
On scattering amplitudes 
in the presence of gravity

QFC2019, October 23-25 2019
Pisa, Italy  

Alfredo Urbano
I.N.F.N., sez. di Trieste and I.F.P.U.



PART I: Motivations



PART I: Motivations

Gravity is an EFT characterized by 
the effective interaction strength

It becomes strongly coupled at 
energies               thus demanding 
an ultraviolet (UV) completion.

g2
eff ≡ GNE2 =

E2

M2
Pl

E ≳ MPl



PART I: Motivations

What is the UV-completion 
of Gravity?

We try to answer this question by means of a 
“bottom-up” approach based on on-shell 
spinor-helicity methods.
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𝒜 (1+22+2 → 3+24+2)
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(⟨34⟩[12])4 = s4

𝒜 =
s4

M2
Pl stu

∼
s

M2
Pl

𝒜 (1+22+2 → 3+24+2)

ϵ*γδ(p4, h4)ϵρσ(p2, h2)

ϵ*αβ(p3, h3)ϵμν(p1, h1)

= + +

+

GR

poles, no contact terms



Example: fermion/fermion scattering

q +1/2 q +1/2 “Unitarity channel”
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q +1/2 q +1/2 “Unitarity channel”
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TABLE I. Complete set of tree-level 4 point amplitudes in Gravity

depicted as:

hqI1 | P̂12 |qI2 ] ⇥ hqI3 | P̂12 |qI4 ] ⇥ hqI5 | P̂12 |qI6 ]⇥ ...

⌦
q

I1
�� P̂34

��
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q

I3
�� P̂34

��
q
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⇤⇥ ⌦
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I4
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��
q

I6
⇤⇥ ...

Where the solid green lines signal the summed little
group indexes while the dotted follows the matrix mul-
tiplication in Lorentz indexes. Using the completion re-
lations |q] hq| = q̂ and |q] [q| = M✏ we can reduce any
of the above terms to a product of traces over slashed
momenta as

Q
tr((P̂12P̂34)ni) with

P
n
i

= 2J and n
i

an
ordered array. For instance with J = 3 the coe�cient
of tr(P̂12P̂34)2tr(P̂12P̂34) is given by counting the ways
to accommodate a single lasso ‘o’ and double one ‘1’ in
3 slots; o1,1o, etc. In a second step we collapse the
traces tr(p̂ · k)n into polynomials in p · k, p2, k2, using
relation (A15) in the appendix.

All in all we get to an expression for the amplitude:

g2
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X
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�
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P
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M2

s12 �M2
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where P
J

are Legendre polynomials and

x = �P12 · P34

M2/4
= 1 +

2s14
M2

(11)

where we have used on-shellness in substituting P 2
12 =

P 2
34 = �M2/4 and s13 = M2 � s14.
We consider next the case with equal helicity h1 =

h2 ⌘ h in the three-point amplitude. The spinor struc-

ture takes the form then

h1 2iJ�2h |q]2J |1]J |2]J =
1

h1 2i2h
([q 1]h1 2i[2q])J

=
[1 2]2h

M4h
([q 1]h1 2i[2q])J

=
[1 2]2h

M4h�J

(hq| P̂12 |q])J . (12)

This is the same structure we already found in the
scalar case, eq. (9). This means that in the compu-
tation of the four-point amplitude the case with equal
helicity h1 = h2 ⌘ h reduces to the previous result in
eq. (10) with Legendre polynomials, with an overall fac-

tor [1 2]2h[3 4]2h/M4h that takes into account the helicity
of the external particles. This type of coupling however
means that interaction with the J resonance changes any
quantum number that matter might have.
Consider now the case with opposite helicity h1 =

�h2 ⌘ h which corresponds to a helicity and quantum
number conserving interaction as is the case for the gravi-
ton coupling. The dependence on spinor variables reads:

h1 2iJ |q]2J |1]J+2h |2]J�2h

= h1 2iJ�2h[1q]J�2h[2q]J�2h[1q]4hh1 2i2h
= MJ(hq| P̂12 |q])J�2h(hq 2i[1q])2h . (13)

The derivation of the 4-pt amplitude is in this case not
a rescaling of the scalar case but one can follow the
same steps in the computation. The di↵erence is that
traces are not just over chains of P̂12 and P̂34 but fac-
tors of |1] h2| and |3] h4| might replace each one respec-
tively, e.g. tr[P̂12P̂34 |1] h2| P̂34]. The number of possi-
ble traces grows much steeply now so instead one take
a faster approach building on the scalar result. Take
eq. (10) with J P̂13’s contracted with J P̂24’s as dictated
by the 2J tensor of the (on-shell) propagator. Then one
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On-shell helicity methods are the 
best-suited tools to study scattering 
with spin 2 (or higher…) 
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−h′�gJ gJ

J, MJ

N. Arkani-Hamed, T. C. Huang and Y. t. Huang,
“Scattering Amplitudes For All Masses and Spins,”
arXiv:1709.04891
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If h = 0 (scalar case) we recover the Legendre polynomials
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J (x) = 𝒫J(x)
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Unitarity + Locality M2
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Unitarity + Locality M2
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[See also N. Arkani-Hamed, talk @String ’16]
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Unitarity + Locality M2
k = kM2 with k ∈ ℤ+

𝒜ϕφ = g2 (−
t̃ũ
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𝒜 = 𝒜GR ×

Γ (1 − s̃) Γ (1 − t̃) Γ (1 − ũ)

Γ (1 + s̃) Γ (1 + t̃) Γ (1 + ũ)

Γ (1 − s̃) Γ (1 − t̃)
Γ (1 − s̃ − t̃)

x̃ = x /M2 , x = s, t, u

poles at 1 − s̃ = − n

Virasoro-Shapiro 
form factor

Veneziano
form factor

Virasoro-Shapiro form factor:

Veneziano form factor:

Compton scattering with gravity, scattering with scalars

Fermion/fermion, fermion/vector, vector/vector scattering
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poles at 1 − s̃ = − n
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Selection rule: 
only resonances 
with spin
J ⩾ h1 − h2 = 4

“Force carrier” 
  resonances
  (integer spin)
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“Matter” resonances
  (half-integer spin)
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M2
n = (1 + n)M2

PART IV: (some) Results
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PART IV: (some) Results

b =
1
2

+
18g2M2

Pl

πM2
Dirac fermion minimally 
coupled to gravity gives 
b = 1/2… what is going on?
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PART IV: (some) Results

b =
1
2

+
18g2M2

Pl

πM2

What if 
space-time has 
torsion in addition 
to curvature?
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PART V: Conclusions
We propose a UV-completion of Gravity based on the 
tree-level exchange of an infinite tower of massive 
higher-spin resonances (with both integer and half-
integer spins).

Like what we expect in string theory but following a “bottom-up” approach. 
Amplitudes are UV-completed by either Virasoro-Shapiro or Veneziano form factors.

We only assume the bedrock principles of Locality, 
Causality and Unitarity (thus Analyticity).

Technically, the on-shell spinor-helicity formalism is of 
crucial importance to deal with massive higher spins.

We cannot reconstruct the full amplitude but a number of crucial properties of the 
resonances can be extracted from the poles (spectrum, decay width,…). 
Furthermore, even if we have some unknown parameters unitarity puts non-trivial
positivity constraint on them.
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MPl

M

M2
n = nM2

…

g = M/MPL ≪ 1
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