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Introduction

? The rho meson is one of the most extensively studied
hadrons

? Its properties fit very well into a Breit-Wigner
parameterization and its nature is believed to be a
resonance made of light u and d quarks
Example of non Breit-Wigner amplitude: Scalar σ meson,
D. Guo, A. Alexandru, R. Molina, M. Mai and M. Doring,
Extraction of isoscalar ππ phase shifts from latticeQCD,
PRD98 (2018)

? Its properties, as decay width or coupling to two-pions,
are tight to fπ. Example: Hidden gauge lagrangian,

L = L(2) + LIII ,

{
L(2) = 1

4 f
2〈DµUDµU† + χU† + χ†U〉

LIII = − 1
4 〈VµνV

µν〉 + 1
2M

2
V 〈[Vµ −

i
g

Γµ]2〉

U = e i
√
2P/f Vµν = ∂µVν − ∂νVµ − ig [Vµ, Vν ]

u2 = U Γµ =
1

2
[u†(∂µ − ieQAµ)u + u(∂µ − ieQAµ)u†]

=⇒ LVPP = −ig〈V µ[P, ∂µP]〉; LVγ = −M2
V

e

g
Aµ〈V µQ〉; g =

mρ

2 fπ
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? Dispersion-relation treatment of fπ, transitions from
off-shell pion to a complete set of intermediate states
dominated by NN̄,
Goldberger-Treiman relation: fπ = MN gA/gπNN

gA: axial vector coupling in the nucleon β decay,
gπNN : pion-nucleon coupling.

? fπ is also conected to the sponeaous chiral symmetry
breaking. Chiral condensate (chiral limit mu,d ,s = 0):

=⇒ Σ0 = B0f
2
0 = −〈0|q̄q|0〉0

〈q̄q〉 6= 0, and f0 6= 0,
〈0|Aµa (0)|φb(p)〉 = ipµf0δab .
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Introduction

? Chiral Perturbation Theory studies the interactions
between pseudoscalar mesons and the quark mass
dependence of the pseudoscalar decay constants
(Gasser and Leutwyler)
or Partially Quenched ChPT (finite volume effects),
Unitary Chiral Perturbation Theory (extension to higher
energies) (Pelaez, Oset, Oller),
Inverse Amplitude Method...(Truon, Dobado, Gomez-Nicola,
Pelaez, Oller)

? The predictions can be tested by latticeQCD
simulations...
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LatticeQCD: Non-perturbative approach to solve QCD

ψ̄i (i(γ
µDµ)ij −mδij)ψj −

1
4
G a
µνG

µνa (1)

Discretization of space and time,

〈O(Aµ, q, q̄)〉 =

1

Z

∫
DAµDqDq̄O(Aµ, q, q̄)exp

(
−
∫

d4xL
)

Feynmann path integral formulation
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However,
- Lattice computations are computationally expensive.
- Results depend on lattice artefacts as volume size
or/and lattice spacing.

- Becomes especially complicated when dealing with
excited states partly because the number of operators
needed in the basis increases. Also, threshold effects,
multi-channel treatment are tough.

- Even for one of the “simplest” hadrons, the ρ meson,
few points over a chiral trajectory (one or two masses).

- Till now, there was only data on chiral trajectories
ms = ms,phys for fπ and phase-shifts in the isovector
channel.

Strange quark mass dependence of the pseudoscalar decay
constants and ππ phase shifts is still unknown
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Chiral Perturbation Theory

? ChPT expansion of the amplitude for meson-meson
scattering

t(s) = t2(s) + t4(s) + ....t2k = O(p2k) (2)

? Lowest-order Chiral Lagrangian

L2 =
f 2

4
〈∂µU†∂µU + M(U + U†)〉 (3)

L4 = L1〈∂µU†∂µU〉2 + L2〈∂µU†∂νU〉〈∂µU†∂νU〉
+L3〈∂µU†∂µU∂νU†∂νU〉+ L4〈∂U†∂µU〉〈U†M + M†U〉
+L5〈∂µU†∂µU(U†M + M†U)〉+ L6〈U†M + M†U〉2

+L7〈U†M −M†U〉2 + L8〈M†UM†U + U†MU†M〉 (4)
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Chiral Perturbation Theory
where U(φ) = exp(i

√
2Φ/f ), and

Φ(x) =


π0
√

2
+ η√

6
π+ K+

π− − π0
√

2
+ η√

6
K 0

K− K̄ 0 − 2√
6
η


µ

(5)

M =

 m2
π 0 0
0 m2

π 0
0 0 2m2

K −m2
π

 (6)

J. Gasser and H. Leutwyler, Annals Phys. 158, 142 (1984)

J. Gasser and H. Leutwyler, Nucl. Phys. B 250, 465 (1985)

J. A. Oller, E. Oset and J. R. Pelaez, Phys. Rev. D 59,
074001 (1999)



Quark (ud, s)
mass dependence
of the rho meson

revisited

R. Molina(1) and
J. Ruiz de
Elvira(2)

Introduction

Chiral
Perturbation
Theory

Inverse
Amplitude
Method

Results
Decay constant
ratios
Fit on ms = k
trajectories
Global fit (ms = k,
TrM= c)

Conclusions

Meson decay constants from SU(3) Ch PT

One loop SU(3) UChPT,

fπ = f0

[
1− 2µπ − µK +

4M2
0π

f 2
0

(L4 + L5) +
8M2

0K

f 2
0

L4

]
,

fK = f0

[
1− 3µπ

4
− 3µK

2
− 3µη

4
+

4M2
0π

f 2
0

L4 +
4M2

0K

f 2
0

(2L4 + L5)

]
,

fη = f0

[
1− 3µK +

4L4

f 2
0

(
M2

0π + 2M2
0K

)
+

4M2
0 η

f 2
0

L5

]
.

J. Nebreda and J. R. Pelaez., Phys. Rev. D 81, 054035 (2010)
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Chiral trajectories

? ms = k :

M2
0K = +

1
2
M2

0π + k B0 ,

where k = ms,phys or 0.6ms,phys.
? Tr M = c :

M2
0K = −1

2
M2

0π + c B0 ,

We also show predictions for the trajectories,

? ms = mud ,
M2

0k = M2
0π ,

? mud = mud phys,

M2
0π = M2

0π,phys;M
2
0K = M2

0K ,phys + (ms −ms,phys)B0

Free parameters: L12 = 2 L1 − L2 and Li , i = 3, 8, and c B0, k B0,
adjusted to the the chiral trajectories. µ = 770 MeV, f0 = 80 MeV.
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Inverse Amplitude Method

Dispersion relations

t(s) =
1
2πi

∫
C

t(s ′)

s ′ − s
ds ′

If we assume that t → 0 as |s| → ∞, then

t(s) =
1
π

∫ ∞
sth

Imt(s ′)

s ′ − s
ds ′ +

1
π

∫ 0

−∞

Imt(s ′)

s ′ − s
ds ′ (7)

with t(s) ≡ Imt(s + iε) = 1
2i [t(s + iε)− t(s − iε)].
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Inverse Amplitude Method

If t does not goes to zero when |s| → ∞ sufficiently fast to
apply the Cauchy Theorem,

G (s) =
t(s)

(s − s1)(s − s2)....(s − sN)

For some N we can apply a dispersion relation for G .
Subtraction points: s1, s2, ....sN
Unitarity condition:
(physical cut)ImG = t22 Im1

t = −t22σ
Left cut (perturbative expansion)
ImG = t22 Im1

t ' t22 Im 1
t2+t4

' −Imt4.

tIAM(s) =
t2(s)2

t2(s)− t4(s)
(8)
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Inverse Amplitude Method

S-matrix

Sij = δij + 2 i
√
σiσj tij (9)

with

σi =

{ √
1− 4m2

i /s
√
s > 2mi

0 else
(10)

and the S-matrix is parametrized as

S =

(
ηe2iδ1 i(1− η2)1/2e i(δ1+δ2)

i(1− η2)1/2e i(δ1+δ2) ηe2iδ2

)
. (11)



Quark (ud, s)
mass dependence
of the rho meson

revisited

R. Molina(1) and
J. Ruiz de
Elvira(2)

Introduction

Chiral
Perturbation
Theory

Inverse
Amplitude
Method

Results
Decay constant
ratios
Fit on ms = k
trajectories
Global fit (ms = k,
TrM= c)

Conclusions

Fitting procedure

? In general, energy measurements in the lattice are
correlated:

χ2 = ( ~W1 − ~W0)TC−1( ~W1 − ~W0) , (12)

~W0: eigenenergies measured on the lattice,
C : covariance matrix,
~W1:energies of the fit function.

? Inclined error bars in the (W , δ(W )) plane, i. e.,
correlations from the Lüscher formula, δL = g(W ), are
considered reconstructing the energies, W1i , from the fit
function, δfit = f (W1i ), by means of a Taylor expansion
near the measured energies W0i (linear order),

W1i =
g(W0i )− f (W0i )

f ′(W0i )− g ′(W0i )
+ W0i . (13)
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Fitting procedure
? The set of LECs is chosen according to S-matrix unitarity:

χ̂2 = χ2
e + λ

∑
ij

∫
|(S S†)ij − δij |2 dE + χ2

f (14)

χ2
f =

∑
ij

(hij − hlij)
2/e l 2ij

i = 1, 3, j = 1, n.
h1 = mπ/fπ, h2 = mK/fK
and h3 = mK/fπ. 1 5 10 50 100 500 1000

-3

-2

-1

0
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C

L
i×

1
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3
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Global fit to decay constants/phase shifts

LEC×103 Fit I Fit III

L12 - 0.35(1)

L3 - −3.4(1)

L4 −0.06(1) −0.09(2)

L5 0.91(2) 0.95(1)

L6 0.15(2) 0.19(1)

L7 - 0.007(2)

L8 0.03(3) 0.11(2)

Tabela: Values of LECs in Fits I and III.
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Global fit to decay constants/phase shifts

c(k)B0 × 10−3(MeV2) Fit I Fit III

[c B0]β=3.4 316(6) 275(4)

[c B0]β=3.55 295(6) 260(4)

[c B0]β=3.7 298(6) 265(4)

[k B0]ms,phys 257(6) 222(4)

Tabela: Values of parameters in Fits I and III.

Σ0 = B0f
2
0 = −〈0|q̄q|0〉0 =⇒ Σ

1/3
0 = 245− 280MeV

Flag review: 214− 290 MeV.
MILC: Σ

1/3
0 = 245(5)(4)(4) MeV. We obtain 258 and 245 MeV

for Fits I and III in the ms = ms,phys trajectory, respectively, which
are compatible.
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Chiral trajectories: m2
K vs. m2

π

0.05 0.10 0.15 0.20 0.25

0.0

0.1

0.2

0.3

0.4

mπ
2 (GeV2)

m
K2
(G

e
V

2
)

Fit I, β=3.4 (Tr M=c)

Fit I, β=3.55 (Tr M=c)

Fit I, β=3.7 (Tr M=c)

Fit I (mud=ms )

Fit I (ms=ms,phys)

Fit I (ms=0.6 ms,phys)

Fit IV, β=3.4 (Tr M=c)

Fit IV, β=3.55 (Tr M=c)

Fit IV, β=3.7 (Tr M=c)

Fit IV (mud=ms )

Fit IV (ms=ms,phys)

Fit IV (ms=0.6 ms,phys)

CLS, β=3.4 (Tr M=c)

CLS, β=3.55 (Tr M=c)

CLS, β=3.7 (Tr M=c)

UKQCD (ms=ms,phys)

MILC (ms=ms,phys)

Laiho (ms=ms,phys)

Figura: Chiral trajectories Fits I (decay constant data) and III
(decay constant plus rho phase shift data) over both kind of chiral
trajectories, ms = k , and TrM = c.
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Ratio mπ/fπ vs. mπ

100 200 300 400
0

1

2

3

4

mπ (MeV)

m
π
/f
π

Fit I, β=3.4 (Tr M=c)

Fit I, β=3.55 (Tr M=c)

Fit I, β=3.7 (Tr M=c)

Fit I (mud=ms )

Fit I (ms=ms,phys)

Fit I (ms=0.6 ms,phys)

Fit IV, β=3.4 (Tr M=c)

Fit IV, β=3.55 (Tr M=c)

Fit IV, β=3.7 (Tr M=c)

Fit IV (mud=ms )

Fit IV (ms=ms,phys)

Fit IV (ms=0.6 ms,phys)

CLS, β=3.4 (Tr M=c)

CLS, β=3.55 (Tr M=c)

CLS, β=3.7 (Tr M=c)

UKQCD (ms=ms,phys)

MILC (ms=ms,phys)

MILC (ms=0.6 ms,phys)

Laiho (ms=ms,phys)

Figura: Ratio mπ/fπ obtained in Fits I (decay constant data) and
III (decay constant plus rho phase shift data) over both kind of
chiral trajectories, ms = k , and TrM = c.
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Ratio mK/fπ vs. mπ
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2
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m
K
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π

Fit I, β=3.4 (Tr M=c)

Fit I, β=3.55 (Tr M=c)

Fit I, β=3.7 (Tr M=c)

Fit I (mud=ms )

Fit I (ms=ms,phys)

Fit I (ms=0.6 ms,phys)

Fit IV, β=3.4 (Tr M=c)

Fit IV, β=3.55 (Tr M=c)

Fit IV, β=3.7 (Tr M=c)

Fit IV (mud=ms )

Fit IV (ms=ms,phys)

Fit IV (ms=0.6 ms,phys)

CLS, β=3.4 (Tr M=c)

CLS, β=3.55 (Tr M=c)

CLS, β=3.7 (Tr M=c)

UKQCD (ms=ms,phys)

MILC (ms=ms,phys)

Laiho (ms=ms,phys)

Figura: Ratio mK/fπ obtained in Fits I (decay constant data) and
III (decay constant plus rho phase shift data) over both kind of
chiral trajectories, ms = k , and TrM = c.
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Ratio mK/fK vs. mπ
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m
K
/f

K

Fit I, β=3.4 (Tr M=c)

Fit I, β=3.55 (Tr M=c)

Fit I, β=3.7 (Tr M=c)

Fit I (mud=ms )

Fit I (ms=ms,phys)

Fit I (ms=0.6 ms,phys)

Fit IV, β=3.4 (Tr M=c)

Fit IV, β=3.55 (Tr M=c)

Fit IV, β=3.7 (Tr M=c)

Fit IV (mud=ms )

Fit IV (ms=ms,phys)

Fit IV (ms=0.6 ms,phys)

Laiho (ms=ms,phys)

CLS, β=3.4 (Tr M=c)

CLS, β=3.55 (Tr M=c)

CLS, β=3.7 (Tr M=c)

UKQCD (ms=ms,phys)

Figura: Ratio mK/fK obtained in Fit I (decay constant data) and
III (decay constant plus rho phase shift data) over both kind of
chiral trajectories, ms = k , and TrM = c.
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Chiral trajectories ms = k
HS: rho phase shift data of HadSpec(236,391), JB: Bulava(235)
MILC,Laiho,UKQCD: decay constant data on ms = k ,
k = 0.6, 1ms,phys. We find these data compatible (excludes
JL/TWQCD, PACS-CS).

LEC×103 MILC,HS UKQCD,HS Laiho,HS MUL,HS Fit II

L12 0.3(4) −0.1(4) 0.1(2) 0.3(1) 0.2(1)

L3 −3.4(4) −3.1(4) −3.4(2) −3.4(1) −3.4(1)

L4 0.03(2) 0.04(1) 0.03(2) 0.05(2) 0.04(1)

L5 1.2(2) 0.90(3) 0.90(5) 0.93(3) 0.94(2)

L6 0.5(1) 0.24(3) 0.2(1) 0.25(4) 0.24(2)

L7 0.6(3) 0.5(2) 0.5(1) 0.40(6) 0.44(6)

L8 −0.5(1) −0.3(1) −0.2(1) −0.3(1) −0.27(4)

Tabela: Values of the LECs obtained from fits ms = k .
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Rho phase shift data on ms = k
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Figura: Phase shifts and extrapolations to the physical point from
the fits in comparison with lattice and experimental data.
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Rho phase shift data on ms = k

500 600 700 800 900 1000 1100

0

50

100

150

E(MeV)

δ
1
(∘
) UKQCD+CA (138)

UKQCD+CA (317)

Experiment

CA (317)

500 600 700 800 900 1000 1100

0

50

100

150

E(MeV)

δ
1
(∘
)

PACS-CS (138)

PACS-CS (300)

PACS-CS (400)

Experiment

PACS-CS (300)

PACS-CS (400)

Similar findings than in PRD96 (2017) B. Hu, R. Molina and M.
Döring et al.
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Rho phase shift data on a global fit (ms = k , TrM= c)
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Figura: mρ as a function of mπ, mK .
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Rho phase shift data on a global fit (ms = k , TrM= c)
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Figura: mρ as a function of mπ.
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Rho phase shift data on a global fit (ms = k , TrM= c)
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Figura: Phase shifts with TrM= c .
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Figura: Couplings vs. mπ, gππ and gKK̄ .
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Rho phase shift data on a global fit (ms = k , TrM= c)
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Figura: Values of the LECs obtained in the several fits in
comparison with the FLAG average.
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Conclusions

? The new trajectories TrM= c give insight into the
dependence with the strange quark.

? Around the physical point the dependence of the rho
mass with the strange quark mass is small.

? The strange quark starts to play role when the
thresholds ππ and KK̄ get closer, or when the strange
quark mass gets lighter (mu = mu,phys trajectories).

? We find a transition into a bound state in ms = k
trajectories and in the symmetric around mπ = 450
MeV. While in the trajectories TrM= c , the channels
invert and the state starts to decay into KK̄ .

? While gππ is quite constant before the transition, the
coupling to KK̄ , gKK̄ , is not small and grows fast when
the thresholds get closer.
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