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Motivation

I'm not very interested in the proton's structure per se 
(it's a composite object, a real mess) 

However, knowing some of its properties is fundamental for precision LHC phenomenology 

And precision is the keyword for the future of LHC 



Marco Bonvini New insights on the proton's structure

QCD Collinear Factorization Theorem

X
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Proton’s dynamics occurs on a timescale ~ 1fm 
Production of a heavy particle e.g. Higgs Production (hard process) 
occurs on timescale  1/MX ~ 1/100 GeV ~ 0.002 fm

Large separation between scales allows to separate the hard process and treat it 
independently from the hadronic dynamics: collinear factorization 
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ŝab!X

s(s, Q2) = Â
a,b

Z
dx1dx2 fa/h1(x1, Q2) fb/h2(x2, Q2)ŝab!X(Q2, x1x2s)
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Parton Distribution Functions

fraction of the momentum of the proton
f (x, Q2)

PDFs depend on two kinematic 
variables

p = xP
0 < x ≤ 1
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factorization scale
f (x, Q2)

PDFs depend on two kinematic 
variables

Parton Distribution Functions

The scale dependence is a consequence 
of the factorization of collinear infrared 
divergences from the partonic cross 
section into the PDFs 
(similar to the renormalzion scale)
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DGLAP equation

2nf + 1 coupled differential equation

However, strong interactions do not tell apart quarks and antiquarks (charge conjugation and SU(nf) flavour symmetry)

Only singlet combination couples to gluon

Pqiqj = Pq̄i q̄j , Pqiq̄j = Pq̄iqj , Pqi g = Pq̄i g ⌘ Pqg, Pgqi = Pgq̄i ⌘ Pgq
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Q2 evolution

Parton loses 
momentum and shifts 
at smaller values of x

growth of small-x gluon

Q2 = 10 GeV2 Q2 = 104 GeV2

DGLAP equation
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Variable Flavour Number Schemes
Consider heavy quark production in DIS. 
Since the quark is massive, there are no collinear divergences 
-> no need to factorize them into PDFs 

Moreover, charm, beauty and top are heavier than the proton 
-> unlikely to be able to find them inside the proton

Naive approach: consider only light partons (nf=3), and heavy 
quarks can be produced only via gluon splittings outside the proton

Caveat:                 splittings behave as powers of log(m/Q), one extra 
power for each extra order in alphas

g → QQ̄

αs log
Q
m

∼ 1if                        then these logarithmic terms invalidate the perturbative expansion

Therefore, it is better to factorize these logs (which are basically regularized collinear divergences) 
into the PDFs once the scale Q is larger than a threshold μm~m 
In this way the log is resummed through DGLAP evolution

αn
s logk Q

m
, k ≤ n
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Variable Flavour Number Schemes

The number of active flavours, namely those "factorized" in the PDFs, changes with the scale 
-> Variable Flavour Number Scheme

+

New Heavy flavour PDF is produced at threshold, through a "matching condition" 

The process now includes a new contribution from the initial-state heavy flavour

Partonic cross sections are different in the nf=4 and nf=5 scheme

f [nf +1]
j (μ2

m) = ∑
k=light

Aji(m2/μ2
m) ⊗ f [nf ]

i (μ2
m)
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Variable Flavour Number Schemes

The number of active flavours, namely those "factorized" in the PDFs, changes with the scale 
-> Variable Flavour Number Scheme
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Understanding what's in PDF sets

Most PDF sets are available through LHAPDF https://lhapdf.hepforge.org 
They can be identified by their name, which is not very clear often...

Many sets contain some nf=4 or nf5 or 3FS or similar in their name. What do they mean? 
That's typically the maximum number of active flavours

nf=5 does not mean that at all scales there are 5 active flavours (it would be possible, but not convenient) 
Rather, it means that that the 6th flavour (top) matching scale is infintely large. 
It does not tell you anything about the matching scale of bottom or charm.

Much better would be to simply specify the values of the matching scales for all heavy flavours. 
This info is available in LHAPDF (thanks to myself...), but only very few sets provide this metadata...

NOTE: it is very dangerous to use a random set without knowing what's inside it. 
For instance, using a set which assumes a factorization scheme not compatible with the one adopted in 
your computation leads to very wrong results.

https://lhapdf.hepforge.org
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How is a PDF set determined?

Once all (active) PDFs are known at an "initial" (low) scale, they can be computed at all (higher) scales 
using DGLAP evolution

Given the initial-scale boundary condition, then PDFs at higher scales are fully determined by 
‣ perturbative accuracy of DGLAP splitting functions Pij 
‣ quark masses mi 
‣ quark matching scales μi 
‣ perturbative accuracy of matching conditions Aij

A lot of the information on the PDF set is contained in the initial-scale PDFs 

f [3]
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0)
i = g, u, ū, d, d̄, s, s̄

μ0 ∼ 1GeV
DGLAP 
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Determining PDFs from first principles

Field-theoretically, (quark) PDFs are defined as

fq(x) = ∫
dξ−

4π
e−ixξ−P+⟨P | ψ̄q(ξ−) /n−Un−

(ξ−,0)ψq(0) |P⟩

The definition is based on non-local operators separated by a light-cone distance. 

Since PDFs are low-scale objects, they can't be computed in perturbation theory. 
Lattice QCD instead could be the right tool for them. 

However, in lattice QCD the space-time is euclidean, where the light-cone does not exist....

Possible ways out: 
‣ Compute a different object (quasi-PDFs, pseudo-PDFs) which tends to the light-cone PDFs in some 

limit 
‣ Compute properties of PDFs (e.g. Mellin moments) 
‣ Compute scattering amplitudes and extract PDFs 
‣ .....



Marco Bonvini New insights on the proton's structure

Fitting PDFs from data

sX(Q2, s) = Â
a,b

fa/h1(Q
2)⌦ fb/h2(Q

2)⌦ ŝab!X(Q2, s)

Q2 d
dQ2 fi(Q2) = Pij(as(Q2))⌦ f j(Q2) theoretical input

theoretical 
prediction (to be 
compared with 
data)

More brute force, one can compare theoretical predictions with data to fit the PDFs at the initial scale

f [3]
i (x, μ2

0)One parametrises the PDFs at the initial scale 

Then using DGLAP evolution (including the proper matching of heavy quarks in a variable flavour 
number scheme) one computes them at the "data scale" Q2 

Finally PDFs are convoluted with partonic cross sections to obtain a physical prediction, which is 
compared to data through a suitable χ2 which is minimized in the fit
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PDF fitting groups

Various PDF fitting groups, differing by many aspects: 

‣ MRST, MSTW, MMHT, ... 
‣ CTEQ 

CT (CTEQ-TEA) 
CJ (CTEQ-JLab) 

‣ NNPDF 
‣ ABM, ABKM 
‣ HERAPDF 
‣ xFitter 
‣ .......

PDF4LHC: provides PDF recommendations for LHC studies

[Bold: part of the PDF4LHC15 recommendation]

Differences: 
‣ parametrizations 
‣ datasets 
‣ theory inputs 
‣ fitting methodology 
‣ .....
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Global PDF fits

Processes used in global PDF fits  [NNPDF 3.1]

Collider Deep-Inelastic Scattering

Fixed-Target Deep-
Inelastic Scattering

Collider Drell-Yan

Jets

Z differential

top production

Fixed-Target Drell-Yan
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Theoretical ingredients of PDF fits

Fitted PDFs depend on 
‣ perturbative accuracy of DGLAP splitting functions Pij 
‣ quark masses mi 
‣ quark matching scales μi 
‣ perturbative accuracy of matching conditions Aij 
‣ perturbative accuracy of the partonic cross sections [process dependent] 
‣ any other scales or parameters entering theoretical predictions [process dependent] 
‣ any potential bias induced by the parametrization chosen

PDF fits are typically based on fixed-order theory…

ŝ = ŝ0(1 + asc1 + a2
s c2 + . . .)

…but is fixed-order theory always good enough?

Pij (x, αs(Q2)) = αsP(0)
ij (x) + α2

s P(1)
ij (x) + α3

s P(2)
ij (x) + …
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Dependence on the perturbative order
Over the years, PDFs fits moved from LO accuracy to NLO and to NNLO accuracy 
                                                                   1970s                  1987             2000+
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Figure 3.11: Distances between the LO and NLO (top) and the NLO and NNLO (bottom) NNPDF3.1
NNLO PDFs at Q = 100 GeV. Note the di↵erence in scale on the y axis between the two plots.
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Dependence on the perturbative order

Depending on the PDF fit details, there can be 
significant differences also between NLO and 
NNLO fits 

By "details" I basically mean how subleading 
contributions are treated 

At low orders there is a more marked 
dependence on these details, which is 
significantly reduced at higher orders
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Figure 4.9. Comparison of NLO and NNLO fit results at the input parametrization scale of Q =
1.64 GeV (upper plots), and of NLO+NLLx and NNLO+NLLx fit results at the input parametrization
scale of Q = 1.64 GeV (lower plots). Left plots: gluon; right plots: quark singlet.

28

Is NNLO enough?
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Perturbative charm PDF

Perturbatively generated charm PDF. 
Same plot as before, but for charm. 

The scale is smaller, ɑs is larger, missing 
higher order (N3LO) corrections are larger 
and important 

Here NNLO is not enough to reach high 
precision...

Here a possible (and good!) solution is to fit the charm PDF together with light-quark PDFs

κc = μc/mc
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Fitted charm PDF

Fitting the charm PDF there is no dependence anymore on the charm matching conditions, which suffer 
by large unknown higher order corrections 

Moreover, if there is any intrinsic (non-perturbative) component of the charm PDF it can be reproduced 
as well
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Single (double) logarithmic enhancement 

Perturbative convergence is spoiled when

e.g. small-x behaviour of splitting functions

�k
s lnj 0 � j � (2)k

�s ln(2) � 1

Large logarithms

xP(x, as) =
•

Â
n=0

⇣ as
2p

⌘n
"

n

Â
m=1

A(n)
m�1lnm�1 1

x
+ xP̄(n)(x)

#

Finite in the limit x→0

Instability at small-x 

All-order resummation of the logarithmically 
enhanced terms

(n ≥ 0, m=n) leading-logarithm (LLx), (n ≥ 0, m=n,n-1) next-to-leading-logarithm (NLLx), etc.



Marco Bonvini New insights on the proton's structure

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

10-910-810-710-610-510-410-310-210-11

x
P g
g(
x)

x

αs = 0.20, nf = 4, Q0MS‾‾‾

LO
NLO
NNLO

0

0.05

0.1

0.15

0.2

0.25

10-910-810-710-610-510-410-310-210-11

x
P q
g(
x)

x

αs = 0.20, nf = 4, Q0MS‾‾‾

LO
NLO
NNLO

Small-x logarithms in DGLAP evolution

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

10-910-810-710-610-510-410-310-210-11

x
P g
g(
x)

x

αs = 0.20, nf = 4, Q0MS‾‾‾

LO
NLO
NNLO
LO+LL
NLO+NLL
NNLO+NLL

0

0.05

0.1

0.15

0.2

0.25

10-910-810-710-610-510-410-310-210-11

x
P q
g(
x)

x

αs = 0.20, nf = 4, Q0MS‾‾‾

LO
NLO
NNLO
NLO+NLL
NNLO+NLL



Marco Bonvini New insights on the proton's structure

Including resummations in PDF fits:
‣ provides consistent predictions when resummed computations are used 
‣ improves the quality of the PDF fits 
‣ helps in investigating the impact of missing higher orders

… it brings us closer to ‘all-order’ PDFs

All-order resummations in PDF fits
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Large x: threshold resummation

�
lnk(1 � x)
(1 � x)

�

+

double logs due to soft 
gluon emission

[Bonvini,Marzani,Rojo,Rottoli,Ubiali,
Ball,Bertone,Carrazza,Hartland 
1507.01006]

Resummation in global PDF fits

[Corcella,Magnea hep-ph/0506278]
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Small x: high-energy resummation

single logs due to high-
energy gluon emission

1
x

lnk x

[Ball,Bertone,Bonvini,Marzani,Rojo,
Rottoli 1710.05935]

Resummation in global PDF fits

[xFitter developer's team + Bonvini 
1802.00064]
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Resummation affects:

Observable (coefficient functions)

Evolution (splitting functions)

� = �0C(�s(µ) � f (µ) [� f (µ)]

µ2 d
dµ2 f (µ) = P(�s(µ)) � f (µ)

observable 
(coefficient unction)

evolution 
(splitting function)

small x LLx* NLLx

large x (N)NNLL —

*means lowest non-vanishing order, usually it's NLLx

What can/should be resummed?

and matching functions as well

(in MSbar)
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PDFs with large-x resummation
[Bonvini,Marzani,Rojo,Rottoli,Ubiali,Ball,Bertone,Carrazza,Hartland 1507.01006]
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process observable included?
DIS dσ/dx/dQ2   (NC, CC, F2c…) ✔

DY Z/γ dσ/dy/dM2 ✔
DY W differential in lepton kinematics ✘

tt total σ ✔
jets inclusive dσ/dy/dpT ✘

Datasets considered in NNPDF3.0res

NLL known to be poor

no public code available yet

Accuracy is not competitive with global fit, especially for large-x gluon (jets not included) 

Yet, it's the most precise global PDF fit with large-x resummation

PDFs with large-x resummation: NNPDF3.0res

public code TROLL
www.ge.infn.it/∼bonvini/troll

https://www.ge.infn.it/~bonvini/troll/
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Impact on 
PDFs

PDFs with large-x resummation: NNPDF3.0resImpact on PDF fits: PDFs
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Higgs Production

mH ~600 GeV  partial 
compensation of the 
enhancement

SM Higgs is not 
affected by 
resummation of 
PDFs 

mH~2 TeV NNLO+NNLL 
with resummed PDFs is 
similar to FO PDFs 
(larger uncertainty)

PDFs with large-x resummation: Impact on phenomenology
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mq̃ = mg̃ = m [GeV]

Global fit

NLL/NLO DIS+DY+top

Prescription (1)

Prescription (2)
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1.80

2.00

1000 1500 2000 2500 3000 3500

KNLO+NLL(pp ! g̃g̃ +X)p
S = 13 TeV

Figure 8: Comparison of the NLO+NLL K-factors obtained using the NNPDF3.0 NLO global fit, Eq. (2)
with the corresponding K-factors obtained accounting for the e↵ect of resummation in the input PDFs,
Eq. (5), called here Prescription (1), and Eq. (7), called here Prescription (2). In the case of the global
fit, we show the total uncertainty band (light green band) as well as the PDF-only uncertainty band (solid
green band). We also show the K-factor Eq. (4) determined from the DIS+DY+top fit.

Fig. 8 is the main result of this work: for the first time we have performed a NLO+NLL
calculation of supersymmetric particle pair production at hadron colliders accounting for the e↵ects
of threshold resummation both in the partonic cross-sections and in the PDFs. As compared to
the results obtained using the global NNPDF3.0NLO fit as input, we find that including the e↵ect
of resummation in the PDFs modifies the resummed NLL K-factor both in a qualitative and in a
quantitative way. This shift is however contained within the total theory uncertainty band of the
NNPDF3.0NLO result, and therefore the use of threshold-resummed PDFs does not modify the
current SUSY exclusion bounds.

Similarly to the behaviour of the NLL K-factor, it can be shown that the modification of
the NNLL K-factor will be mostly driven by the di↵erences between the NNLL and NNLO PDF
luminosities obtained on the basis of DIS+DY+top fits. Given that the global NNLL K-factors
follow the behaviour of the NLL K-factors [44, 46] with the NNLL corrections in general smaller
than NLL, and that the impact of threshold resummation in PDF analysis at NNLO appears to
be much less than at NLO [63], we believe our conclusions regarding the behaviour of the K-factor
will not change dramatically after increasing the accuracy to NNLL.

14

[Beenakker,Borschensky,Krämer,Kulesza,Laenen,Marzani,Rojo 1510.00375]Susy particles

Predictions for 
MSSM particles 
are modified 
when using 
resummed PDFs

NNPDF3.0res: Impact on phenomenology

However, PDF 
errors are very 
large
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PDFs with small-x resummation
[Ball,Bertone,Bonvini,Marzani,Rojo,LR 1710.05935]
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Figure 9: HERA combined NC e+p reduced cross section and fixed-target data as a function
of Q2. The error bars indicate the total experimental uncertainty. The HERAPDF1.0 fit is
superimposed. The bands represent the total uncertainty of the fit. Dashed lines are shown for
Q2 values not included in the QCD analysis.

48

Deep Inelastic Scattering HERA dataset 

data collected 
down to very 
low x

Very good 
agreement over 
vast range of x 
and Q2

Need for small-x resummation
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Fixed order theory could be not sufficient to 
describe data points at small x and/or small Q2

Description of HERA data poorer when data 
points at smaller values of x are included and 
fixed-order theory is used

Effect is more pronounced if NNLO theory is used

This may indicate the need 
for small-x resummation

more points 
at small x 
included

However

Fit results: description of the HERA data
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Figure 34: The combined low-Q2 HERA inclusive NC e+p reduced cross sections at
�
s =

318GeV with overlaid predictions from HERAPDF2.0 NNLO. The bands represent the total
uncertainties on the predictions. Dotted lines indicate extrapolation into kinematic regions not
included in the fit.
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The better description mostly
comes from FL

�r,NC = F2(x, Q
2)� y
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Y+
FL(x, Q

2)
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Small-x resummation based on kt-factorization and BFKL. Developed mostly in the 90s-00s

Affects both evolution (LLx, NLLx) and coefficient functions (LLx, lowest logarithmic 
order) in the singlet sector

[Catani,Ciafaloni,Colferai,Hautmann,Salam,Stasto]
[Altarelli,Ball,Forte] [Thorne,White]

Splitting functions are resummed using ABF (Altarelli,Ball,Forte) procedure 

New formalism for coefficient function [Bonvini,Marzani,Peraro 1607.02153][Bonvini,Marzani,Muselli 1708.07510] 

Resummed splitting functions and coefficient functions available through public code 
HELL www.ge.infn.it/∼bonvini/hell

Use in PDF fits possible thanks to the interface with APFEL apfel.hepforge.org

Recent progress in small-x resummation

Novelties: 
‣ Matching to NNLO, allowing NNLO+NLLx accuracy 
‣ Full resummation of DIS structure functions and matching conditions

https://www.ge.infn.it/~bonvini/hell
http://apfel.hepforge.org
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All ingredients for a PDF fit to DIS data are now available

In principle, one should add additional processes: 
‣ DY 
‣ Jets 
‣ top 
‣ …
Ongoing work in this direction

However, a global fit is possible if 
conservatives cuts on hadronic data are 
applied and points which may feature 
small-x enhancement are excluded 

(temporary) 
Exclusion 
region for 

hadronic data

�s(Q2) log
1
x

� c � 1

Q2x1/(�0c) � �2

Value of c (slope of the line) selects the exclusion region

Towards a global small-x resummed fit
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NNPDF31sx: impact on PDFs Fit results: impact on PDFs – the gluon
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Fit results: impact on PDFs – the gluon
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stabilization of the 
gluon with respect 
to the perturbative 
order PDFs compatible 

within error at 
medium and 
large x

NNPDF31sx: impact on PDFs 

Similar conclusion found from a xFitter analysis using only HERA data
[xFitter developer's team + Bonvini  1802.00064]
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NNPDF31sx: fit quality
NNPDF fit results: the onset of BFKL dynamics

�
2
/Ndat NLO NLO+NLLx NNLO NNLO+NLLx

xFitter 1.23 1.17

NNPDF3.1sx 1.117 1.120 1.130 1.100

these are similar largest smallest

Hierarchy as expected from splitting function behaviour!

Mostly due to HERA data: we study the �
2
/Ndat profile as we cut out HERA data

at small x small Q
2

Marco Bonvini Small-x Resummation: past, present and future 26

�
2
/Ndat ��

2
�
2
/Ndat ��

2

NLO NLO+NLLx NNLO NNLO+NLLx

NMC 1.31 1.32 +5 1.31 1.32 +4

SLAC 1.25 1.28 +2 1.12 1.02 �8

BCDMS 1.15 1.16 +7 1.13 1.16 +14

CHORUS 1.00 1.01 +9 1.00 1.03 +26

NuTeV dimuon 0.66 0.56 �8 0.80 0.75 �4

HERA I+II incl. NC 1.13 1.13 +6 1.16 1.12 �47

HERA I+II incl. CC 1.11 1.09 �1 1.11 1.11 -

HERA �
NC
c 1.44 1.35 �5 2.45 1.24 �57

HERA F
b
2 1.06 1.14 +2 1.12 1.17 +2

Total 1.113 1.119 +17 1.139 1.117 � 70

Table 4.1. The values of �2
/Ndat for the total and the individual datasets included in the DIS-only

NNPDF3.1sx NLO, NLO+NLLx, NNLO and NNLO+NLLx fits. The number of data points Ndat for
each experiment is indicated in Table 3.1. In addition, we also indicate the absolute di↵erence ��

2

between the resummed and fixed-order results, Eq. (4.1). We indicate with a dash the case |��
2
| < 0.5.

able to fit it satisfactorily.
We will further inspect the improved description of the HERA data in Sect. 5, where we will

perform a number of diagnostic studies aimed at quantifying the onset of BFKL dynamics in
the inclusive HERA structure functions.

4.1 DIS-only fits

Let us start our discussion by considering the DIS-only fits, in which we include all the DIS
data from fixed-target and collider experiments described in Sect. 3. For all these data, we
have a complete theoretical description at resummed level, thus allowing us to perform a fully
consistent small-x resummed fit. First of all, in Table 4.1 we collect the �

2
/Ndat values for the

total and individual datasets computed with the PDFs fitted using NLO, NLO+NLLx, NNLO
and NNLO+NLLx theory. The �2 values are computed using the experimental definition of the
covariance matrix, while the t0 definition [186] was instead used during the fits, as customary
in the NNPDF analyses. In addition, we also show the di↵erence in �

2 between the resummed
and fixed-order results,

��
2
(N)NLO ⌘ �

2
(N)NLO+NLLx � �

2
(N)NLO , (4.1)

which is useful to gauge how statistically significant are the di↵erences between the fixed-order
and resummed results for each experiment.

We immediately observe that the NNLO+NLLx fit has a total �
2
/Ndat that improves

markedly with respect to the NNLO result, which instead gives the highest value of �2
/Ndat.

The total �2
/Ndat is essentially the same in the NLO, NLO+NLLx, and NNLO+NLLx fits. As

illustrated by the ��
2 values of Table 4.1, the bulk of the di↵erence in the fit quality between

the NNLO and NNLO+NLLx fits arises from the HERA inclusive neutral current and charm
datasets, which probe the smallest values of x, and whose �

2
/Ndat decrease from 1.16 to 1.12

(��
2 = �47) and from 2.45 to 1.24 (��

2 = �57), respectively.
We note that the �2

/Ndat of the charm dataset is rather high at NNLO. In fact, the descrip-
tion of the charm data can be rather sensitive to the details of the heavy quark scheme. For
instance, we can set to zero the �IC term discussed in Sec. 2.3, thus allowing the inclusion of a
phenomenological-induced damping factor which has the role of suppressing formally subleading
terms numerically relevant at scales close to the charm threshold (see [121] and [122, 124]).3

3Note that when the charm PDF is fitted, this manipulation is not really allowed, as in this way the contribution

17

Most of the reduction 
coming from HERA
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Compute the 𝜒2 removing data points in the region where resummation effects are expected 

fixed-order 
description should 
be good here

resummation 
effects might be 
important here

cuts on DIS data 
as(Q2) ln

✓
1
x

◆
� Dcut

The onset of BFKL dynamics
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NNLO+NLLx 𝜒2 

flattens at larger 
values of Dcut

1.6 1.8 2 2.2 2.4 2.6 2.8 3
cutD
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1.16
da

t
/N2 χ

NNPDF3.1sx, HERA NC inclusive data

NNLO
NNLO+NLLx
NLO
NLO+NLLx

NNPDF3.1sx, HERA NC inclusive data

NNLO+NLLx 
offers the best 
description 

NNLO worsens if 
small-x data are 
included 

The onset of BFKL dynamics
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Figure 34: The combined low-Q2 HERA inclusive NC e+p reduced cross sections at
�
s =

318GeV with overlaid predictions from HERAPDF2.0 NNLO. The bands represent the total
uncertainties on the predictions. Dotted lines indicate extrapolation into kinematic regions not
included in the fit.
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Matching conditions for charm with resummationMatching conditions at the charm threshold

c = µc/mc, µc = charm matching scale (threshold)

The perturbatively generated charm PDF is much less dependent on the
(unphysical) matching scale when small-x resummation is included!

       x  
3−10 2−10 1−10

)2
 ( 

x,
 Q

+
x 

c

0.01−

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09
=1.47 GeVcm
=1.33 GeVcm
=1.61 GeVcm

NNPDF3 NLO Fitted Charm, Q=1.65 GeV

       x  
3−10 2−10 1−10

)2
 ( 

x,
 Q

+
x 

c

0.01−

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09
=1.47 GeVcm
=1.33 GeVcm
=1.61 GeVcm

NNPDF3 NLO Perturbative Charm, Q=1.65 GeV

       x  
5−10 4−10 3−10 2−10 1−10

) [
re

f] 
2

 ( 
x,

 Q
+

) /
 c

2
 ( 

x,
 Q

+ c

0.85

0.9

0.95

1

1.05

1.1

1.15

1.2

1.25
=1.47 GeVcm
=1.33 GeVcm
=1.61 GeVcm

NNPDF3 NLO Fitted Charm, Q=100 GeV

       x  
5−10 4−10 3−10 2−10 1−10

) [
re

f] 
2

 ( 
x,

 Q
+

) /
 c

2
 ( 

x,
 Q

+ c

0.85

0.9

0.95

1

1.05

1.1

1.15

1.2

1.25
=1.47 GeVcm
=1.33 GeVcm
=1.61 GeVcm

NNPDF3 NLO Perturbative Charm, Q=100 GeV

Figure 6: Dependence of the charm PDF on the value of the pole charm mass mpole
c : the charm PDF

obtained with fitted charm (left) and perturbative charm (right) are compared for mpole
c = 1.33, 1.47

and 1.61 GeV, at a low scale Q = 1.65 GeV (top) and at a high scale Q = 100 GeV (bottom). At high
scale, PDFs are shown as a ratio to the fit with central mpole

c = 1.47 GeV.
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Figure 7: Same as the bottom row of Fig. 6, but now for the down (top) and anti-up (bottom) PDFs.
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Hadron-hadron collider processes in HELL 3.x:

Drell-Yan: work in progress

gg ! H inclusive cross section: done [MB,Marzani 1802.07758] [MB 1805.08785]
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FIG. 1. All-order e↵ects on the Higgs cross section computed at N3LO, as a function of
p
s. The plot of the left shows the

impact of small-x resummation, while the one of the right of large-x resummation. The bands represent PDF uncertainties.

and at small-x [90, 91]. This opens up the possibility of
achieving fully consistent resummed results. While we
presently concentrate on the Higgs production cross sec-
tion, our technique is fully general and can be applied
to other important processes, such as the Drell-Yan pro-
cess or heavy-quark production. We leave further phe-
nomenological analyses to future work.

Let us start our discussion by introducing the factor-
ized Higgs production cross section
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where �0 is the lowest-order partonic cross section, Lij

are parton luminosities (convolutions of PDFs), Cij are
the perturbative partonic coe�cient functions, ⌧ = m2

H
/s

is the squared ratio between the Higgs mass and the col-
lider center-of-mass energy, and the sum runs over all
parton flavors. Henceforth, we suppress the dependence
on renormalization and factorization scales µR, µF. More-
over, because the Higgs couples to the gluon via a heavy-
flavor loop, (1) also implicitly depends on any heavy vir-
tual particle mass.

The general method to consistently combine large-
and small-x resummation of partonic coe�cient functions
Cij(x,↵s) was developed in [86]. The basic principle is
the definition of each resummation such that they do
not interfere with each other. This statement can be
made more precise by considering Mellin (N) moments
of (1). The key observation is that while in momen-
tum (x) space coe�cient functions are distributions, their
Mellin moments are analytic functions of the complex
variable N and therefore, they are (in principle) fully de-
termined by the knowledge of their singularities. Thus,
high-energy and threshold resummations are consistently

combined if they mutually respect their singularity struc-
ture. In [86], where an approximate N3LO result for Cij

was obtained by expanding both resummations to O(↵3
s),

the definition of the large-x logarithms from threshold re-
summation was improved in order to satisfy the desired
behavior, and later this improvement was extended to
all orders in [45], leading to the so-called  -soft resum-
mation scheme. Thanks to these developments, double-
resummed partonic coe�cient functions can be simply
written as the sum of three terms [92]

Cij(x,↵s) = Cfo
ij (x,↵s)+�C lx

ij (x,↵s)+�Csx
ij (x,↵s), (2)

where the first term is the fixed-order calculation, the
second one is the threshold-resummed  -soft contribu-
tion minus its expansion (to avoid double counting with
the fixed-order), and the third one is the resummation of
small-x contributions, again minus its expansion. Note
that not all partonic channels contribute to all terms
in (2). For instance, the qg contribution is power-
suppressed at threshold but it does exhibit logarithmic
enhancement at small x.
Our result brings together the highest possible accu-

racy in all three contributions. The fixed-order piece is
N3LO [18–22], supplemented with the correct small-x be-
havior, as implemented in the public code ggHiggs [49,
86, 93]. Threshold-enhanced contributions are accounted
for to next-to-next-to-next-to-leading logarithmic accu-
racy (N3LL) in the  -soft scheme, as implemented in
the public code TROLL [45, 49]. Finally, for high-energy
resummation we consider the resummation of the lead-
ing non-vanishing tower of logarithms (here LLx) to the
coe�cient functions [63, 84], which we have now imple-
mented in the code HELL [87, 88]. The technical details
of the implementation will be presented elsewhere [94].
Additionally, on top of scale variations, subleading terms
can be varied in both resummed contributions, thus al-

4

NNPDF31sx nnlo as 0118 NNPDF31sx nnlonllx as 0118
p
s �

N
3
LO

�scale �PDFs �
N

3
LO+N

3
LL+LLx

�
42var

scale �PDFs �subl.logs ��b,c

7 TeV 16.76 pb +0.7

�3.7
% ±1.7% 16.83 pb +4.2

�3.6
% ±1.5% ±1.3% �1.01 pb

8 TeV 21.32 pb +0.7

�3.7
% ±1.6% 21.47 pb +4.1

�3.6
% ±1.4% ±1.4% �1.26 pb

13 TeV 48.28 pb +0.9

�3.7
% ±1.4% 49.26 pb +4.0

�3.8
% ±1.2% ±1.8% �2.66 pb

14 TeV 54.32 pb +0.9

�3.7
% ±1.3% 55.56 pb +4.0

�3.8
% ±1.2% ±1.9% �2.96 pb

27 TeV 144.7 pb +0.9

�3.7
% ±1.1% 151.6 pb +4.0

�4.0
% ±1.0% ±2.3% �7.2 pb

100 TeV 786.7 pb +1.9

�3.8
% ±1.1% 873.9 pb +4.0

�4.3
% ±1.2% ±3.0% �32.0 pb

TABLE I. Values of the N3LO and N3LO+N3LL+LLx GF cross section for selected values of the collider energy and Higgs mass
mH = 125 GeV. We use the NNPDF31sx PDFs with ↵s(m

2

Z) = 0.118, mt = 173 GeV, mb = 4.92 GeV and mc = 1.51 GeV.

conclude that, lacking double-resummed PDFs, the use
of small-x resummed PDFs is preferred for the fairly
large energy range considered here, because threshold-
resummation e↵ects in PDFs have a much smaller im-
pact on the Higgs cross section. From the plots one may
wonder whether double resummation of the coe�cient
functions is at all needed for phenomenology. Certainly
its impact is numerically modest but we argue that its
inclusion brings significant advantages both at small- and
large-x. Firstly, it allows for a fully consistent treatment
at small-x. Furthermore, the inclusion of large-x resum-
mation, although being a small correction to the N3LO
results, allows for a more robust estimate of the theoret-
ical uncertainty [45, 49].

We present double-resummed results for the Higgs
cross section in GF in Fig. 2, where we show three plots
at representative center-of-mass energies of the colliding
protons. We consider the current energy of the LHC,
p
s = 13 TeV, and two possible energies for future collid-

ers, namely
p
s = 27 TeV (HE-LHC) and

p
s = 100 TeV

(FCC). We choose as central scale µF = µR = mH/2.
Numerical results are presented in Tab. I, where we also
report for completeness the correction ��b,c to the fixed-
order calculation due to the presence of massive bottom
and charm quarks running in the loop, following the rec-
ommendation of [99]. Furthermore, electroweak correc-
tions in the factorized approach, when included, amount
to an extra 5% increase [99].

Each plot shows the perturbative progression of the
cross section as obtained in di↵erent approximations:
fixed-order, fixed-order and threshold, fixed-order and
double resummation. We also show the three main con-
tributions to the theoretical uncertainty, namely PDFs,
subleading logarithms at small-x and scale variation. The
latter also includes an estimate of subleading corrections
at large x, resulting in 42 variations, as detailed in [49].
The uncertainty due to subleading logarithms at small-
x has been determined by taking the envelope of two
variants of the coe�cient-function resummation, which
take as input resummed splitting functions either at LLx
(to be precise, it is a modification of LLx resummation
which was called LL0 in [87, 88]) or at NLLx [90, 94]. We

note that the PDFs are, in principle, a↵ected by analo-
gous uncertainty, which however is not currently included
in their determination. Thus, the overall small-x uncer-
tainty might be underestimated. A qualitative assess-
ment of this uncertainty was performed in [90] and its
impact on the Higgs cross section will be investigated
in [94].
We note that double resummation, mostly because of

its threshold component, has a much more stable per-
turbative progression than its fixed-order counterpart:
convergence is faster and uncertainty bands always cover
the next perturbative order and shrink as higher orders
are included [49]. While double resummation is a small
(2%) correction to the N3LO at current LHC energies,
because of its small-x component its impact grows with
p
s, becoming 5% at 27 TeV, before reaching approxi-

mately 10% at 100 TeV. Furthermore, we point out that
a large contribution to the theoretical uncertainty orig-
inates from unknown subleading logarithms at small x.
As a consequence, our double-resummed prediction ex-
hibits larger uncertainties than the N3LO one. On the
one hand this highlights the importance of pushing the
resummation of coe�cient functions at small x one or-
der higher. On the other hand, this also implies that the
uncertainty from missing higher orders is likely under-
estimated in a purely fixed-order approach, mostly due
to the fact that PDF uncertainty does not fully account
for it. Thus, even at LHC energies where its impact is
modest, double-resummation provides a more reliable es-
timate of the theoretical uncertainty a↵ecting the Higgs
cross section.
In this letter we have presented, for the first time, re-

sults in perturbative QCD that supplement a fixed-order
calculation with both threshold and high-energy resum-
mation. We have applied our double-resummed frame-
work to calculate the inclusive cross section for Higgs
production in gluon fusion. Our result features the state-
of-the art accuracy N3LO+N3LL+LLx and crucially, it
makes use of recently determined resummed parton dis-
tributions. The method presented here is rather general
and it can be applied to a variety of processes currently
studied at the LHC, such as electroweak-boson produc-
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FIG. 2. Perturbative progression of the Higgs inclusive cross section in di↵erent approximations: fixed-order, threshold resum-
mation and double resummation, at three representative values of the collision energy.

lowing for the estimate of the uncertainty from missing
higher orders and from the matching procedure. Our
calculation keeps finite top-mass e↵ects where possible.
In particular, in the fixed-order part they are included
up to NNLO and in the threshold-resummed one up to
NNLL. Furthermore, the small-x contribution, both at
fixed order and to all orders, must be computed with fi-
nite top-mass, essentially because the limits x ! 0 and
mt ! 1 do not commute. We will discuss further cor-
rections associated with the masses of bottom and charm
quarks when presenting our final results.

Having determined the resummation of the partonic
coe�cient functions, we now discuss the role of the par-
ton luminosities Lij that enter (1). Ideally, we would
like to use PDFs that have been fitted using a double-
resummed theory. However, this is clearly not possi-
ble. Indeed, this is the first study that aims to combine
threshold and high-energy resummation, so a PDF fit
with this theory will only appear in the future. There-
fore, we have to find an acceptable compromise. Within
the NNPDF framework [95], PDFs with threshold resum-
mation were obtained in [89], while small-x resummation
was considered in [90]. We note that the inclusion of the
latter was a challenging enterprise because small-x loga-
rithms appear both in coe�cient functions and PDF evo-
lution, while in the MS scheme large-x resummation only
a↵ects coe�cient functions [96, 97]. In order to make an
informed decision, we separately consider in Fig. 1 the
impact of small-x resummation (on the left) and large-x
resummation (on the right) on the GF cross section, as
a function of the center-of-mass energy of the colliding
protons.

Let us start by illustrating the situation concerning
small-x resummation (left-hand plot). The plot shows
the ratio of resummed results to the fixed order one, com-
puted at N3LO with the fixed-order NNLO set of [90]. We
include resummation in two steps. First (dashed blue),
we compute the N3LO cross section using the “resummed

PDFs” of [90], i.e. those fitted including resummation
and evolving with NNLO+NLLx theory. Then (solid
red), we add the LLx resummation to the Higgs coe�-
cient functions, which provides the consistent resummed
result. In all cases, the bands correspond to PDF un-
certainties. The plot clearly shows that small-x resum-
mation has a modest e↵ect at current LHC energies, but
its impact grows substantially with the energy, reaching
the 10% level at 100 TeV, heralding the fact that elec-
troweak physics at 100 TeV is small-x physics. The plot
also shows that the bulk of the e↵ect comes from the
resummed PDFs and their resummed evolution, while
small-x resummation of the Higgs coe�cient functions is
only a small correction. This perhaps surprising result
can be understood by noting that, while the high-energy
behavior of the PDFs is essentially determined by deep-
inelastic scattering data at small x and low Q2, the Higgs
cross section is characterized by a much higher value of
Q2, and it is dominated by soft emissions [98]. Fur-
thermore, the large discrepancy between resummed and
NNLO PDFs at large

p
s is a manifestation of the per-

turbative instability of the latter. Indeed, as discussed at
length in [90], resummed PDFs are close to the NLO ones,
while the NNLO set significantly deviates at small x.
The situation is rather di↵erent if we analyze large-x

resummation (right-hand plot). Here we use the PDFs
of [89], obtained with either NNLO and NNLO+NNLL
theory, which however su↵er from a larger uncertainty
compared to standard global fits because of the reduced
dataset used in their determination. In this case the im-
pact of the resummation on the N3LO cross section is
smaller and fairly constant in the whole energy range
considered here. The plot shows that about half of the
2% e↵ect originates from the resummation in the PDFs
(dashed blue), which is however not significant due to
the large PDF uncertainties, and the other half by the
resummation in the coe�cient functions (solid red).
Therefore, by comparing the two plots in Fig. 1 we
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‣ Photon PDF (LUXqed)  [Manohar,Nason,Salam,Zanderighi 1607.04266 1708.01256] 
‣ Tools for conversion from MC error to Hessian and vice versa  [Carrazza et al] 
‣ PDFs with theory uncertainties 
‣ Some progress towards N3LO evolution and N3LO PDFs 
‣ Tons of new data from LHC included in PDF fits 
‣ More flexible parametrizations (e.g. Neural Networks in NNPDF) 
‣ Various benchmarking and procedural improvements by the various groups, 

mostly driven by the PDF4LHC activity 
‣ Nuclear PDFs 
‣ .....

Other new interesting recent progress
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‣ Our knowledge of PDFs has increased significantly over the last years 
‣ First unbiased determination of the charm PDF 
‣ First global fits with threshold and small-x resummation in the NNPDF framework 
‣ Threshold resummed PDFs useful for searches, but need to improve precision 
‣ Small-x resummation important at high collider energy and/or small masses 
‣ Evidence that NNLO+NLLx improves with respect to NNLO 
‣ Rather different PDFs when small-x resummation is included 
‣ Impact at LHC and beyond potentially large

Conclusions

In the recent years our knowledge on the proton's structure improved significantly, 
but there's a lot yet to be done


