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The High-Energy Limit of 2-to-2 Partonic Scattering Amplitudes

Motivation
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p3p4

t channel

s channel

✓The High-energy limit is a rich source of  
experimentally-accessible physical phenomena, e.g. 


•  total cross section; 

•  jets at high rapidities; 

•  high gluon densities 

✓QCD dynamics simplifies, allowing systematic theoretical study  
using Wilson lines and evolution equations 

✓Unique access to all-order properties of scattering amplitudes — complementing 
the study of IR divergences and summation of perturbation theory

Einan Gardi (Higgs Centre, Edinburgh)
work in collaboration with Simon Caron-Huot, Joscha Reichel and Leonardo Vernazza



The Regge limit overlap with infrared singularities 

Jet 1

Jet 2
Jet 3

Jet 4

Soft

Exponentiation of infrared (soft) singularities 

in fixed-angle amplitude using factorisation into 

Soft-Collinear-Hard subprocesses

High-Energy limit: 

BFKL resummation of log(s/t) 

Regge factorization 

1/✏
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IR Singularities for amplitudes with 
massless legs

Exponentiation of IR singularities in fixed-angle scattering: 

 The Dipole Formula: 
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Lightlike Cusp anomalous dimension  
(now known to 4 loops) 

Catani (1998) 
Dixon, Mert-Aybat  and Sterman (2006)

Becher & Neubert, EG & Magnea (2009)
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There are two types of corrections to the dipole formula:

1. Corrections induced by higher Casimir contributions 
to the cusp anomalous dimension — starting at 4 loops.


2. Functions of conformally-invariant cross ratios — starting at 3-loops:

 

� = �Dip. +�(⇢ijkl) ⇢ijkl =
(pi · pj)(pk · pl)
(pi · pk)(pj · pl)



The three-loop correction 

to the soft anomalous dimension

                      are the single-valued harmonic polylogarithms (SVHPLs) introduced          
      by Francis Brown in 2009. They are single-valued in the region where             . 

Ø. Almelid, C. Duhr,  EG  
Phys. Rev. Lett. 117, 172002
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The result was re-derived it by boostrap — a crucial input was the Regge limit!
Ø. Almelid, C. Duhr,  EG, A. McLeod, C.D. White,  JHEP 09 (2017) 073
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State-of-the-art knowledge of the soft 
anomalous dimension in the high-energy limit
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t + �NLL (↵s, L) + �NNLL (↵s, L) + . . . .
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In the high-energy limit the soft anomalous dimension  
may be arranged in towers of logarithms:
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QCD amplitudes in the Regge limit Einan Gardi
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a4
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a5
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Table 1: The signature even part (real part) of the soft anomalous dimension in the high-energy limit. The
coloured cells represent contributions with a fixed logarithmic accuracy: each tower of logarithms has a
unique colour. The 3-loop coefficient D(+,3,0) determined from the soft anomalous dimension beyond-dipole
correction is given in (3.3). The unfilled cells at the bottom, starting at O(a4

s ) and NNLL, are yet unknown.
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Table 2: The signature odd part (imaginary part) of the soft anomalous dimension in the high-energy limit.
The three-loop coefficient D(�,3,0) and D(�,3,1) determined from the soft anomalous dimension beyond-dipole
correction [48] is given in (3.3). The NLL anomalous dimension coefficients G(�,`)

NLL are given in (3.4); they
are known to all orders based on [26]. The unfilled cells at the bottom of the table are yet unknown.

NNLL imaginary contribution D(�,3,1), as well as a N3LL one D(�,3,0), given in eq. (3.3). Second,
Regge cut effects appear here already at the NLL accuracy, i.e. at order (as/p)`L`�1, giving rise to
a highly non-trivial exponentiation pattern, which was unravelled in [26]. These NLL coefficients
vanish identically for ` = 2 and 3, but are finite for any ` � 4 (see eq. (3.4)). In the following
sections we will review the main ideas leading to the computation of these corrections in [26]
using BFKL theory.
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State-of-the-art knowledge of the soft 
anomalous dimension in the high-energy limit
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In the high-energy limit the soft anomalous dimension  
may be arranged in towers of logarithms:
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The High-energy limit: a Reggeized gluon 

Korchemsky (1993)
Korchemskaya and Korchemsky (1996)
Del Duca, Duhr, EG, Magnea & White (2011)

Exponentiation of high-energy logarithms is fully consistent 
with the dipole formula for IR singularities:

  

For the Real part of the amplitude, this “Regge pole” factorization can be 
improved to NLL by introducing impact factors and corrections to the trajectory. 
— but beyond this, the exchange of multiple Reggeized gluons kick in! 
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Del Duca, Glover (2001), Del Duca, Falcioni, Magnea, Vernazza (2013)



High-energy limit: exchange of multiple Reggeized gluons

Signature odd (Real) part of the amplitude
    LL, NLL                                                 NNLL

Caron-Huot, EG, Vernazza - JHEP 06 (2017) 016 — checked against Henn & Mistlberger (2017) 

Recent progress: we now know to use JIMWLK/BFKL rapidity evolution to compute 
multiple Reggeized gluon contributions to 2-to-2 amplitudes.

. . .

. . .

. . .

Di Djαg

(a) (b) (c)

Signature even (Imaginary) amplitude

NLL

Caron-Huot, EG, Reichel, Vernazza - JHEP 1803 (2018) 098  
(and a paper soon to appear)

Caron-Huot JHEP 05 (2015) 093



The BFKL equation in dimensional regularization — 
an iterative solution  

The BFKL equation for the even amplitude takes the form:

d

dL
⌦(p, k) =

↵sB0(✏)

⇡
Ĥ⌦(p, k)
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⌦(p, k) =
1X

`=1

⇣↵s

⇡
B0

⌘` L`�1

(`� 1)!
⌦(`�1)(p, k)

<latexit sha1_base64="Z+c/OXx+UUyP9dm++Fok/wWWXdA="></latexit>

The Hamiltonian is non-trivial, and we do not know to directly diagonalise it,

but we can always use an iterative (perturbative) solution:

Substituting:

⌦(`�1)(p, k) = Ĥ⌦(`�2)(p, k)
<latexit sha1_base64="u9wsAFfz9gyVRS44orCUWgSGBJQ="></latexit>

It follows that the wavefunction is defined by iterating the Hamiltonian:

⌦(0) = 1
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The initial condition:



The BFKL equation in dimensional regularization

 Applying the Hamiltonian is equivalent to adding a rang in the ladder:

0-loop wavef.

apply

Hamiltonian

1-loop wavefunction

apply

Hamiltonian

2-loop wavefunction

1-loop amp. 2-loop amplitude 3-loop amplitude

Figure 2. Sketch of BFKL evolution generating ladder graphs in the imaginary part of the am-
plitude. Considering initially emission from the projectile side only, the 0-loop wavefunction (top
left) describes a state involving two reggeized gluons. The Reggeized gluons are both off-shell and
are characterized by their transverse momenta k and p� k. Each application of the BFKL Hamil-
tonian (the top row) generates an additional rung in the ladder. Upon integrating the (l � 1)-loop
wavefunction with the target one obtains the l-loop amplitude (bottom row).

regularization to all orders. The purpose of the present paper is to extend the calculation
to finite contributions.

We are interested in the exact perturbative solution of the BFKL equation for any
colour exchange. Adding to the complexity is the fact amplitudes are infrared singular,
forcing us to work in dimensional regularization. While it is not known how to diagonalise
the BFKL Hamiltonian in these circumstances, we are able to solve the problem by using two
complementary approaches, the first by taking the soft approximation while maintaining
dimensional regularization, and the second by considering general (hard) kinematics in
strictly two transverse dimensions. Let us briefly describe each of these approaches.

The first approach is a computation of the (off-shell) wavefunction describing the emis-
sion of two Reggeons at (l� 1) loops, and the corresponding l-loop 2 ! 2 amplitude, in the
soft approximation, where one of the two Reggeized gluons carries transverse momentum
k2 which is significantly smaller than the total momentum transfer by the pair, �t = p2,
i.e. the limit characterized by a double hierarchy of scales k2 ⌧ p2 ⌧ s. This is the limit
used in ref. [25] to determine all infrared-singular contributions the amplitude. This break-
through was achieved using the simple observation that the wavefunction is itself finite to
all orders in perturbation theory and that BFKL evolution closes within this approxima-
tion. All the singularities of the amplitude at any given loop order are in turn produced in
the final integration over the wavefunction (corresponding to the transition from the top
to the bottom row in figure 2). Here, building upon the computation of the wavefunction

– 4 –

⌦(`�1)(p, k) = Ĥ⌦(`�2)(p, k)
<latexit sha1_base64="u9wsAFfz9gyVRS44orCUWgSGBJQ="></latexit>

The even amplitude is determined by the exchange of a pair of Reggized gluons.

M̂(+,`)
NLL = �i⇡
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Z
[Dk]
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k2(p� k)2
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s�uM(tree)

<latexit sha1_base64="mh6YNjwyZ5DLuDVINdngZNgqKZw="></latexit>

M̂(+)
NLL

✓
s

�t

◆
=

1X

`=1

⇣↵s

⇡

⌘`
L`�1M̂(+,`)

NLL
<latexit sha1_base64="O/39jzTodplGpWkHWxltJSH5eEI="></latexit>

At each order the amplitude is
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The BFKL equation in more detail

Let us look at the dimensionally-regularised BFKL equation in more detail:

⌦(`�1)(p, k) = Ĥ ⌦(`�2)(p, k), Ĥ = (2CA �T2
t ) Ĥi + (CA �T2

t ) Ĥm
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Ĥi (p, k) =

Z
[Dk

0] f(p, k, k0)
h
 (p, k0)� (p, k)

i
,

Ĥm (p, k) = J(p, k) (p, k)
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f(p, k, k0) ⌘ k2

k02(k � k0)2
+

(p� k)2

(p� k0)2(k � k0)2
� p2

k02(p� k0)2
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p� k0
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M̂
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NLL

| {z }
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| {z }
⌦(`�2)(p, k0)

Figure 3. Graphical representation of the amplitude at NLL accuracy, as obtained through BFKL
evolution. The addition of one rung corresponds to applying once the leading-order BFKL evolution
on the wavefunction of order (` � 2). This gives the wavefunction at order (` � 1), according to
eq. (2.17). Closing the ladder and integrating over the resulting loop momentum gives the reduced
amplitude, according to eq. (2.11).

2.2 Evolution of the wavefunction

Eq. (2.11) shows that the `-th order amplitude is obtained in terms of iterated integrals that
arise upon evaluating the wavefunction ⌦(`�1)(p, k) to order (` � 1). It is straightforward
to compute the first few orders which gives us an opportunity to revisit the findings of
ref. [23]. We will be able to explain why a new colour structure emerges for the first time
at four loops and explore the general structure of the relevant iterated integrals.

A useful fact is that the evolution admits one well-known solution in the case where
the exchanged state is colour-adjoint and ⌦(p, k) is constant (i.e. independent of k) [1, 2].
The adjoint exchange gives a signature-even state with the same leading-order trajectory
as the reggeised gluon. This enables one to rewrite the Hamiltonian (2.14) as a part which
vanishes when ⌦(p, k) is constant, plus a part proportional to (CA �T2

t ):

⌦(`�1)(p, k) = Ĥ⌦(`�2)(p, k) Ĥ = (2CA �T2
t )Ĥi + (CA �T2

t )Ĥm (2.17)

where, explicitly,

Ĥi (p, k) =

Z
[Dk0]f(p, k, k0)

⇥
 (p, k0)� (p, k)

⇤
(2.18)

Ĥm (p, k) = J(p, k) (p, k) (2.19)

and the function J(p, k) is defined by

J(p, k) =
1

2✏
+

Z
[Dk0]f(p, k, k0) (2.20)

=
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2✏


2�

✓
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Integrate Multiply

J(p, k) =
1

2✏
+

Z
[Dk0] f(p, k, k0)

=
1

2✏


2�

✓
p2

k2

◆✏

�
✓

p2

(p� k)2

◆✏�
.

<latexit sha1_base64="jNyz1+IN0wRdUyLB2qpIHTe5FOU="></latexit>



BFKL iteration through two loops

⌦(`�1)(p, k) = Ĥ ⌦(`�2)(p, k), Ĥ = (2CA �T2
t ) Ĥi + (CA �T2

t ) Ĥm
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Z
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0] f(p, k, k0)
h
 (p, k0)� (p, k)

i
,

Ĥm (p, k) = J(p, k) (p, k)
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Figure 3. Graphical representation of the amplitude at NLL accuracy, as obtained through BFKL
evolution. The addition of one rung corresponds to applying once the leading-order BFKL evolution
on the wavefunction of order (` � 2). This gives the wavefunction at order (` � 1), according to
eq. (2.17). Closing the ladder and integrating over the resulting loop momentum gives the reduced
amplitude, according to eq. (2.11).

2.2 Evolution of the wavefunction

Eq. (2.11) shows that the `-th order amplitude is obtained in terms of iterated integrals that
arise upon evaluating the wavefunction ⌦(`�1)(p, k) to order (` � 1). It is straightforward
to compute the first few orders which gives us an opportunity to revisit the findings of
ref. [23]. We will be able to explain why a new colour structure emerges for the first time
at four loops and explore the general structure of the relevant iterated integrals.

A useful fact is that the evolution admits one well-known solution in the case where
the exchanged state is colour-adjoint and ⌦(p, k) is constant (i.e. independent of k) [1, 2].
The adjoint exchange gives a signature-even state with the same leading-order trajectory
as the reggeised gluon. This enables one to rewrite the Hamiltonian (2.14) as a part which
vanishes when ⌦(p, k) is constant, plus a part proportional to (CA �T2

t ):

⌦(`�1)(p, k) = Ĥ⌦(`�2)(p, k) Ĥ = (2CA �T2
t )Ĥi + (CA �T2

t )Ĥm (2.17)

where, explicitly,

Ĥi (p, k) =

Z
[Dk0]f(p, k, k0)

⇥
 (p, k0)� (p, k)

⇤
(2.18)

Ĥm (p, k) = J(p, k) (p, k) (2.19)

and the function J(p, k) is defined by

J(p, k) =
1

2✏
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Z
[Dk0]f(p, k, k0) (2.20)
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Integrate Multiply

⌦(0)(p, k) = 1

⌦(1)(p, k) = (CA �T2
t )J(p, k)

⌦(2)(p, k) = (CA �T2
t )

2J2(p, k) + (CA � 2T2
t )(CA �T2

t )

Z
[Dk0]f(p, k, k0) [J(p, k0)� J(p, k)]
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At higher orders this yields increasingly difficult integrals… 



The soft approximation
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Figure 3. Graphical representation of the amplitude at NLL accuracy, as obtained through BFKL
evolution. The addition of one rung corresponds to applying once the leading-order BFKL evolution
on the wavefunction of order (` � 2). This gives the wavefunction at order (` � 1), according to
eq. (2.17). Closing the ladder and integrating over the resulting loop momentum gives the reduced
amplitude, according to eq. (2.11).

2.2 Evolution of the wavefunction

Eq. (2.11) shows that the `-th order amplitude is obtained in terms of iterated integrals that
arise upon evaluating the wavefunction ⌦(`�1)(p, k) to order (` � 1). It is straightforward
to compute the first few orders which gives us an opportunity to revisit the findings of
ref. [23]. We will be able to explain why a new colour structure emerges for the first time
at four loops and explore the general structure of the relevant iterated integrals.

A useful fact is that the evolution admits one well-known solution in the case where
the exchanged state is colour-adjoint and ⌦(p, k) is constant (i.e. independent of k) [1, 2].
The adjoint exchange gives a signature-even state with the same leading-order trajectory
as the reggeised gluon. This enables one to rewrite the Hamiltonian (2.14) as a part which
vanishes when ⌦(p, k) is constant, plus a part proportional to (CA �T2

t ):

⌦(`�1)(p, k) = Ĥ⌦(`�2)(p, k) Ĥ = (2CA �T2
t )Ĥi + (CA �T2

t )Ĥm (2.17)

where, explicitly,

Ĥi (p, k) =

Z
[Dk0]f(p, k, k0)

⇥
 (p, k0)� (p, k)

⇤
(2.18)

Ĥm (p, k) = J(p, k) (p, k) (2.19)

and the function J(p, k) is defined by

J(p, k) =
1

2✏
+

Z
[Dk0]f(p, k, k0) (2.20)
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Taking the soft limit           :k ⌧ p
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We observe: the wavefunction, at any loop order, is finite!

Indeed, for small      the integral over      is dominated by k
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Conclusion: The soft limit closes under BFKL evolution!   The soft limit 
corresponds to the entire rail, one of the two Reggeons, being soft.



All orders solution for the soft approximation
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Figure 3. Graphical representation of the amplitude at NLL accuracy, as obtained through BFKL
evolution. The addition of one rung corresponds to applying once the leading-order BFKL evolution
on the wavefunction of order (` � 2). This gives the wavefunction at order (` � 1), according to
eq. (2.17). Closing the ladder and integrating over the resulting loop momentum gives the reduced
amplitude, according to eq. (2.11).

2.2 Evolution of the wavefunction

Eq. (2.11) shows that the `-th order amplitude is obtained in terms of iterated integrals that
arise upon evaluating the wavefunction ⌦(`�1)(p, k) to order (` � 1). It is straightforward
to compute the first few orders which gives us an opportunity to revisit the findings of
ref. [23]. We will be able to explain why a new colour structure emerges for the first time
at four loops and explore the general structure of the relevant iterated integrals.

A useful fact is that the evolution admits one well-known solution in the case where
the exchanged state is colour-adjoint and ⌦(p, k) is constant (i.e. independent of k) [1, 2].
The adjoint exchange gives a signature-even state with the same leading-order trajectory
as the reggeised gluon. This enables one to rewrite the Hamiltonian (2.14) as a part which
vanishes when ⌦(p, k) is constant, plus a part proportional to (CA �T2

t ):

⌦(`�1)(p, k) = Ĥ⌦(`�2)(p, k) Ĥ = (2CA �T2
t )Ĥi + (CA �T2

t )Ĥm (2.17)

where, explicitly,

Ĥi (p, k) =

Z
[Dk0]f(p, k, k0)

⇥
 (p, k0)� (p, k)

⇤
(2.18)

Ĥm (p, k) = J(p, k) (p, k) (2.19)

and the function J(p, k) is defined by

J(p, k) =
1

2✏
+

Z
[Dk0]f(p, k, k0) (2.20)

=
1

2✏


2�

✓
p2

k2

◆✏

�

✓
p2

(p� k)2

◆✏�
(2.21)
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Solving for the wavefunction  
in the soft approximation:

Js(p, k) =
1

2✏


1�

✓
p2

k2

◆✏ �

<latexit sha1_base64="r9F/BiSexJy/9nYrD7+JNKANvWg="></latexit>

⇠ ⌘
�
p2/k2

�✏
<latexit sha1_base64="iIAdF6HeBhuBDNuCFZMIxV4PXho=">AAACE3icbVA9SwNBEN3z2/gVtbRZDIJaxLtT0FKwsYxgopBLwt5mLlmyt3fuzgXDkf9g41+xsVDE1sbOf+MmpvDrwcDjvRlm5oWpFAZd98OZmp6ZnZtfWCwsLa+srhXXN2omyTSHKk9koq9DZkAKBVUUKOE61cDiUMJV2Dsb+Vd90EYk6hIHKTRi1lEiEpyhlVrF/eBW0ABuMtGngYQId9Omf9Br+oEWnS7uNfMAUiNkooatYsktu2PQv8SbkBKZoNIqvgfthGcxKOSSGVP33BQbOdMouIRhIcgMpIz3WAfqlioWg2nk45+GdMcqbRol2pZCOla/T+QsNmYQh7YzZtg1v72R+J9XzzA6aeRCpRmC4l+LokxSTOgoINoWGjjKgSWMa2FvpbzLNONoYyzYELzfL/8lNb/sHZb9i6PSqT+JY4FskW2ySzxyTE7JOamQKuHkjjyQJ/Ls3DuPzovz+tU65UxmNskPOG+fj0Wd7g==</latexit>

⌦(`�1)(p, k) =
(CA �Tt)`�1

(2✏)`�1

`�1X

n=0

(�1)n
✓

`� 1
n

◆✓
p2

k2

◆n✏ n�1Y

m=0

⇢
1� B̂m(✏)

2CA �Tt

CA �Tt

�
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B̂n(✏) = 1� Bn(✏)

B0(✏)
= 2n(2 + n)⇣3✏

3 + 3n(2 + n)⇣4✏
4 + . . . .

<latexit sha1_base64="sbhh/QovVT1qkXMYA2yMZ1IpFJM="></latexit>

All-order result:

⌦(0)(⇠) =1,

⌦(1)(⇠) =
(CA �Tt)

2✏

⇣
1� ⇠

⌘
,

⌦(2)(⇠) =
(CA �Tt)2

(2✏)2

⇢
1� 2⇠ + ⇠2


1� B̂1(✏)

2CA �Tt

CA �Tt

��
,

⌦(3)(⇠) =
(CA �Tt)3

(2✏)3

⇢
1� 3⇠ + 3⇠2


1� B̂1(✏)

2CA �Tt

CA �Tt

�

� ⇠3

1� B̂1(✏)

2CA �Tt

CA �Tt

� 
1� B̂2(✏)

2CA �Tt

CA �Tt

��
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= � 1
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B0(✏)

✓
p2
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with Bn(✏) = e✏�E
�(1� ✏)
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The amplitude in the soft approximation

Having solved for the wavefunction we can 

compute the amplitude.

M̂(+,`)
NLL = �i⇡

(B0)`

(`� 1)!

Z
[Dk]

p2

k2(p� k)2
⌦(`�1)(p, k)T2

s�u M(tree)
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⌦(`�2)(p, k0)

Figure 3. Graphical representation of the amplitude at NLL accuracy, as obtained through BFKL
evolution. The addition of one rung corresponds to applying once the leading-order BFKL evolution
on the wavefunction of order (` � 2). This gives the wavefunction at order (` � 1), according to
eq. (2.17). Closing the ladder and integrating over the resulting loop momentum gives the reduced
amplitude, according to eq. (2.11).

2.2 Evolution of the wavefunction

Eq. (2.11) shows that the `-th order amplitude is obtained in terms of iterated integrals that
arise upon evaluating the wavefunction ⌦(`�1)(p, k) to order (` � 1). It is straightforward
to compute the first few orders which gives us an opportunity to revisit the findings of
ref. [23]. We will be able to explain why a new colour structure emerges for the first time
at four loops and explore the general structure of the relevant iterated integrals.

A useful fact is that the evolution admits one well-known solution in the case where
the exchanged state is colour-adjoint and ⌦(p, k) is constant (i.e. independent of k) [1, 2].
The adjoint exchange gives a signature-even state with the same leading-order trajectory
as the reggeised gluon. This enables one to rewrite the Hamiltonian (2.14) as a part which
vanishes when ⌦(p, k) is constant, plus a part proportional to (CA �T2

t ):

⌦(`�1)(p, k) = Ĥ⌦(`�2)(p, k) Ĥ = (2CA �T2
t )Ĥi + (CA �T2

t )Ĥm (2.17)

where, explicitly,

Ĥi (p, k) =

Z
[Dk0]f(p, k, k0)

⇥
 (p, k0)� (p, k)

⇤
(2.18)

Ĥm (p, k) = J(p, k) (p, k) (2.19)

and the function J(p, k) is defined by

J(p, k) =
1

2✏
+

Z
[Dk0]f(p, k, k0) (2.20)

=
1

2✏


2�

✓
p2

k2

◆✏

�

✓
p2

(p� k)2

◆✏�
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Summing over the two soft limits, we get (at 
any given order):

All IR divergences can be resumed into a closed form expression: 

R(✏) ⌘
B0(✏)

B�1(✏)
� 1 =

�3(1� ✏)�(1 + ✏)

�(1� 2✏)
� 1

= �2⇣3 ✏
3
� 3⇣4 ✏

4
� 6⇣5✏

5
�

�
10⇣6 � 2⇣23

�
✏6 +O(✏7).
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◆�1 
exp

⇢
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2✏

↵s

⇡
L(CA �Tt)

�
� 1

�
T2

s�u M
(tree) +O(✏0).
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The Soft Anomalous dimension in the 
High-energy limit (NLL)

is an entire function! Its inverse Borel transform  
has a finite radius of convergence

� (↵s) =
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⇡
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t + �NLL (↵s, L) + �NNLL (↵s, L) + . . . .
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⇣3
24

CA(CA �T2
t )

2 Ts�u,
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⇣4
128

CA(CA �T2
t )
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⇣5
640

CA(CA �T2
t )

4 Ts�u,

�(�,7)
NLL = i⇡

1

720


⇣23
16

C2
A(CA �T2

t )
4 +

1

32

�
⇣23 � 5⇣6

�
CA(CA �T2

t )
5

�
Ts�u,

�(�,8)
NLL = i⇡

1

5040


3⇣3⇣4
32

C2
A(CA �T2

t )
5 +

3

64
(⇣3⇣4 � 3⇣7) CA(CA �T2

t )
6

�
Ts�u.
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The Soft Anomalous dimension in the 
High-energy limit (NLL)

is an entire function! Its inverse Borel transform  
has a finite radius of convergence.
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⇡
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⇡
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2
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The inverse Borel transform 
provides a practical way to  
evaluate G(x) numerically. 

Partial sums vs. numerical evaluation  

↵s log(s/(�t)) � 1
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The calculation is valid  
even for  



The BFKL equation in two transverse dimensions
Taking the two-dimensional limit we can work with a pair of complex-conjugated variables:

p� k

k

p� k0

k0

| {z }
M̂

(+,`)
NLL

| {z }
⌦(`�1)(p, k)

| {z }
LO BFKL

| {z }
⌦(`�2)(p, k0)

Figure 3. Graphical representation of the amplitude at NLL accuracy, as obtained through BFKL
evolution. The addition of one rung corresponds to applying once the leading-order BFKL evolution
on the wavefunction of order (` � 2). This gives the wavefunction at order (` � 1), according to
eq. (2.17). Closing the ladder and integrating over the resulting loop momentum gives the reduced
amplitude, according to eq. (2.11).

2.2 Evolution of the wavefunction

Eq. (2.11) shows that the `-th order amplitude is obtained in terms of iterated integrals that
arise upon evaluating the wavefunction ⌦(`�1)(p, k) to order (` � 1). It is straightforward
to compute the first few orders which gives us an opportunity to revisit the findings of
ref. [23]. We will be able to explain why a new colour structure emerges for the first time
at four loops and explore the general structure of the relevant iterated integrals.

A useful fact is that the evolution admits one well-known solution in the case where
the exchanged state is colour-adjoint and ⌦(p, k) is constant (i.e. independent of k) [1, 2].
The adjoint exchange gives a signature-even state with the same leading-order trajectory
as the reggeised gluon. This enables one to rewrite the Hamiltonian (2.14) as a part which
vanishes when ⌦(p, k) is constant, plus a part proportional to (CA �T2

t ):

⌦(`�1)(p, k) = Ĥ⌦(`�2)(p, k) Ĥ = (2CA �T2
t )Ĥi + (CA �T2

t )Ĥm (2.17)

where, explicitly,

Ĥi (p, k) =

Z
[Dk0]f(p, k, k0)

⇥
 (p, k0)� (p, k)

⇤
(2.18)

Ĥm (p, k) = J(p, k) (p, k) (2.19)

and the function J(p, k) is defined by

J(p, k) =
1

2✏
+

Z
[Dk0]f(p, k, k0) (2.20)

=
1

2✏


2�

✓
p2

k2

◆✏

�

✓
p2

(p� k)2

◆✏�
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Integrate
Multiply

k = kx + iky, k0 = k0x + ik0y and p = px + ipy
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kx + iky
px + ipy

=
z

z � 1
and

k0x + ik0y
px + ipy

=
w

w � 1
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⌦(`�1)
2d (z, z̄) = Ĥ2d⌦

(`�2)
2d (z, z̄)
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• Two symmetries:                         and  

• The 2d wavefunction (at any order) can be expressed in terms of pure Single-Valued 
Harmonic Polylogarithms (SVHPLs) of uniform weight.

z  ! 1/z z  ! z̄
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K(w, w̄, z, z̄) =
zw̄ + wz̄

ww̄(z � w)(z̄ � w̄)
=

1

w̄(z � w)
+

2

(z � w)(z̄ � w̄)
+

1

w(z̄ � w̄)
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Ĥ2d (z, z̄) = C1Ĥ2d, i (z, z̄) + C2Ĥ2d,m (z, z̄)

Ĥ2d, i (z, z̄) =
1

4⇡

Z
d
2
wK(w, w̄, z, z̄) [ (w, w̄)�  (z, z̄)]

Ĥ2d,m (z, z̄) = j(z, z̄) (z, z̄)
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�
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L0(z, z̄) + L1(z, z̄)
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With the kernel:

We observe:

C1 = 2CA �T2
t C2 = CA �T2

t
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Defining



Iterating the BFKL Hamiltonian in two dimensions

⌦(`�1)
2d (z, z̄) = Ĥ2d⌦

(`�2)
2d (z, z̄)
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The 2d wavefunction computed in terms of pure Single-Valued Harmonic Polylogarithms (SVHPLs)

• An algorithm is set up to iteratively determine the wavefunction to any loop order.  
The first few:


• A closed-form resummed expression is yet unknown.

d

dz
Ĥ2d,iL0,�(z, z̄) =

Ĥ2d,iL�(z, z̄)

z

d

dz
Ĥ2d,iL1,�(z, z̄) =

Ĥ2d,iL�(z, z̄)

1� z
� 1

4

L1,�(z, z̄)

z

� 1

4

L0,�(z, z̄) + 2L1,�(z, z̄)� [L0,�(w, w̄) + L1,�(w, w̄)]w,w̄!1
1� z
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The action of the Hamiltonian on a generic SVHPL can be traded for the following DEs: 
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4
C3
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2
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The full amplitude: combining the soft and 2d calculations

The soft wavefunction generates all IR singularities in the amplitude. 


We can therefore split the full wavefunction 

into soft and hard: 

and use dim. reg. only for the soft:

⌦(p, k) = ⌦hard(p, k) + ⌦soft(p, k)

⌦(2d)
hard(z, z̄) ⌘ lim

✏!0
⌦hard = ⌦(2d)(z, z̄)� ⌦(2d)

soft (z, z̄)
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The full amplitude is therefore recovered by summing two integrals:
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In principle the algorithm can be run to any order, subject to computing resources. 

In practice we stopped at 13 loops. The first few orders are:
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To this order (five loops) all integrals have also been computed directly in dim. reg.



Conclusions

↵s log(s/(�t)) � 1
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• The high-energy limit and infrared factorization are complementary avenues 
in studying amplitudes. 


• Rapidity evolution equations can be efficiently used to compute partonic 
scattering amplitudes to high loop orders. 


• Number-theory findings: 

- Soft amplitude can be resummed using Gamma functions.

- Hard amplitude is expressed in terms of SV Zeta values (e.g. no even 

Zetas; first multi-Zeta occurs at 11 loops). It cannot be resummed into 
Gamma functions.


• Large order behaviour aspects: 

- The soft anomalous dimension (at NLL in the Regge limit) is an entire 

function. Its calculation extends to                        

- The finite part of the NLL amplitude has a finite radius of convergence, 

with asymptotically sign-oscillating coefficients. 



The High-Energy Limit in 2-to-2 Scattering

Amplitudes of a given signature M(±)(s, t) = 1
2

⇣
M(s, t)±M(�s� t, t)

⌘

  are, respectively:

From the dispersion representation of the amplitude
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Z 1
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1
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Z 1

0

dû

û+ s+ t� i0
Du(û, t)
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with the reality property of the discontinuities, it follows:
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���� i
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2
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  when expressed in terms of the signature-even logarithm:

M(�)(s, t) real

M(+)(s, t) imaginary
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Finite corrections to the amplitude: radius of convergence
For the singlet the 27 colour representations in the t-channel, 

Applying Padé Approximants we extract the position of the nearest singularity: 

The soft amplitude:

• Confirms Padé analysis
• Singularity at          cancels in the full amplitude
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The High-Energy Limit in 2-to-2 Scattering: colour and signature 
The high-energy limit is dominated by t-channel exchange, helicity-conserving configuration.  
 

The leading-order amplitude is a t-channel gluon exchange, corresponding to an 
antisymmetric octet representation. It has odd signature:

p1, a1 p2, a2

p3, a3p4, a4

time

At higher orders (beyond LL) it’s useful to decompose  
the amplitude using a t-channel colour basis:

M(s, t) =
X

i

c[i] M[i](s, t)
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odd: M[8a],M[10+10], even: M[1],M[8s],M[27],M[0]
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gg scattering:

helicity is conserved

M(tree)
ij!ij = M(tree)(�)

ij!ij = g2s
2s

t
(Tb

i )a1a4(T
b
j)a2a3��1�4��2�3
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M(tree)(+)

ij!ij = 0
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(a) (b) (c) (d)

qq, qg scattering: odd: M[8a] , even:M[1], M[8s]
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Leading-logarithmic gluon Reggeization in dimensional regularization

d

dL
M(�)

LL = ↵(t)M(�)
LL L = ln(s/(�t))
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Reggeization can be seen to be a consequence of an evolution equation 

corresponding to rapidity divergence.
At leading logarithmic accuracy, in dimensional regularization: 

with  

M(�)
LL = (s/(�t))↵(t) ⇥Mtree
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From now on we consider the reduced amplitude M̂ij!ij ⌘ e�T2
t ↵(t)L Mij!ij
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The High-Energy Limit in 2-to-2 Scattering: colour and signature

Here, instead of using a particular colour-flow basis,  
we use colour operators, acting as generators on a given parton: 

8
<

:

Ts = T1 +T2 = �T3 �T4

Tu = T1 +T3 = �T2 �T4

Tt = T1 +T4 = �T2 �T3
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Using the colour conservation:
 
One obtains

(T1 +T2 +T3 +T4)M = 0
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The signature-even amplitude is characterised by  
the odd colour operator, acting on the tree amplitude:



The Soft Anomalous dimension in the High-energy limit (NLL)

Even Amplitude (Imaginary part)

Odd Amplitude (Real part)

Caron-Huot, EG, Reichel, Vernazza - JHEP 1803 (2018) 098 

Results (based on rapidity evolution — see below):
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In the high-energy limit the soft anomalous dimension for 2-to-2 scattering 
is now known to all orders at NLL accuracy:
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The Soft Anomalous Dimension in the 
 High-energy limit (beyond NLL)

Results beyond NLL accuracy:

Based on rapidity evolution
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Based on the Soft Anomalous Dimension 3-loop result we also know:

Caron-Huot, EG, Vernazza - JHEP 06 (2017) 016
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— consistent with the Soft Anomalous Dimension 3-loop result.

The absence of                for                  in the Real part and for             
in the Imaginary part, is a non-trivial prediction from rapidity evolution,  
which underpins the structure of corrections to the dipole formula.
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Leading-logarithmic gluon Reggeization in dimensional regularization

d

dL
M(�)

LL = ↵(t)M(�)
LL L = ln(s/(�t))
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Reggeization can be seen to be a consequence of an evolution equation:
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From now on we consider the reduced amplitude M̂ij!ij ⌘ e�T2
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Iterative solution within the soft approximation

p� k

k

p� k0

k0

| {z }
M̂

(+,`)
NLL

| {z }
⌦(`�1)(p, k)

| {z }
LO BFKL

| {z }
⌦(`�2)(p, k0)

Figure 3. Graphical representation of the amplitude at NLL accuracy, as obtained through BFKL
evolution. The addition of one rung corresponds to applying once the leading-order BFKL evolution
on the wavefunction of order (` � 2). This gives the wavefunction at order (` � 1), according to
eq. (2.17). Closing the ladder and integrating over the resulting loop momentum gives the reduced
amplitude, according to eq. (2.11).

2.2 Evolution of the wavefunction

Eq. (2.11) shows that the `-th order amplitude is obtained in terms of iterated integrals that
arise upon evaluating the wavefunction ⌦(`�1)(p, k) to order (` � 1). It is straightforward
to compute the first few orders which gives us an opportunity to revisit the findings of
ref. [23]. We will be able to explain why a new colour structure emerges for the first time
at four loops and explore the general structure of the relevant iterated integrals.

A useful fact is that the evolution admits one well-known solution in the case where
the exchanged state is colour-adjoint and ⌦(p, k) is constant (i.e. independent of k) [1, 2].
The adjoint exchange gives a signature-even state with the same leading-order trajectory
as the reggeised gluon. This enables one to rewrite the Hamiltonian (2.14) as a part which
vanishes when ⌦(p, k) is constant, plus a part proportional to (CA �T2

t ):
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Ĥm (p, k) = J(p, k) (p, k) (2.19)

and the function J(p, k) is defined by

J(p, k) =
1

2✏
+

Z
[Dk0]f(p, k, k0) (2.20)

=
1

2✏


2�

✓
p2

k2

◆✏

�

✓
p2

(p� k)2

◆✏�
(2.21)
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Let us solve for the wavefunction order-by-order  
within the soft approximation:

Js(p, k) =
1

2✏


1�

✓
p2

k2

◆✏ �

<latexit sha1_base64="r9F/BiSexJy/9nYrD7+JNKANvWg="></latexit>

⌦(`�1)
s (p, k) = Ĥs ⌦

(`�2)
s (p, k)

Ĥs (p, k) = (2CA �Tt)

Z
[Dk

0]
2(k · k0)

k02(k � k0)2

h
 (p, k0)� (p, k)

i
+ (CA �T) Js(p, k) (p, k)

<latexit sha1_base64="bcB8z1GH+ou+yrsYdxao+MuzN5E="></latexit>

By the action of the Hamiltonian, powers of                      transform into such powers:⇠ ⌘
�
p2/k2

�✏
<latexit sha1_base64="iIAdF6HeBhuBDNuCFZMIxV4PXho=">AAACE3icbVA9SwNBEN3z2/gVtbRZDIJaxLtT0FKwsYxgopBLwt5mLlmyt3fuzgXDkf9g41+xsVDE1sbOf+MmpvDrwcDjvRlm5oWpFAZd98OZmp6ZnZtfWCwsLa+srhXXN2omyTSHKk9koq9DZkAKBVUUKOE61cDiUMJV2Dsb+Vd90EYk6hIHKTRi1lEiEpyhlVrF/eBW0ABuMtGngYQId9Omf9Br+oEWnS7uNfMAUiNkooatYsktu2PQv8SbkBKZoNIqvgfthGcxKOSSGVP33BQbOdMouIRhIcgMpIz3WAfqlioWg2nk45+GdMcqbRol2pZCOla/T+QsNmYQh7YzZtg1v72R+J9XzzA6aeRCpRmC4l+LokxSTOgoINoWGjjKgSWMa2FvpbzLNONoYyzYELzfL/8lNb/sHZb9i6PSqT+JY4FskW2ySzxyTE7JOamQKuHkjjyQJ/Ls3DuPzovz+tU65UxmNskPOG+fj0Wd7g==</latexit>

Z
[Dk0]

2(k · k0)
k02(k � k0)2

✓
p2

k02

◆n✏

= � 1

2✏

Bn(✏)

B0(✏)

✓
p2

k2

◆(n+1)✏

with Bn(✏) = e✏�E
�(1� ✏)

�(1 + n✏)

�(1 + ✏+ n✏)�(1� ✏� n✏)

�(1� 2✏� n✏)
.

<latexit sha1_base64="CgyQAKm9a89GpxyzSYXP+nHkjr0="></latexit>

Conclusion: the soft wavefunction is a polynomial in                    ⇠ ⌘
�
p2/k2

�✏
<latexit sha1_base64="iIAdF6HeBhuBDNuCFZMIxV4PXho=">AAACE3icbVA9SwNBEN3z2/gVtbRZDIJaxLtT0FKwsYxgopBLwt5mLlmyt3fuzgXDkf9g41+xsVDE1sbOf+MmpvDrwcDjvRlm5oWpFAZd98OZmp6ZnZtfWCwsLa+srhXXN2omyTSHKk9koq9DZkAKBVUUKOE61cDiUMJV2Dsb+Vd90EYk6hIHKTRi1lEiEpyhlVrF/eBW0ABuMtGngYQId9Omf9Br+oEWnS7uNfMAUiNkooatYsktu2PQv8SbkBKZoNIqvgfthGcxKOSSGVP33BQbOdMouIRhIcgMpIz3WAfqlioWg2nk45+GdMcqbRol2pZCOla/T+QsNmYQh7YzZtg1v72R+J9XzzA6aeRCpRmC4l+LokxSTOgoINoWGjjKgSWMa2FvpbzLNONoYyzYELzfL/8lNb/sHZb9i6PSqT+JY4FskW2ySzxyTE7JOamQKuHkjjyQJ/Ls3DuPzovz+tU65UxmNskPOG+fj0Wd7g==</latexit>


