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The phase diagram of QCD:

some reasons for optimism



The wonderland phase diagram of QCD from Wikipedia

quark

= 1
3µBaryon

T or µ ! 1:
interaction weak

(asymptotic freedom)

Also:
• crystal phase(s)
• quarkyonic phase
• strangelets
. . .

Caveat: everything in red is a conjecture



May or may not
exist

No gauge-invariant 
order parameter:

no phase transition required



Finite µ: what is known?
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Finite µ: what is known?

Sign problem as soon as µ 6= 0

T

µ

confined

QGP

Color superconductor

Tc

Minimal, possible phase diagram

Lattice: No importance sampling
     Complex weights



Small-   approach:  Taylor expansionµ

Expansion parameter             µ/T . 1

P (T, µ)� P (T, 0) =
X

k=1

c2k(T )
⇣ µ

T

⌘2k

c2k = hTr (degree 2k polynomial in                 )/D�1,
@/D

@µ
iµ=0

Standard          simulation & noise vectors to estimate Traceµ = 0

Combinatorial complexity in                out of reachk ! c8

Progress:      on the latticeµ

Linear:                               ,  UV divergenceU4 ! (1 + aµ)U4

U4 ! exp(aµ)U4Hasenfratz & Karsch:                              , cures UV divergence

Gavai & Sharma:  linear + subtract UV divergence by hand ??

1983

2011

c4 : 2002
c6 : 2005

Karsch et al., 2002

not quite yet

high orders???



Taylor expansion: nitty-gritty
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Now estimate all Traces by sandwiching between noise vectors... GPUs



Taylor expansion: nitty-gritty
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Now estimate all Traces by sandwiching between noise vectors... GPUs

Only term surviving
    with linear   µ

Fewer traces       less work and more precise estimates!

tr

✓
M�1 @M

@µ

◆k

<latexit sha1_base64="gGl9LN0+hT9J27fSrlOljEbFCTo="></latexit>



Even better: much faster method for tr
✓
M�1 @M

@µ

◆k

<latexit sha1_base64="gGl9LN0+hT9J27fSrlOljEbFCTo="></latexit>

•<latexit sha1_base64="HpV5lvXIYbeYHZ/aqr22PPcM53U=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+wFtKJvtpF262YTdiVBKf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXplIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJsk0xwZPZKLbITMohcIGCZLYTjWyOJTYCkd3M7/1hNqIRD3SOMUgZgMlIsEZWanVDTMpkXrlilf15nBXiZ+TCuSo98pf3X7CsxgVccmM6fheSsGEaRJc4rTUzQymjI/YADuWKhajCSbzc6fumVX6bpRoW4rcufp7YsJiY8ZxaDtjRkOz7M3E/7xORtFNMBEqzQgVXyyKMulS4s5+d/tCIyc5toRxLeytLh8yzTjZhEo2BH/55VXSvKj6l1Xv4apSu83jKMIJnMI5+HANNbiHOjSAwwie4RXenNR5cd6dj0VrwclnjuEPnM8feLuPpg==</latexit>

@M

@µ
<latexit sha1_base64="iaqwwaSvRQPOH8Xd1lnP+x8MQFs=">AAACCHicbZDLSsNAFIZPvNZ6i7p04WARXJVEBV0W3bgRKtgLNKFMppN26GQSZiZCCV268VXcuFDErY/gzrdx0gbU1h8GPv5zzsycP0g4U9pxvqyFxaXlldXSWnl9Y3Nr297Zbao4lYQ2SMxj2Q6wopwJ2tBMc9pOJMVRwGkrGF7l9dY9lYrF4k6PEupHuC9YyAjWxuraB14oMcm8BEvNMEc34x/2onTctStO1ZkIzYNbQAUK1bv2p9eLSRpRoQnHSnVcJ9F+ll9JOB2XvVTRBJMh7tOOQYEjqvxsssgYHRmnh8JYmiM0mri/JzIcKTWKAtMZYT1Qs7Xc/K/WSXV44WdMJKmmgkwfClOOdIzyVFCPSUo0HxnARDLzV0QG2CSjTXZlE4I7u/I8NE+q7mnVuT2r1C6LOEqwD4dwDC6cQw2uoQ4NIPAAT/ACr9aj9Wy9We/T1gWrmNmDP7I+vgFTXZoo</latexit>

only hops in time direction     easy to invert!
<latexit sha1_base64="+Ya1VSvZ0HT2glGc/XEOiBTANrA=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0DJoYxnRmEByhL3NXrJkb/fYnRNCyE+wsVDE1l9k579xk1yhiQ8GHu/NMDMvSqWw6PvfXmFldW19o7hZ2tre2d0r7x88Wp0ZxhtMS21aEbVcCsUbKFDyVmo4TSLJm9HwZuo3n7ixQqsHHKU8TGhfiVgwik6676Dulit+1Z+BLJMgJxXIUe+Wvzo9zbKEK2SSWtsO/BTDMTUomOSTUiezPKVsSPu87aiiCbfheHbqhJw4pUdibVwpJDP198SYJtaOksh1JhQHdtGbiv957Qzjq3AsVJohV2y+KM4kQU2mf5OeMJyhHDlCmRHuVsIG1FCGLp2SCyFYfHmZPJ5Vg/Oqf3dRqV3ncRThCI7hFAK4hBrcQh0awKAPz/AKb570Xrx372PeWvDymUP4A+/zB1+Tjdk=</latexit>

•<latexit sha1_base64="HpV5lvXIYbeYHZ/aqr22PPcM53U=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+wFtKJvtpF262YTdiVBKf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXplIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJsk0xwZPZKLbITMohcIGCZLYTjWyOJTYCkd3M7/1hNqIRD3SOMUgZgMlIsEZWanVDTMpkXrlilf15nBXiZ+TCuSo98pf3X7CsxgVccmM6fheSsGEaRJc4rTUzQymjI/YADuWKhajCSbzc6fumVX6bpRoW4rcufp7YsJiY8ZxaDtjRkOz7M3E/7xORtFNMBEqzQgVXyyKMulS4s5+d/tCIyc5toRxLeytLh8yzTjZhEo2BH/55VXSvKj6l1Xv4apSu83jKMIJnMI5+HANNbiHOjSAwwie4RXenNR5cd6dj0VrwclnjuEPnM8feLuPpg==</latexit>
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<latexit sha1_base64="LFTH6WiL4QZwIZbkd6ffQl0Tqdg="></latexit>

;  truncate the sum (ARPACK)

Get all susceptibilities at no extra cost!

1812.00869, PdF & Jaeger; Schmidt et al.

Diagonalize                         eigenvalues •<latexit sha1_base64="HpV5lvXIYbeYHZ/aqr22PPcM53U=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+wFtKJvtpF262YTdiVBKf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXplIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJsk0xwZPZKLbITMohcIGCZLYTjWyOJTYCkd3M7/1hNqIRD3SOMUgZgMlIsEZWanVDTMpkXrlilf15nBXiZ+TCuSo98pf3X7CsxgVccmM6fheSsGEaRJc4rTUzQymjI/YADuWKhajCSbzc6fumVX6bpRoW4rcufp7YsJiY8ZxaDtjRkOz7M3E/7xORtFNMBEqzQgVXyyKMulS4s5+d/tCIyc5toRxLeytLh8yzTjZhEo2BH/55VXSvKj6l1Xv4apSu83jKMIJnMI5+HANNbiHOjSAwwie4RXenNR5cd6dj0VrwclnjuEPnM8feLuPpg==</latexit> A ⌘ @M

@µ

�1

M
<latexit sha1_base64="mIhJOhcfhzCSnjRogtLBSYG/yPg=">AAACGHicbZBNS8MwGMdTX+d8q3r0EhyCF2ergh6nXrwMJrgXWOtIs3QLS9OapINR+jG8+FW8eFDE625+G9OtoG7+IfDj/zxPkufvRYxKZVlfxsLi0vLKamGtuL6xubVt7uw2ZBgLTOo4ZKFoeUgSRjmpK6oYaUWCoMBjpOkNbrJ6c0iEpCG/V6OIuAHqcepTjJS2OubJFXTIY0yH0PEFwokTIaEoYrCa/rATxOlDcmynsNoxS1bZmgjOg51DCeSqdcyx0w1xHBCuMENStm0rUm6S3YwZSYtOLEmE8AD1SFsjRwGRbjJZLIWH2ulCPxT6cAUn7u+JBAVSjgJPdwZI9eVsLTP/q7Vj5V+6CeVRrAjH04f8mEEVwiwl2KWCYMVGGhAWVP8V4j7SASmdZVGHYM+uPA+N07J9VrbuzkuV6zyOAtgHB+AI2OACVMAtqIE6wOAJvIA38G48G6/Gh/E5bV0w8pk98EfG+BtU35/w</latexit>

!
<latexit sha1_base64="+Ya1VSvZ0HT2glGc/XEOiBTANrA=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0DJoYxnRmEByhL3NXrJkb/fYnRNCyE+wsVDE1l9k579xk1yhiQ8GHu/NMDMvSqWw6PvfXmFldW19o7hZ2tre2d0r7x88Wp0ZxhtMS21aEbVcCsUbKFDyVmo4TSLJm9HwZuo3n7ixQqsHHKU8TGhfiVgwik6676Dulit+1Z+BLJMgJxXIUe+Wvzo9zbKEK2SSWtsO/BTDMTUomOSTUiezPKVsSPu87aiiCbfheHbqhJw4pUdibVwpJDP198SYJtaOksh1JhQHdtGbiv957Qzjq3AsVJohV2y+KM4kQU2mf5OeMJyhHDlCmRHuVsIG1FCGLp2SCyFYfHmZPJ5Vg/Oqf3dRqV3ncRThCI7hFAK4hBrcQh0awKAPz/AKb570Xrx372PeWvDymUP4A+/zB1+Tjdk=</latexit>

|�1| < |�2| < . . .
<latexit sha1_base64="cIUiVmsNWCE/eIaBpROFwPVPhtg=">AAACCnicbVDLSsNAFL2pr1pfUZduRovgqiRV0IWLohuXFewD2hAmk2k7dPJgZiKUtGs3/oobF4q49Qvc+TdO2iDaemDg3HPv4c49XsyZVJb1ZRSWlldW14rrpY3Nre0dc3evKaNEENogEY9E28OSchbShmKK03YsKA48Tlve8Drrt+6pkCwK79Qopk6A+yHrMYKVllzzcNzletrHrj1Gl+inqmZV14+UdM2yVbGmQIvEzkkZctRd81P7SBLQUBGOpezYVqycFAvFCKeTUjeRNMZkiPu0o2mIAyqddHrKBB1rxUe9SOgXKjRVfztSHEg5Cjw9GWA1kPO9TPyv10lU78JJWRgnioZktqiXcKQilOWCfCYoUXykCSaC6b8iMsACE6XTK+kQ7PmTF0mzWrFPK9btWbl2lcdRhAM4ghOw4RxqcAN1aACBB3iCF3g1Ho1n4814n40WjNyzD39gfHwDnZKZkA==</latexit>

cheaper & more accurate than noise vectors



Convergence radius of Taylor expansion

•<latexit sha1_base64="HpV5lvXIYbeYHZ/aqr22PPcM53U=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+wFtKJvtpF262YTdiVBKf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXplIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJsk0xwZPZKLbITMohcIGCZLYTjWyOJTYCkd3M7/1hNqIRD3SOMUgZgMlIsEZWanVDTMpkXrlilf15nBXiZ+TCuSo98pf3X7CsxgVccmM6fheSsGEaRJc4rTUzQymjI/YADuWKhajCSbzc6fumVX6bpRoW4rcufp7YsJiY8ZxaDtjRkOz7M3E/7xORtFNMBEqzQgVXyyKMulS4s5+d/tCIyc5toRxLeytLh8yzTjZhEo2BH/55VXSvKj6l1Xv4apSu83jKMIJnMI5+HANNbiHOjSAwwie4RXenNR5cd6dj0VrwclnjuEPnM8feLuPpg==</latexit>

•<latexit sha1_base64="HpV5lvXIYbeYHZ/aqr22PPcM53U=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+wFtKJvtpF262YTdiVBKf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXplIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJsk0xwZPZKLbITMohcIGCZLYTjWyOJTYCkd3M7/1hNqIRD3SOMUgZgMlIsEZWanVDTMpkXrlilf15nBXiZ+TCuSo98pf3X7CsxgVccmM6fheSsGEaRJc4rTUzQymjI/YADuWKhajCSbzc6fumVX6bpRoW4rcufp7YsJiY8ZxaDtjRkOz7M3E/7xORtFNMBEqzQgVXyyKMulS4s5+d/tCIyc5toRxLeytLh8yzTjZhEo2BH/55VXSvKj6l1Xv4apSu83jKMIJnMI5+HANNbiHOjSAwwie4RXenNR5cd6dj0VrwclnjuEPnM8feLuPpg==</latexit>

•<latexit sha1_base64="HpV5lvXIYbeYHZ/aqr22PPcM53U=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+wFtKJvtpF262YTdiVBKf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXplIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJsk0xwZPZKLbITMohcIGCZLYTjWyOJTYCkd3M7/1hNqIRD3SOMUgZgMlIsEZWanVDTMpkXrlilf15nBXiZ+TCuSo98pf3X7CsxgVccmM6fheSsGEaRJc4rTUzQymjI/YADuWKhajCSbzc6fumVX6bpRoW4rcufp7YsJiY8ZxaDtjRkOz7M3E/7xORtFNMBEqzQgVXyyKMulS4s5+d/tCIyc5toRxLeytLh8yzTjZhEo2BH/55VXSvKj6l1Xv4apSu83jKMIJnMI5+HANNbiHOjSAwwie4RXenNR5cd6dj0VrwclnjuEPnM8feLuPpg==</latexit> c2k / 1/µ̂2k
<latexit sha1_base64="6LBjibI3otEoTOejlox9nt0clwo=">AAACBnicdVDLSsNAFJ34rPUVdSnCYBFc1aQKuiy6cVnBPqCJYTKdtkPnEWYmQgldufFX3LhQxK3f4M6/cdJWqK8DFw7n3Mu998QJo9p43oczN7+wuLRcWCmurq1vbLpb2w0tU4VJHUsmVStGmjAqSN1Qw0grUQTxmJFmPLjI/eYtUZpKcW2GCQk56gnapRgZK0XuHo6yymAEg0TJxEjoHwV9ZAKe3uRy5Jb8sjcG9H6RL6sEpqhF7nvQkTjlRBjMkNZt30tMmCFlKGZkVAxSTRKEB6hH2pYKxIkOs/EbI3hglQ7sSmVLGDhWZycyxLUe8th2cmT6+qeXi3957dR0z8KMiiQ1RODJom7KoP03zwR2qCLYsKElCCtqb4W4jxTCxiZXnA3hf9KolP3jsnd1UqqeT+MogF2wDw6BD05BFVyCGqgDDO7AA3gCz8698+i8OK+T1jlnOrMDvsF5+wSaG5iR</latexit>

For    “large enough”, k
<latexit sha1_base64="NXiGtw02h8CmQiALnsRnXojNwwc=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4CjMa0GPQi8cEzALJEHo6NUmbnp6hu0cIQ77AiwdFvPpJ3vwbO4sQtwcFj/eqqKoXJIJr47ofTm5ldW19I79Z2Nre2d0r7h80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqte1Sax/LWjBP0IzqQPOSMGivVR71iySu7MxD3F/mySrBArVd87/ZjlkYoDRNU647nJsbPqDKcCZwUuqnGhLIRHWDHUkkj1H42O3RCTqzSJ2GsbElDZuryREYjrcdRYDsjaob6pzcV//I6qQkv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsyksh/A/aZ6VvfOyW6+UqleLOPJwBMdwCh5cQBVuoAYNYIDwAE/w7Nw5j86L8zpvzTmLmUP4BuftE9SvjPI=</latexit>

µ̂2 = lim
k!1

c2k
c2k+2

<latexit sha1_base64="sZLM7rMGEZChMhBfufBdz10Qyn4=">AAACHnicdVDLSgMxFM3UV62vUZdugkUQhDKtim6EohuXFawKnTpk0kwbmmSG5I5QhvkSN/6KGxeKCK70b0wfgs8DIYdz7uXee8JEcAOe9+4UpqZnZueK86WFxaXlFXd17cLEqaasSWMR66uQGCa4Yk3gINhVohmRoWCXYf9k6F/eMG14rM5hkLC2JF3FI04JWClw9/0eAV+m1zV8hH3BZZD1fYh9riIY5NiPNKEZDbJaP8/H/04tzwO3XK14I2DvF/m0ymiCRuC++p2YppIpoIIY06p6CbQzooFTwfKSnxqWENonXdayVBHJTDsbnZfjLat0cBRr+xTgkfq1IyPSmIEMbaUk0DM/vaH4l9dKITpsZ1wlKTBFx4OiVGCI8TAr3OGaURADSwjV3O6KaY/YRMAmWvoawv/kolap7la8s71y/XgSRxFtoE20jaroANXRKWqgJqLoFt2jR/Tk3DkPzrPzMi4tOJOedfQNztsHt3qi3A==</latexit>
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Small-   approach:  Taylor expansionµ

Expansion parameter             µ/T . 1

P (T, µ)� P (T, 0) =
X

k=1

c2k(T )
⇣ µ

T

⌘2k

c2k = hTr (degree 2k polynomial in                 )/D�1,
@/D

@µ
iµ=0

Standard          simulation & noise vectors to estimate Traceµ = 0

Combinatorial complexity in                out of reachk ! c8

Progress:      on the latticeµ

Linear:                               ,  UV divergenceU4 ! (1 + aµ)U4

U4 ! exp(aµ)U4Hasenfratz & Karsch:                              , cures UV divergence

Gavai & Sharma:  linear + subtract UV divergence by hand ??
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Complex equation:  estimate modulus first
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Then estimate phase, eg. 

With phase, can separate real singularity (phase transition)

and complex conjugate pair (crossover)
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Last problem:  “gauge noise”
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Exponential statistics?   (and no free lunch?)
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Figure 4. Same as Fig. 1, but calculated for the modified
EV-HRG model, where the first two Fourier coe�cients
are not taken from standard EV-HRG, but are tuned to
exactly reproduce the lattice data by construction, using
Eqs. (22) and (23), and the higher coe�cients are calcu-
lated from these b1 and b2 using the formulas given by the
EV-HRG model.

the strange baryons [66]. If the attractive interactions
are non-negligible, then b(T ) cannot be attributed
exclusively to the baryonic eigenvolume. Since the
nucleon-nucleon interaction is attractive at the inter-
mediate range, it is predicted that b(T ) should become
negative at su�ciently small temperatures, where the
hadron gas is dilute and where the average distance
between baryons becomes larger.

At high temperatures, T > 185 MeV, the lat-
tice data for the b1 coe�cient cannot be described
by the standard baryonic spectrum in HRG, as seen
from Fig. 1. The function �B , as extracted from
the lattice with Eq. (22), no longer reflects baryons
in their normal vacuum form. Nevertheless, it is in-
teresting that the EV-HRG model with the lattice-
extracted �B(T ) and b(T ) gives a reasonable descrip-
tion of the b3 and b4 coe�cients even at temperatures
T > 200 MeV (Fig. 4). This is quite notable since the
the b3 and b4 coe�cients are not used to extract �B(T )
and b(T ) from the lattice. One can expect a similar
picture for the higher order coe�cients, which define
the properties of the more and more dense baryon
medium. The result suggests that the EV-HRG model
has a certain predictive power, particularly regarding
the baryon-rich region of the phase diagram, which
is presently unaccessible by the lattice simulations.
These questions will be explored in the future studies.

VI. SUMMARY

We presented the lattice QCD observables at an
imaginary baryochemical potential, and analyzed
them in the framework of a hadron resonance gas
model with repulsive interactions between baryons.
More specifically, the temperature dependent Fourier
coe�cients of the Fourier series expansion of the net
baryon density at imaginary µB were considered. The
ideal hadron resonance gas model predicts zero values
for the 2nd and higher-order coe�cients. Thus, sig-
nificant deviations from zero of the higher-order coef-
ficients signal the end of the applicability of the ideal
HRG model. Lattice calculations predict that the on-
set of this behavior takes place at about T = 160 MeV.
They also predict an alternating sign structure for the
coe�cients: the odd order coe�cients, b1 and b3 are
positive, while the even order ones, b2 and b4, are neg-
ative.

Remarkably, the behavior of the first four Fourier
coe�cients at T . 185 MeV appears to be well de-
scribed by the HRG model with the excluded-volume
interactions between baryons, characterized by a sin-
gle eigenvolume parameter b ' 1 fm3. We do note that
some finer structures, such as the temperature deriva-
tives of the coe�cients, or the di↵erence �B

2 � �B
4 of

baryon number susceptibilities at µB = 0, are repro-
duced by this simple model only up to a lower tem-
perature of about 175 MeV. The EV-HRG model also
predicts the alternating sign structure analytically. At
the same time, the van der Waals HRG model, with
vdW parameters a and b fixed by the properties of the
nuclear ground state, does a worse job in describing
the Fourier coe�cients. It will be interesting to recon-
cile these two approaches in order to obtain a unified
model for the hadronic equation of state. This model
would describe both, the nuclear matter properties
at low temperatures and high baryon densities, and
the lattice QCD data at high temperatures. A proper
hadronic baseline is crucially important for the ongo-
ing experimental e↵ort in determining the properties
of QCD from the heavy-ion collisions experiments at
di↵erent collision energies.

The present study elucidates the potential of the
lattice QCD observables at imaginary chemical poten-
tials to shed light on the properties of QCD, partic-
ularly regarding the hadronic interactions in the con-
fined phase. Such analysis should also be performed
for other imaginary µ observables, e.g. involving the
electric charge and strangeness, as well as for the more
accurate, and continuum extrapolated lattice data,
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treats the non-interacting hadron limit at low tem-
peratures and the non-interacting quark limit at high
temperatures in the same framework. In this work
a model is constructed which allows to calculate the
coe�cients bk at all intermediate temperatures be-
tween these two limiting cases. This Cluster Expan-
sion Model (CEM) is based on the following assump-
tions:

• The first coe�cient b
1

(T ) – the QCD partial
pressure in the |B| = 1 sector – is taken as in-
put. It is interpreted as a temperature depen-
dent density of “free” excitations with B = ±1.

• The second coe�cient, b
2

(T ), is also taken as
input. In the spirit of a cluster expansion it
parametrizes the baryon-baryon interactions. In
the HRG-EV model b

2

is rewritten as

b
2

(T ) = �b(T )T 3 [b
1

(T )]2, (4)

where b(T ) is a temperature dependent “cou-
pling” parameter.

• Mayer’s cluster expansion assumes two-baryon
interactions only, expected to be a good approx-
imation at su�ciently low density or high tem-
perature, i.e. moderate µB/T . The higher-order
coe�cients bk(T ) are then expressed in terms
of the first two, motivated by a HRG-EV-type
system with two-particle hard core interactions
[18]:

bk(T ) = ↵k [�b(T )T 3]k�1 [b
1

(T )]k

= ↵k
[b

2

(T )]k�1

[b
1

(T )]k�2

, (5)

the ↵k are temperature independent parameters.

• The model is constrained by the SB limit (3)
of massless quarks and gluons at high tempera-
tures1, i.e. bk(T ) ! bSBk as T ! 1. Assuming
b
1

(T ) ! bSB
1

and b
2

(T ) ! bSB
2

, this condition
fixes the coe�cients ↵k:

↵k =
[bSB

1

]k�2

[bSB
2

]k�1

bSB
k . (6)

Eqs. (3)-(6) define all coe�cients bk(T ) in CEM, using
only b

1

(T ) and b
2

(T ) as input.

1
This SB limit constraint is an important new element com-

pared to an earlier study in Ref. [18].

Figure 1. The temperature dependence of the first four
Fourier coe�cients bk (2). Lattice QCD results from imag-
inary µB simulations [18] are depicted by the circles, the
calculations of b3 and b4 within the CEM-LQCD are de-
picted by the stars. Predictions of the CEM-HRG model
with b(T ) = 1 fm3 are depicted by the dashed lines. The
arrows correspond to the Stefan-Boltzmann limit (3).

In what we term CEM-LQCD, b
1

(T ) and b
2

(T )
are fixed by recent (2+1)-flavor, N⌧ = 12 lattice
QCD simulations at imaginary µB of the Wuppertal-
Budapest collaboration [18]. In an alternative CEM-
HRG, b

1

(T ) and b
2

(T ) are taken from the HRG-EV
model with a constant b(T ) = 1 fm3 value [18–20].

Note that, for a calculation of the pressure using the
CEM, also the partial pressure p

0

(T ) in the |B| = 0
sector is required as input. Here we only study baryon
number fluctuations for which this is not needed.

Temperature dependences of the first four coe�-
cients bk(T ), as calculated in lattice QCD simula-
tions [18], the CEM-LQCD model, and the CEM-
HRG model, are shown in Fig. 1 by the circles, the
stars, and the dashed lines, respectively. The CEM-
LQCD parametrization reproduces the lattice data for
b
1

and b
2

by construction. However, both b
3

and b
4

are predicted by the CEM-LQCD model [Eq. (5)] and
they agree quantitatively with the lattice data for all
temperatures 135  T  230 MeV. The validity of
Eq. (5) for higher-order coe�cients can be checked by
future lattice simulations at imaginary µB .

The CEM-HRG model reproduces the same coe�-
cients up to T ' 185 � 190 MeV, however, it rapidly
diverges from the lattice data at higher temperatures.

The criterion for the convergence of the expansion

Models: excluded volume       cluster expansion�!
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Analytic ansatz (no phase transition) describes all MC data
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Figure 4. The temperature dependence of the radius of
convergence rµ/T of the Taylor expansion in µB/T of the
pressure, calculated within the CEM-LQCD and CEM-
HRG (b = 1 fm3) models. The dash-dotted blue line
depicts the µB/T = ⇡ value, which corresponds to the
Roberge-Weiss transition at imaginary chemical potential.
Various QCD critical point estimates [44–48] are shown by
the black symbols.

The temperature dependence of the radius of
convergence, rµ/T , as calculated within the CEM-
LQCD (red stars) and the CEM-HRG model (dashed
line) models using the Mercer-Roberts procedure, is
presented in Fig. 4. rµ/T is a smooth function of
T and it is finite, at all temperatures considered.
The corresponding limiting singularities lie at com-
plex µB/T values, as follows from the absence of a
regular asymptotic behavior of the Taylor expansion
coe�cients. rµ/T decreases with temperature and it
approaches the asymptotic value of rµ/T = ⇡ at higher
temperatures, T > 190 MeV. This value can be iden-
tified with the Roberge-Weiss (R-W) transition [36],
which was predicted to appear at su�ciently high tem-
peratures at imaginary chemical potential values of
Im [µ

B

/T]
c

= ⇡(2k+1), and studied quite extensively
in LQCD simulations [37–43]. This transition is a con-
sequence of the R-W periodicity of the QCD partition
function, Z(µB) = Z(µB + i2⇡T ), due to the center
symmetry [36], which is fully respected by the CEM.

We have cross-checked our results for rµ/T by con-
structing Padé approximants [49, 50] for the Taylor
expansion of �B

2

in µB/T within the CEM-LQCD
model, and in all cases observe poles corresponding
to the limiting singularity of the Taylor expansion.
These poles are located at Im[µ

B

/T]
c

= ⇡, at all
temperatures, while Re[µ

B

/T]
c

values decrease to-
wards zero at high temperatures. The absolute val-
ues, |[µB/T ]c|, agree perfectly with the rµ/T values in

Fig. 4.

It is interesting that numerical lattice studies at
purely imaginary µ indicate T

RW

= 208 ± 5 MeV for
the endpoint temperature of the R-W transition [43],
a temperature value where rµ/T is already almost in-
distinguishable from ⇡ in CEM-LQCD. We conclude
that the radius of convergence of the Taylor series at
T > 135 MeV is only determined by the singularities
in the complex plane which appear to be smoothly
connected to the R-W transition at high tempera-
tures, a scenario suggested in Refs. [8, 10]. The CEM-
LQCD “knows” about the the spontaneous breaking
of the center symmetry at the high temperature R-W
transition indirectly, being matched to baryonic exci-
tations at low temperatures and to quark degrees of
freedom at high temperatures. The exact nature and
relation to the R-W transition of the singularities at
intermediate temperatures still need to be clarified.
We note that CEM also inherits aspects of the chiral
symmetry restoration, in the form of the input coe�-
cients b

1

(T ) and b
2

(T ) taken from the lattice.

In any case, our analysis within CEM-LQCD and
CEM-HRG shows no evidence for the existence of a
phase transition or a critical point at real µB/T <
rµ/T , with rµ/T � ⇡ at all temperatures considered.
This is consistent with all available lattice results at
zero and imaginary chemical potential, but in con-
trast to various other QCD critical point estimates
available in the literature: these are based on lat-
tice reweighting techniques [44], experimental finite-
size scaling analyses [45], the Dyson-Schwinger [46] or
holographic [47, 48] approaches, which are also shown
in Fig. 4. We note that CEM is not full QCD, there-
fore we do not rule out conclusively these other esti-
mates. Note also that our results at T < 135 MeV are
based on the HRG extrapolation of the lattice data,
and therefore should be treated with care.

The particular CEM formulation presented here is
simple and powerful, but it has limitations. The re-
lation (5) expressing the higher-order Fourier coe�-
cients through the first two is likely to get modified
whenever e↵ects of genuine many-body interactions
become important. We therefore expect the model to
break down at large µB/T values, e.g., in the dense
nuclear matter region. Note that the formalism itself
can accommodate any pressure function periodic un-
der the µB ! µB + i 2⇡T transformation, as required
by the Z(3) symmetry of QCD. The CEM model can
thus be extended once new and possibly contradicting
lattice data become available. However, given that
CEM is consistent with all presently available lattice
data we conclude that its range of applicability is at

Radius of convergence
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FIG. 1. Radius of convergence µB as a function for di↵erent
values of the light up/down quark masses. See text for details.

complex-µB plane of the QCD free energy is determined
by the value of |zc|. As mentioned before, 2+1-flavor
lattice QCD calculations show that the chiral conden-
sate, M , for the physical value of light up/down quark
mass, mphys

l = mphys
s /27, are well-described by the 3-

dimensional O(4) scaling function fG, with inclusion of
small corrections from the analytic function Freg [9, 11–
13]. Obviously, the contributions of Freg will unavoid-
ably modify the convergence of the low-order Taylor co-
e�cients, however, these analytic contributions will not
change the radius of convergence. Thus, also for physical
QCD the singularity nearest to µB = 0 in the complex-
µB plane will be dictated by zc. If zc is known then
Eq. (2) can be used to translate this singularity to the
complex-µB plane and, thereby, determine the corre-
sponding radius of convergence. The rest of the uni-
versal and non-universal parameters entering Eq. (2) are
known— (i) The critical exponents of the O(4) universal-
ity class � = 0.380, � = 4.824 [22]. (ii) Both mphys

l and
T are purely real. (iii) T 0

c = 132+3
�6 MeV [9]. (iv) The

curvature of the pseudo-critical temperature Tpc(µB),
B
2 = 0.012(2) [1]. (v) Based on the lattice QCD re-

sults of Ref. [9] on Tpc(ml) the scale factor is estimated
to be z0 ' 1�2 [23]. For the 3-dimensional O(N) univer-
sality class |zc| is not known.Currently the best estimate
for |zc| is available from preliminary Functional Renor-
malization Group studies [24]; they show that |zc| is close
to the value obtained in the large N limit. We suspect
that this is partially because the critical exponent � of
O(4) is close to the one in large N limit. Due to the lack
of a better estimate for O(4) we approximate |zc| with
the corresponding value in this limit. The di↵erence be-
tween a mean-field approximation and the N ! 1 result
is within 15%. Therefore, to demonstrate systematic un-
certainty we vary the N ! 1 value of |zc| by 15%.

In Figure 1 we show the radius of convergence in µB in
the T � µB plane for di↵erent values of ml = 0�mphys

l ,
using the N ! 1 limit value for zc, z0 = 2, O(4) crit-

FIG. 2. Radius of convergence in µB for physical quark
masses. The orange band is for z0 = 2 and incorporates a
15% uncertainty on N ! 1 limit value of |zc|. The blue
band depicts variation of z0 = 1� 2.

ical exponents, and other lattice QCD-determined non-
universal parameters described above. Note that, in the
chiral limit, QCD free energy is essentially singular at
T = T 0

c , µB = 0 and, therefore, the radius of conver-
gence at this point is zero.
Figure 2 provides a more realistic estimate for the ra-

dius of convergence in µB in the T�µB plane formphys
l by

varying |zc| around its N ! 1 limit value and z0 = 1�2.
While the variation of |zc| leads to a limited uncertainty
of the radius of convergence, more precise lattice QCD
result for z0 is needed to improve this estimate.

CONCLUSIONS

Relying only on the universal behavior of QCD in the
chiral crossover region we investigated the analytic be-
havior of the free energy. We argued that if the chiral
behavior of QCD is well-described by the universal scal-
ing, as borne out in recent the lattice QCD calculations,
then analyticity of the free energy will be completely gov-
erned by the analytic structure of the corresponding uni-
versal scaling function in the complex scaling variable.
We estimated the relevant singularity of the scaling func-
tion based on the two extreme limits of mean-field and
N ! 1. We showed how these estimates can be trans-
lated to the singularity in the complex-µB plane to de-
termine the radius of convergence in µB , solely based
on the universal critical exponents and well-determined
non-universal parameters from lattice QCD calculations.
Figure 2 summarizes our universality- and QCD-based
estimate for the radius of convergence in µB for tem-
peratures in the vicinity of the QCD chiral crossover.
This shows that the radius of convergence is larger than
|µB | & 400 MeV, implying that the present lattice QCD
calculations based on Taylor expansions in µB and ana-
lytic continuations from imaginary values of µB can be

convergence radius
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Figure 1: The pseudocritical line in the T − µ plane calculated from (7), (6).
Boltzmann and Fermi approximations (9) and (12) are shown in thin lines. The
dots indicate decoupling of kaons (Nf = 3→ 2) and pions (Nf = 2→ 0).

and the critical line will bend towards smaller temperatures at larger chemical
potential: Tc(µ) < T0, as expected.

The predicted critical line is shown in fig. 1. It starts very flat, abruptly
curves down at µ ∼M and passes through a turning point before terminating
at (T,µ) = (0, µ∗) with µ∗ = 387Mev. This behavior is easily understood at
the qualitative level.

Consider first small chemical potentials. The relevant parameter then is
the ratio M�T0 � 2.2, which is not huge but an exponential dependence on
M�T leads to considerable, O(10) Boltzmann suppression. Expanding the
integral (6) in T �M , one gets:

F 2 � F 2
⇡ − NcM2

⇡

�
T

2⇡M
e −M

T cosh
µ

T
, (8)

which yields a simple approximate formula for the critical line [3]:

T 2
c

T 2
0

� 1 − NcM2

⇡F 2
⇡

�
T0

2⇡M
e −M

T0 �cosh µ

T0
− 1� . (9)

As seen from fig. 1, Boltzmann approximation works reasonably well as long
as µ � 100Mev.
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A. Classical van der Waals

Nuclear matter is described by the classical van der
Waals equation (1). We take the vdW parameter val-
ues a = 329 MeV fm3 and b = 3.42 fm3 [38]. These
parameter values yield the binding energy of 16 MeV in
the nuclear ground state at n = n0 = 0.16 fm�3 in the
vdW model extended to include the Fermi statistics (see
the next subsection III B). The locations of branch points
are evaluated using Eqs. (2) and (5). The classical vdW
equation predicts a nuclear liquid-gas transition with a
CP at the following location:

Tc =
8a

27b
' 28.5 MeV, nc =

1

3b
' 0.10 fm�3. (9)

The classical vdW equation overestimates the value of
the critical temperature by about 10 MeV, which is due
to neglecting the quantum statistics [38, 39].

B. Quantum van der Waals

The quantum statistical e↵ects are taken into account
in the quantum van der Waals model (QvdW) [38]. The
QvdW model is defined by the following equations:

p(T, µ) = pid(T, µ
⇤)� an2, (10)

n(T, µ) = (1� b n)nid(T, µ
⇤), (11)

µ⇤ = µ� b pid(T, µ
⇤) + 2 an. (12)

Here nid, pid are, respectively, the density and the pres-
sure of the ideal Fermi gas. In the Boltzmann approxi-
mation Eqs. (10)-(12) reduce to the classical vdW equa-
tions (1) and (2).

Thermodynamic functions at fixed T and µ are usu-
ally determined by solving Eq. (12) numerically with
respect to (w.r.t.) µ⇤, which then allows to calculate
all other quantities. The vdW parameter values are
the same as for the classical vdW model above. The
QvdW model predicts a CP at Tc ' 19.7 MeV and
nc ' 0.07 fm�3 (µc ' 908 MeV).

One needs to evaluate the derivative (@µ/@n)T in or-
der to determine the thermodynamic branch points. To
do that we apply the derivative w.r.t. n at fixed T to
Eqs. (11) and (12), which allows to determine (@µ/@n)T
explicitly. The resulting equation (@µ/@n)T = 0 for the
branch points reads

2 anbr

T
(1� bnbr)

2 !id(T, µ
⇤
br) = 1. (13)

Here !id(T, µ⇤) is the scaled variance of particle number

Figure 1. Locations of thermodynamic branch points as-
sociated with the nuclear liquid-gas transition in the µB-T
plane evaluated within the quantum van der Waals model of
nuclear matter. The two solid lines depicts the two spinodals
of the nuclear liquid-gas transition at T < Tc. The dashed
line correspond to the real part of the crossover branch point
µbr at T > Tc. The circle represents the CP.

fluctuations of an ideal quantum gas in the GCE:

!id(T, µ
⇤) = 1� d ⌘

2⇡2 nid

Z 1

0
dkk2

⇥
"
exp

 p
m2 + k2 � µ⇤

T

!
+ ⌘

#�2

, (14)

with ⌘ = +1 for fermions. In the Maxwell-Boltzmann
approximation (⌘ = 0) one has !id = 1 and Eq. (13)
reduces to Eq. (5) of the classical vdW model.
Here we solve Eq. (13) numerically to determine µ⇤

br
2.

At T = Tc the solution of Eq. (13) corresponds to the
CP. We use the CP as a starting point of the numerical
procedure and move in small steps in temperature inde-
pendently for T > Tc (crossover) and T < Tc (first-order
phase transition), using the solution at the previous step
as an initial guess for the next one.
Figure 1 depicts the resulting chemical potential val-

ues corresponding to the branch points. At T < Tc there
are two real solutions which correspond to the spinodals
of the first-order phase transition, as discussed in Sec. II
for the classical vdW equation. These are depicted in
Fig. 1 by two solid lines. At T = Tc the two roots be-
come degenerate at the CP. At T > Tc, µbr have non-
zero imaginary part, the branch points correspond to two
complex conjugate roots. The behavior of the real part

2 nbr is calculated at a given µ⇤
br from Eq. (11)
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Figure 4. The temperature dependence of (a) the radius of convergence rµ and (b) the radius of convergence rµ/T calculated in
vdW-HRG model (solid line) numerically using analytic formulae Eqs. (31) and (33); and (blue dots) using the Mercer-Roberts
radius of convergence estimator (34) for Taylor expansion (32). Shaded areas represent that region of the phase diagram where
the Taylor expansion (32) of the pressure function does not converge. The black circle corresponds to the critical point of
nuclear matter in the QvdW model.

sion of the QCD pressure:

p(T, µB)� p(T, 0)

T 4
=

1X

n=1

�B
2n(T )

(2n)!

⇣µB

T

⌘2n
. (32)

Here �B
2k(T ) = @2k(p/T 4)/@(µB/T )2k|µB=0 are the

baryon number susceptibilities evaluated at µB = 0. Ex-
pansion includes only even orders of chemical potential
as follows from the charge conjugation parity symmetry
of QCD.

The series (32) converges inside a circle in the complex
µB/T plane. The convergence is limited by a singularity
closest to the expansion point, which lies on the border
of the circle. A CP is an example of such singularity.
This fact is used in various attempts to constrain the lo-
cation of the QCD CP using lattice QCD, by evaluating
a number of leading order Taylor expansion coe�cients
at µB = 0 and using various radius of convergence es-
timators [12, 44, 45]. Note that a divergent Taylor ex-
pansion can appear even without presence of any phase
transitions, e.g. in systems with repulsive interactions
only [46].

The thermodynamic singularities associated with the
nuclear liquid-gas transition do limit the convergence
range of Taylor expansion in the vdW-HRG model. The
expected radius of convergence in the vdW-HRG model
is given by

rµ = |µbr
B | =

q
[Re(µbr

B )]2 + [Im(µbr
B )]2. (33)

Here µbr
B is the location of the limiting singularity. At

T > Tc this corresponds to the crossover singulari-
ties [Eq. (6)], which both lie at the same distance from
µB = 0. At T = Tc this is the nuclear matter CP.
At T < Tc the limiting singularity is the spinodal point
which separates the gaseous and mechanically unstable
nuclear phases (the right solid curve in Fig. 1).4

Figure 4 depicts the temperature dependence of the
radius of convergence in µB and in dimensionless µB/T
variables. For crossover temperatures, T ⇠ 140 �
170 MeV, the radius of convergence becomes as small as
rµ/T ⇠ 2 � 3. This indicates a real possibility that con-
vergence properties of Taylor expansion in full QCD at
crossover temperatures might be determined by the rem-
nants of the nuclear liquid-gas transition, which manifest
themselves in a form of singularities in the complex plane.
We cross-check our vdW-HRG model results by ana-

lyzing the convergence properties of Taylor expansion in
this model directly. First, we analyze the convergence
radius from the behavior of net baryon susceptibilities
�B
k at µB = 0. We calculate �B

k up to the order �B
120

numerically, using an e�cient algorithm described in the

4 The branch point at the boundary of the liquid and the mechan-
ically unstable phase (the left solid curve in Fig. 1) does not
limit the radius of convergence of Taylor expansion, despite its
smaller µbr

B value. The reason is that this branch point lies on
a Riemann surface di↵erent from the one where the expansion
point µB = 0 is. The radius of convergence is una↵ected by the
third root [Eq. (7)] for the same reason.

phase diagram convergence radius

crossover
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against inverse volume at � = 3.35. A linear fit in 1�V for
the volumes 83,103 and 123 is also shown, to estimate the
imaginary part of the leading singularity at an infinite volume.

IV. SUMMARY

The radius of convergence of the Taylor expansion in
µ
B

is one of the most sought-after quantities in the finite
temperature QCD community [25, 38, 75–78]. The main
reason is that it gives a lower bound on the location of
the critical endpoint, and also that it gives us insight in
how far one can trust the equation of state calculated
from a Taylor expansion around µ

B

= 0.
In this paper we have made two suggestions about how

to obtain a reliable estimate of this quantity in the frame-
work of reweighting methods using the reduced matrix
approach [31–36]. The first one concerns the definition of
the rooted staggered determinant itself at finite µ

B

. We
have proposed an alternative definition that takes care of
the analyticity issues of the partition function by making
it - up to an exponential factor - a polynomial in the fu-
gacity. This involves a procedure we dubbed geometric

matching, where we judiciously group eigenvalues of the
reduced matrix in pairs, and define the rooted version of
the determinant by substituting each pair with the geo-
metric mean of its members. This follows the spirit of
the proposal of Ref. [48]. While on the coarse N

t

= 4 lat-
tices used in our study there are no clear taste quartets
or pairs yet, in the continuum our procedure is expected
to give a reasonable definition of rooted determinant on
each gauge configuration.

Our definition allows one to calculate the radius of con-
vergence at any finite lattice spacing and later take the
continuum limit, instead of having to take the contin-
uum limit of the Taylor coe�cients first. We believe this
is beneficial, since the strong correlation between the sta-
tistical errors of the high order Taylor coe�cients present
on a single ensemble are what makes possible the determi-
nation of the radius of convergence in the first place [38],
and taking the continuum limit of the individual Tay-
lor coe�cients first can potentially wash out these strong
correlations.

The second suggestion concerns the way the radius of
convergence is calculated numerically: we have demon-
strated that a brute-force calculation of the Lee-Yang
polynomial via reweighting, and a brute-force calculation
of its roots is possible, at least for small lattices. This pro-
vides a direct determination of the radius of convergence
without relying on a finite order Taylor expansion. This
second suggestion could also be used with other fermion
discretizations, like Wilson fermions, where the rooting
ambiguity discussed in this paper is not present.

Our numerical results on N
t

= 4 2-stout improved stag-
gered lattices suggest a radius of convergence of µ

B

�T ≈ 2
at and slightly below T

c

.

While extending such a study to finer lattices is cer-
tainly a challenge, we believe it is a challenge worth pur-
suing, based on the conceptual advantage of having an
actual Lee-Yang polynomial at a finite lattice spacing, in-
stead of a function that is non-analytic in dense regions
of the complex chemical potential plane, as is the case
with the standard definition of staggered rooting.
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continuum limit, instead of having to take the contin-
uum limit of the Taylor coe�cients first. We believe this
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and taking the continuum limit of the individual Tay-
lor coe�cients first can potentially wash out these strong
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The second suggestion concerns the way the radius of
convergence is calculated numerically: we have demon-
strated that a brute-force calculation of the Lee-Yang
polynomial via reweighting, and a brute-force calculation
of its roots is possible, at least for small lattices. This pro-
vides a direct determination of the radius of convergence
without relying on a finite order Taylor expansion. This
second suggestion could also be used with other fermion
discretizations, like Wilson fermions, where the rooting
ambiguity discussed in this paper is not present.

Our numerical results on N
t

= 4 2-stout improved stag-
gered lattices suggest a radius of convergence of µ

B

�T ≈ 2
at and slightly below T

c

.

While extending such a study to finer lattices is cer-
tainly a challenge, we believe it is a challenge worth pur-
suing, based on the conceptual advantage of having an
actual Lee-Yang polynomial at a finite lattice spacing, in-
stead of a function that is non-analytic in dense regions
of the complex chemical potential plane, as is the case
with the standard definition of staggered rooting.
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radius of convergence

Imag. part of L-Y zero

remains non-zero as 
V ! 1
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