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Part 1: Proton spin puzzle



Proton spin puzzle / crisis.

Reminder
gγ1 = 1

2

∑
q

e2
q (∆q + ∆q̄) , ∆q = q↑ − q↓ w.r.t. the proton spin (1)

and they observed for the proton∫ 0.7

0.01

g1(x) dx = 0.114± 0.012(stat.)± 0.026(syst.) (2)

Remarks

In blue: �nite range of integration. � ... the small x region is expected to make a large
contribution to the integrals.�

In red: Ellis-Ja�e sum rule. → Theoretical understanding of the 70's.

→ How do we understand this value?
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Theoretical prediction in the 70's

→ How do we understand this value? 0.114± 0.012(stat.)± 0.026(syst.)

Ellis-Ja�e sum rule, assumptions

Sea qq̄: λ+(x) ' λ−(x) ' λ̄+(x) ' λ̄−(x)

Ansatz ∆s ∼ 0 (no intrinsic strangeness)

Belief that valence quarks carry the proton spin.

Ellis-Ja�e sum rule prediction (70's): 0.185± 0.0015 −→ Not compatible with 0.114

Where is the missing spin ?

Old fundamental problem (∼ 30y) → looking at small number adding up to 1/2.

There are progresses → Still don't understand the spin of the proton in term of QCD dof.
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The missing spin of the proton?

A more recent picture of the proton spin.

Spin sum rule (Ja�e Manohar decomposition [Nucl. Phys. B337, 509 (1990)])

1
2

= 1
2
Σq + Σg + Lq + Lg

Proton spin

Quark spin

Gluon spin

Quark OAM

Gluon OAM

Possibilities:

Gluon spin

Quark/Gluon angular orbital momentum

Problems

Gauge-dependence and non-unicity of the
decomposition.
(e.g. Ji-decomposition has no identi�cation
of gluon spin/OAM)

Large and low x region. Experiments only access a �nite range of x...

Σq =

1∫
0

dx
(
q↑(x)− q↓(x)

)
(3)

Possibilities

Large-x?

Small-x?
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Potential solution, small-x tail (1/3)

Question: What is the value of the following?∫ xmin

0

dx
(
q↑(x)− q↓(x)

)∣∣∣
Global �t

−
∫ xmin

0

dx
(
q↑(x)− q↓(x)

)∣∣∣
Small-x

= ?? (4)

Parton disribution functions at small-x are given by

PDF (x) ∼
(

1

x

)α
, where α is the intercept. (5)

Borrowed from Y.Kovchegov
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Potential solution, small-x tail (2/3)

Ballpark Phenomenology
Attach the small-x tail to existing helicity PDF given by the intercept α. hPDF ∼

(
1
x

)α

Borrowed from Y.Kovchegov

x0 is the small value where the asymptotic is attached to the existing helicity PDFs
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Potential solution, small-x tail (3/3)

De�ne

∆Σ[xmin](Q2) ≡
1∫

xmin

dx∆Σ(x,Q2) (6)

Borrowed from Y.Kovchegov
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Part 2: Helicity JIMWLK



The small-x region (1/2)

Unpolarized case, small-x evolution

BK (large Nc) ←→ JIMWLK (all Nc)

Helicity-dependent small-x evolution

KPS (large Nc or large Nc&Nf ) ←→ � h-JIMWLK � (all Nc)

Some remarks on KPS

KPS ∼ �helicity BK"

KPS equations, written in the shock wave formalism.

Found by sub-eikonal correction to the eikonal shock-wave.

Equations written using Wilson Lines and polarized Wilson Lines

Closes in two limits: large Nc / large Nc &Nf .

⇒ Does not close for arbitrary Nc and Nf

Rmk: ∃ other frameworks for g1 at small-x, such as Bartel, Ermolaev, and Ryskin (1996).
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The small-x region (2/2)

Yuri's (and al.) approach "Simplify, Evolve, and Solve"
[Y.V Kovchegov, D. Pitonyak, and M. D. Sievert 2016 2017] [Y.V Kovchegov, and M. D. Sievert 2018]

Helicity Sum Rule

Operator def

CGC average

Evolve to small-x

Small-x Intercept

Simplify

Evolve

Solve

Helicity distributions (�avor-singlet)

gS1L(x, k2
T ) =

8Nc
(2π)6

∫
d2ζ d2w d2y e−ik·(ζ−y)

1∫
Λ2/s

dz

z

ζ − w
|ζ − w|2 ·

y − w
|y − w|2 Gw,ζ(zs) (7)

where

Gw,ζ(zs) =
k−1 p+

Nc
Re
〈
T tr

[
Vζ V

pol †
w

]
+ T tr

[
V polw V †ζ

]〉
(8)

Think of it as a regular dipole amplitude (for the moment)
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Derivation of JIMWLK - Following [A.H. Mueller, Phys.Lett. B523, 243 (2001)]

Rapidity-dependent expectation value of an arbitrary operator Ô is

〈Ôα〉Y =
∫
Dα Ô WY [α]∫
Dα WY [α]

target average

target weight functional

α ≡ A+ with A+ in the Lorentz gaugeRapidity Y ∫
Dα WY [α] = 1

Step 1: Increase Y −→ Y + δY . Two equivalent pictures:

(a) Test operator evolves → additional gluons by a kernel K.
(b) Evolve the target weight functional.

Step 2: Equate the two to �nd:

∂Y 〈Ôα〉Y =

∫
Dα

(
K · Ôα

)
WY [α] =

∫
Dα Ô ∂YWY [α] (9)

Step 3: Integrate by parts:
K ·WY [α] = ∂YWY [α] (10)
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Derivation of JIMWLK - In practice and tricks to learn (1/4)

Using lc coordinates a± = 1√
2
(a0 ± a3)

Frame choice: → Probe minus-moving, target plus-moving.
êz

êt

ProbeTarget

Def: Wilson Lines are

W (R)
x [b−, a−] ≡ P exp

{
ig

∫ b−

a−
dx− taR αa(x+ = 0, x−, x)

}
(11)

⇒ Depends only on the background �eld α = A+ (Lorentz Gauge).

Shorthand notation: W
(R)
x ≡W (R)

x [∞,−∞].

Consider a test operator of two Wilson Lines (WL)

Ô1,0 = W
(R0)†
0 ⊗W (R1)

1 =

R0
0

R1
1

(12)
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Derivation of JIMWLK - In practice and tricks to learn (2/4)

Step 1a: Diagrams to consider (plus horizontal mirroring)

R0

R1 1

2

0 R0

R1 1

2

0 R0

R1 1

2

0

R0

R1 1

2

0 R0

R1 1

2

0 R0

R1 1

2

0

⇒ How does one generate all those diagrams?

Consider the second diagram in the �rst row:

−αs
∫

d2x2

x21 · x20

x2
21x

2
20

Uba2

(
W

(R0)†
0 tbR0

⊗W (R1)
1 taR1

)
(13)

Di�culties for a generic test operator Ô
(1) Color generator → depends on the WL irrep.

(2) Position of the emission/absorption vertex → di�ers in every topology.

(3) Grows of the number of diagrams with the number of WL involved.
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Derivation of JIMWLK - In practice and tricks to learn (3/4)

Main trick: take functional derivative w.r.t. the α-�eld.

δ W
(R)
x

δ αa(y−, y)
= ig δ(2)(y − x) W (R)

x [∞, y−] taRW
(R)
x [y−,−∞] (14)

⇒ Valid for any irrep R.
(1) X

Remarks:

Semi-in�nite WL which does not cross the shock-wave → Identity in color space.

Semi-in�nite WL which does cross the shock-wave → Complete to in�nite WL.

δ W
(R)
x

δ αa(y−, y)
= ig δ(2)(y − x)

{
taRW

(R)
x for y− > 0

W
(R)
x taR for y− < 0

(15)

⇒ Sign of y− gives the position of tR w.r.t. the WL.
(2) X

Leibniz rule for the functional derivative → All vertex insertions in the test operator

⇒ Valid for any number of Wilson Lines.
(3) X
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Derivation of JIMWLK - In practice and tricks to learn (4/4)

R0

R1 1

2

0 R0

R1 1

2

0 R0

R1 1

2

0

R0

R1 1

2

0 R0

R1 1

2

0 R0

R1 1

2

0

⇒ How does one generate all those diagrams? X

KJIMWLK ≡
αs
π2

∫
d2x⊥ d

2y⊥ d
2w⊥

(x− w) · (y − w)

|x− w|2 |y − w|2(
Uw −

Ux + Uy

2

)ba
(ig)−2 δ2

δ αa(x− < 0, x) δ αb(y− > 0, y)
. (16)

Equating the two picture and integrating by parts yields

∂YWY [α] = KJIMWLK ·WY [α] (17)
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Toward �helicity-JIMWLK� - Polarized Wilson Lines

Based on [arXiv:1910.04268]

Polarized Wilson Lines:

W (R),pol
x [b−, a−] = W (R),pol,q

x [b−, a−] +W (R),pol,g
x [b−, a−] (18)

⇒ Depends on α, β, ψ, ψ̄, where β = εij⊥∂iAj .
⇒ Two components: qq̄ t-channel exchange (ψ, ψ̄) and g t-channel exchange (β)

(
W

(R)
x

)pol

≡ R x .
(
W

(R)
x

)pol,g

∝
R

β(x−, x)

R x

V pol,q
x ∝

ψ̄α(x
−
1 , x) ψβ(x

−
2 , x)

γ+γ5

, Upol,q
x ∝

ψβ(x
−
1 , x) ψ̄α(x

−
2 , x)

γ5γ+

+ c.c. .
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Toward �helicity-JIMWLK� - Diagrammatic content

Consider the test operator

Ô1,0 = s
(
W

(R0)†
0 ⊗W (R1),pol

1 + c.c.
)

=

R0
0

R1
1

(19)

Sub-eikonal helicity-dependent diagrams. Flavor-singlet case only here!

R0

R1 1

2

0 R0

R1 1

2

0 R0

R1

R1

R`
1

2

0

R0

R1 1

2

0 R0

R1 1

2

0 R0

R1

R1

Rr
1

2

0

The polarization information is carried by the WL at x2.

The latter two diagrams change the irrep of the WL crossing the shock-wave at x1.
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Toward �helicity-JIMWLK� - Functional derivatives (1/2)

δW
(R) pol,q
x

δ αa(y−, y)
= ig δ(2)(y − x)

{
W

(R) pol
x taR for y− < 0

taRW
(R) pol
x for y− > 0

(20)

δW
(R) pol
x

δ βa(y−, y)
= ηR

igp+
1

s
δ(2)(y − x)

{
W

(R)
x taR for y− < 0

taRW
(R)
x for y− > 0

(21)

with ηR = δR=F + δR=F̄ + 2δR=A

⇒ δ
δ β

acting on a polarized WL gives an unpolarized WL!

δ2 (V pol,qx )j′i′

δ ψ̄α,i(y
−
1 , y1

) δ ψβ,j(y
−
2 , y2

)
= δ

(2)
(y

1
−x) δ

(2)
(y

2
−x)

(
ig

√
p+
1 /s

)2
{

(tb)j′jU
ba
x (ta)ii′ for y−1 < 0 < y−2
0 otherwise

(22)

⇒ Change the representation of the WL crossing the shock-wave.

δ2 (Upol,qx )ab

δ ψ̄α,i(y
−
1 , y1

) δ ψβ,j(y
−
2 , y2

)
= − δ

(2)
(y

1
− x) δ

(2)
(y

2
− x)

(
ig

√
p+
1 /s

)2
(
γ+γ5

2

)
αβ

×
[
θ(y
−
1 ) θ(−y−2 ) U

aa′
x [∞, y−1 ]

(
t
a′
Vx[y

−
1 , y

−
2 ] t

b′
)
ij
U
b′b
x [y

−
2 ,−∞]

+ θ(y
−
2 ) θ(−y−1 ) U

aa′
x [∞, y−2 ]

(
t
b′
Vx[y

−
1 , y

−
2 ] t

a′
)
ij
U
b′b
x [y

−
1 ,−∞]

]
. (23)
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Toward �helicity-JIMWLK� - Functional derivatives (2/2)

Shorthand notations (to absorb some of the trivial factors)

For the �eld α(x) and the �eld β(x)

D+
y,a,≶ ≡ (ig)−1 δ

δ αa(y− ≶ 0, y)
. (24)

D⊥y,a,≶ ≡
(
ig p+

1

s

)−1
δ

δ βa(y− ≶ 0, y)
. (25)

For the quark �elds we have

Dψ
y,α,i,≶ ≡

(
ig

√
p+

1 /s

)−1
δ

δ ψα,i(y− ≶ 0, y)
, (26)

Dψ̄
y,α,i,≶ ≡

(
ig

√
p+

1 /s

)−1
δ

δ ψ̄α,i(y− ≶ 0, y)
. (27)

F. Cougoulic Nov 29, 2019 21 / 27



Toward �helicity-JIMWLK� - Evolution kernel

Evolution Kernel for the helicity-dependent evolution:

Kh[τ, τ ′] ≡
(
Keik +Kβ +Kψ,ψ̄

)
[τ, τ ′]

=
αs

π2

∫
d2w⊥

X′ · Y ′

X′2 Y ′2
θ(3)(τ − τ ′)θ

(
z′ − Λ2

s

)
θ
(
X′2 − 1

z′ s

)
θ
(
Y ′2 − 1

z′ s

)
(28)

×
{
Ubaw D+

x,a,<D
+
y,b,> −

1
2

(
D+
x,a,<D

+
y,a,< +D+

x,a,>D
+
y,a,>

)
+ 1

2
Upol,baw (D+

x,a,<D
⊥
y,b,> +D⊥x,a,<D

+
y,b,>)

+
(

1
2
γ5γ−

)
βα

1
2

(
(V polw )ijD

ψ̄
x,j,α,<D

ψ
y,i,β,> + (V pol †w )ijD

ψ̄
x,j,α,>D

ψ
y,i,β,<

)}
.

where X ≡ x− w, Y ≡ y − w, τ ≡ {z, zX2, zY 2}, and τ ′ ≡ {z′, z′X ′2, z′Y ′2}.

Evolution Equation

Wτ [α, β, ψ, ψ̄] = W(0)
τ [α, β, ψ, ψ̄] +

∫
d3τ ′ Kh[τ, τ ′] · Wτ ′ [α, β, ψ, ψ̄] (29)

where d3τ ′ ≡ dz′

z′ d
2X ′d2Y ′.

⇒ Need an initial condition W(0)
τ .
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Life-time ordering

Two steps in the evolution of Ô1,0

x10

Y 2Y 3

X2

X3

x0

x1

w2

w3

To generate DLA-evolution:

τ = {z, z x2
10, z x

2
10}

τ ′ = {z2, z2 x
2
20, z2 x

2
21}

τ ′′ = {z3, z3 x
2
32, z3 x

2
32}

We previously had:

Kk = Keik +Kβ +Kψ,ψ̄ (30)

Comparing to JIMWLK-kernel

KJIMWLK =

∫
d2Xd2Y K̃eik (31)

where K̃eik does not have the θ(τ − τ ′) imposing
lifetime ordering.

For LLA JIMWLK this is unnecessary since UV and IR integrals converge.

Beyond LLA, solutions are known to be unstable, but lifetime ordering condition helps!
[E. Iancu, J. D. Madrigal, A. H. Mueller, G. Soyez, D. N. Triantafyllopoulos, Phys. Lett. B744, 293 (2015)] and [B.

Ducloué, E. Iancu, A. H. Mueller, G. Soyez, and D. N. Triantafyllopoulos, JHEP 04, 081 (2019)]

Curiosity: this lifetime ordering appears here for Keik as a formal requirement for the DLA
helicity-evolution.
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Target weight functional properties (1/3)

Did I cheat you ?

Yes → On the last step: integration by parts.

What I shown up to now

〈Ôpol〉τ = 〈Ôpol〉0 +

∫
DαDβDψDψ̄

∫
d3τ ′

(
Kk[τ, τ ′] · Ôpol

)
Wτ ′ (32)

and what we want

〈Ôpol〉τ = 〈Ôpol〉0 +

∫
DαDβDψDψ̄

∫
d3τ ′ Ôpol

(
Kk[τ, τ ′] · Wτ ′

)
(33)

One needs (and similar for W0) lim
α(x)→±∞

Wτ [α, β, ψ, ψ̄] = 0, ∀x,

lim
β(x)→±∞

Wτ [α, β, ψ, ψ̄] = 0, ∀x.
(34)
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Target weight functional properties (1/3)

Did I cheat you ? Yes → On the last step: integration by parts.

What I shown up to now

〈Ôpol〉τ = 〈Ôpol〉0 +

∫
DαDβDψDψ̄

∫
d3τ ′

(
Kk[τ, τ ′] · Ôpol

)
Wτ ′ (32)

and what we want

〈Ôpol〉τ = 〈Ôpol〉0 +

∫
DαDβDψDψ̄

∫
d3τ ′ Ôpol

(
Kk[τ, τ ′] · Wτ ′

)
(33)

One needs (and similar for W0) lim
α(x)→±∞

Wτ [α, β, ψ, ψ̄] = 0, ∀x,

lim
β(x)→±∞

Wτ [α, β, ψ, ψ̄] = 0, ∀x.
(34)
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Target weight functional properties (2/3)

Assume the following ansatz
Wτ =Wunpol

τ + Σ Wpol
τ (35)

Since Kh contains KJIMWLK , it would be natural to recover the latter after integrating out
sub-eikonal �elds in the former:∫

DβDψDψ̄ Wunpol
τ [α, β, ψ, ψ̄] =WJIMWLK

τ [α] (36)∫
DβDψDψ̄ Wpol

τ [α, β, ψ, ψ̄] = 0 (37)

Consider an operator O[α, β, ψ, ψ̄] ≡ Ounpol[α] + σOpol[α, β, ψ, ψ̄]

〈O〉τ =

∫
DαDβDψDψ̄ [Ounpol + σOpol]

[
Wunpol
τ + Σ Wpol

τ

]
(38)

PT-symmetry → keep {1, σΣ}-terms only∫
DαDβDψDψ̄ OpolWunpol

τ = 0 (39)
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Target weight functional properties (3/3)

Implications for the weight functional evolution

WJIMWLK
τ [α] =W0 +

∫
d3τ ′ Keik[τ, τ ′] WJIMWLK

τ ′ [α] (40)

⇒ Recover the JIMWLK evolution as expected

Wpol
τ [α, β, ψ, ψ̄] =Wpol

0 +

∫
d3τ ′ Kh[τ, τ ′] Wpol

τ ′ [α, β, ψ, ψ̄] (41)

⇒ Need the full kernel for the evolution
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Summary and prospects

Summary

Helicity-dependent generalization of the JIMWLK evolution. Allowing all Nc and Nf
numerical study of small-x asymptotics of helicity distributions.

Kernel containing the eikonal LO JIMWLK kernel and terms involving sub-eikonal
interactions with quark-�eld and gluon-�eld.

Helicity dependent Kernel in DLA requires lifetime and longitudinal momentum -orderings.
−→ Independent argument in favor to keep-lifetime ordering to all orders in JIMWLK and
BK kernels

Prospects

Initial condition for W(0) based on an helicity dependent MV-model (almost out).

Flavor non-singlet helicity-dependent evolution kernel.

Both require operators that are non diagonal in �avor and irrep (e.g. q → g by exchanging
polarization information with the shock wave, or sources for fermion �elds)
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Backup : Polarized Wilson Lines

W
(R) pol,g
x [b

−
, a
−

] = ηR
igp+

1

s
θ(b
−

) θ(−a−)

b−∫
a−

dx
−
W

(R)
x [b

−
, x
−

] β(x
−
, x)W

(R)
x [x

−
, a
−

] (42)

with ηR = δR=F + δR=F̄ + 2δR=A

V
pol,q
x [b

−
, a
−

] =−
g2p+

1

s
θ(b
−

) θ(−a−) (43)

b−∫
a−

dx
−
1

b−∫
x
−
1

dx
−
2 Vx[b

−
, x
−
2 ]t

b
ψβ(x

−
2 , x)U

ba
x [x

−
2 , x

−
1 ]
[

1
2
γ

+
γ

5
]
αβ

ψ̄α(x
−
1 , x)t

a
Vx[x

−
1 , a
−

].

(
U
pol,q
x [b

−
, a
−

]
)ab

=−
g2p+

1

s
θ(b
−

) θ(−a−) (44)

b−∫
a−

dx
−
1

b−∫
x
−
1

dx
−
2 U

aa′
[b
−
, x
−
2 ]ψ̄(x

−
2 , x)t

a′
Vx[x

−
2 , x

−
1 ]
[

1
2
γ

+
γ

5
]
t
b′
ψ(x
−
1 , x)U

b′b
x [x

−
1 , a
−

]

+ c.c..
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