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QCD 

Amplitude analysis

Experiments

low energy QCD in the 21st cent.



GOAL: 
Get insights to the governing patterns and rules of 
QCD from emergent phenomena

Observables to test our understanding:
•purely hadronic cross sections
• Electroweak production and decay rates
•…
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Wick rotation [Euclidean spacetime]:  
Monte Carlo sampling
quark masses: 
lattice spacing:
finite volume

La

tM ! �itE

a ⇠ 0.03� 0.15 fm

Dµ = ( ((L/a)3 ⇥ (T/a)

mq ! mphys.
q

Lattice QCD 



tM ! �itEWick rotation [Euclidean spacetime]:  
Monte Carlo sampling
quark masses: 
lattice spacing:
finite volume

a ⇠ 0.03� 0.15 fm

mq ! mphys.
q

 Never free!
No asymptotic states!
No scattering!

Lattice QCD 



Three big ideas …already out of date 
 Dudek Young



Three big ideas
Distillation [Peardon, et al. (Hadron Spectrum, 2009)]

use eigenvectors of the Gauge-covariant Laplacian as a way to:
smear [distill: boil off the high modes]
reduce the size operators/propagators

1Nc⇥Nx⇥Ny⇥Nz =)
NX

k

V (k) V (k)†
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Three big ideas
Distillation
Generalized eigenvalue problem 

Michael (1985) , Luscher & Wolff (1990), Blossier et al. (2009)

Cab(t) ⌘ h0|Ob(t)O
†
a(0)|0i =

X

n

Zb,nZ
†
a,ne

�Ent,

C(t)~v(n)(t, t0) = �n(t, t0)C(t0)~v
(n)(t, t0),

�n(t, t0) = e�En(t�t0) + · · ·
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Three big ideas
Distillation
Generalized eigenvalue problem 
Finite- and infinite-volume mappings

no simple connection
naive extrapolations do not always make sense 
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Isoscalar spectra: S-wave dominant
 Multi-meson ops. are crucial
 Spectrum including a large basis:
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few-body systems in LQCD

analytic 
continuation

PW amplitudes

identification of 
states [masses & widths], 
 production/decay mechanisms

finite-volume  spectrum

lattice QCD

resonance poles



iM = + + + · · ·

Two-body scattering 
Unitarity using all orders perturbation theory:

IR limit of QCD, only interested in 
hadronic d.o.f.



iM = + + + · · ·

Two-body scattering 
Unitarity using all orders perturbation theory:

non-perturbative kernel including 
all diagrams not shown…

“yep, the left hand cut is there”

{ }
{

+ + · · ·+ + · · ·+



1

+ PV=

=

Z
d4k

(2⇡)4
[iB(k, P )]2

i

k2 �m2 + i✏

i

(P � k)2 �m2 + i✏

=

Z
d3k

(2⇡)3
[iB(k, P )]2

(2!k)2
⇡�(E � 2!k) + “PV integral”

= [iBon]⇢ [iBon] + “PV integral”
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Two-body scattering 
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Unitarity using all orders perturbation theory:



iM = + + + · · ·

Two-body scattering 

square root singularity. ⇢ ⌘ p

8⇡E
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Unitarity using all orders perturbation theory:

Im[s]

Re[s]
2N sheets for N open channels



iM = + + + · · ·

+...=

{ }
{

K-matrix

+ + · · ·PV

Two-body scattering 
Unitarity using all orders perturbation theory:



iM = + + + · · ·

= + + · · ·
1

Two-body scattering 
Unitarity using all orders perturbation theory:

square root singularity. 

⇢ ⌘ p

8⇡E
⇠

p
s� sth

Im[s]

Re[s]



iM = + + + · · ·

= + + + · · ·
1 1 1

Two-body scattering 
Unitarity using all orders perturbation theory:

Im[s]

Re[s]

Sheet II

resonancesR = (ER � i
2�R)

2

bound state

=
i

K�1 � i⇢
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Two-body scattering 
Unitarity using all orders perturbation theory:

=
i

K�1 � i⇢
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Equating this to the elastic S matrix…

S = e2i� = 1 + 2i⇢M
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it’s harder to see manifestation of broader 
states, but they are certainly there!
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 Finite-volume arise from the interactions with mirror images

 Assuming L >> size of the hadrons ~ 1/m! 

  This is a purely infrared artifact

 We can determine these artifact using hadrons are the degrees of freedom

 Note m!L is a natural parameter

p
pion cloud

L

Putting particles in a box 

mh(L) = mh(1) +O(e�m⇡L)
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Consider the finite-volume two-particle correlator (E~2m):
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- no cuts
- no sheet structure
- no resonances
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 Lüscher (1986, 1991)
 Rummukainen & Gottlieb (1995)

 Kim, Sachrajda, & Sharpe/Christ, Kim & Yamazaki (2005)

 Feng,  Li, &  Liu (2004); Hansen & Sharpe / RB & Davoudi (2012) 

 RB (2014) 

V �1

+ + · · ·V V V

= C1(P ) + + · · ·+

“smooth”= +A
i

F�1 +MB†

poles satisfy: det[F�1(P,L) +M(P )] = 0

Consider the finite-volume two-particle correlator (E~2m):
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Two-particle in finite volume
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The ρ vs mπ

Lin et al. (2009)
Dudek, Edwards, Guo & Thomas (2013)
Dudek, Edwards & Thomas (2012)
Wilson, RB, Dudek, Edwards & Thomas (2015)
Bolton, RB & Wilson (2015)

not a fit,
just a sketch
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πK scattering - (I=1/2 channel)
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not unlike the σ
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 Above 2mK, there is not a one-to-one correspondence

Feng, Li, &  Liu (2004),
Hansen & Sharpe / RB & Davoudi (2012)
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Multi-channel systems - the cutting edge!

infinite volume:
- coupled, scattering amplitude
- branch cuts

finite volume:
- power-law finite-volume effects



 Above 2mK, there is not a one-to-one correspondence

 In general, must constrain (1/2) [N2  + N] functions of energy 
 Need that many energy levels at the same energy
 Alternatively, parametrize scattering amplitude and do a global fit

Feng, Li, &  Liu (2004),
Hansen & Sharpe / RB & Davoudi (2012)

det


F�1
⇡⇡ +M⇡⇡,⇡⇡ M⇡⇡,KK

M⇡⇡,KK F�1
KK

+MKK,KK

�
= 0

Multi-channel systems - the cutting edge!



Coupled-channels analysis 
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is it real?

f0(500)/�

f0(1370)

f0(1500)

f0(1710) ⇠
glueball?

f0(980)⇠

KK molecule?

KK

The isoscalar, scalar sector 



Tensor and scalar nonets
 First complete determination of the scalar and tensor nonets from LQCD :

f0

�

0 +

�
̄0

a+0a00a�0

"", KK, ηη:             RB, Dudek, Edwards - PRL (2017)
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K", Kη:                    Dudek, Edwards, Thomas, Wilson - PRL (2015)
                    Wilson, Dudek, Edwards, Thomas - PRD (2015)

"η, KK:                    Dudek, Edwards, Wilson - PRD (2016)
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Tensor nonet
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few-body systems in LQCD

analytic 
continuation

PW amplitudes

identification of 
states [masses & widths], 
 production/decay mechanisms

finite-volume  spectrum

lattice QCD

resonance poles

HansenSharpe Szczepaniak

inside the box
outside the box

these tools have been applied to study 
unitarity and the finite-volume 
spectrum in the 3-body sector 



few-body systems in LQCD
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structure and nature of states

 RB & Hansen (2015)
 Baroni, RB, Hansen, Ortega (2018)
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few-body systems in LQCD

analytic 
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the future is nuclear

PW amplitudes

electroweak 
amplitudes

electroweak 
amplitudes

electroweak 
amplitudes

three nucleon forces

N - to - Delta/N! 
weak transitions

These techniques are being tested and implemented for A=0 systems first, but they 
are necessary and will be applied for light nuclear systems…

NN - to - NN 
weak transitions

deuteron form factors

neutrino(full/less) 
double beta decay

Compton amplitudes


