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Critical phenomena and symmetries

Landau-Ginzburg-Wilson (LGW) approach: the critical properties of a
statistical system depend just on the global symmetry breaking pattern
and some “kinematic” parameters (space dimensionality, number of fields
components, ...). They are encoded in the ¢* theory sharing the same
global symmetries and “kinematic” parameters.

Does something change when local symmetries are also present? What is
the role of the gauge degrees of freedom in the effective theory?

Question relevant for several systems of physical interest, like QCD at
finite temperature, condensed matter systems

Up to now this problem was investigated only in system with abelian local
symmetries: sometimes the gauge degrees of freedom are relevant
(antiferromagnetic 3D CPV~1 models) sometimes they are not
(multiflavour 3D abelian Higgs models).
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The lattice model

The basic variables of our model are N. x Nf complex matrices Z)ff and
the action before gauging is

Siv=-JY ReTrZ{Zyp, TrZiZ =1,
X,
where x stands for the site of a 3D cubic lattices. This action is O(2NN¥)

symmetric, as seen by explicitly rewriting it in term of Re and Im parts of
z<t

Next we gauge the N, color degrees of freedom, by coupling them to a
SU(N,) gauge field Uy

B
Sg = —BN¢ > ReTr [Zj Ui Zx+ﬂ] _ ngC Y ReTrlyyw
X, X7M>V
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The lattice model and its symmetries

Se = —BNr > ReTr |Zf Uyji Zess| - % 3" ReTrlyyu
X, [ ¢ X,u>v

Sg is invariant under the local transformation SU(N,)

Ze— Gz, U — Gl Gl s

and under the global transformation U(/Nf)

ZX — ZXV s Ux,ﬁ — Ux“a .

The N, = 2 case is somehow peculiar: since SU(2) is pseudoreal the
largest global symmetry is in fact Sp(Nf) (the subgroup of M € U(2Nf)
such that MJMT = J). Moreover we will need SO(5)=Sp(2)/Z.
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Continuum EFT 1: gauge degrees of freedom are relevant

The natural continuum EFT is in this case continuum scalar
chromodynamics:

1
L= rngf F2, + Tr[(D,Z)1(D.2)] + V(TrZ1Z),

At one loop, the (3 functions of the (properly rescaled, f o g2, u oc \)
couplings are

Be(u, f) = —ef — (22N, — Ny) £,
Bu(u, f) = —cu+ (N¢Nc + 4) u?
_18(NZ-1) uF 4+ 27(Ne — 1)(N2 + 2N, — 2)

f2
N, N2

and stable FP exist only for very large numbers of flavours (e.g.
Nf > 259 + O(¢) for N = 2), hence we expect a first order phase
transition for all N. and “reasonable” values of Ng.
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Continuum EFT 2: gauge degrees of freedom are irrelevant

We use a LGW approach with the gauge invariant order parameter
= 1
fg __ af 7ag fg
Qe = Ea VAV —Nf(i .

Qy is hermitian, traceless and @ — MTQ,M under the global symmetry.

4th

Most general 4*"-order polynomial consistent with the global symmetry:

Tr(9,Q)% + rTr Q* + wtr Q* + u(Tr @%)* + vTr Q*
For N¢ > 2, Tr Q3 # 0 and a first order phase transition is expected.

For Nf =2 and N¢ > 3 we obtain the standard LGW for the 3D O(3)
universality class (more explicit if rewritten by using % = foagngg)

For N =2 and N, = 2 we obtain Sp(2)~0O(5) universality class.
Beyond ¢ we also have the complex scalar ¢y = eabe,ch;"fog.
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Lattice observables and Finite Size Scaling

On a L3 lattice with periodic b.c. we can define

1

QF =322 - % Glx-y) = (1H(AQ))

from which we get the susceptibility x, the correlation lenght £ and
the Binder cumulant U

B § 2 1 &(0) - 6(pm)
X = ZX: G(x), ¢ 4sin®(m/L) G(Pm)
U— (13) fiZTrQQ

 (u2)?’ H2 =" o

X?y

U and Re = £/L are RG invariants, hence close to the transition they
satisfy R(B, L) = fa(X) + L"“gr(X) + -+ with X = (5 — 3c)L"/" in
particular

U(B,L) = Fu(Re) + O(L™).
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2, N. =2: O(5)

The case N¢
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The case Nf > 3: 1° order
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No clear signal of metastabilites, but data of U versus R do not seem to
converge to a scaling curve, as they should for a second order phase
transition.
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Conclusions

We have numerically investigated a lattice 3D model with SU(N,) gauge
symmetry and U(N¢) global symmetry, and verified that the EFT that
correctly describe its critical behaviour is the LGW theory based on a
gauge-invariant order parameter.

This supports the Pisarski-Wilczek approach to massless QCD but leaves
open questions:

@ what happen if we start from an initial symmetry that is not the
maximal O(2NN¢)?

@ why the LGW approach sometimes fails for abelian gauge field?

@ do systems with non-abelian gauge symmetry exist for which the
LGW approach is not the correct one?
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Thank you for your attention!
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Backup with something more
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Some abelian cases examples

@ 3D ACPN=1 model
H=J>y |2y - zy[2 withz€ CV, |zl =1 and J >0
LGW predicts O(3) for N =2, O(8) for N = 3 and 15" order for
N =4 (RG flow studied up to five/six loops in different
renormalization schemes)
A second order phase transition is found numerically for N = 4
Pelissetto, Tripodo, Vicari PRD 96, 034505 (2017)

@ 3D CPN~1 models and abelian Higgs models
same as before but with J < 0 and
H=—BN3}, (A2x - zx1p+cc.) =285 3, ., ReTrlx
LGW predicts O(3) for N = 2 and 1% order for N > 3, in agreement
with lattice simulations
Pelissetto, Vicari PRE 100, 022122 (2019), PRE 100, 042134 (2019)
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The global symmetry for N. =2 (1)

1 Saf |1ab Sbf f rjab bf
Sh=1 0 |2 Uz 2+ 2 U3 25 =
f,a,b

1 Saf 11ab sbf |, waf jjab \/bf
=5 0 | B U 2+ VU Y
f,a,b

where

. ab3 = 0 —i
Y =io3bzP | U= oyUo0, 02=<I. .

0
We can now define

[ & it 1<~y <N
<) vRO0TND e N1 <y < 2N

then 1 1
ra ab b
Sh=15 > T UGN = 5T (Tleal)

v,a,b
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The global symmetry for N. =2 (Il)

Te(I Uy, )

is invariant under the local transformation 'y — GxI'x with Gx € SU(N,)
and it is invariant under the global U(2/Nf) transformation

Mk > TxM, MeU(2Nf). (1)
However [ variables are not generic, they have the structure
M= (Z, Y:iUQZ) ,

which is equivalent to say that they satisfy the relation

. = 0 —I
iool =TJ, J( 10 ) ,
where [ is the Nf x Ny identity matrix. The global invariance is thus the
subgroup of matrices M € U(2N¢) which leave invariant this relation, i.e.
MIMT = J.
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The complete order parameter for N, = 2
Instead of Q)fg we can define

TP =TT - Z rra,
a
but it is not difficult to show that these quantities can be expressed in
terms of Q8 and of D = > eaij'fog.

Since 7;0‘6 is not independent of Q,fg (in particular Tab Qab for
a,b=1,...,Nf), its critical behaviour can be investigated by studying

just Q)fg.
We only have to pay attention to the fact that

(Sho M M) 21
(ko MAMK2 25

UO(S) .

therefore the correct quantity to be studied to achieve matching with the

universal Binder parameter of the O(5) vector model is U, = gé U.
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Critical exponents and RG-invariant quantities

@ 3D O(5) universality class

v=0779(3), n=0.034(1), w=0.79(2)
Rf =0538(1), U*=1.069(1).

@ 3D O(3) universality class

v =07117(5), n=0.0378(3), w =0.782(13),
RE =0.5639(2), U*=1.1394(3).
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