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Abstract
❖ We show the properties of the gravitational wave signal emitted after the merger of a binary 

neutron star system. We show that the post-merger phase can be subdivided into three 
phases: an early post-merger phase (where the quadrupole mode and a few subdominant 
features are active), the intermediate post-merger phase (where only the quadrupole mode 
is active) and, when remnant survives for more than a 60ms before collapsing to a Black 
Hole, the late post-merger phase (where convective instabilities trigger inertial modes).

❖ Moreover, we show how to perform numerical simulations of Binary Neutron Star Mergers 
using the Einstein Toolkit. We discuss the motivation for going to high-resolution and the 
computational requirement needed to reach the required resolution a the numerical 
performance on the Einstein Toolkit public code. We present vectorization and scaling tests 
on the code on SkyLake and Knight’s Landing processors to assess its capability of making 
use of a large amount of parallel computing power. Our tests are run on the full 
infrastructure, evolving both the space-time metric variable and matter.



Motivation



GW170817 - the August signal!
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Figure 2. Timeline of the discovery of GW170817, GRB 170817A, SSS17a/AT 2017gfo, and the follow-up observations are shown by messenger and wavelength
relative to the time tc of the gravitational-wave event. Two types of information are shown for each band/messenger. First, the shaded dashes represent the times when
information was reported in a GCN Circular. The names of the relevant instruments, facilities, or observing teams are collected at the beginning of the row. Second,
representative observations (see Table 1) in each band are shown as solid circles with their areas approximately scaled by brightness; the solid lines indicate when the
source was detectable by at least one telescope. Magnification insets give a picture of the first detections in the gravitational-wave, gamma-ray, optical, X-ray, and
radio bands. They are respectively illustrated by the combined spectrogram of the signals received by LIGO-Hanford and LIGO-Livingston (see Section 2.1), the
Fermi-GBM and INTEGRAL/SPI-ACS lightcurves matched in time resolution and phase (see Section 2.2), 1 5×1 5 postage stamps extracted from the initial six
observations of SSS17a/AT 2017gfo and four early spectra taken with the SALT (at tc+1.2 days; Buckley et al. 2017; McCully et al. 2017b), ESO-NTT (at
tc+1.4 days; Smartt et al. 2017), the SOAR 4 m telescope (at tc+1.4 days; Nicholl et al. 2017d), and ESO-VLT-XShooter (at tc+2.4 days; Smartt et al. 2017) as
described in Section 2.3, and the first X-ray and radio detections of the same source by Chandra (see Section 3.3) and JVLA (see Section 3.4). In order to show
representative spectral energy distributions, each spectrum is normalized to its maximum and shifted arbitrarily along the linear y-axis (no absolute scale). The high
background in the SALT spectrum below 4500Å prevents the identification of spectral features in this band (for details McCully et al. 2017b).
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In the mid-1960s, gamma-ray bursts (GRBs) were discovered
by the Vela satellites, and their cosmic origin was first established
by Klebesadel et al. (1973). GRBs are classified as long or short,
based on their duration and spectral hardness(Dezalay et al. 1992;
Kouveliotou et al. 1993). Uncovering the progenitors of GRBs
has been one of the key challenges in high-energy astrophysics
ever since(Lee & Ramirez-Ruiz 2007). It has long been
suggested that short GRBs might be related to neutron star
mergers (Goodman 1986; Paczynski 1986; Eichler et al. 1989;
Narayan et al. 1992).

In 2005, the field of short gamma-ray burst (sGRB) studies
experienced a breakthrough (for reviews see Nakar 2007; Berger
2014) with the identification of the first host galaxies of sGRBs
and multi-wavelength observation (from X-ray to optical and
radio) of their afterglows (Berger et al. 2005; Fox et al. 2005;
Gehrels et al. 2005; Hjorth et al. 2005b; Villasenor et al. 2005).
These observations provided strong hints that sGRBs might be
associated with mergers of neutron stars with other neutron stars
or with black holes. These hints included: (i) their association with
both elliptical and star-forming galaxies (Barthelmy et al. 2005;
Prochaska et al. 2006; Berger et al. 2007; Ofek et al. 2007; Troja
et al. 2008; D’Avanzo et al. 2009; Fong et al. 2013), due to a very
wide range of delay times, as predicted theoretically(Bagot et al.
1998; Fryer et al. 1999; Belczynski et al. 2002); (ii) a broad
distribution of spatial offsets from host-galaxy centers(Berger
2010; Fong & Berger 2013; Tunnicliffe et al. 2014), which was
predicted to arise from supernova kicks(Narayan et al. 1992;
Bloom et al. 1999); and (iii) the absence of associated
supernovae(Fox et al. 2005; Hjorth et al. 2005c, 2005a;
Soderberg et al. 2006; Kocevski et al. 2010; Berger et al.
2013a). Despite these strong hints, proof that sGRBs were
powered by neutron star mergers remained elusive, and interest
intensified in following up gravitational-wave detections electro-
magnetically(Metzger & Berger 2012; Nissanke et al. 2013).

Evidence of beaming in some sGRBs was initially found by
Soderberg et al. (2006) and Burrows et al. (2006) and confirmed

by subsequent sGRB discoveries (see the compilation and
analysis by Fong et al. 2015 and also Troja et al. 2016). Neutron
star binary mergers are also expected, however, to produce
isotropic electromagnetic signals, which include (i) early optical
and infrared emission, a so-called kilonova/macronova (hereafter
kilonova; Li & Paczyński 1998; Kulkarni 2005; Rosswog 2005;
Metzger et al. 2010; Roberts et al. 2011; Barnes & Kasen 2013;
Kasen et al. 2013; Tanaka & Hotokezaka 2013; Grossman et al.
2014; Barnes et al. 2016; Tanaka 2016; Metzger 2017) due to
radioactive decay of rapid neutron-capture process (r-process)
nuclei(Lattimer & Schramm 1974, 1976) synthesized in
dynamical and accretion-disk-wind ejecta during the merger;
and (ii) delayed radio emission from the interaction of the merger
ejecta with the ambient medium (Nakar & Piran 2011; Piran et al.
2013; Hotokezaka & Piran 2015; Hotokezaka et al. 2016). The
late-time infrared excess associated with GRB 130603B was
interpreted as the signature of r-process nucleosynthesis (Berger
et al. 2013b; Tanvir et al. 2013), and more candidates were
identified later (for a compilation see Jin et al. 2016).
Here, we report on the global effort958 that led to the first joint

detection of gravitational and electromagnetic radiation from a
single source. An ∼ 100 s long gravitational-wave signal
(GW170817) was followed by an sGRB (GRB 170817A) and
an optical transient (SSS17a/AT 2017gfo) found in the host
galaxy NGC 4993. The source was detected across the
electromagnetic spectrum—in the X-ray, ultraviolet, optical,
infrared, and radio bands—over hours, days, and weeks. These
observations support the hypothesis that GW170817 was
produced by the merger of two neutron stars in NGC4993,
followed by an sGRB and a kilonova powered by the radioactive
decay of r-process nuclei synthesized in the ejecta.

Figure 1. Localization of the gravitational-wave, gamma-ray, and optical signals. The left panel shows an orthographic projection of the 90% credible regions from
LIGO (190 deg2; light green), the initial LIGO-Virgo localization (31 deg2; dark green), IPN triangulation from the time delay between Fermi and INTEGRAL (light
blue), and Fermi-GBM (dark blue). The inset shows the location of the apparent host galaxy NGC 4993 in the Swope optical discovery image at 10.9 hr after the
merger (top right) and the DLT40 pre-discovery image from 20.5 days prior to merger (bottom right). The reticle marks the position of the transient in both images.

958 A follow-up program established during initial LIGO-Virgo observations
(Abadie et al. 2012) was greatly expanded in preparation for Advanced LIGO-
Virgo observations. Partners have followed up binary black hole detections,
starting with GW150914 (Abbott et al. 2016a), but have discovered no firm
electromagnetic counterparts to those events.

2

The Astrophysical Journal Letters, 848:L12 (59pp), 2017 October 20 Abbott et al.

∼100 s (calculated starting from 24 Hz) in the detectors’
sensitive band, the inspiral signal ended at 12∶41:04.4 UTC.
In addition, a γ-ray burst was observed 1.7 s after the
coalescence time [39–45]. The combination of data from
the LIGO and Virgo detectors allowed a precise sky
position localization to an area of 28 deg2. This measure-
ment enabled an electromagnetic follow-up campaign that
identified a counterpart near the galaxy NGC 4993, con-
sistent with the localization and distance inferred from
gravitational-wave data [46–50].
From the gravitational-wave signal, the best measured

combination of the masses is the chirp mass [51]
M ¼ 1.188þ0.004

−0.002M⊙. From the union of 90% credible
intervals obtained using different waveform models (see
Sec. IV for details), the total mass of the system is between
2.73 and 3.29 M⊙. The individual masses are in the broad
range of 0.86 to 2.26 M⊙, due to correlations between their
uncertainties. This suggests a BNS as the source of the
gravitational-wave signal, as the total masses of known
BNS systems are between 2.57 and 2.88 M⊙ with compo-
nents between 1.17 and ∼1.6 M⊙ [52]. Neutron stars in
general have precisely measured masses as large as 2.01#
0.04 M⊙ [53], whereas stellar-mass black holes found in
binaries in our galaxy have masses substantially greater
than the components of GW170817 [54–56].
Gravitational-wave observations alone are able to mea-

sure the masses of the two objects and set a lower limit on
their compactness, but the results presented here do not
exclude objects more compact than neutron stars such as
quark stars, black holes, or more exotic objects [57–61].
The detection of GRB 170817A and subsequent electro-
magnetic emission demonstrates the presence of matter.
Moreover, although a neutron star–black hole system is not
ruled out, the consistency of the mass estimates with the
dynamically measured masses of known neutron stars in
binaries, and their inconsistency with the masses of known
black holes in galactic binary systems, suggests the source
was composed of two neutron stars.

II. DATA

At the time of GW170817, the Advanced LIGO detec-
tors and the Advanced Virgo detector were in observing
mode. The maximum distances at which the LIGO-
Livingston and LIGO-Hanford detectors could detect a
BNS system (SNR ¼ 8), known as the detector horizon
[32,62,63], were 218 Mpc and 107 Mpc, while for Virgo
the horizon was 58 Mpc. The GEO600 detector [64] was
also operating at the time, but its sensitivity was insufficient
to contribute to the analysis of the inspiral. The configu-
ration of the detectors at the time of GW170817 is
summarized in [29].
A time-frequency representation [65] of the data from

all three detectors around the time of the signal is shown in
Fig 1. The signal is clearly visible in the LIGO-Hanford
and LIGO-Livingston data. The signal is not visible

in the Virgo data due to the lower BNS horizon and the
direction of the source with respect to the detector’s antenna
pattern.
Figure 1 illustrates the data as they were analyzed to

determine astrophysical source properties. After data col-
lection, several independently measured terrestrial contribu-
tions to the detector noise were subtracted from the LIGO
data usingWiener filtering [66], as described in [67–70]. This
subtraction removed calibration lines and 60 Hz ac power
mains harmonics from both LIGO data streams. The sensi-
tivity of the LIGO-Hanford detector was particularly
improved by the subtraction of laser pointing noise; several
broad peaks in the 150–800 Hz region were effectively
removed, increasing the BNS horizon of that detector
by 26%.

FIG. 1. Time-frequency representations [65] of data containing
the gravitational-wave event GW170817, observed by the LIGO-
Hanford (top), LIGO-Livingston (middle), and Virgo (bottom)
detectors. Times are shown relative to August 17, 2017 12∶41:04
UTC. The amplitude scale in each detector is normalized to that
detector’s noise amplitude spectral density. In the LIGO data,
independently observable noise sources and a glitch that occurred
in the LIGO-Livingston detector have been subtracted, as
described in the text. This noise mitigation is the same as that
used for the results presented in Sec. IV.

PRL 119, 161101 (2017) P HY S I CA L R EV I EW LE T T ER S week ending
20 OCTOBER 2017

161101-2

GW170817: Observation of Gravitational Waves from a Binary Neutron Star Inspiral, Phys.Rev.Lett. 119 (2017) no.16, 161101.
Multi-messenger Observations of a Binary Neutron Star Merger, Astrophys.J. 848 (2017) no.2, L12.



Artistic view of  the location of the six galactic system.
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The simulated GW signal

 
A. Feo, R. De Pietri, F. Maione and F. Loeffler,  

Modeling Mergers of known Galactic Binary Neutron Stars, 
Classical and Quantum, 34 (3), 034001 (2017) arXiv 1608.02810(2016) 

Analysed with 4-EOS



Different EOS — same stellar model
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How we do the simulations



Numerical Relativity in a nutshell

Modeling equal and unequal mass binary neutron star mergers using public codes,  
R. De Pietri, A. Feo, F. Maione and F. Loeffler, 

Physical Review D 93 (6), 064047, 034001 arXiv 1509.08804(2015) 

Rµ⇥ �
1
2
gµ⇥R = 8�G Tµ⇥

�µTµ⇥ = 0

p = p(⇥, �)

Einstein Equations

Conservation of energy momentum

Equation of state

Conservation of baryon density

Tµ⇥ = (⇥(1 + �) + p)uµu⇥ + pgµ⇥
Ideal Fluid Matter

+ Evolution of magnetic Fields (Trento and Firenze)

❖ Methods

❖ The fluid matter equations are a non linear a form a 
hyperbolic  system and need HRSC Methods well-
adapted to grid-methods and highly-scalable (Einstein 
Toolkit) 

❖ Main goal: to study EOS effect on the Gravitational 
Waves emitted from the coalescence of compact 
binaries (in our case two Neutron Stars)

❖ Waveform modeling in NR. 
❖ EOS effect on the post-merger signal.
❖ Counterparts to BNS mergers: SGRB, Macronova,…



GR NS-NS simulations: State of the Art
❖ One of the main and hottest research topic in Numerical Astrophysics.

❖ A comprensive discussion of the subject can be found in (www.livingreviews.org):  J.A. 
Faber & F.A. Rasio, “Binary neutron star mergers”, Living Reviews in Relativity (2012). 
This review contains 338 references. 

❖ Recent review by Rezzolla and Baiotti (arXiv:1607.03540), “Binary neutron-star mergers: 
a review of Einstein's richest laboratory”

❖ Impossible to give a comprensive list of all the individual contributor and their roles. 

❖ Among them is worth citing:

❖ The people that start it back in ‘99: Shibata&Uryu: Phys. Rev. D 61 064001 (gr-qc/
9911058) 

❖ and (in alphabetic order): Alic, Anderson, Baiotti , Bauswein, Bernuzzi , Bruegmann, 
Ciolfi, Dietrich , Duez , Etienne , Foucart, Giacomazzo , Gold, Haas , Hotokezaka, 
Janka, Kastaun , Kawaguchi, Kidder , Kiuchi, Kokotas, Kyutoku, Lehner , Liebling , 
Liu, Nielsen , Ott , O’Connor , Pachalidis, Palenzuela , Pfeiffer, Rezzolla, Scheel , 
Sekiguchi , Shapiro , Shibata, Stergioulas, Taniguchi, Uryu, … 

❖
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The base formalism (ADM)
1. Choose initial spacelike surface and provide 

initial data (3-metric, extrinsic curvature)

2. Choose coordinates:

❖ Construct timelike unit normal to surface, choose 
lapse function

❖ Choose time axis at each point on next surface (shift 
vector)

❖ Evolve 3-metric, extrinsic curvature 

10

Use usual numerical methods:

1. Structured meshes (including multi-patch), finite differences (finite 
volumes for matter), adaptive mesh refinement (since ~2003). High order 
methods. 

2. Some groups use high accuracy spectral methods for vacuum space times



Unfortunately Einstein Equation must be rewritten !

❖ BSSN version of the  
Einstein’s equations 
that introduce additional 
conformal variables:

❖ Matter evolution  
(B set to zero)  
using shock capturing  
methods based on the 
GRHydro code
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[4] M. Shibata, T. Nakamura: “Evolution of three dimensional gravitational ..”, Phys. Rev. D52(1995)5429 
[5] T.W. Baumgarte, S.L. Shapiro: “On the numerical integration of Einstein..”, Phys. Rev. D59(1999)024007

Other formulation with the same good properties and constrain dumping are used: 
namely Z4, Z4c,…..



Matter evolution need HRSC Methods

❖ The equation of  a perfect fluid are a non linear  
hyperbolic  system.

❖ Wilson (1972) wrote the system as a set of advection equation within the 
3+1 formalism. 

❖ Non-conservative. Conservative formulations well-adapted to numerical 
methodology: 
❖ Martí, Ibáñez & Miralles (1991): 1+1, general EOS

❖ Eulderink & Mellema (1995): covariant, perfect fluid • Banyuls et al (1997): 3+1, 
general EOS

❖ Papadopoulos & Font (2000): covariant, general EOS 
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�µTµ⇥ = 0
Ideal Fluid Matter

Tµ⇥ = (⇥(1 + �) + p)uµu⇥ + pgµ⇥The equations of perfect fluid dynamics are a nonlinear 
hyperbolic system of conservation laws:

is a conservative external force field (e.g. gravitational field): 
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(state vector)

(fluxes)

(sources)

~g = �r� �� = 4⇡G⇢

~u = (⇢, ⇢ vj , e)

~f i = (⇢ vi, ⇢ vi vj + p �ij , (e+ p) vi)

~s =

✓
0,�⇢

@�

@xj
+Qj

M ,�⇢ vi
@�

@xi
+QE + vi Qi

M

◆

~g

p = p(⇥, �)



Huge computational problem
❖ From: Toward higher resolutions in Neutron Star Merger  simulations with the Einstein Toolkit, R. Alfieri, R. De 

Pietri, A. Feo, C. Musolino, M. Pasquali (in preparation -and poster a Supercomputing 2019 Denver)  

❖ VECTORIZATION (use of AVX512 instruction)

❖ Code is memory bounded. In the sense that to reach 
the high resolution request one need fill the memory 
of the computing nodes (usual best if for loading of 1 
Gbyte/core 

❖ WEEK SCALING IS GOOD

❖ Reasonable strong scaling but … due to the increase of 
ghost zone (stencil size 3 has strong impact if the part 
of the grid for each processor (MPI thread) is not at 
least 40x40x40

❖ RESOLUTION r06 (dx~87m) has size of the checkpoint 
order 500 GByte

❖ The strong scaling curve ends (on the right) because 
that simulation can not be run with less nodes

Fig. 8: Normalized strong scaling efficiency, KNL runs are
performed on 64 cores per node whereas SKL ones are on 48.
Ideal behaviour is an horizontal line at unit efficiency.

VII. CONCLUSIONS

Following [7], [8], [14] we performed scaling benchmark
tests on the latest version of the Einstein Toolkit, with a new
simulation setup intended to be as close as possible to a real
use-case scenario while being computationally light enough
to be used as a benchmark. We run these tests, together with
vectorization performance tests, on the Knight’s Landing and
Skylake core architectures to assess the current state of the
Toolkit and in order to evaluate its potential to scale on even
larger SuperComputing facilities that will become available in
the near future. This is crucial since the current state-of-the-art
Numerical Relativity simulations often aim at understanding
microphysical processes (for example those involved in mag-
netohydrodynamical instabilities of merger remnants [5], [6])
for which high resolutions are necessary. Strong scaling results
comparable amongst the two architectures when the difference
in clock frequency of the two types of cores is accounted
for, indicating that the EinsteinToolkit’s code is well suited to
exploit large parallel environments in a system-independent
manner. These results can be used to determine the most
efficient machine setup to run a simulation on once the size of

Fig. 9: Weak scaling efficiency vs number of nodes for both the
KNL and the SKL architectures. For KNL, each node consists
of 64 cores with one thread per core and divided in 4 total MPI
tasks; for SKL, each node consists of 48 cores, one thread per
core and 8 MPI tasks.

the problem has been established on physical grounds. Weak
scaling tests show that the Toolkit is capable of handling
extremely parallelized environments in a very efficient way,
loosing less than 35% efficiency at the maximum core count
we had at our disposal, which was of order 104. This is
achieved through a combination of high-level APIs that allow
users creating applicative kernels not to deal explicitly with
most of the subtleties associated with these issues.
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Results of the simulation: 
Try to understand the GW post merger signal  

and  
How it related to the EOS that describe matter 

at very high density



Post Merger Spectrum
❖ The main characteristics of the post-merger spectrum are 

captured by three main peaks f1, f2, f3 (closely physical 
related) plus an additional fspriral peak 

❖ This general picture maybe used to get information on the 
EOS by (using-multiple BNS post-merger events) [S. Bose, 
K. Chakravarti, L. Rezzolla, B. S. Sathyaprakash, and K. 
Takami, (2017), 1705.10850] or focusing on just the main f2 
mode [H. Yang, V. Paschalidis, K. Yagi, L. Lehner, F. 
Pretorias, and N. Yunes, (2017), arXiv:1707.00207 ]. 
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S2ðfÞ ¼ A2Ge−ðf−F2GÞ2=W2
2G þ AðfÞγðfÞ; ð18Þ

where

AðfÞ≡ 1

2W2

½ðA2b − A2aÞðf − F2Þ

þW2ðA2b þ A2aÞ&; ð19Þ

γðfÞ≡ ð1þ e−ðf−F2þW2Þ=sÞ−1

× ð1þ eðf−F2þW2Þ=sÞ−1: ð20Þ

The 14 parameters, A1, F1,W1, A2a, A2b, F2,W2,
s, A2G, F2G, W2G, A0, F0, W0, are computed via a
nonlinear least-squares fitting. An example of the
resulting fit is shown also in Fig. 3 with a red line.
Clearly, the fitting procedure has provided a very
good representation of the low- and high-frequency
peaks. Similarly good results are obtained also with
other EOSs.

(4) Finally, we associate the two spectral features of
the PSD which are our interest here, i.e., f1 and f2,
with the values of the coefficient F1 and with the
frequency average of the function S2

3

f1 ≡ F1; f2 ≡
R
S2ðfÞfdfR
S2ðfÞdf

: ð21Þ

IV. VALIDATION OF THE NUMERICAL RESULTS

As mentioned above, the purpose of this work is mainly
to highlight the relation between the spectral properties of
the post-merger signal and the physical properties of the
merging binary. In this sense, here we are not particularly
interested to make sure that this relation is quantitatively
accurate; far more important to us is that our analysis
captures the correct qualitative behavior. Nevertheless, it is
important to assess how the results obtained also depend
on choices that are under our control, such as the grid
resolution and the choice of the polytropic index Γth for the
thermal part of the EOS. While a discussion of these
aspects is rarely done in the literature, in what follows we
discuss both of these aspects in detail.

A. Dependence on grid resolution

Performing accurate measurements of the convergence
order as the ones presented in [22] or in [11] is clearly not
possible when considering the very large number of
binaries and EOSs considered here. Hence, rather than
determining the convergence order, we have here explored
whether our results are in a regime of consistency, i.e., the
truncation error decreases with increasing resolution [49].
While a much weaker requirement than convergence, an
overall consistency guarantees that the numerical errors
are bound and decreasing. We have therefore considered
as a representative example the evolution of the single-
polytropic BNS GAM2-q10-M1400 when performed at
three different spatial resolutions of ðΔh5Þlow¼ 0.175M⊙≃
258m (low resolution), ðΔh5Þmed ¼ 0.150M⊙ ≃ 221 m
(medium resolution), and ðΔh5Þhigh ¼ 0.125M⊙ ≃ 185 m
(high resolution).
The results of this comparison are shown in Fig. 4, where

the top panel reports evolution of the GW phase, with the
green, red, and blue lines referring to the low, medium, and
high resolutions, respectively. Shown instead in the middle
panel is the instantaneous frequency fGW of the GW signal.
It is apparent that the phase evolution is already well
captured by the middle resolution, with differences with
respect to the high resolution that are Δϕ≃ 0.9 rad at the
end of simulation, that is, with a fractional change
Δϕ=ϕ≃ 0.3%. Similarly, the evolutions of the three
instantaneous frequencies are essentially indistinguishable
up to the merger (cf. dotted vertical line), so that the peak
frequency fmax varies at most of≃12 Hz (i.e.,≃1%) when
going from the low to the high resolution and with
differences of ≲7 Hz (i.e., ≃0.6%) between the medium
and high resolutions. On the other hand, the three instanta-
neous frequencies are clearly different after the merger.
This behavior, which cannot be removed by a simple time
shift, is a clear indication that the resolutions used are not

FIG. 3 (color online). PSD 2~hðfÞf1=2 relative to the binary
APR4-q10-M1375. Indicated with a black line is the full PSD,
while the green line shows the PSD after the application of a
Tukey window, and the blue line the PSD filtered with a high-pass
Butterworth filter. Finally, shown in red is the fit made to capture
the peak frequencies f1 and f2.

3Because the notation in the literature has been evolving and a
bit confusing, we remark that what we indicate as f2 was marked
as fpeak in Ref. [25] and as f2 in Ref. [28]. This latter notation is
becoming the standard one.

KENTARO TAKAMI, LUCIANO REZZOLLA, AND LUCA BAIOTTI PHYSICAL REVIEW D 91, 064001 (2015)

064001-8

APR4-q10-M1375 

a reference. In essence, the PSDs in Fig. 5 reveal the
following:

(i) For all the EOSs considered, the peak corresponding
to the f2 frequency is rather easy to recognize and is
reasonably well reproduced by an analytic expres-
sion that we will discuss in Sec. III D.

(ii) The f2;i frequencies as measured from the spectro-
grams do not correspond to any visible peak in the
total PSDs; this is to be expected given that these
frequencies are only short lived and their contribu-
tion to the total PSD is much smaller than that of the
f2 frequencies.

(iii) Smaller but still clearly visible are the contributions
of the f1 and f3 frequencies (the latter are not
reported in Fig. 5 for clarity). This behavior too is
not surprising and is due to the short duration of
these modes. Note that the f1 frequencies in Fig. 5,
which we recall are predicted analytically, also mark
the presence of a local maximum in the PSD.

(iv) For stiff EOSs, e.g., GNH4 and H4, the peaks
corresponding to the f1 and fspiral frequencies are
very similar, but they become distinct for soft EOSs,
e.g., ALF2, SLy, and APR4.

(v) When not being comparable to f1, the fspiral
frequencies do not seem to mark any local maximum

in the PSDs; see, for example, the BNS with M ¼
1.200 M⊙ and the SLy EOS, or the BNS with M ¼
1.350 M⊙ and the EOSs SLy and APR4.

(vi) The behavior of the f2–0 frequencies is far less clear.
In those cases where it is comparable with the f1
frequencies (e.g., for the SLy EOS), these frequen-
cies can be associated with the same power excess
attributed to the f1 frequencies. In other cases,
however, they are either associated with peaks with
very limited power6 or are associated with peaks.7

This is not surprising since the f2–0 peaks result
from a mode coupling and are therefore expected to
be less energetic.

The properties of the PSDs listed above and illustrated in
Fig. 5 are not limited to the cases of the binary masses
reported in that figure. This conclusion can be reached after
inspecting Fig. 6, which is the same as Fig. 5, but reports
also all the other masses considered. For compactness we
do not report here the PSDs relative to the unequal-mass

FIG. 5. Total PSDs of the GW signals for all the EOSs considered and relative to a series of low-mass (i.e., M ¼ 1.200 M⊙) and
medium-mass binaries (i.e., M ¼ 1.325 M⊙); these are the two masses also considered in Ref. [43]. The solid lines refer to the
postmerger signal only, while the dotted lines report also the power during the short inspiral. Reported with vertical dashed lines of
different colors are instead the values of the frequencies f1, f2;i, f2, f2–0, and fspiral. These are either measured from the PSDs or
estimated numerically (see discussion in Sec. III A). The PSDs are relative to GWs from binaries at a distance of 50 Mpc, and we report
also the sensitivity curves of Advanced LIGO as a reference (green line). Note that the f1 and fspiral frequencies (blue and red vertical
dashed lines) are very similar for stiff EOSs (e.g., GNH3, H4) but are significantly different for soft EOSs (e.g., SLy, APR4), making a
proper distinction fallible. Note also that the f2–0 frequencies (orange vertical dashed lines) do not always correspond to clearly
identifiable peaks in the total PSDs.

6This is the case, for instance, for the binaries with M ¼
1.350 M⊙ with EOS GNH3, H4, and ALF2.

7This is the case, for instance, for the binaries with M ¼
1.200 M⊙ with EOS GNH3, H4, and ALF2, or for the binaries
with M ¼ 1.350 M⊙ with EOS APR4.

LUCIANO REZZOLLA and KENTARO TAKAMI PHYSICAL REVIEW D 93, 124051 (2016)

124051-10

K. Takami, L. Rezzolla, and L. Baiotti, 
Phys. Rev. D91, 064001 (2015)

L. Rezzolla and K. Takami, 
Phys. Rev. D93, 124051 (2016)



Post Merger Spectrum
❖ Analyzing the signal using Fourier 

spectrograms and Prony 
spectrograms one see that:
❖ A change in the dominant peak 

frequency between the initial transient 
phase and the following quasi- stationary 
phase. It is apparent that this transient is 
not a sudden jump, but rather a 
continuous process, in which the 
dominant frequency first increase and 
then decrease; 

❖ A slow increase in the dominant 
frequency in the quasi-stationary phase 
which, in particular in the Fourier 
spectrograms, seems more pronounced 
in equal mass binaries and suppressed in 
unequal mass ones. 
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Neutron-star Radius from a Population of BNS Mergers
❖ From the talk Jutta Kunz we learned that a 

number of Universal relation have been 
proposed to link properties of Stars.

❖ Universal relation have also been derived 
for the peak-frequency of the post merger 
signal.

❖ From that follows the idea of using 
detected gravitation wave signal to get 
measure of the properties of the stars (like 
its Radius) 

❖ To do the analysis (and avoid to do 100s of 
BNS simulation) use a phenomenological 
model for the postmerger waveform using 
analytical fits in the time domain to a 
catalogue of numerical-relativity 
waveforms  that can be expressed as a 
superposition of damped sinusoids with a 
time-evolving instantaneous frequency 
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FIG. 1. Top panels: Postmerger strain from numerical-relativity waveforms for four EOSs and a representative mass of M̄ = 1.325M�; our
analytical ansatz is shown as a transparent line of the same color. Only the initial 12ms of the complete 25ms waveforms are reported to aid
the comparison. Bottom panels: Corresponding spectral amplitudes shown with the same color convention, superposed on the strain sensitivity
curves of aLIGO and ET. Similarly good matches are produced also for M̄ = 1.250M� (cf. Table I and Fig. 3 in the supplemental material).

|2h̃(f) f1/2| ' 10
�22/

p
Hz at f = f2 ' 2470Hz, with the

frequency bin-width being �f ⇠ 100Hz. The aLIGO noise
amplitude at this frequency is Sh(f2) ' 1.26 ⇥ 10

�46
Hz

�1,
thus yielding an SNR ' |2h̃(f)f1/2|[�f/(f Sh(f))]1/2 '
1.8.

A small postmerger SNR, however, does not necessarily
imply that the observations contain no information. Rather,
small-SNR postmergers can provide constraints if combined
constructively over a population of such signals. As an exam-
ple, a Fisher-matrix analysis gives the 1 � � error in mea-
suring f1 and f2 for a population of 100 H4-1325 BNSs
at 100Mpc with optimal sky-position and orientation to be
�f1/f1 ' 10% and �f2/f2 ' 1%, or �f1 ' 177Hz

and �f2 ' 27Hz in a single aLIGO detector (see Table I in
the supplemental material). Exploiting the quasi-universal re-
lations between f1, f2 and the compactness (see the left two
panels in Fig. 2 in the supplemental material), we can infer
the error in C through error propagation. For the aforemen-
tioned 100 BNS observations, we deduce from the error in f2
(which is much better measured than f1) that the fractional
error in the measurement of the compactness is as small as
⇡ 1.0%. Similar results are obtained for the other EOSs, and
masses and are listed in Table I in the supplemental material.
We have also verified that other fitting expressions for f1, f2,
e.g., in terms of fractional powers of C, yield very similar er-
rors in the radius estimates derived below.

Radius measurement from a single BNS. For the H4-1325
BNS at 200Mpc, with an aLIGO-AdV network SNR = 14

for the complete inspiral-merger-postmerger signal (after av-
eraging over sky locations and orientations, which reduces the
SNR by a factor of 2.26 relative to that for optimal sky loca-
tion and orientation [5, 22]), the 1�� measurement errors are
�f2/f2 ⇡ 14.0% (Table I in the supplemental material), and
derived from it via quasi-universal relations, �C/C ⇡ 9%.
Taking the component mass 1 � � error to be 11% [23], the
error in radius from error propagation is ⇡ 14%. For the
same source at 30Mpc with optimal location and orientation,
the complete-waveform network-SNR will be ⇡ 211, even
though the postmerger signal will have SNR ⇡ 6.4. At such
a distance, the error in average binary mass is much smaller, at
0.08%, and � C/C ⇡ 0.9%. In this strong-signal case, the ra-
dius error reduces to 0.9%, or 125m. In a single aLIGO detec-
tor, the error will rise to ⇡ 215m. This is roughly two times
more accurate than the value given in Ref. [16], the primary
reason being that their waveforms are more rapidly damped
than ours, as noted above. Furthermore, while our errors are
estimated for the average radius of the parent BNS, the error
in Ref. [16] is estimated for the radius of a cold nonrotating
neutron star of mass 1.6M� (R1.6) and for a single value of
the average mass (M̄ = 1.350M�); we find this approach not
applicable to our data and that of other groups (see Fig. 5 in
the supplemental material). Finally, other constraints can be
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FIG. 5. The same as Fig. 1 in the main text, but for binaries with lower masses, i.e., M = 2⇥ 1.250M�. In this case too the match between
the numerical waveforms and the analytic ansatz is very good; even better matches are expected if the analytic ansatz is extended to model
also the f3 frequency peak.

FIG. 6. Radius measurement error, at 90% confidence level, as a
function of the tidal deformability when the population of BNSs, dis-
tributed uniformly in a comoving volume between 100 and 300Mpc,
is characterised by a single value of the average mass, i.e., either
M̄ = 1.250M� or M̄ = 1.325M�, for the four EOSs studied
here. Different values of shading refer to the different numbers of bi-
naries considered, i.e., N = 20, 50, 100. Note that soft EOSs have
systematically larger uncertainties. Shown with dashed lines are the
errors from the Fisher-matrix analysis for N = 50.

gravitational mass. Specifically, owing to the mass-related
spread of the curves in Fig. 7 it is not obvious how for the
population of 100 BNSs one might estimate R1.6 more ac-
curately than the average radius of that population from the
methods presented in this letter. However, for the nearby bi-
nary at 30Mpc discussed above, since the BNS masses can
be estimated to a high accuracy, it is possible to narrow that
spread; this allows the determination of R1.6 for that case with
an accuracy that rivals the estimation of the average radius de-
duced above.

S. Bose, K. Chakravarti, L. Rezzolla, B. S. Sathyaprakash, and K. Takami, Neutron-
star Radius from a Population of Binary Neutron Star Mergers (2017), 1705.10850



Interesting thermal effect active in later stage
❖ Now if the simulation is long-enough the 

star relax to a new pseudo-equilibrium 
axis-symmetric rotational configurato that:

❖ 1) It is not uniformly rotating (possible 
presence of dynamical instabilities, like 
the shear instability or the bar-.mode one)

❖ 2) it is not described by a barotropic state 
(presence of possible entropy gradient) 
and convective instability can be present 

❖ CFS mechanism allows the grow of a mode 
(conserving angular momentum) if it has a 
frequency that it is slower than the rotation 
frequency o the Star

13

FIG. 12. Rotational profiles �/2fi vs. coordinate radius r,
for the four di�erent EOS models at t = 40 ms after merger.
The horizontal lines indicate the pattern speed frequencies of
the two main m = 2 modes for each model. The colors of the
horizontal lines are the same as for the EOS labels.

(1.55 kHz) and of the main inertial mode at the start
of its excitation (1.35 kHz) and at the end of the sim-
ulation (1.26 kHz). It is interesting to notice that the
revival of the amplitude of the m = 2 f -mode at 25 ms
after merger coincides with the mode being in corotation
with the HMNS in a small region. This process is pos-
sible when the corotation of the star occurs at the same
time as the convective instability of a small region of the
star. In this case, as very small regions of the remnant
present Ar > 0 at 25 ms, angular momentum from the
rotation of the star is injected into the main f -mode.

IV. CONCLUSIONS

We have presented the results of new numerical sim-
ulations of BNS systems in full general relativity, where
the simulations have been extended up to ≥140 ms af-
ter merger. In addition to the results for models based
on the SLy and APR4 EOS we already discussed in [32],
and whose analysis has been significantly extended here,
we have also studied models equipped with two more
EOS, namely H4 and MS1 EOS. The main focus of this
work has been the analysis of the spectrum of the post-
merger GW signal. Our investigation has been driven,
in particular, by our aim to provide further evidence in
support of our claim in [32] about the potential exis-
tence of new families of oscillation modes excited in long-
lived post-merger remnants (in addition to the main fluid
quadrupole f -mode) at su�ciently late times of the evo-
lution.

In [32] we already observed that the appearance of

FIG. 13. Rotational profiles �/2fi vs. coordinate radius r,
for the model with EOS APR4 models at di�erent times af-
ter merger. The horizontal lines indicate the pattern speed
(assuming m = 2) of the f -mode (1.55 kHz) and of the main
inertial mode at the start (1.35 kHz) and the at end (1.26 kHz)
of the convectively unstable phase.

convectively unstable regions and the excitation of iner-
tial modes in remnants that survive for a long time after
merger depend on the rotational and thermal state of the
remnant and a�ect the HMNS dynamical evolution. In
all further cases investigated in the present work, the late-
time excitation of inertial modes to large amplitudes has
been corroborated. Indeed, inertial modes become the
dominant modes for the GW emission in the post-merger
phase of pulsating HMNS for times from about 40 ms up
to at least 100 ms after merger. We have found that the
post-merger phase can be subdivided into three phases:
an early post-merger phase (where the quadrupole mode
and a few subdominant features are active), the inter-
mediate post-merger phase (where only the quadrupole
mode is active) and the late post-merger phase (where
convective instabilities trigger inertial modes). For all
of the models of our sample, the impact of the iner-
tial modes in the GW spectrum is significant, appearing
at signal-to-noise ratios of immediate interest for 3rd-
generation detectors, such as the Cosmic Explorer [102]
and the Einstein Telescope [101]. This allows for the pos-
sibility of probing not only the cold part of the EOS but
also its dependence on finite temperature.

Our study has neglected the e�ects of shear and bulk
viscosity in the star as well as the e�ective viscosity due
to MHD turbulence. In view of our results, it will be
important to investigate the influence of viscosity on the
lifetime of the remnant and their impact on the rotational
profiles of the HMNS, as this might a�ect the potential
excitation of inertial modes. Recent work by [75, 76], in
which e�ective shear viscosity was modelled through the

Rotation profile of the remnant 
40 ms after merger for differed EOS 



Question: what happen when the system is evolved  
for a longer time ?

❖ The properties of the signal are no-longer described only in terms of the modes: f1, f2, f3 and fspriral 

❖ New signature of the thermal part of  EOS (De Pietri et al. PRL 2018,  De Pietri et al. 2019 arxiv)4

FIG. 2. Scaled h22 component of the GW waveform for the four models. The red dotted lines marks the merger time, tmerger,
and the time of the formation of the black hole, tBH .

the frequency evolution of the dominant m = 2 f -mode
during this time interval). Eventually, a delayed collapse
to a black hole occurs for both of these two models, at
≥124 and ≥84 ms after the merger, respectively, while
we do not observe a collapse to a black hole in the case
of APR4 and MS1, before we terminate our simulations
at t ≠ tmerger ≥ 150 ms.

The GW signal obtained from the simulations of these
four models is presented in Figure 2. We show the h22
component of the GW amplitude (multiplied by the as-
sumed distance to the source, R) (black line) and the ab-
solute value of h22 (blue line), assuming an ideal source
orientation. The time of merging and the time of the
collapse to a black hole are indicated by vertical, dotted
red lines. For details on the numerical extraction of the
GW signal see [63, 69, 83].

The evolution of the GW amplitude for the SLy EOS
model in Figure 2 shows a relatively slow decay up to
about 20 ms after merger (in this phase, the decay is due
to both nonlinear hydrodynamical interactions and GW
emission), followed by a second phase of somewhat faster
decay, which lasts up to about 65 ms after merger, when
the GW emission almost ceases and the remnant has be-
come nearly axisymmetric. However, at about 65 ms af-
ter merger, there is a clear revival of GW emission (see
[32] and the following sections, for an interpretation of
this observation in terms of the excitation of inertial
modes by convective instabilities in the remnant).

For the model with EOS MS1, we observe an initial
decay of GW emission up to about 40 ms after merger,
followed by several episodes of revival of GW emission,
up to about 100 ms after merger. At even later times,
the remnant radiates GWs at practically a single fre-
quency and at a practically constant amplitude. Such
a behaviour is expected in the case of a specific, unsta-
ble mode saturating at a maximum amplitude, due to
a balance between energy gained (by an instability) and
energy lost (e.g. by GW emission).

For the model with EOS H4, Figure 2 reveals an al-
most linear decay of the GW amplitude for the most
part of the time period up to almost 80 ms (shortly af-
ter, the remnant collapses to a black hole). However,
after 45 ms from merger, a modulation appears in the
amplitude evolution, indicating the presence of a second
frequency, close to the dominant post-merger frequency
(in [32] and the following sections, we give the same in-
terpretation to this second frequency, as in the case of
the late-time behaviour of the SLy EOS model).

A similar late-time revival (more than 60 ms after
merger) of GW emission can be observed for the model
with the APR4 EOS. In addition, for this model we ob-
serve a strong revival of GW emission already at 25 ms
after merger. We will comment on this finding in Section
III F.
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We show that in the post-merger phase of binary neutron
star (BNS) merger are present convecƟve instabiliƟes that ex-
cite inerƟal mode oscillaƟons. These oscillaƟons emit grav-
itaƟonal waves in the frequency band where ground-based
detectors are within reach of planned third-generaƟon detec-
tors and could be used also as sensiƟve probes of the rota-
Ɵonal and thermal state of maƩer in the neutron star rem-
nant. Within the limits of the input physics of our simulaƟons
(which neglect magneƟc fields and neutrino transport) their
presence appear to be quite general for remnants that live
more than 50 ms and show up for four different equaƟons
of state (EoS), parametrized as piecewise polytropics plus a
thermal component with � = 1.8. We also analyze the gravi-
taƟonal wave signal emiƩed by the remnant aŌer the merger
for each EoS in order to characterize the rate of change of the
frequencies and the damping of the amplitudes for both the
main and excited mode.
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In previous simulaƟons the dynamics of the remnant was fol-

lowed up to ≥ ϰϬ ms aŌer the merger. Here we present the

first very long-term simulaƟons of BNS mergers [ϭ] (reaching

up to≥ ϭϰϬms aŌermerger) using a piecewise polytropic EoS

with a thermal part. Our simulaƟons reveal that ≥ ϯϬ-ϱϬ ms

aŌer merger (depending on the model we used), the iniƟal

m = 2 f -mode oscillaƟon has diminished and parts of the

star become convecƟvely unstable. Subsequently, the convec-

Ɵve instability triggers the excitaƟon of global, discrete inerƟal

modes, in which the Coriolis force is the dominant restoring

force. The inerƟal modes are sustained up to several tens of

ms andwill be detectable by the planned third-generaƟonGW

detectors at frequencies of a few kHz.
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IniƟal data were generated with the LORENE code, employing

four different equaƟon of state, namely the APRϰ, SLy, Hϰ and

MSϭ EoS, parametrized as piecewise polytropes with ϳ pieces

plus a thermal component with adiabaƟc index �th = 1.8.
We consider systems of total mass of 2.56 M§, with an iniƟal

separaƟon of roughly ϰϰ.ϯ km (four full orbits before merger)

and an iniƟal angular velocity of ƒ 1770s≠1. In parƟcular we

consider equal-mass systems characterized by relaƟvely low-

mass components, below the range of the inferredmasses for

GWϭϳϬϴϭϳ (total mass between 2.73 and 3.29 M§ for con-

servaƟve spin priors). The compactness of the star is 0.166
for the APRϰ, 0.161 for the SLy, 0.137 for the Hϰ and 0.129
for the MSϭ EoS. The remnant HMNS survives for more than

ϭϬϬ ms before collapsing to a black hole for the SLy model

while it collapses to BH only aŌer 84 ms for the Hϰ model,

developing interesƟng new dynamics. The simulaƟons were

performed using the Ei���ei�T����i� employing the same

seƫng of [Ϯ]. We also used fi-symmetry to reduce the com-

putaƟonal cost by a factor Ϯ in order to extend the limit of

the simulaƟon Ɵme up to ≥ ϭϲϬ ms, of which the last ϭϰϬ ms

correspond to the postmerger phase.
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We used the ESPRIT Prony’s method, as discussed in [ϯ], to su-
perimpose the frequency of the dominant spectral modes on
the Ɵme-frequency spectrogram of the h22 component of the
spherical harmonics decomposiƟon of the GW signal. We note
that a few milliseconds aŌer the merger the density profile of
the core stops oscillaƟng and a dominant mode becomes visi-
ble. This dominant mode in the postmerger phase is the m = 2
f -mode, with a frequency above ϯ kHz for the APRϰ and SLy
EoS and lower than ϯ kHz for the Hϰ and a decaying amplitude,
while the MSϭ only have a dominant frequency around ≥ 1.9
kHz which is decreasing constantly. However, we find that a dis-
Ɵnct lower-frequency mode appears later in the evoluƟon, at
t ≠ tmerger ≥ 35 ms for SLy, ≥ ϱϱ ms for APRϰ and ≥ 45 ms for
the Hϰ while for the MSϭ we cannot disƟnguish any addiƟonal
mode. At later Ɵmes the new mode become the dominant emit-
ter of GWs. Moreover, the analysis of the spectra for convenient
Ɵmewindows shows that there is sufficient power in these lower-
frequencymodes to render them potenƟally observable by third-
generaƟon detectors.
The late-Ɵme, lower-frequency modes found in our simulaƟons
can be interpreted as inerƟal modes, for which the Coriolis force
is the dominant restoring force. The growth of the inerƟal modes
(up to their saturaƟon amplitude) is triggered by a convecƟve in-
stability that appears shortly before the inerƟal modes start to
grow from a small amplitude. The local convecƟve instability de-
pends on the sign of the Schwarzschild discriminant A–, which
depends on the adiabaƟc index of linear perturbaƟons about a
pseudo-barotropic equilibrium �1 and the energy density Á. Re-
gions with A– < 0 are convecƟve stable, whereas regions with
A– > 0 are convecƟvely ƵnƐƚable.
We note that for the SLy EoS at an early Ɵmemost of the star, ex-
cept for some parts in the low-density envelope, is convecƟvely
stable and the m = 2 f -mode dominates the GW spectrum. At
t = 36ms, a convecƟvely unstable ring appears in the equatorial
plane, at fl ƒ 8◊1013 g/cm3, corresponding to the first appear-
ance of the inerƟal modes. Later, the convecƟve unstable ring
has expanded to lower densiƟes and appears fragmented, which
coincides with a strong growth of an inerƟal mode with lower
frequency (smaller than twice the maximum angular frequency
⌦max ) [ϭ, ϰ]. For the APRϰ EoS we sƟll observe the formaƟon of
an unstable ringwhen the excitedmode starts growing. However
we observe a sudden increase in amplitude at ≥ 30 ms, which
is not present in any of the other models, corresponding to an
increase in GW emission. At this Ɵme we note that the spectrum
of the GW signal shows a minor peak in the frequency range of
2.70 ≠ 2.80 kHz which correspond to an excited mode of lower
intensity that is not visible using the Prony’s method but is easily
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recognizable from the density eigenfuncƟon profile. For the Hϰ
model we note that the convecƟvely unstable ring starts form-
ing at ≥ 40 ms and is followed by the appearance of an excited
mode a fewmilliseconds laterwith a frequency of≥ 2.1 kHz. The
HMNS conƟnue losing energy andwill finally collapse to BH≥ 83
ms aŌer themerger. On the other hand, we note that for theMSϭ
EoS unstable regions appear immediately and keep growing dur-
ing the simulaƟon leading to the immediate formaƟon of excited
modes.
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We show that in the post-merger phase of binary neutron
star (BNS) merger are present convecƟve instabiliƟes that ex-
cite inerƟal mode oscillaƟons. These oscillaƟons emit grav-
itaƟonal waves in the frequency band where ground-based
detectors are within reach of planned third-generaƟon detec-
tors and could be used also as sensiƟve probes of the rota-
Ɵonal and thermal state of maƩer in the neutron star rem-
nant. Within the limits of the input physics of our simulaƟons
(which neglect magneƟc fields and neutrino transport) their
presence appear to be quite general for remnants that live
more than 50 ms and show up for four different equaƟons
of state (EoS), parametrized as piecewise polytropics plus a
thermal component with � = 1.8. We also analyze the gravi-
taƟonal wave signal emiƩed by the remnant aŌer the merger
for each EoS in order to characterize the rate of change of the
frequencies and the damping of the amplitudes for both the
main and excited mode.
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lowed up to ≥ ϰϬ ms aŌer the merger. Here we present the

first very long-term simulaƟons of BNS mergers [ϭ] (reaching

up to≥ ϭϰϬms aŌermerger) using a piecewise polytropic EoS

with a thermal part. Our simulaƟons reveal that ≥ ϯϬ-ϱϬ ms

aŌer merger (depending on the model we used), the iniƟal

m = 2 f -mode oscillaƟon has diminished and parts of the

star become convecƟvely unstable. Subsequently, the convec-
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We used the ESPRIT Prony’s method, as discussed in [ϯ], to su-
perimpose the frequency of the dominant spectral modes on
the Ɵme-frequency spectrogram of the h22 component of the
spherical harmonics decomposiƟon of the GW signal. We note
that a few milliseconds aŌer the merger the density profile of
the core stops oscillaƟng and a dominant mode becomes visi-
ble. This dominant mode in the postmerger phase is the m = 2
f -mode, with a frequency above ϯ kHz for the APRϰ and SLy
EoS and lower than ϯ kHz for the Hϰ and a decaying amplitude,
while the MSϭ only have a dominant frequency around ≥ 1.9
kHz which is decreasing constantly. However, we find that a dis-
Ɵnct lower-frequency mode appears later in the evoluƟon, at
t ≠ tmerger ≥ 35 ms for SLy, ≥ ϱϱ ms for APRϰ and ≥ 45 ms for
the Hϰ while for the MSϭ we cannot disƟnguish any addiƟonal
mode. At later Ɵmes the new mode become the dominant emit-
ter of GWs. Moreover, the analysis of the spectra for convenient
Ɵmewindows shows that there is sufficient power in these lower-
frequencymodes to render them potenƟally observable by third-
generaƟon detectors.
The late-Ɵme, lower-frequency modes found in our simulaƟons
can be interpreted as inerƟal modes, for which the Coriolis force
is the dominant restoring force. The growth of the inerƟal modes
(up to their saturaƟon amplitude) is triggered by a convecƟve in-
stability that appears shortly before the inerƟal modes start to
grow from a small amplitude. The local convecƟve instability de-
pends on the sign of the Schwarzschild discriminant A–, which
depends on the adiabaƟc index of linear perturbaƟons about a
pseudo-barotropic equilibrium �1 and the energy density Á. Re-
gions with A– < 0 are convecƟve stable, whereas regions with
A– > 0 are convecƟvely ƵnƐƚable.
We note that for the SLy EoS at an early Ɵmemost of the star, ex-
cept for some parts in the low-density envelope, is convecƟvely
stable and the m = 2 f -mode dominates the GW spectrum. At
t = 36ms, a convecƟvely unstable ring appears in the equatorial
plane, at fl ƒ 8◊1013 g/cm3, corresponding to the first appear-
ance of the inerƟal modes. Later, the convecƟve unstable ring
has expanded to lower densiƟes and appears fragmented, which
coincides with a strong growth of an inerƟal mode with lower
frequency (smaller than twice the maximum angular frequency
⌦max ) [ϭ, ϰ]. For the APRϰ EoS we sƟll observe the formaƟon of
an unstable ringwhen the excitedmode starts growing. However
we observe a sudden increase in amplitude at ≥ 30 ms, which
is not present in any of the other models, corresponding to an
increase in GW emission. At this Ɵme we note that the spectrum
of the GW signal shows a minor peak in the frequency range of
2.70 ≠ 2.80 kHz which correspond to an excited mode of lower
intensity that is not visible using the Prony’s method but is easily
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recognizable from the density eigenfuncƟon profile. For the Hϰ
model we note that the convecƟvely unstable ring starts form-
ing at ≥ 40 ms and is followed by the appearance of an excited
mode a fewmilliseconds laterwith a frequency of≥ 2.1 kHz. The
HMNS conƟnue losing energy andwill finally collapse to BH≥ 83
ms aŌer themerger. On the other hand, we note that for theMSϭ
EoS unstable regions appear immediately and keep growing dur-
ing the simulaƟon leading to the immediate formaƟon of excited
modes.
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❖ Different eigenfunction!

❖ Different mode !

❖ Exited (the later) by convective 
gradient: Positive Schwarzschild 
discriminant in the radial 
direction.
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FIG. 7. As in Figure 5, but for EOS SLy at 50 ms after merger.

FIG. 8. As in Figure 5, but for EOS H4 at 60 ms after merger.

FIG. 9. As in Figure 5, but for EOS MS1 at 20 ms and 45 ms
after merger.

D. Mode eigenfunctions

To analyze and show the di�erence of the various os-
cillation modes we have performed the FFT transform
in time segments of 5 ms of the density distribution and
extracted the Fourier amplitude at selected fixed frequen-
cies (this correlates with the eigenfunction of a given
mode, as shown in [21, 104]). For each segment we assign
the central time as a label. In Figures 5, 6, 7, 8 and 9 we
summarize the behaviour of the density eigenfunction of
each model for the frequencies we mentioned in Section
III B at di�erent times. Each panel of those figures is
normalized to the maximum value of the density eigen-
function shown. The first column of each figure shows
the eigenfunction of the dominant m = 2 f -mode for
each model in both the equatorial (XY) and the vertical
(XZ) planes. In the equatorial plane there are no nodal
lines, indicating that this is a fundamental mode.

The APR4 EOS shows an excited mode already after
≥30 ms in the post-merger phase, which is not visible in
the spectrogram of Figure 3 produced using the Prony’s
method, but is clearly visible from the density eigenfunc-
tion profiles in Figure 5. This is due to the fact that
this excited mode is extremely weak and cannot be dis-
tinguished using the Prony’s method. In Figure 9 we
note that the m = 2 f -mode for the MS1 does show
a nodal line far from the center, in the extended, low-
density envelope. This behaviour is not surprising for
di�erentially rotating stars in rapid rotation, where the
rotational forces can modify the structure of the eigen-
fuction in the low-density regions near the surface, see
e.g. [104].

The SLy EOS presents only an m = 2 f -mode until
≥35 ms after the merger, where we note the appearance
of an excited mode at lower frequency. The main mode
is then suppressed and only the excited one will survive
until the remnant forms a black hole in the late post
merger phase. For the H4 EOS we note that the main
m = 2 f -mode is the only mode present until ≥ 45 ms
when the excited mode at lower frequency appears. The
two modes then survive ≥30 ms until the HMNS collapses
to a black hole.

The excited low-frequency modes in the late post-
merger phase have the characteristics of inertial modes.
Their frequency is in the right range, with the domi-
nant mode always having a frequency somewhat smaller
than the maximum rotational frequency in the star (al-
though our sample of models is small, it appears that
the frequency of the dominant mode in the late post-
merger phase correlates with the rotational frequency of
the star, as expected from inertial modes). Their eigen-
function has a peak in the low-density outer parts of
the stars, having more nodal lines than the fundamen-
tal quadrupole mode. We note that inertial modes in
rapidly rotating stars can be axial-led (reducing to axial
r-modes in the slow-rotation limit) or polar-led (reducing
to g-modes in the slow-rotation limit) [105, 106]. The lat-
ter are also called gravito-inertial modes. A precise iden-

Main f2 mode Exited inertial mode

Mode eigenfunction in the XY and XZ plane
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tification of the character of the excited modes would
require a detailed comparison with linear oscillations of
quasi-equilibrium models. Because the inertial modes ob-
served in the post-merger phase are excited by convective
instabilities in the outer layers of the remnant, it is likely
that at least some (or most) of the inertial modes we ob-
serve are polar-led, i.e. gravito-inertial modes (but the
presence of axial-led inertial modes cannot be excluded
without further detailed study).

E. Convective instability and inertial modes

The appearance of lower-frequency modes in the late
stage of our simulations can be interpreted as inertial
modes, for which the Coriolis force is the dominant
restoring force. The growth of such modes is caused by
a convective instability that appears in the nonisentropic
remnant just before the excited modes start to grow from
a small amplitude.

As we note in [32], the local convective stability de-
pends on the Schwarzschild discriminant, which is defined
as

A– = 1
Á + p

Ò–Á ≠ 1
�1p

Ò–p , (1)

where

�1 := Á + p

p

3
dp

dÁ

4

s

=
3

d ln p

d ln fl

4

s

(2)

is the adiabatic index around a pseudo-barotropic equi-
librium and where Á is the energy density. Regions where
A– < 0 are convectively stable, while regions where
A– > 0 are convectively unstable. Since in this work
we are using a piecewise polytropic approximation for
the construction of our models, we calculate �1 as

�1 = �th + (�i ≠ �th)Kifl�i

p
(3)

where Ki and �i are the polytropic constant and expo-
nent in the i-th piece of the EOS, respectively, and �th is
the adiabatic index added for the thermal treatment (see
Appendix C for further details). In order to determine
the convective stability in the long-living remnant, we
calculate Ar and A◊ in the equatorial and vertical planes
at di�erent times.

The results of the computation of the Schwarzschild
discriminant in the equatorial plane for each model con-
sidered in this work are displayed in Figure 10 at selected
evolution times. In this figure convectively unstable re-
gions (Ar > 0) are represented using a dark color. The
first row of Figure 10 shows the case of the SLy EOS and
we note that the remnant is stable in the first ≥35 ms
of the post-merger phase and the GW spectrum is dom-
inated by the m = 2 f -mode. After ≥39 ms we observe
the formation of a convectively unstable ring, which cor-
responds to the outer layer of the hot ring which is visible

in the second panel of the third row of Figure 11, depict-
ing temperature isocontours. This coincides with the first
appearance of inertial modes. At ≥65 ms the convec-
tively unstable ring has expanded to the lower density
regions of the remnant and appears fragmented, which
correspond to the strong growth of an inertial mode at
2.38 kHz. The amplitude of the mode remains almost
constant throughout the following phase, while the con-
vectively unstable regions keep expanding in the envelope
until the remnant finally collapses to a black hole.

In the second row of Figure 10 we display the
Schwarzschild discriminant for the H4 EOS, which
presents a slightly di�erent situation compared to the
SLy EOS. Around ≥32 ms we note that there are unsta-
ble regions in the outer layer of the core which are due to
the presence of hot spots (not shown in this work) gener-
ated by the shock heating produced during the merger.
At ≥45 ms an unstable ring appears just outside the core,
corresponding to the growth of an inertial mode with fre-
quency 2.11 kHz. The unstable regions expand and be-
come fragmented at a later time whereas the amplitude
of the inertial mode continues to grow until the remnant
collapses to a black hole after ≥84 ms.

The evolution of the Schwarzschild discriminant for the
model with the APR4 EOS, which is shown in the third
row of Figure 10, appears at first glance to be similar to
that of the SLy EOS. However, it does show a crucial dif-
ference, visible in the first panel of the figure. This panel
displays a generally stable remnant despite, as we have
already observed in Sec. III D, the presence of an addi-
tional excited mode by this evolution time (≥35 ms)).
The appearance of this mode is not triggered by the ex-
pansion of the convectively unstable region, since in this
phase the remnant has a corotating region which is vis-
ible in Figure 13. This figure shows that the mode fre-
quency is lower than the peak of the rotational profile
at t = 25 ms, which corresponds to the maximum rota-
tion frequency for the APR4 EOS model. As in the case
of the SLy EOS, a convectively unstable ring forms at a
later time, a few milliseconds before the appearance of
inertial modes. The unstable regions starts expanding in
the lower density regions of the remnant, leading to the
growth in amplitude of such modes.

Finally, in the case of the MS1 EOS, the di�erent snap-
shots in the last row of Figure 10 show convectively un-
stable regions fairly spread over the entire post-merger
remnant from earlier times than for the other three mod-
els. Notice that for this EOS, the episodes of excitation-
saturation-destruction of a lower-frequency inertial mode
already start at earlier times than shown in Figure 10.

Figure 11 shows snapshots of the density and temper-
ature in the equatorial plane for the model with the SLy
EOS, at di�erent times relative to the time of merger. In
the first two rows of the figure we display the density and
temperature profiles of the post-merger remnant, up to
a time of 29 ms, when the m = 2 f -mode is still domi-
nant. We note that in this phase there are two hot spots
where the remnant is deformed and which start to dif-
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FIG. 10. Snapshots of Ar in the equatorial plane. Each row corresponds to a di�erent EOS model and each column to di�erent
times after merger. Dark color indicates regions where Ar > 0, which corresponds to convective instability (see text for details).

fuse. This is the expected behaviour, as found in simu-
lations with many di�erent numerical codes (see e.g. [18]
and references therein). In the last row of the figure we
show snapshots of only the temperature at times between

33 ms and 84 ms. A hot shell forms around the cold core
at ≥33 ms. Later, at around 65 ms, a second hot ring is
forming in the equatorial plane and by 84 ms the temper-
ature of the inner shell has risen visibly, reaching about

Regione in the XY plane where the 
Schwarzschild discriminant is 

positive at different times

At 50 ms - coexistence of the two modes



Conclusion

❖ Numerical relativity allows to model the Gravitational 
Wave post-merger signal from the merger of two 
Neutron Star

❖ This works would not be possible without INFN 
providing us computational resource of state of the art 
supercomputer

❖ Still lot of work need to be done


