ’17; Izubuchi, Ji, Jin, Stewart, Zhao ’18] 7



Lattice QCD and quasi-distributions
Euclidean path integral

Quasi PDFs from Lattice QCD

Lattice determination of PDFs

Lattice QCD
Only practical tool for nonperturbative calculations
Based on discretized path integral
with imaginary time t = itE :

hOi =

Z
D D ̄DA O e
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!

Z
D D ̄DA O e

�SE

In general: can only calculate Euclidean-time dependence
I Requires analytical continuation to Minkowski time

Obstacles to calculating PDFs from lattice
PDF is time-dependent correlation function

I Analytic continuation from Euclidean time currently unknown

No lightlike kinematics on lattice: n2

E = 0 , n
µ
E = 0

Many proposals on PDF determination in recent years
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Quasi-PDF (warmup)

f̃i(x, P z, µ̃) =
� 1

�1

dy

|y| Cij

�x

y
,

µ̃

P z
,

µ

yP z

�
fj(y, µ) + O

�M2

P 2
z

,
�2

QCD

x2P 2
z

�
Quasi PDFs from Lattice QCD

Quark PDF from lattice

State-of-the art calculations at physical pion mass:
[Lin et al (LP3)]: P

z = {2.2, 2.6, 3.0} GeV

[Alexandrou et al (ETMC)]: P z = {0.83, 1.11, 1.38} GeV

Results from ETMC:
Lattice size: L = 4.5 fm

Match onto PDF at µ = 2 GeV (2-step matching)

-1 -0.5 0 0.5 1
x

-2

0

2

4

6
u! d6:=L

8:=L
10:=L
CJ15
ABMP16
NNPDF3.1

Calculation at physical point is crucial
Results become compatible with measurement for P z & 1 GeV
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Quasi PDFs from Lattice QCD

Quark PDF from lattice
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4
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Quasi PDFs from Lattice QCD

Quark PDF from lattice

State-of-the art calculations at physical pion mass:
[Lin et al (LP3)]: P

z = {2.2, 2.6, 3.0} GeV

[Alexandrou et al (ETMC)]: P z = {0.83, 1.11, 1.38} GeV

Results from LP3:
Lattice size: L = 5.8 fm

Match onto PDF at µ = 3.7 GeV (1-step matching)

-0.4 -0.2 0 0.2 0.4 0.6 0.8 1.0
-1

0

1

2

3

4

x

qu
-
d

CT14
matched PDF

Matching between quasi-PDF and PDF is crucial
Results compatible with measurement

Markus Ebert (MIT) Quasi (TMD)PDFs from Lattice QCD 02/05/19 14 / 30

7



Quasi-TMDPDFs

UV renormalization

quasi-Beam function quasi-soft factor

needs to be computable with Lattice QCD

must have same IR physics as TMDPDF

(including                    dependence) bT � ��1
QCD

f̃q(x,�bT , µ, P z) =
�

dbz

2�
eibz(xP z) lim

a�0
L��

Z̃ �q(b
z, µ, µ̃)Z̃q

uv(b
z, µ̃, a)

� B̃q(bz,�bT , a, L, P z)�̃q
S(bT , a, L)

a = lattice spacing (UV regulator)

(isovector quark operators 

u-d, from here on)

8



Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi beam function

Beam function: (light-cone correlator)

Bq(x,~bT , . . . ) =

Z
db+

4⇡
e
� i

2b
+
(xP�

)

D
p(P )

���q̄(bµ)W (0,~0T )

(b+,~bT )

�
�

2
q(0)

���p(P )
E

Quasi beam function: (equal-time correlator)

B̃q(x,~bT , . . . ) =

Z
dbz

2⇡
e
ibz

(xP z
)

D
p(P )

���q̄(bµ)W (0,~0T )

(bz,~bT )

�
3

2
q(0)

���p(P )
E

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators related by Lorentz boost

?

z

t

nn̄

b
z�b

z

�
�
b z
n̄

�
b z
n̄

b?

t
z

q

q

bz

L

b
µ =

b
+

2
(1, 0, 0, 1) + b

µ
T
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+
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Quasi-Beam Functions

Bq = �p|OB |p�

OB :

B̃q = �p|ÕB |p�

ÕB :

Beam Function
Natural Quasi-Beam Function

Connected by boost 
(for bare operators)

Finite length L for Wilson lines, regulates rapidity divergences

~bT
~0T

~bT�L n̄

~bT�Ln

�L n̄

�Ln

(a)

~bT
~0T

~bT�L n̄

~bT�Ln

�L n̄

�Ln

(b)

~bT
~0T

~bT�L n̄

~bT�Ln

�L n̄

�Ln

(c)

~bT
~0T

~bT�L n̄

~bT�Ln

�L n̄

�Ln

(d)

Figure 4: One loop diagrams for the TMD soft function with finite-length Wilson lines
in Feynman gauge, up to mirror diagrams. The labels indicate the Wilson line paths in
position space.

for a Wilson line of size L stretching along the n direction, compared to its L ! 1 limit,

gst
a
n
µ 1� e

ik+L

k+
L!1
�! gst

a
n
µ 1

k+ + i0
. (3.7)

In Sec. 2, an explicit example of rapidity-divergent integral was discussed, see Eq. (2.15).
For finite L, the example integral changes to

Idiv =

Z
dk+dk�

f(k+k�)

(k+k�)1+✏
!

Z
dk+dk�

f(k+k�)

(k+k�)✏
1� e

ik+L

k+

1� e
�ik�L

k�
. (3.8)

Here we see that possible divergences as either k
±

! 0 are regulated by having finite L,
and the leftover logarithmic divergence as either k

±
! 1 is taken care of by dimensional

regularization.
In our construction of the quasi functions on lattice, we will replace the lightlike Wil-

son lines by spacelike Wilson lines, which affects the eikonal propagator, so the analog of
Eq. (3.8) is

Ĩdiv =

Z
dk0 dkz

f(k20 � k
2
z)

(k20 � k2z)
✏

1

k2z
!

Z
dk0 dkz

f(k20 � k
2
z)

(k20 � k2z)
✏

1� e
ikzL

kz

1� e
�ikzL

kz
. (3.9)

Clearly, the exponentials regulate a possible divergence as kz ! 0, and thus play a similar
role as in the lightlike case. However, Eq. (3.9) contains a quadratic dependence on kz in the
denominator, rather than the linear dependence on k

+ and k
� in Eq. (3.8). Thus, we can

also encounter linear divergences in L, as opposed to having only logarithmic divergences
ln(L) in the lightlike case.

3.2.1 Example: Lightlike soft function at NLO

To give a concrete example of the effect of finite L, we consider in detail the lightlike soft
function, defined in Eq. (2.9), at one loop. To account for the effect of finite lattice size,
the Wilson lines along the n and n̄ directions are truncated at Ln and Ln̄, respectively, and
transverse gauge links are included, as shown in Fig. 3b. In Feynman gauge, there are four
relevant diagrams, shown in Fig. 4, of which only (a) and (b) have rapidity divergences,
while (c) and (d) do not.

– 18 –

Spatial lines, so have power law UV divergence 

1
P z
� bT � L

� length = 2L + bT � bz

f̃q(x,�bT , µ, P z) =
�

dbz

2�
eibz(xP z) lim

a�0
L��

Z̃ �q(b
z, µ, µ̃)Z̃q

uv(b
z, µ̃, a)

� B̃q(bz,�bT , a, L, P z)�̃q
S(bT , a, L)
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Quasi-Soft Function
Cancel power law dependence on L,  length = 
Needed to reproduce infrared structure.

(2) “bent” quasi-soft (1) “naive” quasi-soft 

2(2L + bT )

�̃q
S = 1/

�
S̃q

b?

t

z

L

(a)

z

t
nn̄

bz�bz

�b z
n̄ �b

z n

v < 0v > 0

(b)

Figure 6: Illustration of the Wilson line structure of the naive quasi soft function (a), and
the behavior of the longitudinal separation under a Lorentz boost along the z direction (b).
v > 0 and v < 0 denote that the required Lorentz boosts have opposite signs.

Unfortunately, the physical boost argument that allowed us to relate spatial Wilson
lines to lightlike Wilson lines in the quasi PDF [see Eq. (3.21)] does not apply to the quasi
soft function. Since the soft function involves both light-cone directions n and n̄, it is
necessary to simultaneously obtain them from boosting ±ẑ. However, this requires boosts
of opposite signs, as illustrated in Fig. 6b. Note that if this were possible with a single
boost, it would directly violate the boost argument for B̃, where it is essential that both
positive and negative b

z’s are boosted onto the same light-cone direction.
Despite the simple boost picture breaking down, one can still test whether the matching

for the obtained quasi-TMDPDF in the form of Eq. (3.6) is possible, and we study this
in the next section at NLO. Indeed, we find that for the naive quasi soft function the
matching is spoiled by the structure of infrared bT dependence. In Sec. 4.5, we will suggest
a modified quasi soft function that yields a quasi-TMDPDF which has the correct infrared
bT dependence at one loop. Given the absence of an intuitive boost relation, a rigorous
all orders proof for any such quasi-TMDPDF proposal will certainly be required before full
confidence can be obtained.

4 One Loop Results

In this section we present explicit one-loop results for the TMDPDF, the quasi beam and
naive quasi soft function, and their combination into the quasi-TMDPDF. Here, we work in
the MS scheme, as opposed to considering renormalization schemes appropriate for lattice
calculations as discussed in Sec. 3, since a pure MS calculation is fully sufficient to per-
turbatively test the matching relation. Furthermore, we limit ourselves to the quark PDF
and neglect mixing with gluons for simplicity, which corresponds to considering a non-
singlet flavor combination. All results are calculated by evaluating the appropriate matrix

– 23 –

Free to invent a         to achieve this.  

S̃q = �0|ÕS |0�

ÕS

(a)

b

y

z

L

x-

L
T

(b)

Figure 2: Illustration of the Wilson line structure of the quasi beam function B̃q (a) and
the bent quasi soft function S̃q

bent
(b), as given in eqs. (2.8) and (2.10). Note the different

coordinate systems in the two figures: (a) is shown in (z, t, x) space, while (b) is shown in
(z, y, x) space. In both cases, ~bT is aligned along the x axis.

Note that for the construction of the quasi-TMDPDF, different definitions of the quasi
soft function could be employed as well. This yields different definitions of the quasi-
TMDPDF, which will affect the (possibly nonperturbative) kernel relating quasi-TMDPDFs
and TMDPDFs, see Ref. [119] for a more detailed discussion. With the bent soft function
in eq. (2.4), this relation was shown to be short distance dominated and hence perturbative
at one loop, which motivates its use here. Importantly, for the determination of the Collins-
Soper kernel the soft factor always cancels, such that this precise definition does not matter.

The spacelike Wilson lines of B̃q as given in eq. (2.8) and those of S̃q as given in
eq. (2.10) give rise to self energies that yield power law divergences proportional to e�mLtot .
Here, �m is a mass correction that absorbs divergences as a ! 0, and the total lengths of
the Wilson line structures are given by LB

tot = L+ |L� bz|+ bT for B̃q and LS
tot = 4L+2bT

for S̃q, respectively. After combining the quasi beam function with the square root of the
quasi soft function, the Wilson line self-energies yield the overall power-law divergence

e�m
�
LB
tot�

1
2L

S
tot

�
= e��mbz , (bz < L) , (2.13)

which has to be absorbed by Z̃q
uv(bz, µ̃, a). To cancel this divergence on the lattice, the

nonperturbative UV renormalization has to be applied before the Fourier transform, as
shown in eq. (2.7), while in the lightlike case it is independent of bz and can be pulled
out, see eq. (2.1). This distinction is important, implying in the ratio of TMDPDFs the
UV renormalization factor Zq

uv cancel out, whereas this is not possible for ratios of quasi-
TMDPDFs.

2.3 Determination of the Collins-Soper kernel in momentum space

In this section, we briefly review the method proposed in Ref. [118] for calculating the
Collins-Soper kernel from lattice QCD. As discussed in Ref. [118], and in more detail in

– 8 –

Invalid: 
IR differs 
@ 1-loop

IR agrees 
@ 1-loop, 

beyond?

(3) quasi-soft from boosted HQET QQ  

[Ebert, IS, Zhao ’18]

[Ji, Liu, Liu  1910.11415]

2

t

z

?

v0

v

b

T 0

T

FIG. 1. Soft function S defined in this work: The double
line represents gauge links in Minkowski space.

Subtracted soft function.—We define the TMD soft
function as

W (Y, Y 0
, T, T

0
, b?) =

1

Nc

h⌦|Tr T U|⌦i (3)

where U consists of gauge links along the contour (see
Fig. 1): 0 ! v

0
T

0
/�

0
! v

0
T

0
/�

0 + b ! b ! b � vT/� !

�vT/� ! 0; b
µ = (0, 0,~b?) in (t, z, ~?) coordinates;

v
µ = �(1,�,~0?) and v

0µ = �
0(1,��0

,~0?) approach light-
cone as � and �

0
! 1; T and T

0 are the lengths of the
t-component of the staple; a time-order prescription T is
needed because the Wilson loop is timelike. The single
time-order prescription for S allows a nice physical inter-
pretation as a chronological process and a simple analytic
continuation into Euclidean time.

The soft function in Eq. (3) contains pinch-pole sin-
gularities associated to time evolution of initial and final
states at large T and T

0 . However, such singularities
and self-interaction of the staples will be cancelled in
the factorization formula for cross sections as argued by
Collins in [15, 16]. Thus, it is consistent to subtract them
from the beginning in Eq. (3) with rectangular Wilson
loop [13, 27]. This leads to the definition of the sub-
tracted soft function:

S(Y, Y 0
, b?) = lim

T!10

T
0!10

W (Y, Y 0
, T, T

0
, b?)p

Z(Y, 2T, b?)Z(Y 0, 2T 0, b?)
(4)

where Z(Y, 2T, b?) is similar to W but with the contour
�vT/� ! vT/� ! vT/� + b ! b � vT/� ! �vT/�;
1

0 = 1(1 � i✏) and i✏ is to pick up the correct pole
for time evolution. The factor Z has a clear physical
interpretation: It can be viewed as the wave function
renormalization for incoming or outgoing color sources.

A more common definition of the universal soft func-
tion was proposed Refs. [15, 16]. The spacelike vectors
n
µ = �(�, 1, 0, 0) and n

0µ = �
0(��0

, 1, 0, 0) were chosen
instead of timelike v and v

0 to define the soft function for
the DY process. After similar subtraction as in Eq. (4),
we denote this subtracted soft function as SC(Y, Y 0

, b?).
While S and SC are defined di↵erently, we can show that

S(Y, Y 0
, b?) = SC(Y, Y

0
, b?) (5)

using analyticity property [26]. In this paper, however,
we focus on S in Eq. (4), which has a simple Euclidean
realization.

Soft function as form factor of color source pair.—
In HQET, the propagator of a color source is equiva-
lent to a gauge link along its moving direction. Thus
W (Y, Y 0

, T, T
0
, b?) can be expressed by fields in HQET

with the Lagrangian

LHQET =  
†
v
(x)(iv ·D) v(x) + ⌘

†
v
(x)(iv ·D)⌘v(x) (6)

where  v and ⌘v are quark and anti-quark in the fun-
damental and anti-fundamental representations, respec-
tively; v

µ = �(1,�,~0?) is the four velocity; D is the
covariant derivative. Note that quarks in HQET can be
viewed as color sources. If the gluon soft function is con-
sidered, the heavy quarks should be in adjoint represen-
tation.
In HQET, a color-singlet heavy-quark pair separated

by~b generates a heavy quark potential V (~b) in the ground
state, and the spectrum includes a gapped continuum
above it. The state can also have a residual momen-
tum � ~P , which is arbitrary due to reparameterization
invariance [28, 29], and for simplicity we always con-
sider � ~P = 0. When the sources move with a velocity v,
the ground state can be labeled by |QQ,~b, � ~P iv, where

� ~P = ~Ptotal � 2mQ�
~�. The residual energy of the state

is E = �
�1

V (~b) + ~� · � ~P .
Consider a process with incoming and outgoing states

being heavy-quark pairs separated by ~bT and at velocity
v and v

0, respectively. Such a state is created by the
interpolating fields

Ov(t,~b?) =

Z
d
3
~r 

†
v
(t,~r )U(~r,~r 0

, t)⌘†
v
(t,~r 0) (7)

where ~r 0 = ~r +~b?; U(~r,~r 0
, t) is a gauge link connecting

~r
0 to ~r at time t. The heavy-quark pair created by Ov is

forced to be at relative separation ~b? and to have vanish-
ing residual momentum � ~P = 0. Between the incoming
and outgoing states, a product of two local equal-time
operators

J(v, v0,~b?) = ⌘
†
v0(~b?)⌘v(~b?) 

†
v0(0) v(0) (8)

is inserted at t = 0. Then W can be expressed, up to an

[Ji, Sun, Xiong, Yuan ’14]
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Quasi-TMDPDF

f̃q(x,�bT , µ, P z) =
�

dbz

2�
eibz(xP z) lim

a�0
L��

Z̃ �q(b
z, µ, µ̃)Z̃q

uv(b
z, µ̃, a)

� B̃q(bz,�bT , a, L, P z)�̃q
S(bT , a, L)

linear divergences in L cancel

        multiplicative, and removes linear            divergence

Z̃ �
q(b

z, µ, µ̃)Z̃q
uv(b

z, µ̃, a)

Z̃ �
q(b

z, µ, µ̃)Z̃q
uv(b

z, µ̃, a) bz/a

        converts lattice friendly scheme (   ) to        (   ) MSµ̃ µ
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Relation between Quasi-TMDPDF & TMDPDF

independent of 

nonperturbative 
quasi-TMDPDF

nonperturbative 
TMDPDF

perturbative 
kernel

nonperturbative 
CS kernel

nonperturbative 
factor that 

changes based  
on choice for �̃q

S

Determination of �q
� (µ, bT )

gS
q (bT , µ)

(full matching would 
 require                         )gS

q (bT , µ) = 1

(Note: no convolution in x)

f̃q(x,�bT , µ, P z) = CTMD(µ, xP z) gS
q (bT , µ) exp

�
1
2
�q

� (µ, bT ) ln
(2xP z)2

�

�
fq(x,�bT , µ, �)

Confirmed explicitly at one-loop (so far)
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Collins-Soper Kernel from Lattice 

Hold � fixed, take ratio with two di�erent P zs:

f̃q(x,�bT , µ, P z) = CTMD(µ, xP z) gS
q (bT , µ) exp

�
1
2
�q

� (µ, bT ) ln
(2xP z)2

�

�
fq(x,�bT , µ, �)

quasi-TMDPDF

f̃q(x,�bT , µ, P z
1 ) = CTMD(µ, xP z

1 ) gS
q (bT , µ) exp

�
1
2
�q

� (µ, bT ) ln
(2xP z

1 )2

�

�
fq(x,�bT , µ, �)

f̃q(x,�bT , µ, P z
2 ) = CTMD(µ, xP z

2 ) gS
q (bT , µ) exp

�
1
2
�q

� (µ, bT ) ln
(2xP z

2 )2

�

�
fq(x,�bT , µ, �)

f̃q(x,�bT , µ, P z
2 ) = CTMD(µ, xP z

2 ) gS
q (bT , µ) exp

�
1
2
�q

� (µ, bT ) ln
(2xP z

2 )2

�

�
fq(x,�bT , µ, �)

f̃q(x,�bT , µ, P z
1 ) = CTMD(µ, xP z

1 ) gS
q (bT , µ) exp

�
1
2
�q

� (µ, bT ) ln
(2xP z

1 )2

�

�
fq(x,�bT , µ, �)

=

M. Ebert, IS, Y. Zhao, 1811.00026
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Collins-Soper Kernel from Lattice 

�q
� (µ, bT ) =

1
ln(P z

1 /P z
2 )

ln
CTMD(µ, xP z

2 ) f̃q(x,�bT , µ, P z
1 )

CTMD(µ, xP z
1 ) f̃q(x,�bT , µ, P z

2 )

Hold � fixed, take ratio with two di�erent P zs:

f̃q(x,�bT , µ, P z) = CTMD(µ, xP z) gS
q (bT , µ) exp

�
1
2
�q

� (µ, bT ) ln
(2xP z)2

�

�
fq(x,�bT , µ, �)

quasi-TMDPDF

One-loop illustration:

7

=
1

ln(P z
1 /P

z
2 )

ln
C

TMD
ns (µ, xP z

2 )
R
dbz eib

zxP z
1 Z̃

0(bz, µ, µ̃)Z̃uv(bz, µ̃, a)B̃ns(bz,~bT , a, L, P z
1 )

CTMD
ns (µ, xP z

1 )
R
dbz eibzxP

z
2 Z̃ 0(bz, µ, µ̃)Z̃uv(bz, µ̃, a)B̃ns(bz,~bT , a, L, P z

2 )
.

The first line of Eq. (27) employs the quasi TMDPDFs
from Eqs. (22) and (23), while in the second line we have
explicitly canceled out the soft factors �q

S(bT , a, L) to
express the result entirely in terms of quasi beam func-
tions and renormalization factors. In the second line the
divergences from L ! 1 cancel in the ratio.

It is important to note that �
q
⇣ is independent of the

choice for x, P z
1 and P

z
2 on the right hand side of Eq. (27),

and any residual dependence on these can thus be used to
study systematic uncertainties. Due to the universality
of �q

⇣ , Eq. (27) can be evaluated with any hadron state
(such as a pion).

It is currently not clear if the gluon anomalous dimen-
sion �

g
⇣ (µ, bT ) can be obtained in the same manner. The

concern is that in the analog of Eq. (23) the gluon could
mix with the singlet quark, making the cancellation of
soft factors problematic since �̃q

S 6= �̃g
S . Also �

g
⇣ (µ, bT )

can not be obtained from �
q
⇣ (µ, bT ) with Casimir scaling,

which is violated at O(↵4
s) for �

i
cusp [70–72] and thus does

not hold for �i
⇣(µ, bT ) nonperturbatively.

A. Illustration at one loop

For illustration, we explicitly show that we recover the
correct Collins-Soper kernel at one loop. This requires
the ratio of the NLO coe�cient Eq. (25),

C
TMD
ns (µ, xP z

2 )

CTMD
ns (µ, xP z

1 )
(28)

= 1 +
↵sCF

⇡
ln

P
z
1

P
z
2

✓
ln

4x2
P

z
1 P

z
2

µ2
� 1

◆
+O(↵2

s) ,

and likewise the ratio of the perturbative quasi TMD-
PDFs, calculated with on-shell quark states,

f̃
TMD
ns (x,~bT , µ, P z

1 )

f̃TMD
ns (x,~bT , µ, P z

2 )
(29)

= 1 +
↵sCF

⇡
ln

P
z
1

P
z
2

✓
� ln

x
2
P

z
1 P

z
2 b

2
T

e�2�E
+ 1

◆
+O(↵2

s) ,

which can be obtained from the results given in ap-
pendix A. Inserting Eqs. (28) and (29) into Eq. (27), we
obtain

�
q
⇣ (µ, bT ) =

1

ln P z
1

P z
2

ln


1�

↵sCF

⇡
ln

P
z
1

P
z
2

ln
b
2
Tµ

2

4e�2�E
+O(↵2

s)

�

= �
↵sCF

⇡
ln

b
2
Tµ

2

4e�2�E
+O(↵2

s) , (30)

which is exactly the one-loop anomalous dimension.

V. CONCLUSIONS AND OUTLOOK

In this paper, we have proposed a novel approach to
determine from lattice QCD the nonperturbative anoma-
lous dimension �

q
⇣ (µ, bT ) governing the Collins-Soper evo-

lution of quark TMDPDFs, given in Eq. (27). It involves
matrix elements of an equal-time operator with boosted
hadron states (referred to as quasi beam functions), UV
renormalization, and a perturbative short distance kernel
C

TMD
ns . These are taken in a ratio with di↵erent hadron

momentum, such that soft contributions cancel out. The
nonperturbative contribution to �

q
⇣ (µ, bT ) is required in

order to evolve TMDPDFs, determined at some initial
scales from experiment (or perhaps in the future a sepa-
rate lattice calculation), to the scales appearing in other
phenomenological applications.

So far the coe�cient C
TMD
ns is known up to one-loop

order for matching an MS quasi-TMDPDF to the MS
TMDPDF. To make use of this result for lattice cal-
culations using nonperturbative renormalization schemes
would require explicit computations of the corresponding
scheme conversion factor Z̃

0 in Eq. (23). Related exam-
ples of nonperturbative renormalization are Refs. [1, 2]
for straight-Wilson line quasi TMDs, Refs. [63, 64] for
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�1
T ⇠ qT �

⇤QCD. Here it is known both from factorization and
renormalon analyses [73, 74] that the perturbative series
for �

q
⇣ (µ, bT ) has ⇠ b

2
T⇤

2
QCD power corrections, so one

could attempt to obtain the coe�cient of this b
2
T power

correction from the small bT limit of a nonperturbative
lattice QCD result. In practice this may be di�cult due
to the need for a 1/(bTP z) expansion in the relation be-
tween the quasi-TMDPDF and TMDPDF in Eq. (24).

A possible modification to our method is to consider
a boosted quark state rather than a hadron state, which
could have computational advantages. (We thank Will
Detmold for this suggestion.) Since one can only simu-
late o↵-shell gauge-fixed quark states with Euclidean mo-
mentum p

2
E � (pz)2 in lattice QCD, this would require

a reconsideration of various ingredients in the proposal
made here. It would be interesting to pursue this in the
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=
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z
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2 )
R
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z
2 Z̃ 0(bz, µ, µ̃)Z̃uv(bz, µ̃, a)B̃ns(bz,~bT , a, L, P z
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.

The first line of Eq. (27) employs the quasi TMDPDFs
from Eqs. (22) and (23), while in the second line we have
explicitly canceled out the soft factors �q

S(bT , a, L) to
express the result entirely in terms of quasi beam func-
tions and renormalization factors. In the second line the
divergences from L ! 1 cancel in the ratio.

It is important to note that �
q
⇣ is independent of the

choice for x, P z
1 and P

z
2 on the right hand side of Eq. (27),

and any residual dependence on these can thus be used to
study systematic uncertainties. Due to the universality
of �q

⇣ , Eq. (27) can be evaluated with any hadron state
(such as a pion).

It is currently not clear if the gluon anomalous dimen-
sion �

g
⇣ (µ, bT ) can be obtained in the same manner. The

concern is that in the analog of Eq. (23) the gluon could
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soft factors problematic since �̃q
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S . Also �

g
⇣ (µ, bT )
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⇣ (µ, bT ) with Casimir scaling,

which is violated at O(↵4
s) for �

i
cusp [70–72] and thus does

not hold for �i
⇣(µ, bT ) nonperturbatively.
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and likewise the ratio of the perturbative quasi TMD-
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which can be obtained from the results given in ap-
pendix A. Inserting Eqs. (28) and (29) into Eq. (27), we
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which is exactly the one-loop anomalous dimension.

V. CONCLUSIONS AND OUTLOOK

In this paper, we have proposed a novel approach to
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q
⇣ (µ, bT ) governing the Collins-Soper evo-
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matrix elements of an equal-time operator with boosted
hadron states (referred to as quasi beam functions), UV
renormalization, and a perturbative short distance kernel
C

TMD
ns . These are taken in a ratio with di↵erent hadron

momentum, such that soft contributions cancel out. The
nonperturbative contribution to �

q
⇣ (µ, bT ) is required in

order to evolve TMDPDFs, determined at some initial
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rate lattice calculation), to the scales appearing in other
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So far the coe�cient C
TMD
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order for matching an MS quasi-TMDPDF to the MS
TMDPDF. To make use of this result for lattice cal-
culations using nonperturbative renormalization schemes
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scheme conversion factor Z̃
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ples of nonperturbative renormalization are Refs. [1, 2]
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tice studies of the equal-time TMD quasi beam function
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⇣ instead re-

quires to Fourier transform the renormalized results from
b
z into x space, and consider a ratio with two di↵erent
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z values in order to expose the Collins-Soper kernel.

A nonperturbative result for �q
⇣ (µ, bT ) could also have

interesting applications for perturbative b
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QCD power corrections, so one

could attempt to obtain the coe�cient of this b
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T power

correction from the small bT limit of a nonperturbative
lattice QCD result. In practice this may be di�cult due
to the need for a 1/(bTP z) expansion in the relation be-
tween the quasi-TMDPDF and TMDPDF in Eq. (24).

A possible modification to our method is to consider
a boosted quark state rather than a hadron state, which
could have computational advantages. (We thank Will
Detmold for this suggestion.) Since one can only simu-
late o↵-shell gauge-fixed quark states with Euclidean mo-
mentum p

2
E � (pz)2 in lattice QCD, this would require

a reconsideration of various ingredients in the proposal
made here. It would be interesting to pursue this in the
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Collins-Soper Kernel from Lattice 

�q
� (µ, bT ) =

1
ln(P z

1 /P z
2 )

ln
CTMD(µ, xP z

2 ) f̃q(x,�bT , µ, P z
1 )

CTMD(µ, xP z
1 ) f̃q(x,�bT , µ, P z

2 )

Hold � fixed, take ratio with two di�erent P zs:

f̃q(x,�bT , µ, P z) = CTMD(µ, xP z) gS
q (bT , µ) exp

�
1
2
�q

� (µ, bT ) ln
(2xP z)2

�

�
fq(x,�bT , µ, �)

quasi-TMDPDF

f̃q(x,�bT , µ, P z) =
�

dbz

2�
eibz(xP z) lim

a�0
L��

Z̃ �q(b
z, µ, µ̃)Z̃q

uv(b
z, µ̃, a)

� B̃q(bz,�bT , a, L, P z)�̃q
S(bT , a, L)

Recall:

         factors cancel out in the ratio     �̃q
S
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Collins-Soper Kernel from Lattice 

�q
� (µ, bT ) =

1
ln(P z

1 /P z
2 )

ln
CTMD(µ, xP z

2 ) f̃q(x,�bT , µ, P z
1 )

CTMD(µ, xP z
1 ) f̃q(x,�bT , µ, P z

2 )

=
1

ln(P z
1 /P z

2 )
ln

CTMD(µ, xP z
2 )

�
dbzeibzxP z

1 Z̃ �
q Z̃q

uv B̃q(bz,�bT , a, L, P z
1 )

CTMD(µ, xP z
1 )

�
dbzeibzxP z

2 Z̃ �
q Z̃q

uv B̃q(bz,�bT , a, L, P z
2 )

needs       ,         ,       ,               (does not require       )B̃q �̃q
S

LHS independent of                  hadron state, spinP z
1 , P z

2 , x,

Ratios of proton       s  also studied by [Musch et al ’10’12; Engelhardt et al ’15; Yoon et al ’17] B̃q

Important universal QCD function obtainable from Lattice QCD

f̃q(x,�bT , µ, P z) = CTMD(µ, xP z) gS
q (bT , µ) exp

�
1
2
�q

� (µ, bT ) ln
(2xP z)2

�

�
fq(x,�bT , µ, �)

quasi-TMDPDF

quasi-Beam fns.
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f̃q(x,�bT , µ, P z) = CTMD(µ, xP z) gS
q (bT , µ) exp

�
1
2
�q

� (µ, bT ) ln
(2xP z)2

�

�
fq(x,�bT , µ, �)available in MS at 1-loop

Using Eq. (4.15) to combine the bent quasi soft function from Eq. (4.27) together with
the natural quasi beam function from Eq. (4.2) we obtain a new quasi-TMDPDF

f̃
TMD(1)
q (x,~bT , ✏, P

z) =
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
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�
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
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b
2
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+
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2
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b
2
Tµ

2

b
2
0

+ ln
b
2
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2

b
2
0

ln
µ
2

(2xP z)2

�
. (4.29)

Comparing this result to the TMDPDF at one loop yields

f̃
TMD
q (x,~bT , µ, P z)

fTMD
q

�
x,~bT , µ, ⇣=(2xP z)2

� = 1 +
↵sCF

2⇡


�
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2
ln2

(2xP z)2

µ2
+ ln

(2xP z)2

µ2
� 2 +

⇡
2

12

�

+O(↵2
s) , (4.30)

where have again fixed ⇣ = (2xP z)2 as explained previously. Since there is no bT dependence
on the RHS of Eq. (4.30), we see that all infrared logarithms of the TMDPDF are correctly
reproduced by this quasi-TMDPDF construction at one loop. Thus this construction obeys
the matching relation given in Eq. (3.6) with a one loop result for the matching coefficient
that is given by

C
TMD
qq0

�
µ, xP

z
�
= �qq0


1 +

↵sCF

4⇡

✓
� ln2

(2xP z)2

µ2
+ 2 ln

(2xP z)2

µ2
� 4 +

⇡
2

6

◆
+O(↵2

s)

�
.

(4.31)

Here, we ignore possible mixing of quarks with gluons. Then since mixing of quark flavors
can first arise at two loops, the one-loop coefficient is proportional to �qq0 . This result
provides a valid one-loop perturbative matching coefficient, which only depends on the
hard scale of the struck parton, xP z.

Assuming the validity of this quasi-TMDPDF construction beyond one loop, Eq. (4.31)
can be used to match the lattice quasi-TMDPDF to the TMDPDF. To obtain the required
input for this result one combines lattice calculations of the natural quasi beam function
and bent quasi soft function to obtain a lattice quasi-TMDPDF, which is then converted
into the MS scheme. Results for matching in more lattice friendly renormalization schemes
should be straightforward to derive following a similar approach to the one used here (see
e.g. [57, 65]).

5 Results and Outlook

In this section, we briefly summarize the impact of our calculations in the previous sections
for the matching between quasi-TMDPDF and TMDPDF, and what questions remain open
for further study. Without relying on the existence of a quasi soft function that yields the
correct infrared physics for a quasi-TMDPDF, we also discuss precisely what constraints
on TMDPDFs can still be rigorously derived from lattice calculations.
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Using Eq. (4.15) to combine the bent quasi soft function from Eq. (4.27) together with
the natural quasi beam function from Eq. (4.2) we obtain a new quasi-TMDPDF
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Comparing this result to the TMDPDF at one loop yields
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where have again fixed ⇣ = (2xP z)2 as explained previously. Since there is no bT dependence
on the RHS of Eq. (4.30), we see that all infrared logarithms of the TMDPDF are correctly
reproduced by this quasi-TMDPDF construction at one loop. Thus this construction obeys
the matching relation given in Eq. (3.6) with a one loop result for the matching coefficient
that is given by
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(4.31)

Here, we ignore possible mixing of quarks with gluons. Then since mixing of quark flavors
can first arise at two loops, the one-loop coefficient is proportional to �qq0 . This result
provides a valid one-loop perturbative matching coefficient, which only depends on the
hard scale of the struck parton, xP z.

Assuming the validity of this quasi-TMDPDF construction beyond one loop, Eq. (4.31)
can be used to match the lattice quasi-TMDPDF to the TMDPDF. To obtain the required
input for this result one combines lattice calculations of the natural quasi beam function
and bent quasi soft function to obtain a lattice quasi-TMDPDF, which is then converted
into the MS scheme. Results for matching in more lattice friendly renormalization schemes
should be straightforward to derive following a similar approach to the one used here (see
e.g. [57, 65]).

5 Results and Outlook

In this section, we briefly summarize the impact of our calculations in the previous sections
for the matching between quasi-TMDPDF and TMDPDF, and what questions remain open
for further study. Without relying on the existence of a quasi soft function that yields the
correct infrared physics for a quasi-TMDPDF, we also discuss precisely what constraints
on TMDPDFs can still be rigorously derived from lattice calculations.
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shaped Wilson lines as defined in Eq. (2), is defined by
the condition

Z
�1

q (pR)ZRI
0/MOM

O��0 (pR)⇤O�0
↵� (p)

��
pµ=pµ

R
= ⇤O�;tree

↵� (p) ,

(7)
relating the bare and tree-level values of the operator’s
amputated Green’s function in an o↵-shell quark state in
the Landau gauge:

⇤O�(p) = S
�1(p)GO�(p)S�1(p) , (8)

where G
O� denotes the Green’s function for operator O�

with Dirac structure �, which implicitly depends on the
staple extent ⌘ and displacement between staple end-
points b

µ, and S(p) is the quark propagator projected to
momentum p. All quantities appearing on the left-hand-
side of Eq. (7) implicitly depend on the lattice spacing;
this dependence is suppressed in the following discussion.
In Eq. (7),

p
p2R acts a non-perturbative renormalization

scale; however, since the operator O
q
�

is nonlocal and
frame dependent, the magnitude of p

µ
R alone is not suf-

ficient to specify the renormalization condition. Di↵er-
ent directions in p

µ
R amount to di↵erent renormalization

schemes, which are related by finite renormalization fac-

tors. As a result, Z
RI

0/MOM

O��0 (pR) depends on p
µ
R rather

than only its magnitude.
In a calculation with lattice volume V = L

3
⇥T and lat-

tice spacing a, the non-amputated quark-quark Green’s
function with one insertion of the operator O� is

G
O�
↵� (p) =

1

V

X

x,y,z

eip·(x�y)
hq↵(x)O�(z + b, z)q̄�(y)i, (9)

calculated as

G
O�
↵� (p)=

1

V

X

z

h�5S
†(p,b + z)�5fW (⌘; b + z,z)

�

2
S(p,z)i↵� ,

(10)
using the quark propagator

S↵�(p, x) =
X

y

e
�ip·y

hq↵(x)q̄�(y)i, (11)

S↵�(p) =
1

V

X

x

e
ip·x

S↵�(p, x). (12)

The quark wavefunction renormalization Zq is defined via

Zq(pR)S(p)
��
p2=p2

R
= S

tree(p) (13)

=) Zq(pR) =
1

12
Tr

⇥
S
�1(p)Stree(p)

⇤ ����
p2=p2

R

, (14)

computed as

Zq(pR) =
Tr

⇥
i
P

� �� sin(ap�)S�1(p)
⇤

12
P

� sin2(ap�)

����
p2=p2

R

. (15)

In terms of the projected vertex function

V
O��0 (p) ⌘ Tr

⇥
⇤O�(p)�0

⇤
, (16)

the RI0/MOM condition in Eq. (7), for an operator O�

with endpoints separated by b
µ, can be expressed as

Z
�1

q (pR)ZRI
0/MOM

O��00 (pR)VO�00�0 (p)
��
pµ=pp

R

= Tr
h
⇤O�
tree

(pR)�0

i
= 6e

ipR·b
�
��

0
, (17)

which yields an expression for the matrix of renormaliza-
tion factors at pR:

⇣
Z

RI
0/MOM

O��0 (pR)
⌘�1

=
V
O��0 (p)

6eipR·bZq(pR)

����
pµ=pp

R

. (18)

B. Conversion to the MS scheme

Since the renormalized matrix element in the
RI0/MOM scheme is independent of the UV regulator,
it di↵ers from the result in the continuum limit only
by discretization e↵ects at finite lattice spacing. The
RI0/MOM matrix element can thus be matched to the
MS scheme in continuum perturbation theory, and then
extrapolated to the continuum limit using nonperturba-
tive calculations at di↵erent values of a.

Elements of the matrix of matching coe�cients
R

MS

O��0 (µ, pR) in Eq. (6) have been calculated at one-loop
order in continuum perturbation theory with dimensional
regularization (D = 4 � 2✏) for operators O� with both
b
z = 0 [55] and b

z
6= 0 [30]. This matching matrix can

be expressed as

R
MS

O��0 (µ, pR) = Z
MS

O
(✏, µ)

h
Z̃

RI
0/MOM

O
(pR, µ, ✏)�1

i

��0
,

(19)

where Z̃
RI

0/MOM

O;��00 (pR, µ, ✏) is the perturbatively-computed

RI0/MOM renormalization factor for the quasi beam

function, defined in Eq. (18). The factor Z
MS(✏, µ) is

gauge-invariant and universal for all Dirac structures
� [30, 55]:

Z
MS

O
(✏, µ) = 1 �

↵scf

4⇡

7

✏
+ O(↵2

s) , (20)

where cf = 4/3.

For � = �
�, the matching coe�cient R

MS

���0 has been

calculated for all projectors �0 at one-loop order [30]. The
results are summarized here for completeness:

R
MS

��,1(µ, pR) = R
MS

��,�5(µ, pR) = R
MS

��,�µ⌫ (µ, pR) = 0 ,

(21)

R
MS

��,�⇢(µ, pR) = 1+

2

4V
(1)

��,�⇢(pR, µ)

6eipR·b
�Z

(1)

q (pR, µ)��⇢

3

5 ,

(22)

R
MS

��,�⇢�5
(µ, pR) =

V
(1)

��,�⇢�5
(pR, µ)

6eipR·b
, (23)

a=0.04, 0.06, 0.08 fm
volume ~ 2 fm

quenched (nf=0) 
improved Wilson fermions 
smearing (Wilson flow) on gauge links

m� � 1.2 GeV, 340 MeV

full 16x16 mixing matrix
various L, bT, bz, pR
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FIG. 7: RI0/MOM mixing pattern MRI
0/MOM

O�P
(Eq. (26)) for quark bilinear operators with asymmetric staple-shaped Wilson

lines (bz, bT 6= 0), calculated on the E32 ensemble. From left to right, panels show results for operators with bT /a = {3, 7, 11},
and from top to bottom with bz/a = {3, 7, 11}. For the asymmetric staple, there are no predictions available for the mixing
patterns from one-loop lattice perturbation theory.
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ular reduces some o↵-diagonal elements of the renormal-
ization matrix significantly more than others, such that
one-loop lattice perturbation theory (with an unflowed
action) describes the unflowed mixing pattern somewhat
better than the flowed mixing pattern.

B. Renormalization results

The row of the MS renormalization matrix for bare
quasi beam functions with operator Dirac structure � =
�4 is su�cient to determine MS-renormalized matrix el-
ements of OMS

�4
, given bare matrix elements O

latt

�
for all

16 choices of �. These MS renormalization factors are
defined from the nonperturbatively computed RI0/MOM
factor and the perturbative one-loop matching by

Z
MS

O�4�
(µ, pR) = R̃

MS

�4�
0(µ, pR)ZRI

0/MOM

O�0�
(pR), (27)

where the left hand side is independent of the choice of pR

up to discretization e↵ects, nonperturbative e↵ects that
vanish at asymptotically large p

2

R, and neglected two-loop

perturbative matching corrections. Here, Z
MS

O�4�
(µ, pR)

implicitly includes the quasi soft factor included in
R̃

MS

�4�
0(µ, pR) (and thus di↵ers from Z

MS

O�4�
(µ, pR) defined

in Eq. (5) by terms which cancel in suitable ratios of

renormalized TMDPDFs), and both Z
MS

O�4�
(µ, pR) and

Z
RI

0/MOM

O�0�
(pR) implicitly depend on a. This renormal-

ization factor is computed for each choice of � with each
of the 10 pR shown in Table II, for staple-shaped opera-
tors with �⌘ < bT < ⌘, �⌘  b

z
 ⌘, for three values of

⌘ on each ensemble shown in Table I.

To determine Z
MS

O�4�
from numerical results at di↵er-

ent choices of pR, one could fit the data to a model of
the discretization e↵ects in the renormalization matrix.
However, statistical noise in the nonlocal operator renor-
malization grows exponentially with the length of the
Wilson line; in the present study it is not possible to
constrain discretization e↵ects from the 10 momenta used
for all but the smallest nonlocal operator separations. In
particular Bayes and Akaike information criteria prefer
constant fits to more complicated fit forms including the
leading discretization artifacts in the data (the functional
form of these e↵ects is made explicit in Appendix A).
Moreover, the covariance matrices for nonlocal operators
are not reliably estimated from the current data.

Rather than performing uncorrelated fits to correlated
results, weighted averages are used to remove residual pR
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FIG. 8: Numerical results for ZRI
0/MOM

O�4�4
(pR) and

ZMS

O�4�4
(µ, pR) for the E32 ensemble with ⌘/a = 10,

bz/a = 3, bT /a = �4, µ = 2 GeV, are displayed as orange
circles and blue squares, respectively. Results at ten choices
of pR given in Table II are shown. The blue shaded band
shows the result of the weighted average in Eq. (28) for

ZMS

O�4�4
(µ)± �ZMS

O�4�4
(µ).

dependence,

Z
MS

O�4�
(µ) =

X

n

wnZ
MS

O�4�
(µ, p

n
R) ,

�statZ
MS

O�4�
(µ)2 =

X

n

wn�Z
MS

O�4�
(µ, p

n
R)2 ,

�sysZ
MS

O�4�
(µ)2 =

X

n

⇣
Z

MS

O�4�
(µ) � Z

MS

O�4�
(µ, p

n
R)

⌘2

,

�Z
MS

O�4�
(µ)2 = �statZ

MS

O�4�
(µ)2 + �sysZ

MS

O�4�
(µ)2,

(28)

where the weights are chosen to sum to unity and to be
proportional to the inverse variance of the result for each
momentum:

wn =
w̃nP
n w̃n

, w̃n =
1

�ZMS

O�4�
(µ, pn

R)2
. (29)

The central value of this weighted average is identical to
the central value of an uncorrelated fit and ensures that
the fit is constrained most heavily by the most precise
data. The inverse variance of this weighted average is
the average inverse variance of the data, while the inverse
variance of an uncorrelated �

2-minimization fit is equal
to the same quantity times the number of data points.
Uncorrelated fits to correlated data therefore lead to a
spurious reduction in the uncertainty of the fit result that
is avoided by Eq. (28). The systematic uncertainty term
in Eq. (28) is included to reflect the uncertainty arising
from unresolved discretization and nonperturbative ef-
fects. The resulting systematic error on Z

MS

O�4�4
is < 15%

in all cases; for all but the largest Wilson line extents
the systematic uncertainty is . 2%. Similar results hold
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FIG. 9: Diagonal MS renormalization constants ZMS

O�4�4
(µ = 2 GeV), for staple-shaped operators with for ⌘/a = 14 and

di↵erent geometries, computed on the E32 ensemble. Points are shown with a small relative o↵set horizontally for clarity. Note
that statistical noise grows with the length of the staple: ⌘ + bT + |⌘ � bz|.

for Z
MS

O�4�
with � 6= �4 apart from cases where Z

MS

O�4�
is

consistent with zero.

Fig. 8 shows a representative example of this weighted
averaging procedure for an asymmetric staple operator
with ⌘/a = 10, bT /a = 3, and b

z
/a = 4, computed on

ensemble E32. For this example and in general, the MS
renormalization constant Z

MS

O�4�
(µ, pR) is more consistent

with a constant and has smaller systematic uncertainties

in a weighted average than Z
RI

0/MOM

O�4�
(pR), which indi-

cates that one-loop matching accounts for some of the
pR-dependence of the bare vertex function. Results for
operators with displacements in the x�z and y�z planes,
where x and y are the directions transverse to the staple
extent ⌘, are fit independently and found to be consistent
within uncertainties, and the renormalization constants
for operators of di↵erent shapes are found to be relatively
smooth functions of the staple geometry parameterized
by b

z, bT , and ⌘. Samples of these results are shown
for the diagonal renormalization constant Z

MS

O�4�4
(µ) in

Fig. 9. Here and throughout, µ = 2 GeV is used as a
reference scale. The o↵-diagonal terms Z

MS

O�4�
(µ) with

� 6= �4 describing operator mixing indicate that such
mixing is a percent-level e↵ect for operators with small
Wilson lines, but grows to become a 5 � 10% e↵ect for
the largest Wilson lines studied. A representative set of
o↵-diagonal mixing results are shown in Fig. 10.

In order to study the quark mass dependence of Z
MS

O�4�4
,

calculations on the E24 ensemble are repeated using a
second quark mass corresponding to m⇡ ⇠ 340 MeV. For
all Z

MS

O�4�
, results for m⇡ ⇠ 340 MeV are found to be

consistent within uncertainties with those calculated us-
ing m⇡ ⇠ 1.2 GeV, as shown in Fig. 11. This suggests
that the large quark mass used in this work does not
significantly a↵ect results for Z

MS

O�4�
. Before averaging

over momentum, statistically significant di↵erences be-
tween m⇡ ⇠ 1.2 GeV and m⇡ ⇠ 340 MeV results can be
seen at the smallest momenta considered here, which is
consistent with expectations that renormalization factors
include nonperturbative quark mass e↵ects proportional
to mq hqqi /p

4 that vanish at large momentum [66–73].
After averaging over momentum, results with m⇡ ⇠ 1.2
GeV and m⇡ ⇠ 340 MeV are consistent within combined

Z̃ �
q Z̃q

uv

6

nµ
p

p2 [GeV] pz [GeV] p[4]/(p2)2

(2,2,2,2) 2.4 1.3 0.27
(2,2,2,4) 2.7 1.3 0.25
(2,2,2,6) 3.1 1.3 0.31
(3,3,3,2) 3.5 1.9 0.30
(3,3,3,4) 3.7 1.9 0.26
(3,3,3,6) 4.0 1.9 0.25
(3,3,3,8) 4.3 1.9 0.28
(4,4,4,4) 4.7 2.6 0.28
(4,4,4,6) 4.9 2.6 0.26
(4,4,4,8) 5.2 2.6 0.25

TABLE II: Four-momenta considered in this work, where pµ

is the four-momentum in physical units corresponding to nµ

in lattice units. Note that pµ for a given nµ is the same
in physical units on all three ensembles. The H(4) invariant
p[4] =

P
4

µ=1
p4µ is discussed in Appendix A.
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FIG. 2: RI0/MOM mixing pattern MRI
0/MOM

O�P
(Eq. (26)) for

local quark bilinear operators, calculated on the E32 ensem-
ble. White circles indicate the pattern of mixings predicted
based on the o↵-shell nature of the quark in the relevant
Green’s functions [59].

mixing patterns revealed in the matrix of nonperturba-
tive RI0/MOM factors with the patterns predicted by
perturbation theory, which have been studied in the spe-
cial cases of local operators, straight Wilson-line opera-
tors, and symmetric staple-shaped Wilson line operators,
provides an indication of the important nonperturbative
mixings for each operator.

Figs. 2–7 display graphically the 16 ⇥ 16 matrices of
RI0/MOM renormalization factors for all Dirac structures
� and projectors P, for a range of operators with di↵er-
ent staple widths and asymmetries bT and b

z, defined in
Eq. (2). In each case, percentage mixings relative to the
average diagonal element are displayed, defined as:

M
RI

0/MOM

O�P
= max

pR

Abs[ZRI
0/MOM

O�P
(pR)]

1

16

P
i Abs[ZRI

0/MOM

O�i�i
(pR)]

, (26)

FIG. 3: Submatrix of the RI0/MOM mixing matrix

MRI
0/MOM

O�P
(Eq. (26)) for quark bilinear operators with

straight Wilson lines (bT = 0) with various extents bz, for
momentum n⌫ = (2, 2, 2, 2) in lattice units, calculated on the
E32 ensemble.

where to illustrate the importance of mixings the max-
imum over momenta pR is taken over the ten momenta
tabulated in Tab. II. Due to the o↵-shell nature of the
quark in the Green’s functions and the noncovariance of
the operator O

q
�
(bµ

, 0, ⌘) itself, there can be contribu-
tions from additional Dirac structures involving p

µ
R and

b
µ to the vertex function of O

q
�
(bµ

, 0, ⌘), which do not
break chiral symmetry and are also seen in continuum
perturbation theory [59]. In lattice calculations, due
to the breaking of chiral symmetry from the UV reg-
ularization, there are additional operator mixings that
were predicted by one-loop lattice perturbation theory
and symmetry arguments [43, 46, 55, 56]. In addition,
the interplay of these two mechanisms can generate new
chiral-symmetry-breaking mixings, for example between
�
0 and 1. On each figure (except for Figs. 3 and 7), the

chiral-symmetry-breaking mixing patterns predicted by
one-loop lattice perturbation theory or symmetry argu-
ments are highlighted for comparison with the numerical
results.

In general, operators with longer Wilson lines are
seen to su↵er from greater mixing e↵ects than opera-
tors with shorter Wilson lines; this is shown explicitly
for the straight Wilson line operators in Fig. 3. Typi-
cally, the mixings predicted by lattice perturbation the-
ory are found to be significant nonperturbatively, but in
many cases other chiral-symmetry-preserving mixings are
found to be equally, or more, important. The patterns of
mixings computed on the three ensembles with di↵erent
lattice spacings are consistent for each operator shape,
with the relative magnitude of o↵-diagonal mixings rel-
atively larger on the finer ensembles, as shown for the
straight Wilson line case in Fig. 5.

A subset of calculations on the E24 ensemble were re-
peated without Wilson flow applied to the gauge fields
or Dirac operator. As outlined in Appendix B, Wilson
flow generically reduces operator mixing, and in partic-
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Summary

Proposed a method to determine CS kernel with Lattice QCD

TMDs are rich field theory objects: Wilson line paths, rapidity 
divergences, hadronic and vacuum matrix elements 

Future

Further Lattice Simulations for     

Proof for TMDPDF matching, Lattice for quasi-soft function

�q
�

Improved precision for DY, SIDIS, … at small qT

Study form of power corrections
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One-Loop Diagrams

p p

(~0T,0) (~bT,bz)

kk

(a) Vertex diagram

p p

(~0T,0) (~bT,bz)

k

(b) Sail topology

p p

(~0T,0) (~bT,bz)

k

(c) Wilson line self energy (tadpole)

p p

(~0T,0) (~bT,bz)

k

(d) Wave function renormalization

Figure 7: One-loop diagrams contributing to the quasi beam function in Feynman gauge,
up to mirror diagrams.

In order to directly match this quasi beam function onto the lightlike beam function,
we require that the logarithmic bT dependence, arising from IR physics, must be equal
between them. However, the bT dependence does not agree with any beam function known
in the literature, see the results in appendix B which are summarized in Table 1 below. In
particular, only in Collins’ scheme with Wilson lines off the light-cone one has the correct
double-logarithm �

1
2 ln

2(b2Tµ
2
/b

2
0), while in all schemes with Wilson lines on the light-cone

this double logarithm is (at least partially) contained in the soft function. Even in Collins’
scheme the single ln(b2Tµ

2
/b

2
0) does not match up with the corresponding single logarithm

in the quasi beam function.4 Hence, for all the rapidity regulators used in the literature,
which yield the same universal TMDPDF defined in Sec. 2, none are in agreement with the
simple physical picture of relating beam function and quasi beam function. The Lorentz
boost relation is spoiled by the presence of a rapidity regulator, which by construction
is not boost invariant. Since it is well known that the choice of rapidity regulator can
modify the logarithms of bT , one may still hope to find a regulator for the beam function
which yields the same IR structure as the naive quasi beam function and thus yields a
perturbative matching that agrees with the boost relation. However, the more important
test is whether the quasi-TMDPDF can be matched to the TMDPDF, in which case the
regulator dependence cancels. This requires considering the quasi soft function.

4.3 Naive quasi soft function

Next, we calculate the naive quasi soft function defined in Eq. (3.24). Working in Feynman
gauge, there are six diagrams that contribute at NLO, shown in Fig. 8, where double lines

4
We have also checked that this problem is not simply due to the contribution from the transverse Wilson

line self energy diagram.
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Figure 8: One loop diagrams for the quasi soft function in Feynman gauge, up to mirror
diagrams. The dashed line indicates that we consider the upper part of the diagrams
separate from the lower part, such that diagrams in the top row only contains a gluon
exchange from the ẑ to �ẑ sector, while the bottom row only contains corrections within
the ẑ sector. Similar diagrams for �ẑ exchanges are now shown.

represent Wilson lines and the labels denote the endpoints of the Wilson lines in position
space. For later convenience, we distinguish diagrams where the gluon is exchanged between
the +ẑ and �ẑ Wilson lines (upper row) and diagrams where the gluon is emitted between
Wilson lines of the +ẑ sector alone (lower row). The latter is identical to the result for
gluons exchanged within the �ẑ sector.

In Feynman gauge, the generic expression for a one-loop diagram in the MS scheme,
parameterized by the spatial paths �1 and �2 of the Wilson lines, is

S̃
(1)[�1, �2] = �g

2
sCFµ

2✏
0

Z 1

0
ds �01(s)

µ
Z 1

0
dt �02(t)

⌫
Z

d4�2✏
k

(2⇡)4�2✏

�igµ⌫
k2 + i0

e
�ik·[�1(s)��2(t)]

=
↵sCF

⇡

✓
µ
2

b
2
0

◆✏�(1� ✏)

e✏�E

Z 1

0
ds

Z 1

0
dt

�
0
1(s) · �

0
2(t)⇥

�(�1(s)� �2(t))2
⇤1�✏ . (4.3)

Note that diagrams with the gluon attaching to the same line have an additional symmetry
factor of 1/2.

For example, for Fig. 8a one reads off the paths

�1(s) = sLẑ , �2(t) = (t� 1)Lẑ . (4.4)
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where we have singled out the terms with unphysical support x 2 [�1,1],
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. (C.38)

C.3 Wilson line self energy

The general expression for the Wilson line self energy, Fig. 11c, in position space is given
by

q̃
(c)
n (bµ) = ig2CFP

z
e
�ibzP z

⇥
1

2

Z 1

0
ds

Z 1

0
dt [�0(s) · �0(t)]⇥ µ

2✏
0

Z
ddk

(2⇡)d
e
ik·[�(s)��(t)]

k2 + i0

=
↵sCF

2⇡
P

z
e
�ibzP z

µ
2✏
0 ⇡

✏�(1� ✏)

Z 1

0
ds

Z 1

0
dt �0(s) · �0(t)

h
�[�(s)� �(t)]2

i�1+✏
,

(C.39)

where a symmetry factor 1/2 is included and � is the path of the Wilson line. Since � can
be split into three straight lines, see Fig. 5, there are four distinct contributions in Feynman
gauge, shown in Fig. 13.

(~bT,L)(~bT,bz)

(~0T,L)(~0T,0)

(a)

(~bT,L)(~bT,bz)

(~0T,L)(~0T,0)

(b)
(~bT,L)(~bT,bz)

(~0T,L)(~0T,0)

(c)

(~bT,L)(~bT,bz)

(~0T,L)(~0T,0)

(d)

Figure 13: Diagrams contributing to the Wilson line self energy correction to the quasi
beam function. The coordinates illustrate the path in position space. Only diagrams (c)
and (d) are sensitive to the vertex position b

z and thus give a nontrivial contribution to the
Fourier transform.
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One-Loop Matching
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Figure 6: Illustration of the Wilson line structure of the naive quasi soft function (a), and
the behavior of the longitudinal separation under a Lorentz boost along the z direction (b).
v > 0 and v < 0 denote that the required Lorentz boosts have opposite signs.

Unfortunately, the physical boost argument that allowed us to relate spatial Wilson
lines to lightlike Wilson lines in the quasi PDF [see Eq. (3.21)] does not apply to the quasi
soft function. Since the soft function involves both light-cone directions n and n̄, it is
necessary to simultaneously obtain them from boosting ±ẑ. However, this requires boosts
of opposite signs, as illustrated in Fig. 6b. Note that if this were possible with a single
boost, it would directly violate the boost argument for B̃, where it is essential that both
positive and negative b

z’s are boosted onto the same light-cone direction.
Despite the simple boost picture breaking down, one can still test whether the matching

for the obtained quasi-TMDPDF in the form of Eq. (3.6) is possible, and we study this
in the next section at NLO. Indeed, we find that for the naive quasi soft function the
matching is spoiled by the structure of infrared bT dependence. In Sec. 4.5, we will suggest
a modified quasi soft function that yields a quasi-TMDPDF which has the correct infrared
bT dependence at one loop. Given the absence of an intuitive boost relation, a rigorous
all orders proof for any such quasi-TMDPDF proposal will certainly be required before full
confidence can be obtained.

4 One Loop Results

In this section we present explicit one-loop results for the TMDPDF, the quasi beam and
naive quasi soft function, and their combination into the quasi-TMDPDF. Here, we work in
the MS scheme, as opposed to considering renormalization schemes appropriate for lattice
calculations as discussed in Sec. 3, since a pure MS calculation is fully sufficient to per-
turbatively test the matching relation. Furthermore, we limit ourselves to the quark PDF
and neglect mixing with gluons for simplicity, which corresponds to considering a non-
singlet flavor combination. All results are calculated by evaluating the appropriate matrix
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One-Loop Matching
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S̃q :(2) “bent”

�q
�

Towards quasi-TMDPDFs from Lattice QCD

Bent soft function

Recall soft and quasi soft function:
S

q(bT ) = h0
��[S†

nSTSn̄](~bT )[S
†
n̄S

†
TSn](~0T )

��0i

S̃
q(bT ) = h0

��[S†
ẑSTS�ẑ](~bT )[S

†
�ẑSTSẑ](~0T )

��0i

S
q(bT ) and S̃

q(bT ) not related through Lorentz boost
Define “bent” soft function to remove boost-violating diagrams at NLO:

S̃
q
bent

(bT ) = h0
��[S†

ẑSTS�n̄? ](~bT )[S
†
�n̄?STSẑ](~0T )

��0i

Compare Wilson line paths:

S̃
q(bT ) = b?

x

z

L

y

L

$
b?

x

-z

L

y

L

= S̃
q
bent

(bT )

Yields a perturbative matching relation at NLO
I Proof beyond NLO required
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f̃ (1)
q (x,�bT , µ, P z) =

CF �s

2�

�
�

� 1
�IR

+ Lb

�
Pqq(x) + (1� x)+

+ �(1� x)
�
�1

2
L2

b +
3
2
Lb+Lb ln

µ2

(2xP z)2
�1

2
L2

Pz
� LPz �

3
2

��

Lb = ln
b2
T µ2

4e�2�E

LPz = ln
µ2

(2xP z)2

[Ebert, IS, Zhao ’19]

f̃q(x,�bT , µ, P z) = CTMD(µ, xP z) gS
q (bT , µ) exp

�
1
2
�q

� (µ, bT ) ln
(2xP z)2

�

�
fq(x,�bT , µ, �)

f̃q(x,�bT , µ, P z) = CTMD(µ, xP z) gS
q (bT , µ) exp

�
1
2
�q

� (µ, bT ) ln
(2xP z)2

�

�
fq(x,�bT , µ, �)
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Details on IR Logs
Backup slides

Overview of rapidity regulators

Dependence of beam and soft function on Lb = ln
b
2
Tµ

2

4e�2�E
depends on

regulator
No agreement between beam function and quasi beam function in any regulator
Dependence of TMDPDF on Lb is independent of regulator
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Lb = ln
b2
T µ2

4e�2�E

Matching for                   fails in all schemes. So boost 
argument fails for regulated beam functions. 

B̃q � Bq

Matching for                    alone also fails. �̃q
S � �q

S

Matching works for               at 1-loop with bent quasi-soft factor.f̃q � fq
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