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introduction :: compactification I

String theory unifies gravity and gauge interactions employ it for the description of our universe.

String theory is consistent only in ten dimensions — need to compactify from 10D to 4D ::

◾ There is a large number of choices for the compact  
space (string-theory landscape).

◾ The compact space        strongly affects the 4D theory, 
so understanding such spaces is important.
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➞ When are two compact spaces considered to be 
"different" …?



introduction :: dualities I

Duality :: two different theories are dual to each other, if they describe the same physics.

Example :: electrodynamics in four dimensions (without sources) ::

◾ equation of motion d ? F = 0 ,

◾ duality transformation F ! ?F .

◾ Bianchi identity dF = 0 ,

◾ action functional S = �1

2

Z
F ^ ?F ,
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introduction :: dualities II

String theory has a rich structure of dualities ::

S-duality

AdS/CFT correspondence
mirror symmetry

open-/closed-string duality

U-duality

heterotic/type IIA duality

type IIA/M-theory duality

T-duality

heterotic/M-theory duality



introduction :: compactification II

… when they are not related via a duality 
transformations.

When are two compact spaces considered 
to be "different" …?
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introduction :: summary

Summary :: ◾ String theory is a theory of quantum gravity including gauge interactions.  

◾ For describing our universe, need to compactify to four dimensions. 

◾ Dualities are an integral part of string theory. 
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non-geometry :: generalities

The equation of motion for a closed string (in the simplest setting) is the wave equation in two dimensions

0 = @↵@
↵Xµ(�) .
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◾ If both parts see the same geometry, the space is 
geometric.

◾ If the two parts see different geometries, the space is 
non-geometric (but well-defined for a string).

◾ The general solution splits into a left-moving and right-  
moving part

Xµ(�) = Xµ
L(�

+) +Xµ
R(�

�) .
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non-geometry :: t-duality I

T-duality ::

◾ The duality group for the circle is      .Z2
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◾ Two string-theory compactifications on dual circles cannot be distinguished.

↵0

R
R

◾ T-duality is a string-theory duality — not existing for point particles.



non-geometry :: t-duality II

A string-theory background (in the NS-NS sector) is characterized by a choice of

◾ metric        ,  
◾ anti-symmetric two-form       , 
◾ dilaton    .

Gµ⌫
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T-duality transformations act on               in a non-trivial way.(G,B,�)
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For    -dimensional toroidal compactifications the duality group is                   ,D
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non-geometry :: duality group

The duality group                    contains the elements ::O(D,D;Z)
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◾   -transformations (       an anti-symmetric matrix)
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non-geometry :: fibrations I

The standard example for a non-geometric background is a     -fibration over a circle.T2
<latexit sha1_base64="zMsW2FR4Fmgp4KgG94j6IjWrW2U="></latexit><latexit sha1_base64="zMsW2FR4Fmgp4KgG94j6IjWrW2U="></latexit><latexit sha1_base64="zMsW2FR4Fmgp4KgG94j6IjWrW2U="></latexit><latexit sha1_base64="zMsW2FR4Fmgp4KgG94j6IjWrW2U="></latexit>

(Gab, Bab)(X
3)

<latexit sha1_base64="aJCf6ey5Zo1hxjX5hY3DzEraPHU="></latexit><latexit sha1_base64="aJCf6ey5Zo1hxjX5hY3DzEraPHU="></latexit><latexit sha1_base64="aJCf6ey5Zo1hxjX5hY3DzEraPHU="></latexit><latexit sha1_base64="aJCf6ey5Zo1hxjX5hY3DzEraPHU="></latexit>

(Gab, Bab)(X
3 + 2⇡)

<latexit sha1_base64="dvEIBeJlof0MeRBDmwLnjPG/iac="></latexit><latexit sha1_base64="dvEIBeJlof0MeRBDmwLnjPG/iac="></latexit><latexit sha1_base64="dvEIBeJlof0MeRBDmwLnjPG/iac="></latexit><latexit sha1_base64="dvEIBeJlof0MeRBDmwLnjPG/iac="></latexit>

X3
<latexit sha1_base64="oCuGi99UFEWEK+YF51ZR55WJRls="></latexit><latexit sha1_base64="oCuGi99UFEWEK+YF51ZR55WJRls="></latexit><latexit sha1_base64="oCuGi99UFEWEK+YF51ZR55WJRls="></latexit><latexit sha1_base64="oCuGi99UFEWEK+YF51ZR55WJRls="></latexit>

O(2, 2;Z)
<latexit sha1_base64="N0ISrjCYzCENUMGpSRuOuBZEHLY="></latexit><latexit sha1_base64="N0ISrjCYzCENUMGpSRuOuBZEHLY="></latexit><latexit sha1_base64="N0ISrjCYzCENUMGpSRuOuBZEHLY="></latexit><latexit sha1_base64="N0ISrjCYzCENUMGpSRuOuBZEHLY="></latexit>

Gij =

✓
Gab(X3) 0

0 R2
3

◆

<latexit sha1_base64="KhqJ+eq57HLWJVVZtgJmVdfM6BE="></latexit><latexit sha1_base64="KhqJ+eq57HLWJVVZtgJmVdfM6BE="></latexit><latexit sha1_base64="KhqJ+eq57HLWJVVZtgJmVdfM6BE="></latexit><latexit sha1_base64="KhqJ+eq57HLWJVVZtgJmVdfM6BE="></latexit>

Bij =

✓
Bab(X3) 0

0 0

◆

<latexit sha1_base64="dAAgeo/D5PeHVXXIX/x/wMx5LQc="></latexit><latexit sha1_base64="dAAgeo/D5PeHVXXIX/x/wMx5LQc="></latexit><latexit sha1_base64="dAAgeo/D5PeHVXXIX/x/wMx5LQc="></latexit><latexit sha1_base64="dAAgeo/D5PeHVXXIX/x/wMx5LQc="></latexit>



non-geometry :: fibrations II

The non-geometric background is part of a family of     -fibrations ::T2
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<latexit sha1_base64="4GFRHGjlvPSBfJTU8ZEX87Uef84="></latexit><latexit sha1_base64="4GFRHGjlvPSBfJTU8ZEX87Uef84="></latexit><latexit sha1_base64="4GFRHGjlvPSBfJTU8ZEX87Uef84="></latexit><latexit sha1_base64="4GFRHGjlvPSBfJTU8ZEX87Uef84="></latexit>

OB
<latexit sha1_base64="1LmQydVs/cBFcqEmANude4pwSeo="></latexit><latexit sha1_base64="1LmQydVs/cBFcqEmANude4pwSeo="></latexit><latexit sha1_base64="1LmQydVs/cBFcqEmANude4pwSeo="></latexit><latexit sha1_base64="1LmQydVs/cBFcqEmANude4pwSeo="></latexit>

OA
<latexit sha1_base64="+P4rumdqxtYGYyMq/tglMmpTQ1k="></latexit><latexit sha1_base64="+P4rumdqxtYGYyMq/tglMmpTQ1k="></latexit><latexit sha1_base64="+P4rumdqxtYGYyMq/tglMmpTQ1k="></latexit><latexit sha1_base64="+P4rumdqxtYGYyMq/tglMmpTQ1k="></latexit>

O�
<latexit sha1_base64="oArhhndIYY6Udy356k8ChiM938s="></latexit><latexit sha1_base64="oArhhndIYY6Udy356k8ChiM938s="></latexit><latexit sha1_base64="oArhhndIYY6Udy356k8ChiM938s="></latexit><latexit sha1_base64="oArhhndIYY6Udy356k8ChiM938s="></latexit>

with H-fluxT3
<latexit sha1_base64="/dlJL9P9hr4ceocV9aETIKdmGfY="></latexit><latexit sha1_base64="/dlJL9P9hr4ceocV9aETIKdmGfY="></latexit><latexit sha1_base64="/dlJL9P9hr4ceocV9aETIKdmGfY="></latexit><latexit sha1_base64="/dlJL9P9hr4ceocV9aETIKdmGfY="></latexit>

OE
<latexit sha1_base64="4GFRHGjlvPSBfJTU8ZEX87Uef84="></latexit><latexit sha1_base64="4GFRHGjlvPSBfJTU8ZEX87Uef84="></latexit><latexit sha1_base64="4GFRHGjlvPSBfJTU8ZEX87Uef84="></latexit><latexit sha1_base64="4GFRHGjlvPSBfJTU8ZEX87Uef84="></latexit>twisted T3

<latexit sha1_base64="/dlJL9P9hr4ceocV9aETIKdmGfY="></latexit><latexit sha1_base64="/dlJL9P9hr4ceocV9aETIKdmGfY="></latexit><latexit sha1_base64="/dlJL9P9hr4ceocV9aETIKdmGfY="></latexit><latexit sha1_base64="/dlJL9P9hr4ceocV9aETIKdmGfY="></latexit> T-fold



non-geometry :: three-torus with h-flux

A three-torus with H-flux is characterized as follows ::

2. The background is well-defined under                         using a gauge transformation.X3 ! X3 + 2⇡
<latexit sha1_base64="903PzOjxiqmQpvXUwopYsS7Ggb0="></latexit><latexit sha1_base64="903PzOjxiqmQpvXUwopYsS7Ggb0="></latexit><latexit sha1_base64="903PzOjxiqmQpvXUwopYsS7Ggb0="></latexit><latexit sha1_base64="903PzOjxiqmQpvXUwopYsS7Ggb0="></latexit>
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<latexit sha1_base64="hJV5GyjEzwEP9UlgjxIUh7OKPnI="></latexit><latexit sha1_base64="hJV5GyjEzwEP9UlgjxIUh7OKPnI="></latexit><latexit sha1_base64="hJV5GyjEzwEP9UlgjxIUh7OKPnI="></latexit><latexit sha1_base64="hJV5GyjEzwEP9UlgjxIUh7OKPnI="></latexit>
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<latexit sha1_base64="hziqyKTOHiWojK4g7peHdVj6leQ="></latexit><latexit sha1_base64="hziqyKTOHiWojK4g7peHdVj6leQ="></latexit><latexit sha1_base64="hziqyKTOHiWojK4g7peHdVj6leQ="></latexit><latexit sha1_base64="hziqyKTOHiWojK4g7peHdVj6leQ="></latexit>

h 2 Z .
<latexit sha1_base64="kQjU3U+c04pNphbv4dBJVEjcWD4="></latexit><latexit sha1_base64="kQjU3U+c04pNphbv4dBJVEjcWD4="></latexit><latexit sha1_base64="kQjU3U+c04pNphbv4dBJVEjcWD4="></latexit><latexit sha1_base64="kQjU3U+c04pNphbv4dBJVEjcWD4="></latexit>

3. The H-flux               can be expressed in a vielbein basis as
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<latexit sha1_base64="mQ5/gKJn9bc9/ILsQWIMMDjnKzo="></latexit><latexit sha1_base64="mQ5/gKJn9bc9/ILsQWIMMDjnKzo="></latexit><latexit sha1_base64="mQ5/gKJn9bc9/ILsQWIMMDjnKzo="></latexit><latexit sha1_base64="mQ5/gKJn9bc9/ILsQWIMMDjnKzo="></latexit>
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<latexit sha1_base64="LxLu14chO9LrH/yz7gyO9O/Mtso="></latexit><latexit sha1_base64="LxLu14chO9LrH/yz7gyO9O/Mtso="></latexit><latexit sha1_base64="LxLu14chO9LrH/yz7gyO9O/Mtso="></latexit><latexit sha1_base64="LxLu14chO9LrH/yz7gyO9O/Mtso="></latexit>

H = dB
<latexit sha1_base64="8g5jEqdy0vl2qpfm1Z7Lg+Jw900="></latexit><latexit sha1_base64="8g5jEqdy0vl2qpfm1Z7Lg+Jw900="></latexit><latexit sha1_base64="8g5jEqdy0vl2qpfm1Z7Lg+Jw900="></latexit><latexit sha1_base64="8g5jEqdy0vl2qpfm1Z7Lg+Jw900="></latexit>



3. A geometric f-flux is defined via a vielbein basis as

dea =
1

2
fbc

a eb ^ ec ,
<latexit sha1_base64="lDdx0K37ZrOT1LL+7CnNfKU0V+E="></latexit><latexit sha1_base64="lDdx0K37ZrOT1LL+7CnNfKU0V+E="></latexit><latexit sha1_base64="lDdx0K37ZrOT1LL+7CnNfKU0V+E="></latexit><latexit sha1_base64="lDdx0K37ZrOT1LL+7CnNfKU0V+E="></latexit>
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<latexit sha1_base64="DYAWxZ6p2x8b22UhQYFG5lzrYdY="></latexit><latexit sha1_base64="DYAWxZ6p2x8b22UhQYFG5lzrYdY="></latexit><latexit sha1_base64="DYAWxZ6p2x8b22UhQYFG5lzrYdY="></latexit><latexit sha1_base64="DYAWxZ6p2x8b22UhQYFG5lzrYdY="></latexit>

After a T-duality along       one obtains a  twisted three-torus ::X1
<latexit sha1_base64="MPG+M7ptSN3gHa+C4TN+mQo34wA="></latexit><latexit sha1_base64="MPG+M7ptSN3gHa+C4TN+mQo34wA="></latexit><latexit sha1_base64="MPG+M7ptSN3gHa+C4TN+mQo34wA="></latexit><latexit sha1_base64="MPG+M7ptSN3gHa+C4TN+mQo34wA="></latexit>

non-geometry :: twisted three-torus

2. The background is well-defined under                         using a diffeomorphism.X3 ! X3 + 2⇡
<latexit sha1_base64="903PzOjxiqmQpvXUwopYsS7Ggb0="></latexit><latexit sha1_base64="903PzOjxiqmQpvXUwopYsS7Ggb0="></latexit><latexit sha1_base64="903PzOjxiqmQpvXUwopYsS7Ggb0="></latexit><latexit sha1_base64="903PzOjxiqmQpvXUwopYsS7Ggb0="></latexit>
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<latexit sha1_base64="kQjU3U+c04pNphbv4dBJVEjcWD4="></latexit><latexit sha1_base64="kQjU3U+c04pNphbv4dBJVEjcWD4="></latexit><latexit sha1_base64="kQjU3U+c04pNphbv4dBJVEjcWD4="></latexit><latexit sha1_base64="kQjU3U+c04pNphbv4dBJVEjcWD4="></latexit>
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<latexit sha1_base64="odfmGBBPWQrLwZCrZYj/o6QrNmE="></latexit><latexit sha1_base64="odfmGBBPWQrLwZCrZYj/o6QrNmE="></latexit><latexit sha1_base64="odfmGBBPWQrLwZCrZYj/o6QrNmE="></latexit><latexit sha1_base64="odfmGBBPWQrLwZCrZYj/o6QrNmE="></latexit>
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<latexit sha1_base64="nZYyidxVP2XnTqvOPx5mkqlWJRA="></latexit><latexit sha1_base64="nZYyidxVP2XnTqvOPx5mkqlWJRA="></latexit><latexit sha1_base64="nZYyidxVP2XnTqvOPx5mkqlWJRA="></latexit><latexit sha1_base64="nZYyidxVP2XnTqvOPx5mkqlWJRA="></latexit>

Kachru, Schulz, Tripathy, Trivedi - 2002
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<latexit sha1_base64="QWh118OGyqpDoRPjLhpCSjejkns="></latexit><latexit sha1_base64="QWh118OGyqpDoRPjLhpCSjejkns="></latexit><latexit sha1_base64="QWh118OGyqpDoRPjLhpCSjejkns="></latexit><latexit sha1_base64="QWh118OGyqpDoRPjLhpCSjejkns="></latexit>

3. A non-geometric Q-flux is defined via a vielbein basis and                               as(G�B)�1 = g � �
<latexit sha1_base64="yIKYauM3Jjuop7XYtfnCdUd+cQo="></latexit><latexit sha1_base64="yIKYauM3Jjuop7XYtfnCdUd+cQo="></latexit><latexit sha1_base64="yIKYauM3Jjuop7XYtfnCdUd+cQo="></latexit><latexit sha1_base64="yIKYauM3Jjuop7XYtfnCdUd+cQo="></latexit>
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<latexit sha1_base64="0hScviqo4AKwseg0Iazkzv+wFhA="></latexit><latexit sha1_base64="0hScviqo4AKwseg0Iazkzv+wFhA="></latexit><latexit sha1_base64="0hScviqo4AKwseg0Iazkzv+wFhA="></latexit><latexit sha1_base64="0hScviqo4AKwseg0Iazkzv+wFhA="></latexit>

2. The background is well-defined under                         using a    -transformation.X3 ! X3 + 2⇡
<latexit sha1_base64="903PzOjxiqmQpvXUwopYsS7Ggb0="></latexit><latexit sha1_base64="903PzOjxiqmQpvXUwopYsS7Ggb0="></latexit><latexit sha1_base64="903PzOjxiqmQpvXUwopYsS7Ggb0="></latexit><latexit sha1_base64="903PzOjxiqmQpvXUwopYsS7Ggb0="></latexit> �
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<latexit sha1_base64="K+rn391AwBeDpe1HhpWt5UCiA7M="></latexit><latexit sha1_base64="K+rn391AwBeDpe1HhpWt5UCiA7M="></latexit><latexit sha1_base64="K+rn391AwBeDpe1HhpWt5UCiA7M="></latexit><latexit sha1_base64="K+rn391AwBeDpe1HhpWt5UCiA7M="></latexit>
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<latexit sha1_base64="Tlbbsr7GTLW5D5gT3Si94eQbT9U="></latexit><latexit sha1_base64="Tlbbsr7GTLW5D5gT3Si94eQbT9U="></latexit><latexit sha1_base64="Tlbbsr7GTLW5D5gT3Si94eQbT9U="></latexit><latexit sha1_base64="Tlbbsr7GTLW5D5gT3Si94eQbT9U="></latexit>

h 2 Z .
<latexit sha1_base64="kQjU3U+c04pNphbv4dBJVEjcWD4="></latexit><latexit sha1_base64="kQjU3U+c04pNphbv4dBJVEjcWD4="></latexit><latexit sha1_base64="kQjU3U+c04pNphbv4dBJVEjcWD4="></latexit><latexit sha1_base64="kQjU3U+c04pNphbv4dBJVEjcWD4="></latexit>
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<latexit sha1_base64="Z3IyjnqqQufLEU5lPKSC4jWSRCg="></latexit><latexit sha1_base64="Z3IyjnqqQufLEU5lPKSC4jWSRCg="></latexit><latexit sha1_base64="Z3IyjnqqQufLEU5lPKSC4jWSRCg="></latexit><latexit sha1_base64="Z3IyjnqqQufLEU5lPKSC4jWSRCg="></latexit>

non-geometry :: t-fold

A second T-duality along       gives the T-fold background ::X2
<latexit sha1_base64="J1Yi9bMsukH9TZCYiQ+M7naJo3A="></latexit><latexit sha1_base64="J1Yi9bMsukH9TZCYiQ+M7naJo3A="></latexit><latexit sha1_base64="J1Yi9bMsukH9TZCYiQ+M7naJo3A="></latexit><latexit sha1_base64="J1Yi9bMsukH9TZCYiQ+M7naJo3A="></latexit>

Hull - 2004



non-geometry :: fluxes

The above family of backgrounds is characterized by (non-)geometric fluxes ::

with H-fluxT3
<latexit sha1_base64="/dlJL9P9hr4ceocV9aETIKdmGfY="></latexit><latexit sha1_base64="/dlJL9P9hr4ceocV9aETIKdmGfY="></latexit><latexit sha1_base64="/dlJL9P9hr4ceocV9aETIKdmGfY="></latexit><latexit sha1_base64="/dlJL9P9hr4ceocV9aETIKdmGfY="></latexit> twisted T3

<latexit sha1_base64="/dlJL9P9hr4ceocV9aETIKdmGfY="></latexit><latexit sha1_base64="/dlJL9P9hr4ceocV9aETIKdmGfY="></latexit><latexit sha1_base64="/dlJL9P9hr4ceocV9aETIKdmGfY="></latexit><latexit sha1_base64="/dlJL9P9hr4ceocV9aETIKdmGfY="></latexit> T-foldT1
<latexit sha1_base64="iPwrqlZ98hNhQA6SwFz6BnqqGjk="></latexit><latexit sha1_base64="iPwrqlZ98hNhQA6SwFz6BnqqGjk="></latexit><latexit sha1_base64="iPwrqlZ98hNhQA6SwFz6BnqqGjk="></latexit><latexit sha1_base64="iPwrqlZ98hNhQA6SwFz6BnqqGjk="></latexit>

T2
<latexit sha1_base64="NIzwZ3/8PWxc98aE5PzvtYBJY1A="></latexit><latexit sha1_base64="NIzwZ3/8PWxc98aE5PzvtYBJY1A="></latexit><latexit sha1_base64="NIzwZ3/8PWxc98aE5PzvtYBJY1A="></latexit><latexit sha1_base64="NIzwZ3/8PWxc98aE5PzvtYBJY1A="></latexit>

H123
<latexit sha1_base64="L4bLWeutZ6TfNbIQRYNq6DavQgQ="></latexit><latexit sha1_base64="L4bLWeutZ6TfNbIQRYNq6DavQgQ="></latexit><latexit sha1_base64="L4bLWeutZ6TfNbIQRYNq6DavQgQ="></latexit><latexit sha1_base64="L4bLWeutZ6TfNbIQRYNq6DavQgQ="></latexit>
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<latexit sha1_base64="y64CWLVODn1gVIYEN20q2GeVxmI="></latexit><latexit sha1_base64="y64CWLVODn1gVIYEN20q2GeVxmI="></latexit><latexit sha1_base64="y64CWLVODn1gVIYEN20q2GeVxmI="></latexit><latexit sha1_base64="y64CWLVODn1gVIYEN20q2GeVxmI="></latexit>
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<latexit sha1_base64="B847w7yqgfFQEdSPGAxjd2wON8c="></latexit><latexit sha1_base64="B847w7yqgfFQEdSPGAxjd2wON8c="></latexit><latexit sha1_base64="B847w7yqgfFQEdSPGAxjd2wON8c="></latexit><latexit sha1_base64="B847w7yqgfFQEdSPGAxjd2wON8c="></latexit>



non-geometry :: fluxes

The above family of backgrounds is characterized by (non-)geometric fluxes ::

with H-fluxT3
<latexit sha1_base64="/dlJL9P9hr4ceocV9aETIKdmGfY="></latexit><latexit sha1_base64="/dlJL9P9hr4ceocV9aETIKdmGfY="></latexit><latexit sha1_base64="/dlJL9P9hr4ceocV9aETIKdmGfY="></latexit><latexit sha1_base64="/dlJL9P9hr4ceocV9aETIKdmGfY="></latexit> twisted T3

<latexit sha1_base64="/dlJL9P9hr4ceocV9aETIKdmGfY="></latexit><latexit sha1_base64="/dlJL9P9hr4ceocV9aETIKdmGfY="></latexit><latexit sha1_base64="/dlJL9P9hr4ceocV9aETIKdmGfY="></latexit><latexit sha1_base64="/dlJL9P9hr4ceocV9aETIKdmGfY="></latexit> T-foldT1
<latexit sha1_base64="iPwrqlZ98hNhQA6SwFz6BnqqGjk="></latexit><latexit sha1_base64="iPwrqlZ98hNhQA6SwFz6BnqqGjk="></latexit><latexit sha1_base64="iPwrqlZ98hNhQA6SwFz6BnqqGjk="></latexit><latexit sha1_base64="iPwrqlZ98hNhQA6SwFz6BnqqGjk="></latexit>
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<latexit sha1_base64="NIzwZ3/8PWxc98aE5PzvtYBJY1A="></latexit><latexit sha1_base64="NIzwZ3/8PWxc98aE5PzvtYBJY1A="></latexit><latexit sha1_base64="NIzwZ3/8PWxc98aE5PzvtYBJY1A="></latexit><latexit sha1_base64="NIzwZ3/8PWxc98aE5PzvtYBJY1A="></latexit>
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<latexit sha1_base64="L4bLWeutZ6TfNbIQRYNq6DavQgQ="></latexit><latexit sha1_base64="L4bLWeutZ6TfNbIQRYNq6DavQgQ="></latexit><latexit sha1_base64="L4bLWeutZ6TfNbIQRYNq6DavQgQ="></latexit><latexit sha1_base64="L4bLWeutZ6TfNbIQRYNq6DavQgQ="></latexit>
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R-spaceT3
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Shelton, Taylor, Wecht - 2005



1. introduction 

2. non-geometry 
a) generalities 
b) t-duality 
c) example 
d) summary


3. developments 

4. conclusions

outline



non-geometry :: summary

Summary :: ◾ T-duality is a string-theory duality — not present for point-particle theories. 

◾ Non-geometric backgrounds are well-defined using T-duality. 

◾ Non-triviality of the background is encoded in (non-)geometric fluxes. 

◾ Non-geometric backgrounds are examples for compactification spaces.
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developments :: generalised geometry I

Non-geometric fluxes can be described using the framework of generalised geometry ::

Hitchin - 2002

Gualtieri - 2004

◾ The generalised tangent-bundle     over a manifold       is locally                             .E = TM � T ⇤M
<latexit sha1_base64="/edFFUmThjMiJv7OhZsMtcLP+Qs="></latexit><latexit sha1_base64="/edFFUmThjMiJv7OhZsMtcLP+Qs="></latexit><latexit sha1_base64="/edFFUmThjMiJv7OhZsMtcLP+Qs="></latexit><latexit sha1_base64="/edFFUmThjMiJv7OhZsMtcLP+Qs="></latexit>
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<latexit sha1_base64="OuXzlH851m5E+7T8EcWLHiCBc2w="></latexit><latexit sha1_base64="OuXzlH851m5E+7T8EcWLHiCBc2w="></latexit><latexit sha1_base64="OuXzlH851m5E+7T8EcWLHiCBc2w="></latexit><latexit sha1_base64="OuXzlH851m5E+7T8EcWLHiCBc2w="></latexit>
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◾ A natural bracket on      is the Courant bracketE
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◾ A bi-linear pairing on      (invariant under               transformations) is E
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◾ The Courant bracket is in general not a Lie bracket, since the Jacobiator satisfies
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On the generalised tangent-bundle, a generalised metric can be introduced ::

H =

 
G�BG�1B +BG�1

�G�1B G�1

!
.
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A corresponding generalised vielbein
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(leaving invariant the pairing) is defined via the relations 
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The dual vielbein                       satisfies ab algebraEA = {EA
I}
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◾ The structure constant are identified with the fluxes
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◾ Bianchi identities (for constant fluxes) are determined from the Jacobiator
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C(M)
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A geometric space       can be described in terms of the  
algebra of functions            on      .
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A non-associative space is described by a non-associative algebra of functions.

A non-commutative space is characterized through a  
non-commutative algebra of functions (e.g. Moyal- 
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A non-geometric R-flux gives rise to a non-associative structure.Result ::

Blumenhagen, Plauschinn - 2010
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Consider a three-sphere with H-flux (           WZW model) ::

◾ After T-duality, one obtains 
⇥
Xµ, X⌫ , X⇢

⇤
= 3⇡2Rµ⌫⇢ .
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◾ Determine the following equal-time Jacobiator
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⇤
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◾ This behaviour is described by a non-associative tri-product of functions
�
f1 M f2 M f3

�
(x) := exp

⇣
⇡2

2 Rµ⌫⇢ @x1
µ @x2
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164 10. Non-commutative and non-associative structures

(a) World-sheet disc diagram.

V1 V2

(b) World-sheet sphere diagram.

V1

V2

V3

Figure 10.1: Open-string disc diagram with the insertion of two open-string vertex

operators on the boundary, and closed-string sphere diagram with the insertion of

three closed-string vertex operators.

where ✓ = 0 denotes the result of the two-point function for vanishing flux. The
effect of the flux F encoded in ✓ is a phase factor due to the non-commutative
nature of the theory. This behaviour gives rise to the Moyal-Weyl star-product
between functions f1 and f2

�
f1 ? f2

�
(x) := exp

h
i✓µ⌫ @x1

µ @x2
⌫

i
f1(x1) f2(x2)

���
x1=x2=x

, (10.11)

which correctly reproduces the phase appearing in (10.10). Therefore, by evaluat-
ing correlation functions of vertex operators in open-string theory, it is possible to
derive the Moyal-Weyl product.

Non-associativity

We now want to perform a computation analogous to the open-string case for the
closed string. We are guided by the following observation:

⌅ For the open string, the non-commutativity arises because two operators
inserted at the boundary of a world-sheet diagram (cf. figure 10.1a) do not
commute. This non-commutativity is controlled by a two-form flux F .

⌅ For the closed string, operators are inserted on a world-sheet without bound-
ary (cf. figure 10.1b). Here, one cannot define an ordering between two points
– however, for three-points we can define an orientation. We therefore ex-
pect that for the closed string an object involving three closed-string fields
is relevant, which in turn should correspond to a three-form flux.

To make the latter point more precise, we consider the equal-time Jacobiator of
three closed-string fields defined as [23]

⇥
Xµ, X⌫ , X⇢

⇤
:= lim

�i!�

⇥
[Xµ(⌧, �1), X

⌫(⌧, �2)], X
⇢(⌧, �3)

⇤
+ cyclic . (10.12)

World-sheet sphere diagram with  
three vertex-operator insertions.

The non-associative property can also been seen from the  
behaviour of vertex operators      under permutations.Vi
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In an R-flux background one finds for          � 2 S3
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Blumenhagen, Deser, Lüst, Plauschinn, Rennecke - 2011

This is an off-shell result — on-shell (that means                           ) the phase factor is trivial. p1 + p2 + p3 = 0
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Application :: ◾ The tri-product can be used for a non-associative differential geometry, 

◾ and the construction of a non-associative gravity theory.

Blumenhagen, Plauschinn - 2010

Blumenhagen, Fuchs - 2016

Aschieri, Ciric, Szabo - 2017

➞ Space-time is non-associative at small distances.
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A non-geometric Q-flux gives rise to a non-commutative structure.Result ::

Consider non-trivial     -fibrations over the circle, parametrized by        ::T2
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◾ The fiber coordinates can be written as                          , with relationsXa = Xa
L +Xa

R
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◾ For a geometric background one finds                               and ⇥ab
1 = �⇥ab

2 = ⇥ab
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◾ For a non-geometric background one obtains                               and hence⇥ab
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Lüst - 2011



developments :: non-commutativity II

Andriot, Larfors, Lüst, Patalong - 2012

◾ For the T-fold background (parabolic monodromy) one finds a non-commutative 
behaviour controlled by the Q-flux

Define an equal-time commutator between two closed-string coordinates in the following way
⇥
X1, X2

⇤
= lim

�i!�

⇥
X1(⌧,�1), X

2(⌧,�2)
⇤
.

<latexit sha1_base64="sdGnD+/fm5lM1IfQJffsIlr/NPU="></latexit><latexit sha1_base64="sdGnD+/fm5lM1IfQJffsIlr/NPU="></latexit><latexit sha1_base64="sdGnD+/fm5lM1IfQJffsIlr/NPU="></latexit><latexit sha1_base64="sdGnD+/fm5lM1IfQJffsIlr/NPU="></latexit>

⇥
X1, X2

⇤
= � i⇡2

6

I
Q3

12dX3 .
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◾ Other examples (elliptic monodromies) are provided by asymmetric orbifolds.
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developments :: compactification

String-theory compactifications on Calabi-Yau three-folds ::

compact space

4D theory

CY3 CY3 + fluxes H, f,Q,R
<latexit sha1_base64="yL1fxq3F2AeblyN7+OptRnZ+WPE="></latexit><latexit sha1_base64="yL1fxq3F2AeblyN7+OptRnZ+WPE="></latexit><latexit sha1_base64="yL1fxq3F2AeblyN7+OptRnZ+WPE="></latexit><latexit sha1_base64="yL1fxq3F2AeblyN7+OptRnZ+WPE="></latexit>

T a, UA, S
<latexit sha1_base64="zgCo+zcm3wKM08jZGIhWTqk8T98="></latexit><latexit sha1_base64="zgCo+zcm3wKM08jZGIhWTqk8T98="></latexit><latexit sha1_base64="zgCo+zcm3wKM08jZGIhWTqk8T98="></latexit><latexit sha1_base64="zgCo+zcm3wKM08jZGIhWTqk8T98="></latexit>

◾ potential generated by fluxes
➞ massive scalar fieldsT a, UA, S

<latexit sha1_base64="zgCo+zcm3wKM08jZGIhWTqk8T98="></latexit><latexit sha1_base64="zgCo+zcm3wKM08jZGIhWTqk8T98="></latexit><latexit sha1_base64="zgCo+zcm3wKM08jZGIhWTqk8T98="></latexit><latexit sha1_base64="zgCo+zcm3wKM08jZGIhWTqk8T98="></latexit>

◾ no potential generated
➞ massless scalar fields



developments :: scalar potential

The scalar potential in 4D (for a N=1 supergravity theory) is in general given by

V =
<latexit sha1_base64="I2nI5pdxmnCkbHszow6/DVMv9dA="></latexit><latexit sha1_base64="I2nI5pdxmnCkbHszow6/DVMv9dA="></latexit><latexit sha1_base64="I2nI5pdxmnCkbHszow6/DVMv9dA="></latexit><latexit sha1_base64="I2nI5pdxmnCkbHszow6/DVMv9dA="></latexit>

+
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VF
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VF = eK
⇣
G↵�D↵W D�W � 3

��W
��2
⌘
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D↵W = @↵W +
�
@↵K

�
W
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G↵� = @↵@� K
<latexit sha1_base64="/6mYTEi/IpI+8/S1/GIr6dmBM8Q="></latexit><latexit sha1_base64="/6mYTEi/IpI+8/S1/GIr6dmBM8Q="></latexit><latexit sha1_base64="/6mYTEi/IpI+8/S1/GIr6dmBM8Q="></latexit><latexit sha1_base64="/6mYTEi/IpI+8/S1/GIr6dmBM8Q="></latexit>

Kähler potential K
<latexit sha1_base64="31cABfhUEu7So2Dbwv1LhD6kjn4="></latexit><latexit sha1_base64="31cABfhUEu7So2Dbwv1LhD6kjn4="></latexit><latexit sha1_base64="31cABfhUEu7So2Dbwv1LhD6kjn4="></latexit><latexit sha1_base64="31cABfhUEu7So2Dbwv1LhD6kjn4="></latexit>

superpotential W
<latexit sha1_base64="Q0nfbM0/3DIwL/5XdNGAGzSrlog="></latexit><latexit sha1_base64="Q0nfbM0/3DIwL/5XdNGAGzSrlog="></latexit><latexit sha1_base64="Q0nfbM0/3DIwL/5XdNGAGzSrlog="></latexit><latexit sha1_base64="Q0nfbM0/3DIwL/5XdNGAGzSrlog="></latexit>

VD
<latexit sha1_base64="63w1HI7rP0AuCXoXlcwlnHRtSJE="></latexit><latexit sha1_base64="63w1HI7rP0AuCXoXlcwlnHRtSJE="></latexit><latexit sha1_base64="63w1HI7rP0AuCXoXlcwlnHRtSJE="></latexit><latexit sha1_base64="63w1HI7rP0AuCXoXlcwlnHRtSJE="></latexit>

VD =
1

2

⇥
(Ref)�1

⇤ij PiPj
<latexit sha1_base64="eOLqZMaREVhhE5TPekSHlaW31Os="></latexit><latexit sha1_base64="eOLqZMaREVhhE5TPekSHlaW31Os="></latexit><latexit sha1_base64="eOLqZMaREVhhE5TPekSHlaW31Os="></latexit><latexit sha1_base64="eOLqZMaREVhhE5TPekSHlaW31Os="></latexit>

moment maps Pi
<latexit sha1_base64="CrL6JwxsmXs7gb5o9Wz1EWqiMcE="></latexit><latexit sha1_base64="CrL6JwxsmXs7gb5o9Wz1EWqiMcE="></latexit><latexit sha1_base64="CrL6JwxsmXs7gb5o9Wz1EWqiMcE="></latexit><latexit sha1_base64="CrL6JwxsmXs7gb5o9Wz1EWqiMcE="></latexit>

gauge-kinetic function fij
<latexit sha1_base64="YrR2VYcIogVljTkCLRn/9iS21qA="></latexit><latexit sha1_base64="YrR2VYcIogVljTkCLRn/9iS21qA="></latexit><latexit sha1_base64="YrR2VYcIogVljTkCLRn/9iS21qA="></latexit><latexit sha1_base64="YrR2VYcIogVljTkCLRn/9iS21qA="></latexit>



developments :: superpotential

For type IIB compactifications on Calabi-Yau orientifolds      , fluxes contribute to the superpotential ::M
<latexit sha1_base64="X8yvpAjQXQGXSYKETFXU1aMFN34="></latexit><latexit sha1_base64="X8yvpAjQXQGXSYKETFXU1aMFN34="></latexit><latexit sha1_base64="X8yvpAjQXQGXSYKETFXU1aMFN34="></latexit><latexit sha1_base64="X8yvpAjQXQGXSYKETFXU1aMFN34="></latexit>

W =

Z

M
�� ^

�
F3 +D�+

�
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UA
<latexit sha1_base64="MRfuC3AvxuYfDvl6AJK4N5Cfz08="></latexit><latexit sha1_base64="MRfuC3AvxuYfDvl6AJK4N5Cfz08="></latexit><latexit sha1_base64="MRfuC3AvxuYfDvl6AJK4N5Cfz08="></latexit><latexit sha1_base64="MRfuC3AvxuYfDvl6AJK4N5Cfz08="></latexit>

◾       depends on       ,��
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T a, S
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◾       depends on           ,�+
<latexit sha1_base64="4Cbop+kWkHBVuvtDvWnKOylZw+w="></latexit><latexit sha1_base64="4Cbop+kWkHBVuvtDvWnKOylZw+w="></latexit><latexit sha1_base64="4Cbop+kWkHBVuvtDvWnKOylZw+w="></latexit><latexit sha1_base64="4Cbop+kWkHBVuvtDvWnKOylZw+w="></latexit>

◾       is a R-R flux,F3
<latexit sha1_base64="YsfAIga9qhosaaW11QZJDHA+PaY="></latexit><latexit sha1_base64="YsfAIga9qhosaaW11QZJDHA+PaY="></latexit><latexit sha1_base64="YsfAIga9qhosaaW11QZJDHA+PaY="></latexit><latexit sha1_base64="YsfAIga9qhosaaW11QZJDHA+PaY="></latexit>

◾       is a twisted differential.D
<latexit sha1_base64="rC8nf04ANwpxOrNzMetLGGsMwQc="></latexit><latexit sha1_base64="rC8nf04ANwpxOrNzMetLGGsMwQc="></latexit><latexit sha1_base64="rC8nf04ANwpxOrNzMetLGGsMwQc="></latexit><latexit sha1_base64="rC8nf04ANwpxOrNzMetLGGsMwQc="></latexit>

The twisted differential      contains the NS-NS fluxes (derived via T-duality) ::D
<latexit sha1_base64="WIZ7OEYtsqpKbctdaCRSKqjofYA="></latexit><latexit sha1_base64="WIZ7OEYtsqpKbctdaCRSKqjofYA="></latexit><latexit sha1_base64="WIZ7OEYtsqpKbctdaCRSKqjofYA="></latexit><latexit sha1_base64="WIZ7OEYtsqpKbctdaCRSKqjofYA="></latexit>

D = d
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Shelton, Taylor, Wecht - 2005



developments :: superpotential

For type IIB compactifications on Calabi-Yau orientifolds      , fluxes contribute to the superpotential ::M
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◾       depends on       ,��
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◾       depends on           ,�+
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◾       is a R-R flux,F3
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◾       is a twisted differential.D
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The twisted differential      contains the NS-NS fluxes (derived via T-duality) ::D
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D = D +H � F +Q�R
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Shelton, Taylor, Wecht - 2005



developments :: fluxes

When requiring nil-potency             , Bianchi identities for the fluxes can be derived.D2 = 0

Shelton, Taylor, Wecht - 2006 

Robins, Wrase - 2007

The fluxes in the twisted differential can be interpreted as operators

Aldazabal, Camara, Font, Ibanez - 2006

Villadoro, Zwirner - 2006


Shelton, Taylor, Wecht - 2006

D = d+H � F +Q�R ,
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H : p-form ! (p+ 3)-form ,

F : p-form ! (p+ 1)-form ,

Q : p-form ! (p� 1)-form ,

R : p-form ! (p� 3)-form .
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developments :: summary

Summary :: ◾ Non-geometric fluxes are a natural part of string-theory compactifications. 

◾ T-duality (mirror symmetry) requires geometric and non-geometric fluxes.

◾ Fluxes give masses to scalar fields.
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developments :: outlook

◾ More general non-geometric torus-fibrations. Hellermann, McGreevy, Williams - 2002

de Boer, Shigemori - 2012


Lüst, Massai, Vall-Camell - 2015

◾ Origin for gauged supergravity theories. Grana, Louis, Waldram - 2005

Cassani - 2008

Outlook ::

◾ …

◾ Non-commutative & non-associative structures. Blumenhagen, Plauschinn - 2010

Lüst - 2010


Mylonas, Schupp, Szabo - 2012

◾ Moduli stabilization and inflation. Shelton, Taylor, Wecht - 2006

e.g. Blumenhagen, Herschmann, Plauschinn - 2014

◾ Description via generalized & doubled geometry. Hull - 2004

Grana, Minasian, Petrini, Waldram - 2008
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conclusions :: string theory

String theory :: ◾ String theory is a theory of quantum gravity including gauge interactions. 

◾ The theory features a large number of dualities — including T-duality. 
◾ For a description of our universe, need to compactify.



conclusions :: non-geometry

Non-geometry :: ◾ Non-geometric backgrounds are well-defined  
using T-duality transformations. 

◾ Such spaces are natural in string theory, but 
inconsistent for point particles. 

◾ The non-triviality of such backgrounds is  
encoded in non-geometric fluxes.

◾ Non-geometric fluxes give rise non-commutative & non-associative structures.

T-duality



conclusions :: compactification

Compactification :: ◾ Non-geometric backgrounds are examples 
for compactification spaces. 

◾ Fluxes generate masses for scalar fields  
to match with experimental constraints.

CY3 + fluxes H, f,Q,R
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◾ T-duality (mirror symmetry) relates different compactifications to each other.


