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Introduction

Motivation : Exploit the present laser plasma acceleration performance for undulator 
radiation and a Free Electron Laser applications
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Chromatic effets

This mechanism can be of self-injection [50–53], injection
by ionization [54,55], or of controlled injection as for
instance via colliding the driver laser pulse with another
one [56,57] or by introducing a sharp transition in the gas
density [58–60]. Different injection mechanisms can be
implemented at the same time, and, in some cases, such
hybrid regimes help to improve the overall LPA perfor-
mance [36].
In experimental conditions, the energy spread mea-

sured on ∼200 MeV electron beams can be as small as
10–20 MeV fwhm [36,55], and their emittance can be
below 1 mm mrad [61], and the full beam charge varies
from a few tens to a few hundreds pC. In the present study
wewill use a set of typical LPA beam parameters, which we
assume being practically achievable.

B. Beam optic basics

The beam dynamics along the manipulation line is
here considered, with a specific care on the handling of
the intrinsic large divergence and energy spread.
Up to the second chromatic order, the particle coordi-

nates (position and angle in the horizontal and vertical
plane respectively) from the source ðx0; x00; z0; z00Þ to the
undulator center ðx; x0; z; z0Þ can be presented using the
standard transport matrix notation [62]:
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with δ the particle relative energy deviation. The first matrix
(rij) of the right-hand side in Eq. (1) and (2) stands for
the linear part and the second matrix (rij6) stands for the
chromatic second order perturbation.
Since the beam exhibits a very large divergence (≈mrad)

and a small transverse size, it may be well approximated by
a simple point source with a zero size (or zero emittance).
The linear optics can then be simplified to a source-to-
image (S2I) standard optics, the image being at the center
of the undulator. Indeed, canceling the terms r12 and r34
respectively in Eqs. (1) and (2) enables to set the on-
momentum particles (δ ¼ 0) to a waist σx−min ¼ r11σx0 and
σz−min ¼ r33σz0 as for a standard linear optics imaging the
source with magnification r11 in the horizontal and r33 in
the vertical plane. Operating this optics only requires the
use of the first quadrupole triplet.
The next step, in the same approximation, is to cancel the

r226 and r446 second order terms at the undulator center, in
order to organize the chromatic effects from the large initial
divergence. In the transverse planes, the three rms particle
momenta as functions of their relative energy deviation are
then approximated by:

8
>><

>>:

σ2xðδÞ ¼ r211σ
2
x0 þ r2126σ

02
x0δ

2

σxx0ðδÞ ¼ r126σ02x0δ=r11
σ02x ðδÞ ¼ σ02x0=r

2
11

ð3Þ

8
>><

>>:

σ2zðδÞ ¼ r233σ
2
z0 þ r2346σ

02
z0δ

2

σzz0 ¼ r346σ0z0δ=r33
σ02z ðδÞ ¼ σ02z0=r

2
33

ð4Þ

σx, σ0x, and σxx0 are respectively the rms size, divergence,
and cross term in the horizontal plane (same with z index
for the vertical plane). Because of the chromaticity of
this transport, the electron beam is focused at a different
longitudinal position S ðδÞ along the undulator according to:

S ðδÞ ¼ −
σxx0ðδÞ
σ02x ðδÞ

¼ −r11r126δ: ð5Þ

The total geometric emittance ϵt can be derived from the
particle momenta integrating over the energy deviation:
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The second term of the right-hand side term corres-
ponds to the chromatic emittance which is added quad-
ratically to the initial one ϵ0. The chromatic emittance is
drastically enhanced by the initial divergence. The nor-
malized emittance, which is most commonly used, is
normalized by the longitudinal momentum according to
relation 15 in [32].
In the longitudinal plane, assuming no initial cor-

relation in between the longitudinal and the transverse
coordinates, the rms bunch length can be expressed as
following:

σ2s ≈ σ2s0 þ ðr56σδÞ2 þ ðr522σ02x0 þ r544σ02z0Þ2: ð7Þ

For the sake of clarity, only the main terms, i.e., non-
negligible, are included in this formula. The chicane sorts
the particles in energy along the bunch, while the large
divergence tends to remix them. Nevertheless, the chicane
strength r56 can be used to convert the energy deviation δ
into the longitudinal position Δs ¼ r56δ, so that the
minimum beam size slips along the bunch all along the
undulator. Since the FEL radiation wave also slips along
the bunch at a relative rate of λr=3λu [63], the two slippages
can be synchronized so that the effective beam size, seen by
the FEL, is always minimum. In the exponential gain
regime, the synchronization condition can be expressed
according to:
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The longitudinal overlap between the electron bunch of RMS length sl and the optical wave should be main-
tained. The light wave is in advance by Nul with respect to the electrons, and for short electron bunch distributions,
it could escape. A new correction factor Fg is introduced as :

Fg =
h
1+

Nul
sl

i�1
(122)

The small signal gain can be expressed as :

G = n
2pe2

eomoc2 reFf FinhFg
K2

u
lu


Lu

g

�3 h
Jn�1

2
(x )� Jn+1

2
(x )

i2 ∂
∂g

sinc2 (pNuh) (123)

or :

G = n
p2rol 2

u N3
u K2

u
g3 Ff FinhFgre

h
Jn�1

2
(x )� Jn+1

2
(x )

i2 ∂
∂g

sinc2 (pNuh) (124)

with re the electronic density, ro the classical radius of the electron.

2.4 Phase evolution and pendulum equation

2.4.1 Pendulum equation

Let’s consider now the phase given by z = (nku + k)s̃�wt. It evolves as :
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It then comes :
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Besides, applying the second Lorentz equation, as :

dg
dt

=
e
�!
E .�!v
moc2
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Besides, applying the second Lorentz equation, as :

LPA versus conventional accelerator
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Undulator radiation

Introduction

20 Marie-Emmanuelle COUPRIE and Mathieu VALLÉAU

4.2 The electron movement in the undulator

Let’s introduce in the area of the laboratory free of current an undulator creating a periodic permanent magnetic
field of peak amplitude Buz, period ⇤u, length Lu Lu = Nu⇤u with Nu the number of periods ⇤u. Let’s first consider
the movement of a relativistic electron of velocity v introduced at the origin of the undulator coordinate along the
longitudinal coordinate s ( s ⇤ [0,Lu]) in the two cases of the planar and helical undulator. The field can be created by
alternated poles.

4.2.1 Planar undulator case

Vertical undulator field created by a planar undulator

Let’s consider first the case of a planar undulator, creating a field along the vertical direction expressed in the [0,Lu]
interval as:

�⇥
Buz = Buz cos

�
2⌅
⇤u

s
⇥
�⇥z = Buz cos(kus)�⇥z (48)

with the undulator wavenumber ku given by:

ku =
2⌅
⇤u

(49)

The undulator scheme is shown in Fig. 18.

Fig. 18 Planar undulator scheme, creating a periodic magnetic field created by two arrays of permanent magnets arranged in the Halbach
configuration [55] Vertical field in green, electron trajectory in blue.

Electron velocity in the planar undulator case

Let’s apply the fundamental equation of the dynamics to the case of this planar undualtor :

d�⇥p
dt

=
�⇥
f = e(

�⇥
E +�⇥v x

�⇥
B )

with the electron momentum �⇥p , being �⇥p = ⇥moc
�⇥
� .

In absence of electric field and in substituting the momentum expression, it becomes:

uλ
θ
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The dipoles (bending magnets) bend the trajectory of the electron in short
arcs, and the observer placed on axis receives the radiation for a very short
time: this narrow electric field in the time domain corresponds to a broad-
band radiation in the frequency domain. In consequence, synchrotron radia-
tion covers a wide spectral range. More intense radiation can be then obtained
by alternating a series of Nw dipoles (so-called ”wigglers”) resulting in an in-
tensity enhancement by Nw . The angle of emission results from the different
poles, and it is then wider.

Fig. 1.3 Undulator sketch
with a periodic magnetic
field created by alternated
poles. Case of a periodic
field created with permanent
magnet according to the
Halbach configuration [57].

A periodic magnetic field (period ⌅u), as expressed in Tab 1.1 can also be
generated in the so-called ”insertion devices” (undulator or wigglers) [4] made
of an alternated succession of magnets, enabling the radiation to be more in-
tense due to the higher number of emitters (as shown in Fig. 1.3). Insertion
devices can be built either using permanent magnet and high permeability
steel poles (such as Vanadium Permendur) or with coils (normal or supercon-
ducting ones). The movement of electrons in a sinusoidal periodic field Bu

(Bux , Buz) is ruled by the first Lorentz equation, i.e. ⇥mo
d�
d⌃ = e� ⇥Bu . A

first integration leads to the normalized velocity � , given in Table 1, consid-
ering that 1

⇥ =
�

1�� 2
x �� 2

z �� 2
s with the deflection parameter Ku , Kux , Kuz

given by Ku =
eBu⌅u
2⇧moc (Kux =

eBux⌅u
2⇧moc , Kuz =

eBuz⌅u
2⇧moc ). In the wiggler regime, the

angle of the velocity Ku
⇥ is large with respect to 1

⇥ . For Kux = Kuz = Ku and the
dephasing between the horizontal and vertical field components ⇤ = ⇧

2 , one

has �s = 1� 1
⇥2 �

K2
u

2⇥2 . A second integration gives the trajectory. In the pla-
nar case, the electrons execute smooth sinusoı̈dal oscillations in the horizontal
plane, so that the radiation is kept in the same emitted cone. In addition, the
beam oscillates at twice the pulsation in the longitudinal direction. The inter-
ference takes place for the wavelengths ⌅n for which n⌅n = c(1��s)t , with
n an integer, �s the longitudinal reduced velocity of the electrons. The funda-
mental resonant wavelength is obtained for n = 1 , i.e. for ⌅1 = ⌅u(1��s) .
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𝛉  : observation angle

𝛄 : Lorentz factor

1 Synchrotron radiation, polarization, devices and new sources 9

In accelerators, synchrotron is produced when the particle trajectory is sub-
jected to a magnetic field, which is for example generated in bending magnets
in circular accelerators. The coordinate system given in Fig. 1.1 with s the
longitudinal coordinate, x (resp. z) the horizontal (resp. vertical) position is
adopted.

Fig. 1.1 Adopted coordinate
system a s the longitudinal
coordinate of the electron,
transverse coordinates x in
horizontal and z in vertical,
b position of the observer
with respect to the emitting
particle.

When a relativistic particle of normalized energy ⇥ given by ⇥ = E
moc2 (with

E its energy, mo the particle mass, e the particle charge and c the speed of
light) is submitted to the magnetic field Bd of a dipole, its movement is given
by the Lorentz equation, as ⇥mo

dv
d⌅ = ev �Bd , with the particle time ⌅ , its

velocity v(⌅) = � (⌅)c , and its position R(⌅) . In case of an uniform magnetic
field, the particle follows an arc of circle, whose radius ⇤ is given by

⇤ =
mo⇥�c

eBd
(1.1)

The observer receives the emitted radiation in a cone of solid angle 1
⇥ be-

cause of the relativistic transformation of the angles from the particle frame to
the laboratory frame (see Fig. 1.2). Synchrotron radiation is very collimated,
and the higher the electron beam energy, the smaller the collimation angle.

Fig. 1.2 Relativistic projec-
tion of the radiation angles,
dipole emission in the labo-
ratory frame of the particle
and projected emission in the
observation frame, within a
cone of 1

⇥ .

Planar undulator

8
>>>>>><

>>>>>>:

x = �Kuc
�

R
sin (!ut)dt = Kuc

�!u
cos (!ut),

z = Kuc
�

R
cos (!ut)dt = �Kuc

�!u
sin (!ut),

s = c
⇣
1 � 1

2�2 � K2
u

4�2

⌘
t = hvsict.

(7)

The electron trajectory on axis is helical. There is no oscillatory movement in the longitudinal direction
at twice the frequency.

2.3.3 Undulator radiation
Let’s now consider the specific features of the undulator radiation.

2.3.3.1 Resonance
Electron wiggling inside the undulator emits synchrotron radiation, as in a succession of bending mag-
nets. They emit synchrotron radiation due to their acceleration in the transverse plane. For each period,
the radiation is emitted in a narrow cone of aperture 1/� in the forward direction.

The radiation emitted along the undulator interferes constructively depending on the phase lag
between the electron and the front of the emitted wave train. One can then introduce the resonance
condition: when the electron progresses by �u, the wave has travelled by (�u + �) or more generally by
(�u +n�) with n an integer, the radiation of one electron from the different periods interfere and can add
constructively for these wavelengths �n, as shown in Fig. 4.

uλ
θ

Fig. 4: Undulator resonance condition: when the electron progresses by �u, the wave has travelled by �u + �, to
being the time origin, vs being longitudinal velocity of the electrons.

In introducing the path difference between the two rays: n�n, one has c�u/vs ��u cos ✓/c = n�n

leading to

n�n = �u(1 � �s cos ✓)/�s. (8)

Synchrotron radiation being emitted ahead for small angles, one can approximate cos ✓ by (1 �
✓2/2), and using �s = h�si = 1 � 1/2�2 � K2

u/4�2 for a planar undulator, it becomes

�n =
�u

2n�2

✓
1 +

K2
u

2
+ �2✓2

◆
. (9)

In the case of a helical undulator (with �s = h�si = 1�1/2�2�K2
u/2�2), the resonant wavelength

becomes

�n =
�u

2n�2
(1 + K2

u + �2✓2). (10)

This is the so-called ‘undulator resonance’ wavelength, setting the undulator radiation as a series
of harmonics, of order n. The wavelength �n of the emitted radiation can be varied by changing the
electron beam energy or by a modification of the undulator magnetic field (by changing the gap for

6

 deflection parameter

Single electron emission : homogeneous linewidth

Intensity α Nu2

interference from trains of  Nu periods :

Multi-electron emission : Inhomogeneous linewidth 

When (∆𝛌/𝛌)inh becomes dominant, Intensity α Nu

energy spread

SOLEIL upgradeSOLEIL, present

 divergence and size (emittance)
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Fig. 10: Radiation train emitted from the undulator of period Nu periods lu. The electron moves along the undulator length with a
speed v (vt = Nulu) and emits a wave packet whose length is (c� v)t = Nul . The wavepacket contains the same number of periods as

the undulator, i. e. Nu.

The spectral distribution is plotted in Fig. 11. With n the harmonic number, the linewidth of the radiation is of
the order of :

✓
Dl
ln

◆

hom
⇡ 1

nNu
(53)

Per analogy to conventional lasers, it is called the "homogeneous linewidth". More precisely, sincx2 = 0.5 for
x =±1.39156 so :

✓
Dl
ln

◆

hom
=

0.89
nNu

(54)

Fig. 11: Intensity spectral distribution for different values of Nu, in red (resp. green), the undulator number of periods is doubled (resp.
multiplied by 5) with respect to the blue case.
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2.3.4 Gain expression

The small signal gain is given by :

G = n
2pe2

eomoc2 re
K2

u
lu

(
Lu

g
)3
h
Jn�1

2
(x )� Jn+1

2
(x )

i2 ∂
∂g

sinc2 (pNuh) (115)

Depending on the sign of (l �lr), the optical wave is either absorbed to the benefit of thekinetic energy of the
electrons, or is amplified to the detriment of the kinetic energy of the electrons.

One finds here the main characteristics of the gain.
The small signal gain varies as the inverse of the cube of the energy. The higher the energy, the lower the

gain. But, according to the resonance condition, short wavelength operation requires the use of high electron beam
energies. In consequence, for a same undulator length, the gain is smaller at short wavelengths than at longer ones.

The gain is proportional to the electronic density. The more electrons interact, the larger the gain. For short
wavelength FELs where the gain is naturally small, one should employ beams with high electronic densities.

The gain is proportional to the beam current.
The gain appears to be also proportional to the third power of the undulator length. It seems that the longer the

undulator, the higher the gain. As the undulator length, the gain width also decreases by 1/nNu, because of the
interference nature of the interaction, so the number of undulator periods can not be excessively large.

Temporally, the light pulse should remain in the longitudinal bunch distribution, for the interaction to occur.
Similarly, both the optical light and electron bunch should overlap properly all long the undulator propagation. To
account for these effects, let’s introduce some correction factors in the gain.

2.3.5 Gain correction terms

A first reduction factor can occur from a non perfect transverse overlap between the laser transverse modes and
the transverse dimensions of the electron beam sx and sz. Considering a laser of T EM00 mode of waist wo, the
transverse filling factor Ff is given by :

Ff =
1q

1+( wo
2sx

)2
q

1+( wo
2sz

)2
(116)

Besides, according to the Madey’s theorem, spontaneous emission broadening due to energy spread and emit-
tance affect directly the gain. The homogeneous linewidth is given by :

✓
Dl
ln

◆

hom
=

1
nNu

(117)

whereas the inhomogeneous broadening result from different contributions. The two first terms are related to
the electron beam emittance.

✓
Dl
ln

◆

s 0
=

g2s 02

1+ K2
u

2

(118)

✓
Dl
ln

◆

sz

=
2p2K2

u
1+K2

u/2
s2

z
l 2

u
(119)

Another contribution comes from the electron beam energy spread.
✓

Dl
ln

◆

sg/g
=

2sg
g

(120)

Bph µ Dl
ln
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Fig. 25 Bunching factor. Parameters : 25 GeV, peak current 5 kA undulator period 50 mm, resonant radiation wavelength � 0.1nm

For photons of 10 keV with a beam of 15 GeV , a Pierce parameter of 0.001, at 10 keV , Ncoh.ph � 1500 !
The uncorrelated trains of radiation, which result from the interaction of electrons progressing jointly with the

previously emitted spontaneous radiation, lead to spiky longitudinal and temporal distributions, apart from single
spike operation for low charge short bunch regime [135, 136]. The emission usually presents poor longitudinal
coherence properties. On single pass FEL, transverse coherence results from the electron beam emittance (which
should be of the order of the emitted wavelength) and from possible gain guiding.

Because of the limited performance of mirrors, short wavelength FEL are usually operated in the so-called Self
Amplified Spontaneous Emission (SASE) (see Fig. 26b) setup [118, 120, 119], where the spontaneous emission at
the input of the FEL amplifier is amplified, typically up to saturation in a single pass after a regime of exponential
growth.

3.4 Conditions for amplification

Let’s discuss now the conditions for SASE amplification.
The electron beam should be rather "cold", its energy spread should be smaller than the bandwidth, i. e.

⌃⇥
⇥

< ⇧FEL (172)

There should be a proper transverse matching (size, divergence) between the electron beam and the photon
beam along the undulator progression for insuring a proper interaction. It means that the emittance should not be
too large at short wavelength. For long undulators, intermediate focusing is then put between undulator segments.
It writes :

�n

⇥
<

⇤
4⌅

(173)

It only became possible to reach FEL at short wavelenght because of the progresses on electron guns.
The radiation diffraction losses should be smaller than the FEL gain, i.e. the Rayleigh length should be larger

than the gain length.

Zr > Lgo (174)

Corrections terms (from the 3D theory) can be introduced XXX REF M. XieXXXX

6 Marie-Emmanuelle Couprie

The electrons execute smooth sinusoidal oscillations in the horizontal plane, so
that the radiation is kept in the same emitted cone. In addition, there is a oscillation
at twice the pulsation in the longitudinal direction. The interference takes place for
the wavelengths when the ⌅n for which :

n⌅n = c(1�⇥s)t (14)

with n an integer, ⇥s the longitudinal reduced velocity of the electrons. The fun-
damental resonant wavelength is obtained bor n = 1, i.e. for ⌅1 = ⌅u(1�⇥s).

Using the expression of ⇥s, one gets the expression of the resonant wavelength
and its harmonics, according to :

n⌅n =
⌅u

2⇤2 (1+
K2

u
2
) (15)

The wavelength ⌅n of the emitted radiation can be varied by a modification of the
undulator magnetic field (by changing the gap for permanent magnet insertion de-
vices or the power supply current for electromagnetic insertion devices). In the time
domain, the observer receives a train of Nu magnetic periods which can be consid-
ered as quasi-continuous emission of radiation with respect to the bending magnet
radiation. The radiation spectrum, square of the Fourier transform of this train, is
then composed of a series of square sinus cardinal, centered on odd harmonics. The
”homogenous” relative linewidth of the harmonics is then given by :

�⌅
⌅n

=
1

nNu
(16)

The so-called ”homogenous linewidth” refers to the case of a single electron.
The emission is then a narrow-band in the frequency domain. In other words, the
emitted field interfere between different points of the trajectory, leading to sharp
peak emission.

xxxxxxxxxxxxxxx RESTE donner la longueur d’onde critique et la puissance
totale rayonnee xxxxxxxxxxxxxxxxxx

2 Electron beam characteristics

3 General characteristics of synchrotron radiation

3.1 Retarded Liénard-Wiechert potentials

Let’s consider an electron traveling on a curved trajectory and emitting radiation
at time ⇧ (the electron time or retarded time) at the position

��⇥
R(⇧) with a velocity

��⇥
v(⇧) = ��⇥⇥ (⇧)c. The stationary observer receives the emission at time t at the fixed

2
Undulator
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Fig. 25 Bunching factor. Parameters : 25 GeV, peak current 5 kA undulator period 50 mm, resonant radiation wavelength � 0.1nm

For photons of 10 keV with a beam of 15 GeV , a Pierce parameter of 0.001, at 10 keV , Ncoh.ph � 1500 !
The uncorrelated trains of radiation, which result from the interaction of electrons progressing jointly with the

previously emitted spontaneous radiation, lead to spiky longitudinal and temporal distributions, apart from single
spike operation for low charge short bunch regime [135, 136]. The emission usually presents poor longitudinal
coherence properties. On single pass FEL, transverse coherence results from the electron beam emittance (which
should be of the order of the emitted wavelength) and from possible gain guiding.

Because of the limited performance of mirrors, short wavelength FEL are usually operated in the so-called Self
Amplified Spontaneous Emission (SASE) (see Fig. 26b) setup [118, 120, 119], where the spontaneous emission at
the input of the FEL amplifier is amplified, typically up to saturation in a single pass after a regime of exponential
growth.

3.4 Conditions for amplification

Let’s discuss now the conditions for SASE amplification.
The electron beam should be rather "cold", its energy spread should be smaller than the bandwidth, i. e.

⌃⇥
⇥

< ⇧FEL (172)

There should be a proper transverse matching (size, divergence) between the electron beam and the photon
beam along the undulator progression for insuring a proper interaction. It means that the emittance should not be
too large at short wavelength. For long undulators, intermediate focusing is then put between undulator segments.
It writes :

�n

⇥
<

⇤
4⌅

(173)

It only became possible to reach FEL at short wavelenght because of the progresses on electron guns.
The radiation diffraction losses should be smaller than the FEL gain, i.e. the Rayleigh length should be larger

than the gain length.

Zr > Lgo (174)

Corrections terms (from the 3D theory) can be introduced XXX REF M. XieXXXX
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The energy exchange is governed by the current term due to the electron movement and to the
space charge induced electric field.

d⇤
ds

=� e
moc2⇥r

Re
⇤�Ku

⇤
Jn�1

2
( )� Jn+1

2
( )

⌅
Ex

2⇥r
+Es

⇥
e(ı⌦)

⌅
(188)

These equations are usually solved analytically.

7.2 Evolution of the light wave in the High gain regime of Free Electron Lasers

7.2.1 The FEL cubic equation

In the case of a rather "small" periodic density modulation, one defines a normalized particle
distribution function, which obeys the Vlasov equation. After mathematical manipulation [143]
[133], one can show that the radiation amplitude Ex satisfies :

˙̈Ex

� 3 +2ı
⇤

⌥FEL

Ëx

� 2 +
⇤ k2

p

� 2 � ⇤2

⌥2
FEL

⌅ Ėx

�
� ıEx = 0 (189)

with ⌥FEL the so-called Pierce parameter or FEL parameter

⌥FEL =
⇤Ku[JJ]�p

4�u

⌅2/3
=

1
2⇥ku

�µoe2K2
u [JJ]2kune

4mo

⇥1/3
(190)

� the gain parameter

� = 2ku⌥FEL (191)

with kp the space charge parameter

kp =
�p

c⇥

⇧
2⇧
⇧u

(192)

with �p the plasma pulsation :

�p =

⇧
4⌃e2ne

mo
(193)

In the specific case of ⇤ = 0 (on resonance) and for kp = 0 i.e. for negligible space charge, the
cubic equation takes its In its simplest form, as :

˙̈Ex

� 3 �� 3ıEx = 0 (194)

Considering the electric field expressed as ⇥ e(ı⌅s), ti comes :

⌅3 = ı� 3

with three solutions :

⌅1 =�ı� ⌅2 = (ı+
⇤

3)� /2 ⌅3 = (ı�
⇤

3)� /2

FEL

40

Fig. 25 Bunching factor. Parameters : 25 GeV, peak current 5 kA undulator period 50 mm, resonant radiation wavelength � 0.1nm

For photons of 10 keV with a beam of 15 GeV , a Pierce parameter of 0.001, at 10 keV , Ncoh.ph � 1500 !
The uncorrelated trains of radiation, which result from the interaction of electrons progressing jointly with the

previously emitted spontaneous radiation, lead to spiky longitudinal and temporal distributions, apart from single
spike operation for low charge short bunch regime [135, 136]. The emission usually presents poor longitudinal
coherence properties. On single pass FEL, transverse coherence results from the electron beam emittance (which
should be of the order of the emitted wavelength) and from possible gain guiding.

Because of the limited performance of mirrors, short wavelength FEL are usually operated in the so-called Self
Amplified Spontaneous Emission (SASE) (see Fig. 26b) setup [118, 120, 119], where the spontaneous emission at
the input of the FEL amplifier is amplified, typically up to saturation in a single pass after a regime of exponential
growth.

3.4 Conditions for amplification

Let’s discuss now the conditions for SASE amplification.
The electron beam should be rather "cold", its energy spread should be smaller than the bandwidth, i. e.

⌃⇥
⇥

< ⇧FEL (172)

There should be a proper transverse matching (size, divergence) between the electron beam and the photon
beam along the undulator progression for insuring a proper interaction. It means that the emittance should not be
too large at short wavelength. For long undulators, intermediate focusing is then put between undulator segments.
It writes :

�n

⇥
<

⇤
4⌅

(173)

It only became possible to reach FEL at short wavelenght because of the progresses on electron guns.
The radiation diffraction losses should be smaller than the FEL gain, i.e. the Rayleigh length should be larger

than the gain length.

Zr > Lgo (174)

Corrections terms (from the 3D theory) can be introduced XXX REF M. XieXXXX
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Undulator radiation and FEL requirements
In transverse (transverse sizes and divergences) In longitudinal (energy spread and bunch length)

��������	
����
���������������������
�������
��

��	�
�	�����	����

� �
�����

���� �
���	
(���"��&��
����#���

δF@

δ>@

δ>@δF@

0	��!��	!��$��!��!$�#�!

���
���������$��!��!$�#�

��	�����#����#���


G7���������H�1�$����!I

δF@

δ>@

=> Handling of the energy spread=> Handling of the divergence
• Demixing chicane

• Tranverse gradient undulator

the magnetic field so that every electron satisfies the reso-
nant condition Eq. (1) in the undulator. For a full cant angle
2! ! !y=ð!xÞ, the gradient parameter is

" ¼ 2!
1

K0

@K0

@y
¼ 2!

!
5:47

#u
% 3:6

g

#2
u

"
; (5)

where the last step uses Halbach’s formula [13] for hybrid
undulators and g is the average gap of the canted poles. We
note that the TGU concept has been recently discussed to
improve the spontaneous undulator radiation spectrum by
using a superconducting (SC) undulator [14]. The advan-
tage of a superconducting undulator is the combination of
smaller period, larger magnetic field and higher transverse
gradient.

The TGU analysis of Refs. [12,15] was aimed at low-
gain FELs. Here we study high-gain FELs which are more
relevant for LPAs. We first use the 1D FEL model and
ignore 3D effects. In a normal undulator, the gain length
dependence on the (Gaussian) energy spread can be
described by

LG ! #u

4$
ffiffiffi
3

p
%

!
1 þ &2

'

%2

"
: (6)

This formula yields the right asymptotic behaviors for both
&' ' % and &' ( % [16] and agrees with the numerical
solution of the 1D FEL dispersion relation.

For a transverse gradient undulator, the beam is dis-
persed in the horizontal direction with an increased beam
size. This reduces the beam density and the coupling to the
radiation through the FEL parameter %. We can define an
effective % for TGU as

%T ¼ %
!
1 þ (2&2

'

&2
x

"% 1=6
: (7)

Because of the transverse field gradient, an intrinsic
horizontal beam size will also induce an effective energy
spread in a TGU as

&eff
' ¼ K2

0

2 þ K2
0

&K

K0
¼ K2

0

2 þ K2
0

"&x: (8)

The intrinsic beam size is determined by the horizontal
emittance "x and the beta function ). For a relatively short
undulator of length Lu considered here for LPAs without
external focusing, it is reasonable to take ) ! Lu=2, and

hence &x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
"xLu=2

p
in Eq. (8). The 1D gain length for a

TGU equivalent to Eq. (6) is then

LT
G ! #u

4$
ffiffiffi
3

p
%T

$
1 þ

!
K2

0

2 þ K2
0

"
2 "2"xLu

2%2
T

%
: (9)

Let us consider a LPA operating between 500 MeV to
1 GeV with the normalized emittance *0"x )0:1 +m and
a peak current of I0 )5 to 10 kA. For a few-meter undu-
lator length, we can expect &x )15 +m. Let us take #u ¼
1 to 2 cm, K )2 in order to reach EUV and soft x-ray
wavelengths. This leads to the estimation %)5*10% 3.
We also assume the transverse gradient parameter ")
100 m% 1 (see Table I below for more details), then the
dispersion is ( ! 1:5 cm. If we define the gain length
ratios as the gain lengths predicted from Eqs. (6) and (9)
over the ideal gain length #u=ð4$

ffiffiffi
3

p
%Þ, Fig. 2 shows these

ratios vs rms energy spread generated by the LPA in units
of %. We conclude that TGU can significantly reduce the
gain length when &' > % for these parameters.
Another method to reduce the gain length of a large

energy spread beam is by decompressing the electron
bunch longitudinally [17]. Decompression reduces the en-
ergy spread over an FEL slice at the expense of decreasing
the peak current. Figure 2 shows the estimated gain length
using this approach with a decompression factor of 10.
Although a similar gain length reduction may be obtained
this way, the transverse gradient undulator offers four
distinct advantages over the decompression method:
(i) Shorter x-ray pulse length (a few fs in duration) and
higher peak x-ray power; (ii) smaller radiation bandwidth;

TABLE I. Electron beam and undulator parameters used to
study transverse gradient undulator for compact EUV and soft
x-ray FELs.

Parameter Symbol EUV X-ray

Beam energy *0mc2 500 MeV 1 GeV
Norm. transv. emittance *0"x 0:1 +m 0:1 +m
Peak current I0 5 kA 10 kA
Flattop bunch duration T 10 fs 5 fs
Rel. rms energy spread &' 2% 1%
Undulator type Hybrid SC
Undulator period #u 2.18 cm 1 cm
Undulator length Lu 5 m 5 m
Undulator parameter K0 1.85 2
Transverse gradient " 43 m% 1 150 m% 1

Horizontal dispersion ( 3.7 cm 1 cm
Resonant wavelength #r 31 nm 3.9 nm

FIG. 1 (color online). Transverse gradient undulator by cant-
ing the magnetic poles. Each pole is canted by an angle ! with
respect to the xz plane. The higher energy electrons are dispersed
to the higher field region (positive x) to match the FEL resonant
condition.
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Fig. 10: Radiation train emitted from the undulator of period Nu periods lu. The electron moves along the undulator length with a
speed v (vt = Nulu) and emits a wave packet whose length is (c� v)t = Nul . The wavepacket contains the same number of periods as

the undulator, i. e. Nu.

The spectral distribution is plotted in Fig. 11. With n the harmonic number, the linewidth of the radiation is of
the order of :

✓
Dl
ln

◆

hom
⇡ 1

nNu
(53)

Per analogy to conventional lasers, it is called the "homogeneous linewidth". More precisely, sincx2 = 0.5 for
x =±1.39156 so :

✓
Dl
ln

◆

hom
=

0.89
nNu

(54)

Fig. 11: Intensity spectral distribution for different values of Nu, in red (resp. green), the undulator number of periods is doubled (resp.
multiplied by 5) with respect to the blue case.
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2.3.4 Gain expression

The small signal gain is given by :

G = n
2pe2

eomoc2 re
K2

u
lu

(
Lu

g
)3
h
Jn�1

2
(x )� Jn+1

2
(x )

i2 ∂
∂g

sinc2 (pNuh) (115)

Depending on the sign of (l �lr), the optical wave is either absorbed to the benefit of thekinetic energy of the
electrons, or is amplified to the detriment of the kinetic energy of the electrons.

One finds here the main characteristics of the gain.
The small signal gain varies as the inverse of the cube of the energy. The higher the energy, the lower the

gain. But, according to the resonance condition, short wavelength operation requires the use of high electron beam
energies. In consequence, for a same undulator length, the gain is smaller at short wavelengths than at longer ones.

The gain is proportional to the electronic density. The more electrons interact, the larger the gain. For short
wavelength FELs where the gain is naturally small, one should employ beams with high electronic densities.

The gain is proportional to the beam current.
The gain appears to be also proportional to the third power of the undulator length. It seems that the longer the

undulator, the higher the gain. As the undulator length, the gain width also decreases by 1/nNu, because of the
interference nature of the interaction, so the number of undulator periods can not be excessively large.

Temporally, the light pulse should remain in the longitudinal bunch distribution, for the interaction to occur.
Similarly, both the optical light and electron bunch should overlap properly all long the undulator propagation. To
account for these effects, let’s introduce some correction factors in the gain.

2.3.5 Gain correction terms

A first reduction factor can occur from a non perfect transverse overlap between the laser transverse modes and
the transverse dimensions of the electron beam sx and sz. Considering a laser of T EM00 mode of waist wo, the
transverse filling factor Ff is given by :

Ff =
1q

1+( wo
2sx

)2
q

1+( wo
2sz

)2
(116)

Besides, according to the Madey’s theorem, spontaneous emission broadening due to energy spread and emit-
tance affect directly the gain. The homogeneous linewidth is given by :

✓
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whereas the inhomogeneous broadening result from different contributions. The two first terms are related to
the electron beam emittance.

✓
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Another contribution comes from the electron beam energy spread.

(
Dl
ln

)sg =
2sg

g
(120)

It results into an inhomogeneous reduction factor Finh expressed as :

17

Fig. 10: Radiation train emitted from the undulator of period Nu periods lu. The electron moves along the undulator length with a
speed v (vt = Nulu) and emits a wave packet whose length is (c� v)t = Nul . The wavepacket contains the same number of periods as

the undulator, i. e. Nu.

The spectral distribution is plotted in Fig. 11. With n the harmonic number, the linewidth of the radiation is of
the order of :

✓
Dl
ln

◆

hom
⇡ 1

nNu
(53)

Per analogy to conventional lasers, it is called the "homogeneous linewidth". More precisely, sincx2 = 0.5 for
x =±1.39156 so :

✓
Dl
ln

◆

hom
=

0.89
nNu

(54)

Fig. 11: Intensity spectral distribution for different values of Nu, in red (resp. green), the undulator number of periods is doubled (resp.
multiplied by 5) with respect to the blue case.
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The small signal gain varies as the inverse of the cube of the energy. The higher the energy, the lower the

gain. But, according to the resonance condition, short wavelength operation requires the use of high electron beam
energies. In consequence, for a same undulator length, the gain is smaller at short wavelengths than at longer ones.

The gain is proportional to the electronic density. The more electrons interact, the larger the gain. For short
wavelength FELs where the gain is naturally small, one should employ beams with high electronic densities.

The gain is proportional to the beam current.
The gain appears to be also proportional to the third power of the undulator length. It seems that the longer the

undulator, the higher the gain. As the undulator length, the gain width also decreases by 1/nNu, because of the
interference nature of the interaction, so the number of undulator periods can not be excessively large.

Temporally, the light pulse should remain in the longitudinal bunch distribution, for the interaction to occur.
Similarly, both the optical light and electron bunch should overlap properly all long the undulator propagation. To
account for these effects, let’s introduce some correction factors in the gain.

2.3.5 Gain correction terms

A first reduction factor can occur from a non perfect transverse overlap between the laser transverse modes and
the transverse dimensions of the electron beam sx and sz. Considering a laser of T EM00 mode of waist wo, the
transverse filling factor Ff is given by :
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Besides, according to the Madey’s theorem, spontaneous emission broadening due to energy spread and emit-
tance affect directly the gain. The homogeneous linewidth is given by :
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Another contribution comes from the electron beam energy spread.
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Dl
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It results into an inhomogeneous reduction factor Finh expressed as :
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• Plasma lens (passive, active)

• High gradient quadrupole 
(permanent magnet based)

Introduction
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supermatchingstrong focusing
start : 400 MeV, 1 µm,  1.25 mrad, 1 %, 2 fs RMS, 20 pC 

decompression ( 1 % -> 0.1 %,  2 fs -> 20 fs)
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LWFA

seeding

 A. Loulergue et al.., New J. Phys. 17 (2015) 023028 (2015)

COXINEL
(M. E. Couprie, 

SOLEIL)

electron production
colliding scheme,
shock assisted 
ionization injection

X-Five 
(V. Malka, LOA) 

 COXINEL : a test experiment towards a LWFA FEL amplification

 A. Loulergue et al.., New J. Phys. 17 (2015) 023028 (2015)
M. E. Couprie et al.  J. Physics B : At., Mol. Opt. Phys. (2014) 234001

Introduction

M. Labat et al., Robustness of a plasma acceleration based Free 
Electron Laser, Phys. Rev. Accelerators and beams 21, 114802 (2018)

Parameters Source

Energy (MeV) 180

Charge [pC] 34

Divergence [mrad] 1

Beam size [µm] 1

Normalized emittance [π.mm.mrad] 1

Relative energy spread [%] 1

Bunch length (µm) 1

Peak current [kA] 4
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Strong Focusing
Chromatic matching : r11=r33=15
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b)

Strong Focusing,
Chromatic matching : r11=r33=20

Figure 6. a) FEL peak power comparison versus chicane strength, b) FEL power
increase comparison, chicane strength fixed to 0.5 mm for both cases, along the 5 m
undulator of 15 mm magnetic period and 1.5 T maximum field at 40 nm wavelength
and 400 MeV beam energy.

of magnitude for the chromatic matching cases which reaches the saturation in the

GW peak power range at the exit of the 5 m undulator. The chicane strength (r56)

sensitivity is not critical and gives a flat optimum over 0.2 mm. The maximum output

power appear close to the chicane strength synchronisation condition increasing with the

magnification (Eq. 8). In this example, an optimum his reached at a chicane strength

of r56 = 0.5 mm and a transverse magnification of r11 = r33 = 20.

The chromatic matching case has a higher and continuous power increase (Fig. 6b)

driven by the focusing slippage while the strong focusing case, has gain at undulator

centre where the electrons are focused. A deeper analysis from GENESIS code ouput

showes that the effective electron transverse beam sizes according to the maximum

peak FEL wave propagation exhibit large variations, from 140 to 25 µm rms in the

horizontal plane for instance (Fig. 7a1) for the strong focusing case. These effective

electron transverse beam sizes are almost constant to 45 µm rms in both planes for

the chromatic case and the Twiss beta function are then as low as 0.8 m over a large
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Figure 6. a) FEL peak power comparison versus chicane strength, b) FEL power
increase comparison, chicane strength fixed to 0.5 mm for both cases, along the 5 m
undulator of 15 mm magnetic period and 1.5 T maximum field at 40 nm wavelength
and 400 MeV beam energy.

of magnitude for the chromatic matching cases which reaches the saturation in the

GW peak power range at the exit of the 5 m undulator. The chicane strength (r56)

sensitivity is not critical and gives a flat optimum over 0.2 mm. The maximum output

power appear close to the chicane strength synchronisation condition increasing with the

magnification (Eq. 8). In this example, an optimum his reached at a chicane strength

of r56 = 0.5 mm and a transverse magnification of r11 = r33 = 20.

The chromatic matching case has a higher and continuous power increase (Fig. 6b)

driven by the focusing slippage while the strong focusing case, has gain at undulator

centre where the electrons are focused. A deeper analysis from GENESIS code ouput

showes that the effective electron transverse beam sizes according to the maximum

peak FEL wave propagation exhibit large variations, from 140 to 25 µm rms in the

horizontal plane for instance (Fig. 7a1) for the strong focusing case. These effective

electron transverse beam sizes are almost constant to 45 µm rms in both planes for

the chromatic case and the Twiss beta function are then as low as 0.8 m over a large

chicane strength : 0.5 mm 
5 m U15 undulator (1.5 T maximum field)
 40 nm, 400 MeV

 Initial beam : 4 kA,  1%, 1 µm, 1 
π.mm.mrad, 1 mrad (all rms data)

Undulators 
 U20 of 2m targeting 200 nm at 180 MeV
 U15 of 3m targeting   40 nm at 400 MeV
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Figure 8. FEL outpout peak power temporal distributions at undulator exit, same
configuration than Fig. 6b.

almost negligeable for experiment confort.
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Figure 9. FEL outpout peak power temporal distributions at undulator exit

A state-of-the-art high field short period undulator is considered (PrFeB based cryo-

ready undulator of 5 m long, 15 mm period and 3 mm gap). An alternative to increase

the electron transverse density by introducing additional focusing inside the undulator

itself has been excluded, because of technological challenges. A second alternative,

based on additional quadrupoles between segments of undulator is not effective because

of excessive induced slippage and beam matching complication due to the different slice

phase space configuration. In addition, the tow previous quadrupoles setting describe

here are not based on the initial beam knowledge, a priori difficult to measure, only

matrix transfert terms are canceled.

H

V

A. Loulergue, M. Labat, C. Benabderrahmane, V. Malka, M. E. Couprie, Beam manipulation for compact laser wakefield accelerator based free-electron lasers, New J. Phys. 17 (2015) 023028 (2015)

 Chromatic matching
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It results into an inhomogeneous reduction factor Finh expressed as :
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The longitudinal overlap between the electron bunch of RMS length sl and the optical wave should be main-
tained. The light wave is in advance by Nul with respect to the electrons, and for short electron bunch distributions,
it could escape. A new correction factor Fg is introduced as :

Fg =
h
1+

Nul
sl

i�1
(122)

The small signal gain can be expressed as :

G = n
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or :
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with re the electronic density, ro the classical radius of the electron.

2.4 Phase evolution and pendulum equation

2.4.1 Pendulum equation

Let’s consider now the phase given by z = (nku + k)s̃�wt. It evolves as :

dz
dt

= (nku + k)
ds̃
dt

�w = (nku + k)(1�
1+ K2

u
2

2g2 )c� kc = nku �nku(
1+ K2

u
2

2g2 )c� k
1+ K2

u
2

2g2 c

Since nku << k, it comes :

dz
dt

= nkuc� k
1+ K2

u
2

2g2 c

Using 1+ K2
u

2 = g2
r 2n ku

kr
, it comes :

dz
dt

= nkuc�nkuc
g2

r
g2 = nkuc(1� g2

r
g2 ) = nkuc

(g � gr)(g + gr)

g2 = 2nkuc
(g � gr)

g
It then comes :

dz
dt

= 2nkuch (125)

I- COXINEL set-up and modelling
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The laser and electron source
Responsability Laboratoire d’Optique Appliquée (LOA), 
S. Corde, C. Thaury

Laser 2 x 60 TW of LOA, used for 3 different fields

!"#$%&$'()*+,-(.*

/0*1*
,234*

536#($))$'(*

,2
34
*

II- COXINEL components

Ionization injection
99% He, 1 % N2

Robustness
High charge

Laser Characteristics:
Ti:Sa (800 nm)
Pulse Duration = 30 fs
Energy = 1.2-1.5 J on target

Laser upgrade : 120 TW,  25 fs, 2.75-3.5 J on target for the main pulse
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 Permanent magnet quadrupole with variable gradient for 
the LPA beam divergence handling

Gradient : up to 200 T/m
Variability by 50 %

Patent :
- « Multi-pôle magnétique réglable », C. Benabderrahmane, M. E. Couprie, SOLEIL, F. Forest, O. Cosson Sigmaphi,  Numéro de 
dépôt : 1458335
Adjustable magnetic multipole, 5/09/2014-  WO 2016034490 A1, publication : 10 mars 2016
- Europe : PCT/EP2015/069649 of 27/08/2015

Integrated gradient : 10 T
Bore diameter : 10 mm

F. Marteau et al., Variable high gradient permanent magnet quadrupole (QUAPEVA), Appl. Phys. Lett. 111, 253503 (2017)
A. Ghaith et al., Tunable High Gradient Quadrupoles For A Laser Plasma Acceleration Based FEL, Nuclear Inst. and Methods in 
Physics Research, A 909 (2018) 290–293
A. Ghaith et al.Permanent Magnet Based Quadrupoles, Submitted to Intruments, MDPI, (2019)

expressed as: BðzÞ ¼
P1

n ¼ 1ðBn þ iAn Þ zn % 1

r0
, with n being the

multipolar order, Bn and An the normal and skew multipolar
coefficients, and r0 the radius for which coefficients are com-
puted or measured. “Normalized” components an and bn are
defined as an ¼ 104&An /B2 and bn ¼ 104&Bn /B2. For a perfect
normal quadrupole (n ¼ 2, A2 ¼ 0), the complex induction
becomes By þ iBx ¼ B2

xþ iy
r0

. A realistic quadrupole contains
higher order multipoles resulting from the structure, mag-
nets, or mechanical assembly imperfections.

The QUAPEVA is made of two entangled quadrupoles.
A central one following a Halbach hybrid structure consti-
tuted of four Nd2Fe14B PMs and four Iron-Cobalt alloy mag-
netic poles. An outer one composed of four PM cylinders
with a radial magnetic moment orientation, each connected
to a motor producing a variable gradient by the rotation
around their axis. Four Iron-cobalt alloy plates are placed
behind the PM cylinders in order to maintain the magnetic
flux within the outer diameter to increase the gradient in the
quadrupole aperture. The magnetic system is inserted into a
dedicated Aluminum support frame in order to maintain the
magnetic elements in their positions due to the strong gener-
ated magnetic force. Figure 1 presents three particular con-
figurations of the tuning magnets; (a) maximum gradient:
tuning magnets’ easy axis towards the central magnetic
poles, (b) intermediate gradient: the tuning magnets are in
the reference position, i.e., their easy axis is perpendicular to
the central magnetic poles, and (c) minimum gradient: tuning
magnets’ easy axis away from the central magnetic poles.

The QUAPEVA specifications have been defined
according to LPA beam transport in the COXINEL case.
QUAPEVAs should be compact (6 mm bore radius) and ade-
quate to the vacuum environment, have magnetic lengths
from 26 mm up to 100 mm and good magnet quality to
ensure high remanence and coercivity, and guaranty a high
gradient GP100 T=m with a large tunability P30%, along-
side small harmonic components (b6=b263%; b10=b2

61:5%). Motors also should handle the magnetic forces
induced by the magnetic system.

Two numerical tools are used to optimize the geometry
and magnetic parameters of the QUAPEVAs: RADIA21 a
magnetostatic code based on the boundary integral method
[Fig. 2(a)]; TOSCA22 a finite element magnetostatic code
[Fig. 2(b)], using non-linear steel properties from induction
versus magnetic field data. The tuning magnet magnetization
angles are parameterized in order to simulate the gradient
tuning and check the gradient range.

Figure 3 shows the simulated gradient evolution com-
puted at a 4 mm radius while rotating the tuning magnets
from 0 to 2p rad by the same angle from their reference posi-
tion, where the gradient reaches a maximum and a minimum
value for a complete rotation. The simulation results of the
two models are in good agreement. The evolution is fitted
with a sinus function G(h) ¼ G0 þ Gt sin(h), where G0 is the
fixed gradient of the main magnets, Gt the gradient contribu-
tion of all the tuning magnets, and h their corresponding
angle. The gradient variation from peak to peak is ' 90 T/m,
and the maximum gradient reaches ' 201 T/m with the proto-
type one (l ¼ 100 mm).

Table I shows the prototype simulated field gradient and
multipole components in the intermediate case [Fig. 1(b)],
alongside measurement results.

The chosen motors (HARMONIC DRIVE, FHA-C mini
motors) have sufficient torque to counteract the magnetic
forces and are very compact (48.5 ( 50 ( 50 mm3). Each
tuning magnet is connected to one motor allowing a precise
positioning of each magnet that minimizes the magnetic cen-
ter shift at different gradients. The magnetic system is
mounted on an Aluminum frame. A non-magnetic belt trans-
mits the rotation movement from the motor to the cylindrical
magnets. The quadrupole is supported by a translation table
(horizontal and vertical displacement) used to compensate
any residual magnetic axis shift when varying the gradient.

FIG. 1. Scheme of the QUAPEVA: Permanent magnet blocks (blue) and
rotating cylinders (red), Vanadium Permendur magnetic plates (green) and
poles (orange), and Aluminum support frame (grey). (a) Maximum, (b)
intermediate, and (c) minimum gradients.

FIG. 2. (a) RADIA model and (b) TOSCA model.

FIG. 3. Simulations of the prototype gradient evolution versus tuning mag-
net angle at the longitudinal center of the QUAPEVA, with (!) TOSCA and
(") RADIA. (Line) Sinus fit. Remanent field: 1.26 T, coercivity: 1830 kA/
m, and pole saturation: 2.35 T.

TABLE I. Normalized first order multipoles and gradient results computed
and measured at a radius of 4 mm for the prototype (tuning magnets at their

reference position). RC: Rotating Coil; SSW: Single Stretched Wire.

RADIA TOSCA RC SSW

G0 (T/m) 164.5 164.4Ð
B2 & dl ðT mÞ 0.0658 0.06576 0.06324 0.0627

b6 202 199 237 247

b10 % 158 % 152 % 133 % 138

253503-2 Marteau et al. Appl. Phys. Lett. 111, 253503 (2017)

∆ : TOSCA
☐ RADIA

QUAPEVA 1: +102.8 T/m , QUAPEVA 2: −101.2 T/m, QUAPEVA 3: +88.17 T/m

Valorisation

Figure 4 shows the resulting mechanical design (left) and an
assembled QUAPEVA on the translation table (right).

Two different magnetic measurements are performed to
characterize the quadrupoles. A dedicated radial rotating coil
was built for the SOLEIL magnet characterization bench23

and a stretched-wire bench developed at Laboratoire de
l’Acc!el!erateur Lin!eaire (LAL).

A linear model is built taking into account the contribu-
tion of the inner and outer quadrupoles and considering that
the saturated steel behaves as a permanent magnet. The main

multipole B2 becomes: B2 ¼ B0
2 þ

Pk¼4
k¼1 Bk

2 sinðhk þ /Bk
2
Þ,

where B0
2 is the main magnet contribution, Bk

2 the contribu-

tion of the kth tuning magnet number, hk its angle, and /Bk
2

the multipolar phase shift. Not considering the harmonic
dependence with the tuning angles of the cylinders, the tun-
ing magnet angle for a given gradient can be computed

using: hk ¼ sin% 1ððB
req
2 % B0

2Þ
4Bk

2

Þ % /Bk
2
, where Breq

2 is the required

normal quadrupolar term. Applying this modeling, one can
then measure the gradient change of one QUAPEVA while
the different cylindrical magnets are rotated simultaneously,

as shown in Fig. 5(a) G ¼
Ð

B2:dl

Rl

" #
, where R is the radius of

the measured field region. Measurements with rotating coil

and stretched wire are in good agreement and correspond to
the expectations from the RADIA and TOSCA models (see
Table I). Figures 5(b) and 5(c) show however that the gradi-
ent variation leads to a harmonic excursion about 20% of the
average value.

A crucial aspect for the operation of the QUAPEVA
for practical use is to maintain the evolution of the mag-
netic center as small as possible. The mechanical design
anticipated a residual evolution to be compensated by
applying proper feed-forward tables deduced from the mag-
netic measurements on the horizontal and vertical position
of the translation stages. Different measurements of the
magnetic center versus gradient were carried out. Starting
from a first reference position of the maximum gradient

FIG. 4. Left: Mechanical design; right: Assembled QUAPEVA.

FIG. 5. Evolution of the main and harmonic term of the prototype versus the
rotation of the different cylindrical magnets. Normal multipolar terms (2, 6,
and 10) from: (!) RADIA, (") TOSCA, and (#) rotating coil measurement.
(a) 2nd (n¼ 2), (b) 6th (n¼ 6), and (c) 10th (n¼ 10) multipolar term.

FIG. 6. Magnetic center evolution measurements: ($) rotating coil and (þ)
stretched wire. QUAPEVAs (a) 26 mm, (b) 40.7 mm, and (c) 44.7 mm mag-
netic length.

FIG. 7. Normal multipole terms for the intermediate gradient case. (a) n¼ 2,
(b) n¼ 6, and (c) n¼ 10. (!) RADIA, (") TOSCA, (þ) stretched wire mea-
surement, and (#) rotating coil measurement.

253503-3 Marteau et al. Appl. Phys. Lett. 111, 253503 (2017)
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U18 n2 :  2 m cryo-ready hybrid PrFeB U18 undulator
18 mm period

Valléau, M., Benabderrahmane, C., Briquez, F., Berteaud, P., Tavakoli, K., Zerbib, D., ... & Vétéran, J. (2016, July). Development of cryogenic undulators with PrFeB 
magnets at SOLEIL. In AIP Conference Proceedings (Vol. 1741, No. 1, p. 020024). AIP Publishing.
M. Valléau, et al., Development of Cryogenic Undulators with PrFeB magnets at SOLEIL, Journal of Physics : Conferences Series (proceedings of SRI 2015) 

M. Valléau

The undulator
U18 n°2 undulator ( cryo-ready, used at room temperature)

Remanent field :1.35  (1.57)T @ 300 (77) K
Hcj : 1.63 (7.6) T @ 300 (77) K
Minimum gap : 5.5 mm 
B= 1.15 T at 77 K,  K = 1.93
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2x60 TW laser 
of LOA
Salle Jaune

• 2 m U28 cry-ready in-vacuum undulator, variable gap down to 5 mm
• 3 m U15 cryo-ready undulator (coll. Sweden)

Figure 1: CATIA general integration view of the COXINEL LWFA demonstration set-up (from left to right) : LWFA
chamber (grey) with the first set of quadrupoles and a current beam transformer, magnetic chicane dipoles (red), quadruplet
of quadrupoles (blue), undulator (case of 2 meter U20 undulator), dipole for beam dump (red), spectrometer (brown).

Figure 2: Left : quadrupole (dark blue) with steerer (light
blue) and screen arm support. Right : U20 Undulator

Table 3: Characteristics of the U20 undulator

Characteristics Unit U20
Period mm 20
Technology Under Vacuum
Permanent magnet Nd2Fe14B
Poles Vanadium-Permendur
Number of periods 98
Minimum gap mm 5.5
Peak field T 1.5
Magnetic length m 2

cated after the QUAPEVAs in the electron generation cham-
ber and at the exit of the undulator (see Fig. 3).

Figure 3: Left : Optical setup for imagers. Right: ICT 2
(left) and cBPM 2 (right) at the exit of the undulator.

There are also five imagers on the line. Di@erent screens
(YAG, LANEX, OTR and target for calibration) of 1⇥⇥ size,

mounted on a motorized arm at 45 deg, intercept the beam.
The extracted light through a window is imaged via lenses
onto a CCD camera (Basler SC640-GM). Imager 2 and 3
are placed in the middle of the chicane o@-axis for energy
and energy spread measurement.

The photon diagnostics at the end of the beam line include
a photomultiplier (Hamamatsu), a spectrometer (Horiba) and
a camera for imaging the inside of the undulator.

The vacuum system is composed by a primary circuit all
along the line and six turbomoleculars pumps at di@erent
locations (two on the dipole girder, one on the quadrupoles
girder, two on the undulator and the last one at the end of the
line). The vacuum in the line is about 10�5mbar whereas
in the generation chamber, it is a few 10�3mbar .

The control is managed through the equipments device
servers by TANGO system, similar to the one used at syn-
chrotron SOLEIL. Motors are moved via XPS (Newport)
controllers. Compact PCI are used for ICT, cBPMs and
spectrometer. Several high level applications (machine con-
figuration, machine status, vacuum, imagers etc.) have been
developed in Matlab and Python. In addition to the two
power supplies cabinet, there are additional ones for the
magnetic elements and the control server, vacuum and diag-
nostics.

INSTALLATION
Each di@erent piece of equipment has been characterized

independently and installed on its girder prior to installa-
tion on the LOA site. The reference axis has been aligned
using a laser tracker (Faro) on the LOA site. Fiducial refer-
ences were taken for the magnetic elements on the magnetic
measurement benches and reported on the LOA site. The
installed line is shown on Fig.5.

FIRST TRANSPORT THROUGH COXINEL
BEAM LINE

The electron beam is first generated and tuned without
the QUAPEVA quadrupoles installed. A specific dipole can
be used to check the energy range of the electrons. Various

The COXINEL components
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Figure 1: CATIA general integration view of the COXINEL LWFA demonstration set-up (from left to right) : LWFA
chamber (grey) with the first set of quadrupoles and a current beam transformer, magnetic chicane dipoles (red), quadruplet
of quadrupoles (blue), undulator (case of 2 meter U20 undulator), dipole for beam dump (red), spectrometer (brown).

Figure 2: Left : quadrupole (dark blue) with steerer (light
blue) and screen arm support. Right : U20 Undulator

Table 3: Characteristics of the U20 undulator

Characteristics Unit U20
Period mm 20
Technology Under Vacuum
Permanent magnet Nd2Fe14B
Poles Vanadium-Permendur
Number of periods 98
Minimum gap mm 5.5
Peak field T 1.5
Magnetic length m 2

cated after the QUAPEVAs in the electron generation cham-
ber and at the exit of the undulator (see Fig. 3).

Figure 3: Left : Optical setup for imagers. Right: ICT 2
(left) and cBPM 2 (right) at the exit of the undulator.

There are also five imagers on the line. Di@erent screens
(YAG, LANEX, OTR and target for calibration) of 1⇥⇥ size,

mounted on a motorized arm at 45 deg, intercept the beam.
The extracted light through a window is imaged via lenses
onto a CCD camera (Basler SC640-GM). Imager 2 and 3
are placed in the middle of the chicane o@-axis for energy
and energy spread measurement.

The photon diagnostics at the end of the beam line include
a photomultiplier (Hamamatsu), a spectrometer (Horiba) and
a camera for imaging the inside of the undulator.

The vacuum system is composed by a primary circuit all
along the line and six turbomoleculars pumps at di@erent
locations (two on the dipole girder, one on the quadrupoles
girder, two on the undulator and the last one at the end of the
line). The vacuum in the line is about 10�5mbar whereas
in the generation chamber, it is a few 10�3mbar .

The control is managed through the equipments device
servers by TANGO system, similar to the one used at syn-
chrotron SOLEIL. Motors are moved via XPS (Newport)
controllers. Compact PCI are used for ICT, cBPMs and
spectrometer. Several high level applications (machine con-
figuration, machine status, vacuum, imagers etc.) have been
developed in Matlab and Python. In addition to the two
power supplies cabinet, there are additional ones for the
magnetic elements and the control server, vacuum and diag-
nostics.

INSTALLATION
Each di@erent piece of equipment has been characterized

independently and installed on its girder prior to installa-
tion on the LOA site. The reference axis has been aligned
using a laser tracker (Faro) on the LOA site. Fiducial refer-
ences were taken for the magnetic elements on the magnetic
measurement benches and reported on the LOA site. The
installed line is shown on Fig.5.

FIRST TRANSPORT THROUGH COXINEL
BEAM LINE

The electron beam is first generated and tuned without
the QUAPEVA quadrupoles installed. A specific dipole can
be used to check the energy range of the electrons. Various

M. E. Couprie, Plasma Physics and Controlled Fusion, Volume 58, Number 3 (2016), M. Labat et al. J. Synchrotron Rad. (2018). 25, 68-71 https://doi.org/10.1107/
S1600577517015284, M. Labat et al., "Electron and photon diagnostics for plasma acceleration-based FELs." Journal of synchrotron radiation 25.1 (2018).

e. Slit

Princeton PIXIS XO camera2048B

0.53 T @ 150 A 20T/m

38 G.m
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Figure 7. Simulation of vertical (a) horizontal (b) RMS beam envelope evolution along the line for a
flat-top beams of 180±0.3 MeV (dashed line), 176±0.3 MeV (solid line) and 172±0.3 MeV (dotted line),
with the "Undulator" optics, an initial s0

z = 2 mrad (RMS) and s0
x = 3.12 mrad (RMS).

3.2. Electron Beam Transport Experimental Tuning164

The few mrad initial divergence of the eletron beam is rapidly handled via the strong magnetic165

field generated by the QUAPEVA triplet, the entrance of the first quadrupole being positioned at 5 cm166

from the source. The QUAPEVAs tunability also gives a high capability to adjust the COXINEL line to167

the variations that the laser-plasma system undergoes during the experiments in real time. During168

experiments, pointing variations of the LPA beam can appear in relation to the reference beam path,169

and they can be compensated throughout the displacement of the magnetic center of the QUAPEVA170

triplet from the reference path. In this Beam Pointing Alignement Compensation (BPAC) [23] method,171

the response matrix which links the position and the dispersion function of the beam and a transverse172

displacement of the QUAPEVA triplet is calculated, then the displacement values are applied to the173

experimental configuration. To deal with the high relative energy spread of the beam, a magnetic174

chicane with a slit in the middle is positioned after the QUAPEVA triplet. It stretches longitudinally175

the beam, sorts electrons by energy and then selects the energy of interest via the removable and176

adjustable slit which cuts the rest of the energies. Finally, a set of four quadrupoles focus the beam177

inside an in-vacuum undulator.178

4. Beam shape dependence on QUAPEVA 2 gradient179

The influence of the gradient change of the QUAPEVA 2, the strongest one, is investigated. In180

order to better comprehend QUAPEVA 2 gradient changes effect on the beam, a series of simulations181

varying the gradient from the initial optics "undulator entrance" (see Figure 6c) is done and the result182

in phase-space and the transversal beam distribution at the screen before the undulator are analyzed.183

Figure 8 shows the changes of the beam at the screen before the undulator by changing the QUAPEVA184

2 gradient. For the reference setting gradient, the beam is well focused at the center of the screen185

especially for the energies around 176±1% MeV. For the lower and higher energies, the spot size186

is bigger with a halo of particles around the center as shown in both the transversal shape and the187

vertical-horizontal position per energy (lower panel). When the gradient is increased to +1% and188

+3%, the vertical-horizontal position per energy plot shows that the high energies get more focused189

vertically while the central and lower energies are focused horizontally causing the cross shape as190

observed on the screen. By decreasing the gradient by -1% and -3%, the opposite occurs, the lower191

energies being the ones focused vertically and the rest being focused horizontally as appreciated in the192

vertical-horizontal position per energy plot. The width and density in the cross arms are uneven for193

each case due to the difference in electron density per energy (see Figure 2).194

VerticalHorizontal

III- COXINEL electron beam transport
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Adjustment of the vertical dispersion in the chicane
7

150 nm. Bandpass filters from Edmund Optics were employed for
spectral selectivity (a filter centered at 200 nm (16% transmission)
with a 10.2 nm FWHM width, a filter centered at 254 nm (30%
transmission) with 40.8 nm FWHM width, and a filter centered at
300 nm (32% transmission) with a 46.2 nm FWHM width).

Modeling
Electron beam modeling Limited to the first order, the propaga-

tion of an electron through a magnetic system can be represented
with a matrix formalism: X(s) = R · X(0), where X(s) =
(x(s), x0(s), z(s), z0(s), ⇣(s), � = �P/P0) is the six-dimensional
phase-space vector that describes the electron positions and momenta
at any position s along the trajectory and R is a 6⇥6 matrix that rep-
resents the magnetic line with R = R(n) · · ·R(1)R(0) the product
of the individual transport matrix of the elements of the line (i.e.
drift, quadrupoles, bendings, etc.).

The transport relies on a source-to-image optics. A first estimate
of the demagnification factor due to the QUAPEVA focusing is given
by �f = �i ⇥ R12/D with �f (�i) the focused (unfocused) beam
size, R12 the element of the transport matrix linking the position and
the momentum of the electrons (R12 = 0.327 m, horizontal plane,
and R34 = 0.144 m, vertical plane, D the distance between the
screen and the electron source screen (D = 64 cm).

The electron beam dynamics is modeled up to the second or-
der, including high order non-linear effects, with BETA multi-
particle tracking code [59]. Similar results are obtained with ASTRA
[32, 60], ELEGANT [61] and OCELOT [62]. For comparison with
experiment, modeling is performed with BETA for Figure 1 and 5,
with ELEGANT for Figure 2, 3, 4 and with OCELOT for Figure 6.
A hard edge model with equivalent magnetic length is used for the
QUAPEVA, and the effective focusing loss (0.5%) resulting of the
longitudinal fringe field extension is accounted for the experiment.
Apertures of the vacuum chamber along the line are included for the
beam losse evaluation.

Electron beam parameters used for the simulations are deduced
from the measurements. The electron beam distribution is taken from
the charge and vertical distrubution versus enegry between 50 and
280 MeV. The electron beam horizontal divergence is rescaled form
spectrometer and first screen measurments. The emittance is taken
constant and equal to 1.0 mm.mrad in both directions. For the chro-
matic focusing optics, the quadrupole gradients are for QUAPEVA 1:
+102.8 T/m with skew contribution (ratio of skew gradient over nor-
mal gradient) of +6.5⇥ 10�3, for QUAPEVA 2: �101.2 T/m with
skew contribution of �19.8⇥ 10�3, for QUAPEVA 3: +88.17 T/m
with skew contribution of �18.3 ⇥ 10�3, for QEM 1: �2.43 T/m,
for QEM 2: +3.98 T/m, for QEM 3: �5.76 T/m, for QEM 4:
+2.14 T/m.

Electron Beam Pointing Alignment Compensation (BPAC) mod-
eling A conventional beam-based alignment (BBA) of magnetic ele-
ments would consist in varying the gradient while changing the mag-
netic axis of a quadrupole which would align the electron path along
the magnet centre but not necessarily the electron path along the axis
of the transfer line [63]. An empirical BBA technique with elec-
tron beam energy variation has been employed for single-pass Free-
Electron Lasers [64]. The proposed BPAC method consists in com-
pensating the initial pointing of the electron beam and QUAPEVAs
with respect to the line, thanks to the QUAPEVA magnetic center
resettings. In order to apply the BPAC, one needs to numerically
compute the response matrix of the line linking the position and dis-
persion of the beam to the transverse offset of the QUAPEVAs. The
transport of the beam is done numerically by applying in a first step,
a transverse offset �Zi = (�xi,�zi) to the magnetic center of the
QUAPEVA i in consideration for the case of an ideal beam without
energy dispersion (i.e. � = 0), and in a second step, by considering

an electron beam with a given energy dispersion � 6= 0:

Xi,A(s) = R (s,�Zi) ·X(0, � = 0), (1)
Xi,B(s) = R (s,�Zi) ·X(0, � 6= 0). (2)

The induced orbit (xi(s), zi(s)) and dispersion (Dx,i(s), Dz,i(s))
due to the mis-alignment of the QUAPEVA i at any position s along
the line are equal to:

xi(s) =< xi,A(s) >, (3)
zi(s) =< zi,A(s) >, (4)

Dx,i(s) =
< xi,B(s) > � < xi,A(s) >

�
, (5)

Dz,i(s) =
< zi,B(s) > � < zi,A(s) >

�
, (6)

where <> is the average over the entire electron bunch. From eq. (3-
6), the response matrix Ax,z(s) of the transport line can be expressed
as:

Ax(s) =

✓
x1(s) x2(s) x3(s)
Dx,1(s) Dx,2(s) Dx,3(s)

◆
, (7)

Az(s) =

✓
z1(s) z2(s) z3(s)

Dz,1(s) Dz,2(s) Dz,3(s)

◆
, (8)

and the orbit (x(s), z(s)) and dispersion (Dx(s), Dz(s)) of the elec-
tron beam are deduced by:

✓
x(s)
Dx(s)

◆
= Ax(s) ·

0

@
�x1

�x2

�x3

1

A , (9)

✓
z(s)
Dz(s)

◆
= Az(s) ·

0

@
�z1
�z2
�z3

1

A , (10)

where �xi,�zi are the QUAPEVAs transverse offset. By solving
eq. (9, 10), one can deduce the transverse offset to apply to the
QUAPEVAs to correct independently the orbit and dispersion de-
duced from beam positions and profiles on the given screens. The
under-determined system is solved by means of a least square meth-
ods and exhibits very small residual orbit and dispersion slopes at
the exit of the permanent quadrupoles making it almost valid for all
screens.

Modeling of the undulator radiation Simulations of undula-
tor radiation are performed using LWFA test particle beam with a
broad energy spectrum (see dotted curve in the inset of Fig. 6.c),
0.5 mm.mrad emittance, 3 mrad vertical and 5 mrad horizontal di-
vergences. The 12000 test particles are propagated in the undulator
with �s = �u/50 steps, using the second order Boris method [65].
Orbits are recorded and integrated to compute the spectral-angular
distribution of radiation energy using classical far-field approach (see
[66]):

dE
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(11)
with "0 the vacuum permittivity. It has been checked that similar
results are found with the more accurate near-field model given by
[67]:
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150 nm. Bandpass filters from Edmund Optics were employed for
spectral selectivity (a filter centered at 200 nm (16% transmission)
with a 10.2 nm FWHM width, a filter centered at 254 nm (30%
transmission) with 40.8 nm FWHM width, and a filter centered at
300 nm (32% transmission) with a 46.2 nm FWHM width).

Modeling
Electron beam modeling Limited to the first order, the propaga-

tion of an electron through a magnetic system can be represented
with a matrix formalism: X(s) = R · X(0), where X(s) =
(x(s), x0(s), z(s), z0(s), ⇣(s), � = �P/P0) is the six-dimensional
phase-space vector that describes the electron positions and momenta
at any position s along the trajectory and R is a 6⇥6 matrix that rep-
resents the magnetic line with R = R(n) · · ·R(1)R(0) the product
of the individual transport matrix of the elements of the line (i.e.
drift, quadrupoles, bendings, etc.).

The transport relies on a source-to-image optics. A first estimate
of the demagnification factor due to the QUAPEVA focusing is given
by �f = �i ⇥ R12/D with �f (�i) the focused (unfocused) beam
size, R12 the element of the transport matrix linking the position and
the momentum of the electrons (R12 = 0.327 m, horizontal plane,
and R34 = 0.144 m, vertical plane, D the distance between the
screen and the electron source screen (D = 64 cm).

The electron beam dynamics is modeled up to the second or-
der, including high order non-linear effects, with BETA multi-
particle tracking code [59]. Similar results are obtained with ASTRA
[32, 60], ELEGANT [61] and OCELOT [62]. For comparison with
experiment, modeling is performed with BETA for Figure 1 and 5,
with ELEGANT for Figure 2, 3, 4 and with OCELOT for Figure 6.
A hard edge model with equivalent magnetic length is used for the
QUAPEVA, and the effective focusing loss (0.5%) resulting of the
longitudinal fringe field extension is accounted for the experiment.
Apertures of the vacuum chamber along the line are included for the
beam losse evaluation.

Electron beam parameters used for the simulations are deduced
from the measurements. The electron beam distribution is taken from
the charge and vertical distrubution versus enegry between 50 and
280 MeV. The electron beam horizontal divergence is rescaled form
spectrometer and first screen measurments. The emittance is taken
constant and equal to 1.0 mm.mrad in both directions. For the chro-
matic focusing optics, the quadrupole gradients are for QUAPEVA 1:
+102.8 T/m with skew contribution (ratio of skew gradient over nor-
mal gradient) of +6.5⇥ 10�3, for QUAPEVA 2: �101.2 T/m with
skew contribution of �19.8⇥ 10�3, for QUAPEVA 3: +88.17 T/m
with skew contribution of �18.3 ⇥ 10�3, for QEM 1: �2.43 T/m,
for QEM 2: +3.98 T/m, for QEM 3: �5.76 T/m, for QEM 4:
+2.14 T/m.

Electron Beam Pointing Alignment Compensation (BPAC) mod-
eling A conventional beam-based alignment (BBA) of magnetic ele-
ments would consist in varying the gradient while changing the mag-
netic axis of a quadrupole which would align the electron path along
the magnet centre but not necessarily the electron path along the axis
of the transfer line [63]. An empirical BBA technique with elec-
tron beam energy variation has been employed for single-pass Free-
Electron Lasers [64]. The proposed BPAC method consists in com-
pensating the initial pointing of the electron beam and QUAPEVAs
with respect to the line, thanks to the QUAPEVA magnetic center
resettings. In order to apply the BPAC, one needs to numerically
compute the response matrix of the line linking the position and dis-
persion of the beam to the transverse offset of the QUAPEVAs. The
transport of the beam is done numerically by applying in a first step,
a transverse offset �Zi = (�xi,�zi) to the magnetic center of the
QUAPEVA i in consideration for the case of an ideal beam without
energy dispersion (i.e. � = 0), and in a second step, by considering

an electron beam with a given energy dispersion � 6= 0:

Xi,A(s) = R (s,�Zi) ·X(0, � = 0), (1)
Xi,B(s) = R (s,�Zi) ·X(0, � 6= 0). (2)

The induced orbit (xi(s), zi(s)) and dispersion (Dx,i(s), Dz,i(s))
due to the mis-alignment of the QUAPEVA i at any position s along
the line are equal to:

xi(s) =< xi,A(s) >, (3)
zi(s) =< zi,A(s) >, (4)

Dx,i(s) =
< xi,B(s) > � < xi,A(s) >

�
, (5)

Dz,i(s) =
< zi,B(s) > � < zi,A(s) >

�
, (6)

where <> is the average over the entire electron bunch. From eq. (3-
6), the response matrix Ax,z(s) of the transport line can be expressed
as:

Ax(s) =

✓
x1(s) x2(s) x3(s)
Dx,1(s) Dx,2(s) Dx,3(s)

◆
, (7)

Az(s) =

✓
z1(s) z2(s) z3(s)

Dz,1(s) Dz,2(s) Dz,3(s)

◆
, (8)

and the orbit (x(s), z(s)) and dispersion (Dx(s), Dz(s)) of the elec-
tron beam are deduced by:

✓
x(s)
Dx(s)

◆
= Ax(s) ·

0

@
�x1

�x2

�x3

1

A , (9)

✓
z(s)
Dz(s)

◆
= Az(s) ·

0

@
�z1
�z2
�z3

1

A , (10)

where �xi,�zi are the QUAPEVAs transverse offset. By solving
eq. (9, 10), one can deduce the transverse offset to apply to the
QUAPEVAs to correct independently the orbit and dispersion de-
duced from beam positions and profiles on the given screens. The
under-determined system is solved by means of a least square meth-
ods and exhibits very small residual orbit and dispersion slopes at
the exit of the permanent quadrupoles making it almost valid for all
screens.

Modeling of the undulator radiation Simulations of undula-
tor radiation are performed using LWFA test particle beam with a
broad energy spectrum (see dotted curve in the inset of Fig. 6.c),
0.5 mm.mrad emittance, 3 mrad vertical and 5 mrad horizontal di-
vergences. The 12000 test particles are propagated in the undulator
with �s = �u/50 steps, using the second order Boris method [65].
Orbits are recorded and integrated to compute the spectral-angular
distribution of radiation energy using classical far-field approach (see
[66]):

dE
d⌦d!

=
1

4⇡"0

e2

4⇡2c

X

p

�����

Z 1

�1
dt

n⇥(n��)⇥�̇

(1� n�)2
ei!(t�nre/c)

�����

2

,

(11)
with "0 the vacuum permittivity. It has been checked that similar
results are found with the more accurate near-field model given by
[67]:

E! =
1

4⇡"0

ie!

c

Z 1

�1
dt

1

R


� � n

✓
1 +

ic

!R

◆�
ei!(t+R/c) .

(12)

T. André et al., Control of laser plasma accelerated electrons for light sources, Nature Communications (2018) 9:1334
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QUAPEVA magnetic 
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passing off-axis through the quadrupoles. Small quadru-
pole offsets act as a dipole spanning the particle trajectories
further amplified by the focussing of the quadrupoles
according to their energy. Even with the orbits corrected,
some dispersion persists. The dispersion functions are
plotted in Fig. 9(b) and exhibit values up to 10 mm in
the undulator region, i.e., as large as the purposed chicane
dispersion function. This effect spreads the beam up
to a final size of 100 μm in the case of 1% energy spread.

This value is equivalent or larger than the beam waist size in
the undulator and may spoil the FEL efficiency.
An immediate consequence of the dispersion increase,

even after orbit correction, is the total emittance growth
by center of mass displacement for each energy slice.
Figure 9(c–d) presents the emittance distribution based
on random source jitters (5 μm rms and 1 mrad rms) with
orbit correction. The total emittances are typically
increased by a factor of 3 to 5 from the pure chromatic
focussing dispersion.
Figure 10 shows the impact of the possible LPA trans-

verse position and pointing jitters on the FEL output power.
A drop by one order of magnitude is reached for displace-
ments above 20 μm rms and angles above 2 mrad rms. The
FEL power decreases for large beam transverse position
offsets and pointings mainly results from the loss of overlap
between the electron beam and the external seed which
remains injected on-axis.

C. Electron beam loss sensitivity

Another important consequence of large LPA beam
parameter deviations from the reference case can be an
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FIG. 9. Effect of random source jitters (5 μm rms in transverse
position, 1 mrad rms in divergence and 1% rms in energy spread)
on the LPA beam quality. (a) Rms orbits in the (red) horizontal
and (blue) vertical plane. (b) Dispersion functions in the (red)
horizontal plane, (blue) vertical plane and (black) horizontal
plane without jitter. (c–d) Statistical emittance distribution (500
tries) without the energy spread jitter, but with transverse position
and divergence jitters (5 μm rms in transverse position, 1 mrad
rms in divergence) and including orbit corrections. Simulation in
the nonlinear case with BETA and sympletic 6D tracking without
collective effects using the S2I-CM optics with r11 ¼ r33 ¼ 10
and r56 ¼ 0.4 mm.

FIG. 10. Normalized FEL peak power at the undulator exit
versus initial LPA beam (a) transverse position and (b) pointing
(angle) in the (red circle) horizontal and (blue square) vertical
plane. Beam transport simulation in the nonlinear case with
BETA and sympletic 6D tracking without collective effects using
the S2I-CM optics with r11 ¼ r33 ¼ 10 and r56 ¼ 0.4 mm. FEL
simulation with GENESIS.
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III- COXINEL electron beam transport

screens before and after the undulator. The horizontal dispersion
is then corrected on the screen located in front of the undulator
(Fig. 5b): the initial beam (I) is artificially dispersed vertically
leading to a tilted image (II) indicating the presence of horizontal

dispersion, which is then suppressed by rotating the beam
towards the vertical direction (III), finally the introduced vertical
dispersion is removed leading to a well-focused dispersion-free
centred round spot (IV). Figure 5c compares the applied position
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Fig. 4 Electron beam properties along the line. a Horizontal and b vertical envelopes for 171 (dashed), 176 (solid) and 181 (dotted) MeV electron beam
energies. c Losses along the line: 176 (red), 150 (green) MeV, spectrum from Fig. 2 (blue). d Horizontal (vertical) pipe diameter: dashed (solid).
QUAPEVAs (grey), dipole (red), electromagnetic quadrupoles (blue), undulator (purple)
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Fig. 5 Beam pointing alignment compensation alignment method. Superimposed images with the appropriate adjustment of the QUAPEVA magnetic
axis. a Case of screen in the middle of the chicane where the beam is horizontally dispersed, correction of the vertical dispersion (from I to II). On
screen located at the undulator entrance: b initial beam (I), with artificial vertical dispersion introduced (II), with horizontal dispersion corrected (III),
with artificial vertical dispersion removed (IV), c beam experimental transverse position control with respect to expected displacements from the
model (black crosses)
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Adjustment of QUAPEVA strength (screen located before the undulator)

Measurements

Simulations

T. André et al., Control of laser plasma accelerated electrons for light sources, Nature Communications (2018) 9:1334, T. André PhD 2018

Gradient change

Adjustment of the focused electron beam energy
III- COXINEL electron beam transport

corrections of the dispersion-free electron beam from the model
to the experimental measurements. BPAC enables to control the
electron beam position and dispersion just at the exit of the
QUAPEVA all along the downstream line even in presence of
electron pointing and residual equipment misalignment.

Fine tuning of the focused energies. As a final control step, the
variable gradient of the QUAPEVA allows for the fine tuning of
the electron beam focusing. Minor tuning of quadrupole
strength (decrease of the second QUAPEVA strength by 1.5%
from the model) enables the beam shape optimisation from a
cross-shaped profile (Fig. 6a) to a small round spot on the
screen placed after the undulator (Fig. 6c). Numerical analysis
demonstrates that the cross-shape results from electrons being
focused at different planes according to their energies, as illu-
strated in the phase-space representations. Measurements and
simulations are similar; the tilt of the cross results from a
remaining QUAPEVA skew quadrupole. Furthermore, for a
well-focused beam, a strength scan of all quadrupoles (QUA-
PEVA and electromagnetic quadrupoles) along the line by the
same ±2% amount permits to select the focused energies while
keeping the electron beams well centred on the screen with the
same size (Fig. 6b–d).

Following the above strategy, the electron beam is properly
handled all along the line. The measured beam transverse

distributions (Fig. 1, upper images) correspond indeed to the
simulated ones (Fig. 1, lower images).

Photon observation. The shaped electron beam is suitable for the
observation of the undulator synchrotron radiation with a camera
installed under vacuum at the end of the line. Figure 7a, b display
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Fig. 6 Transverse profile of the electron beam for different quadrupole
strengths. Electron beam optics focusing on the screen downstream the
undulator without slit, for the 176MeV reference case. Experimental,
simulated profiles and associate modelled phase-space plot a mismatched
case, c well-focused case with a 1.5% correction of QUAPEVA 2, variation
of the gradients of all the quadrupoles (permanent magnet and
electromagnetic) by −2% (b) and +2% (d)
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Fig. 7 Observation of undulator radiation. Measurement (a) and numerical
modelling (b) of the radiation flux density normalised to 1 pC (without slit,
bandpass filters and focusing lens). c Spectrum measured at the exit of the
electron source (dotted), and simulated at the entrance of the undulator
after transport in the line (dashed), with the 4mm slit (solid curve). d On-
axis resonant wavelength ranges without (blue) and with (red) slit, with
electrons below 10% of the maximum charge excluded and spectral FWHM
bandwidth of the optical filters. e Total photon count measured by a camera
with a lens and normalised by the beam charge black stars: without slit and
bandpass filter, downscaled by a factor 10; with a 4mm slit, red circles:
300 nm, green diamonds: 253 nm, blue squares: 200 nm filter. Error bars:
mean values and deviations of acquired data sets, solid curves: numerical
simulation
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rotating cylindrical magnets. They are also equipped with
motorised translation plates for magnetic axis adjustment in both
transverse directions. With the QUAPEVA triplet inserted, the
projected transverse size is reduced from 6 to 2 mm RMS in the
horizontal plane and from 3.5 to 1 mm RMS in the vertical plane
(Fig. 3a, d). Assuming an on-axis point source, the physical
aperture of the QUAPEVAs let pass through more than 85% of
the beam charge (Fig. 4c, d) and the transport line naturally filters
the low energy electrons (Fig. 4). While the QUAPEVAs provide
a strong focusing, they also permit to freeze the total-emittance
growth at the exit of the triplet. The slice emittance around 176
MeV for ±5MeV slice is typically increased from 1 to 92 (H) and
30 (V) (π.mm.mrad) due to the large initial divergence but
remains then unaffected along the line. The focused beam, both
measured and simulated, also exhibits a cross-like shape which
results from chromatic effects (Fig. 3b, e). Indeed, the low energy
electrons are focused horizontally while the high-energy ones are
focused vertically (Fig. 3c, f). The transport relies on a source-to-
image optics in which the focusing magnification depends on the
energy range (Fig. 4a, b) (see Methods section).

Beam alignment along the line. To progress further down the
line, while maintaining the beam quality, large orbit deviations
and dispersion must be reduced to minimise the beam distortions

in the undulator. Both can appear due to a misalignment of the
magnetic elements with respect to the electron beam axis,
resulting either from a defect of initial position of the equipment
(in particular the QUAPEVA) or from systematic and random
shifts of the electron beam pointing. While in some cases this
electron steering issue can be addressed using magnetised plasma
guiding37,38,51, a specific beam pointing alignment compensation
(BPAC) strategy, taking advantage of the motorised translations
of the QUAPEVA, is here implemented. The horizontal and
vertical response matrices Ax (s) and Az(s) of the system, at a
position s along the line, that link the beam position and dis-
persion to the transverse offset of the magnetic centre of the three
QUAPEVAs, are solved (see Methods section). The proper
positions of the quadrupole magnetic centres are tuned to inde-
pendently minimise the transverse offset and the dispersion
according to the required correction on a given screen in both
planes. This procedure is illustrated in Fig. 5 for two positions
along the line. In the middle of the chicane, where a strong
horizontal dispersion is produced, the vertical dispersion is cor-
rected (Fig. 5a) (tilted beam in position I rotates towards position
II). A ±400 μm maximum correction of QUAPEVA transverse
displacement mitigates the residual alignment errors of the
quadrupoles and a change of the electrons pointing. Then, on a
daily basis, adjustments remain within 10–150 μm. Further steps
of BPAC include optimisation of the beam on the downstream
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Fig. 1 Scheme of the COXINEL manipulation line: laser hutch (grey), gas jet (cyan), removable permanent magnet quadrupoles (grey) which can be
replaced by an electron spectrometer, magnetic chicane (dipole magnet in red) with a slit (brown) inserted in the middle of the chicane, electromagnetic
quadrupoles (blue), undulator (purple), cavity beam position monitors (yellow), dipole dump (red), beam dump (grey) and CCD camera (black). LANEX
and YAG screens for electron beam imagers. Measured (top) and simulated (down) electron beam transverse profiles (horizontal: x and vertical: z
direction) along the line
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5

ulated (see Methods) without the slit: They are similar in
terms of both signal level and profile shape. Simulations in-
dicate that the physical acceptance of the beamline, defined
by the vacuum chamber geometry, naturally removes the en-
ergies below 130 MeV from the initial broad energy spec-
trum (Fig. 6c), leading to a reduction of the energy spread
down to 30% RMS. When the 4 mm slit is inserted, the en-
ergy spread decreases to 8% RMS. A charge up to 17.4 pC,
without the slit, is transported through the undulator closed
at gap 5 mm. With the slit inserted, this charge drops to
5.2 pC. The resonant wavelengths corresponding to the elec-
tron beam energy range are displayed in Fig. 6d. For example,
for a gap g = 5 mm, �r spans from 98 nm to 358 nm with-
out the slit, and is reduced to 161 � 230 nm range with the
slit inserted. With larger gaps, the deflection parameter de-
creases as Ku / exp

�
�ag/�u + bg2/�2

u

�
with a and b con-

stants, and �r is reduced (see Methods). Thus, opening the
gap produces two effects: the decrease of the total radiation
power, P / K2

u, and a blue-shift of the produced spectrum,
�r / (1 +K2

u/2 + �2
r✓

2). Figure 6e shows measurements of
the integrated camera signal versus gap above 150 nm (due
to the optics system transmission), applying several spectral
bandpass filters. When opening the gap, the signals decrease,
both for measurements and simulations. In the case when the
electron beam is not spectrally filtered (black stars), the cam-
era receives the on-axis and the red-shifted off-axis radiation,
associated with the resonant wavelengths and its harmonics.
The signal follows qualitatively the dependence of the undula-
tor total power, decreasing as the intensity collected in the de-
tection spectral range. The measurements with the bandpass
filtered inserted (coloured markers) provide a further insight
on spectral behaviour. The filters at 253 and 300 nm collect
mainly off-axis light, exhibiting a similar gap dependance as
the total power. Alternatively, the narrow-band 200 nm filter
collects on-axis (at low gaps) and off-axis radiation, leading
to slightly different evolutions versus gap. The camera col-
lects the purely on-axis 200 nm light measured at 5 mm gap.
While at 6 mm gap, the resonant wavelength decreases, the
200 nm filter collects the red-shifted off-axis radiation whose
intensity is larger than the on-axis radiation [46] resulting in a
maximum on the gap curve(Fig. 6e). All these features clearly
demonstrate the synchrotron radiation nature of the light emit-
ted and, according to simulations, the full number of photons
per beam charge can be estimated as Nph ⇡ 3 · 107 per pC.

In conclusion, we have shown that the LWFA electron beam
properties can be manipulated through an adequate transport
line, mitigating the performance that does not meet that of
state-of-the-art conventional accelerators for some specific ap-
plications. In particular, the QUAPEVA triplet individual gra-
dient strengths and magnetic axis positions are finely tuned in
order to compensate beam pointing misalignments, to correct
dispersion and to precisely adjust the energy of the electrons.
Applying conventional accelerator techniques to laser wake-
field acceleration enables an adequate shaping of the electron
beam longitudinal and transverse phase-space, leading to the
successful observation of undulator synchrotron radiation af-
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FIG. 6: Observation of undulator radiation. Measurement (a) and
numerical modeling (b) of the radiation flux density normalised to
1 pC (without slit, band-pass filters and focusing lens). c, Spectrum
measured at the exit of the electron source (dotted), and simulated
at the entrance of the undulator after transport in the line (dashed),
with the 4 mm slit (solid curve). d, On-axis resonant wavelength
ranges without (blue) and with (red) slit, with electrons below 10%
of the maximum charge excluded and spectral FWHM bandwidth of
the optical filters. e, Total photon count measured by a camera with
a lens and normalized by the beam charge black stars: without slit
and band pass filter, downscaled by a factor 10; with a 4 mm slit,
red circles: 300 nm, green diamonds: 253 nm, blue squares: 200 nm
filter. Error bars: mean values and deviations of acquired data sets,
solid curves: numerical simulation.

ter 8 m transport. Even with the contributions of the remaining
shot-to-shot fluctuations, the radiation measurement is inter-
preted and is in a good agreement with the numerical analy-
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ulated (see Methods) without the slit: They are similar in
terms of both signal level and profile shape. Simulations in-
dicate that the physical acceptance of the beamline, defined
by the vacuum chamber geometry, naturally removes the en-
ergies below 130 MeV from the initial broad energy spec-
trum (Fig. 6c), leading to a reduction of the energy spread
down to 30% RMS. When the 4 mm slit is inserted, the en-
ergy spread decreases to 8% RMS. A charge up to 17.4 pC,
without the slit, is transported through the undulator closed
at gap 5 mm. With the slit inserted, this charge drops to
5.2 pC. The resonant wavelengths corresponding to the elec-
tron beam energy range are displayed in Fig. 6d. For example,
for a gap g = 5 mm, �r spans from 98 nm to 358 nm with-
out the slit, and is reduced to 161 � 230 nm range with the
slit inserted. With larger gaps, the deflection parameter de-
creases as Ku / exp
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gap produces two effects: the decrease of the total radiation
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2). Figure 6e shows measurements of
the integrated camera signal versus gap above 150 nm (due
to the optics system transmission), applying several spectral
bandpass filters. When opening the gap, the signals decrease,
both for measurements and simulations. In the case when the
electron beam is not spectrally filtered (black stars), the cam-
era receives the on-axis and the red-shifted off-axis radiation,
associated with the resonant wavelengths and its harmonics.
The signal follows qualitatively the dependence of the undula-
tor total power, decreasing as the intensity collected in the de-
tection spectral range. The measurements with the bandpass
filtered inserted (coloured markers) provide a further insight
on spectral behaviour. The filters at 253 and 300 nm collect
mainly off-axis light, exhibiting a similar gap dependance as
the total power. Alternatively, the narrow-band 200 nm filter
collects on-axis (at low gaps) and off-axis radiation, leading
to slightly different evolutions versus gap. The camera col-
lects the purely on-axis 200 nm light measured at 5 mm gap.
While at 6 mm gap, the resonant wavelength decreases, the
200 nm filter collects the red-shifted off-axis radiation whose
intensity is larger than the on-axis radiation [46] resulting in a
maximum on the gap curve(Fig. 6e). All these features clearly
demonstrate the synchrotron radiation nature of the light emit-
ted and, according to simulations, the full number of photons
per beam charge can be estimated as Nph ⇡ 3 · 107 per pC.

In conclusion, we have shown that the LWFA electron beam
properties can be manipulated through an adequate transport
line, mitigating the performance that does not meet that of
state-of-the-art conventional accelerators for some specific ap-
plications. In particular, the QUAPEVA triplet individual gra-
dient strengths and magnetic axis positions are finely tuned in
order to compensate beam pointing misalignments, to correct
dispersion and to precisely adjust the energy of the electrons.
Applying conventional accelerator techniques to laser wake-
field acceleration enables an adequate shaping of the electron
beam longitudinal and transverse phase-space, leading to the
successful observation of undulator synchrotron radiation af-
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FIG. 6: Observation of undulator radiation. Measurement (a) and
numerical modeling (b) of the radiation flux density normalised to
1 pC (without slit, band-pass filters and focusing lens). c, Spectrum
measured at the exit of the electron source (dotted), and simulated
at the entrance of the undulator after transport in the line (dashed),
with the 4 mm slit (solid curve). d, On-axis resonant wavelength
ranges without (blue) and with (red) slit, with electrons below 10%
of the maximum charge excluded and spectral FWHM bandwidth of
the optical filters. e, Total photon count measured by a camera with
a lens and normalized by the beam charge black stars: without slit
and band pass filter, downscaled by a factor 10; with a 4 mm slit,
red circles: 300 nm, green diamonds: 253 nm, blue squares: 200 nm
filter. Error bars: mean values and deviations of acquired data sets,
solid curves: numerical simulation.

ter 8 m transport. Even with the contributions of the remaining
shot-to-shot fluctuations, the radiation measurement is inter-
preted and is in a good agreement with the numerical analy-
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terms of both signal level and profile shape. Simulations in-
dicate that the physical acceptance of the beamline, defined
by the vacuum chamber geometry, naturally removes the en-
ergies below 130 MeV from the initial broad energy spec-
trum (Fig. 6c), leading to a reduction of the energy spread
down to 30% RMS. When the 4 mm slit is inserted, the en-
ergy spread decreases to 8% RMS. A charge up to 17.4 pC,
without the slit, is transported through the undulator closed
at gap 5 mm. With the slit inserted, this charge drops to
5.2 pC. The resonant wavelengths corresponding to the elec-
tron beam energy range are displayed in Fig. 6d. For example,
for a gap g = 5 mm, �r spans from 98 nm to 358 nm with-
out the slit, and is reduced to 161 � 230 nm range with the
slit inserted. With larger gaps, the deflection parameter de-
creases as Ku / exp

�
�ag/�u + bg2/�2

u

�
with a and b con-

stants, and �r is reduced (see Methods). Thus, opening the
gap produces two effects: the decrease of the total radiation
power, P / K2

u, and a blue-shift of the produced spectrum,
�r / (1 +K2

u/2 + �2
r✓

2). Figure 6e shows measurements of
the integrated camera signal versus gap above 150 nm (due
to the optics system transmission), applying several spectral
bandpass filters. When opening the gap, the signals decrease,
both for measurements and simulations. In the case when the
electron beam is not spectrally filtered (black stars), the cam-
era receives the on-axis and the red-shifted off-axis radiation,
associated with the resonant wavelengths and its harmonics.
The signal follows qualitatively the dependence of the undula-
tor total power, decreasing as the intensity collected in the de-
tection spectral range. The measurements with the bandpass
filtered inserted (coloured markers) provide a further insight
on spectral behaviour. With 253 and 300 nm filters mainly off-
axis light is collected, exhibiting a similar gap dependance as
the total power. Alternatively, with the 200 nm narrow-band
filter on-axis (at low gaps) and off-axis radiation is seen, lead-
ing to slightly different evolutions versus gap. At 5 mm gap
the camera collects the purely on-axis 200 nm light. While at
6 mm gap, the resonant wavelength decreases, the 200 nm fil-
ter band gets the red-shifted off-axis radiation whose intensity
is larger than the on-axis one [46] resulting in a maximum on
the gap curve (Fig. 6e). All these features clearly demonstrate
the synchrotron radiation nature of the light emitted and, ac-
cording to simulations, the full number of photons per beam
charge can be estimated as Nph ⇡ 3 · 107 per pC.

In conclusion, we have shown that the LWFA electron beam
properties can be manipulated through an adequate transport
line, mitigating the performance that does not meet that of
state-of-the-art conventional accelerators for some specific ap-
plications. In particular, we compensate for beam pointing
misalignments, correct dispersion and adjust the focused ener-
gies via fine tuning of individual gradient strengths and mag-
netic axis positions of the QUAPEVA triplet. Applying con-
ventional accelerator techniques to laser wakefield accelera-
tion enables an adequate shaping of the electron beam longi-
tudinal and transverse phase-space, leading to the successful
observation of undulator synchrotron radiation after 8 m trans-
port. Even with the contributions of the remaining shot-to-
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FIG. 6: Observation of undulator radiation. Measurement (a) and
numerical modelling (b) of the radiation flux density normalised to
1 pC (without slit, band-pass filters and focusing lens). c, Spectrum
measured at the exit of the electron source (dotted), and simulated
at the entrance of the undulator after transport in the line (dashed),
with the 4 mm slit (solid curve). d, On-axis resonant wavelength
ranges without (blue) and with (red) slit, with electrons below 10%
of the maximum charge excluded and spectral FWHM bandwidth of
the optical filters. e, Total photon count measured by a camera with
a lens and normalised by the beam charge black stars: without slit
and band pass filter, downscaled by a factor 10; with a 4 mm slit,
red circles: 300 nm, green diamonds: 253 nm, blue squares: 200 nm
filter. Error bars: mean values and deviations of acquired data sets,
solid curves: numerical simulation.

shot fluctuations, the radiation measurement is interpreted and
is in a good agreement with the numerical analysis. This elec-
tron beam control is not restricted to LWFA but could be of
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The electron trajectory on axis is helical. There is no oscillatory movement in the longitudinal direction
at twice the frequency.

2.3.3 Undulator radiation
Let’s now consider the specific features of the undulator radiation.

2.3.3.1 Resonance
Electron wiggling inside the undulator emits synchrotron radiation, as in a succession of bending mag-
nets. They emit synchrotron radiation due to their acceleration in the transverse plane. For each period,
the radiation is emitted in a narrow cone of aperture 1/� in the forward direction.

The radiation emitted along the undulator interferes constructively depending on the phase lag
between the electron and the front of the emitted wave train. One can then introduce the resonance
condition: when the electron progresses by �u, the wave has travelled by (�u + �) or more generally by
(�u +n�) with n an integer, the radiation of one electron from the different periods interfere and can add
constructively for these wavelengths �n, as shown in Fig. 4.

uλ
θ

Fig. 4: Undulator resonance condition: when the electron progresses by �u, the wave has travelled by �u + �, to
being the time origin, vs being longitudinal velocity of the electrons.

In introducing the path difference between the two rays: n�n, one has c�u/vs ��u cos ✓/c = n�n

leading to

n�n = �u(1 � �s cos ✓)/�s. (8)

Synchrotron radiation being emitted ahead for small angles, one can approximate cos ✓ by (1 �
✓2/2), and using �s = h�si = 1 � 1/2�2 � K2

u/4�2 for a planar undulator, it becomes

�n =
�u

2n�2

✓
1 +

K2
u

2
+ �2✓2

◆
. (9)

In the case of a helical undulator (with �s = h�si = 1�1/2�2�K2
u/2�2), the resonant wavelength

becomes

�n =
�u

2n�2
(1 + K2

u + �2✓2). (10)

This is the so-called ‘undulator resonance’ wavelength, setting the undulator radiation as a series
of harmonics, of order n. The wavelength �n of the emitted radiation can be varied by changing the
electron beam energy or by a modification of the undulator magnetic field (by changing the gap for
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terms of both signal level and profile shape. Simulations in-
dicate that the physical acceptance of the beamline, defined
by the vacuum chamber geometry, naturally removes the en-
ergies below 130 MeV from the initial broad energy spec-
trum (Fig. 6c), leading to a reduction of the energy spread
down to 30% RMS. When the 4 mm slit is inserted, the en-
ergy spread decreases to 8% RMS. A charge up to 17.4 pC,
without the slit, is transported through the undulator closed
at gap 5 mm. With the slit inserted, this charge drops to
5.2 pC. The resonant wavelengths corresponding to the elec-
tron beam energy range are displayed in Fig. 6d. For example,
for a gap g = 5 mm, �r spans from 98 nm to 358 nm with-
out the slit, and is reduced to 161 � 230 nm range with the
slit inserted. With larger gaps, the deflection parameter de-
creases as Ku / exp

�
�ag/�u + bg2/�2

u

�
with a and b con-

stants, and �r is reduced (see Methods). Thus, opening the
gap produces two effects: the decrease of the total radiation
power, P / K2

u, and a blue-shift of the produced spectrum,
�r / (1 +K2

u/2 + �2
r✓

2). Figure 6e shows measurements of
the integrated camera signal versus gap above 150 nm (due
to the optics system transmission), applying several spectral
bandpass filters. When opening the gap, the signals decrease,
both for measurements and simulations. In the case when the
electron beam is not spectrally filtered (black stars), the cam-
era receives the on-axis and the red-shifted off-axis radiation,
associated with the resonant wavelengths and its harmonics.
The signal follows qualitatively the dependence of the undula-
tor total power, decreasing as the intensity collected in the de-
tection spectral range. The measurements with the bandpass
filtered inserted (coloured markers) provide a further insight
on spectral behaviour. With 253 and 300 nm filters mainly off-
axis light is collected, exhibiting a similar gap dependance as
the total power. Alternatively, with the 200 nm narrow-band
filter on-axis (at low gaps) and off-axis radiation is seen, lead-
ing to slightly different evolutions versus gap. At 5 mm gap
the camera collects the purely on-axis 200 nm light. While at
6 mm gap, the resonant wavelength decreases, the 200 nm fil-
ter band gets the red-shifted off-axis radiation whose intensity
is larger than the on-axis one [46] resulting in a maximum on
the gap curve (Fig. 6e). All these features clearly demonstrate
the synchrotron radiation nature of the light emitted and, ac-
cording to simulations, the full number of photons per beam
charge can be estimated as Nph ⇡ 3 · 107 per pC.

In conclusion, we have shown that the LWFA electron beam
properties can be manipulated through an adequate transport
line, mitigating the performance that does not meet that of
state-of-the-art conventional accelerators for some specific ap-
plications. In particular, we compensate for beam pointing
misalignments, correct dispersion and adjust the focused ener-
gies via fine tuning of individual gradient strengths and mag-
netic axis positions of the QUAPEVA triplet. Applying con-
ventional accelerator techniques to laser wakefield accelera-
tion enables an adequate shaping of the electron beam longi-
tudinal and transverse phase-space, leading to the successful
observation of undulator synchrotron radiation after 8 m trans-
port. Even with the contributions of the remaining shot-to-
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FIG. 6: Observation of undulator radiation. Measurement (a) and
numerical modelling (b) of the radiation flux density normalised to
1 pC (without slit, band-pass filters and focusing lens). c, Spectrum
measured at the exit of the electron source (dotted), and simulated
at the entrance of the undulator after transport in the line (dashed),
with the 4 mm slit (solid curve). d, On-axis resonant wavelength
ranges without (blue) and with (red) slit, with electrons below 10%
of the maximum charge excluded and spectral FWHM bandwidth of
the optical filters. e, Total photon count measured by a camera with
a lens and normalised by the beam charge black stars: without slit
and band pass filter, downscaled by a factor 10; with a 4 mm slit,
red circles: 300 nm, green diamonds: 253 nm, blue squares: 200 nm
filter. Error bars: mean values and deviations of acquired data sets,
solid curves: numerical simulation.

shot fluctuations, the radiation measurement is interpreted and
is in a good agreement with the numerical analysis. This elec-
tron beam control is not restricted to LWFA but could be of

Nph ~ 3 107 ph/pC

8 %

30 %

Undulator set to radiate at 200 nm for 176 MeV



M. E. Couprie, 4th EEAC, Isola d'Elba, Italy, 15-21 septembre 2019collaboration 
        

tutelle 
       

 

avec le soutien 
                        

 

MANAGEMENT OF THE SPECTRUM IN THE 
APOLLON AMPLIFICATION SECTION 

RESUME 

This document presents the elements which explain the choices which brought to the baseline 
design of Apollon amplification section, considering the spectrum.  

Type de document : Note technique 

 REDACTEUR APPROBATEUR EMETTEUR 

Unité LULI LULI LULI 

Fonction Resp. Design Directeur Technique Chef de Projet 

Nom Fabio Giambruno Patrick Audebert François Mathieu 

Date du visa 29/02/2012 08/03/2012 09/03/2012 

Visa    

Conclusion and prospects 
 Conclusion

• Electron beam transport over 9 m enabling beam manipulation with a broadband 
energy beam: 
Beam pointing alignment compensation method
Fine tuning of the electron beam energy
Limited emittance growth at the undulator location

• Undulator spontaneous emission measured after transport beam manipulation:


