
The QCD coupling at all scales and the elimination     
of renormalization scale uncertainties

The Principle of Maximum Conformality (PMC) 
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Figure 11. Predictions for the mtt̄ cumulative asymmetry: pure QCD at NLO and NNLO (as
derived in this work), NLO prediction of Ref. [11] including EW corrections, as well as the PMC
scale-setting prediction of Ref. [11].

range of mtt̄ used for the calculation of the NNLO result, fixed and dynamic scales would lead

to consistent predictions within scale errors (see also recent discussion for the LHC [92]).

We conclude that the two scale-setting approaches produce very di↵erent predictions for

the mtt̄ cumulative ÂFB and it should be easy to distinguish between the two with data,

especially in the region around mtt̄ ⇠ 500GeV. We would also like to point out that the

NNLO prediction based on conventional scale-setting with µR = mt exhibits the “increasing-

decreasing” behaviour pointed out in Ref. [11], albeit much less pronounced than in the PMC

scale-setting approach.

5 Comparisons between di↵erent pdf sets

An alternative way of assessing the pdf dependence in theory predictions is to compare calcu-

lations with di↵erent pdf sets. In this section we compare NNLO QCD predictions based on

four state-of-the-art pdf sets: CT10, HERA 1.5, MSTW2008 and NNPDF 2.3. We compare

the central pdf members for central scale choice µF = µR = mt.
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Goals
• Test QCD to maximum precision 

• Maximize sensitivity to new physics 

• Obtain high precision determination of                      
and other parameters 

• Determine renormalization scales without 
ambiguity 

• Eliminate scheme dependence

Predictions for physical observables cannot depend on theoretical 
conventions, such as the renormalization scheme or the initial scale choice

• Principle of Maximum Conformality (PMC)

αs(Q2)
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Abstract 
The school is primarily addressed to Ph.D. students in Theoretical Nuclear and Hadron
Physics. Participation of experimentalists and post-docs is also encouraged. The 2019
edition will be devoted to Hadron Physics, and it will provide a pedagogical introduction to
the basic concepts and tools needed for carrying out cutting-edge research in Continuum
QCD (non-perturbative QCD), Hadron and Exotic Spectroscopy
(Tetraquarks,Pentaquarks,Hybrids), Light-Front Dynamics and Holography, Amplitude-
analysis theoretical tools and Electron-Ion Collider physics. The aim will be both to stress
the intimate connections among those fields and to give much attention to the
interpretation of experimental data, within framework based on ab initio or more
phenomenological approaches. 
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Invariance Principles of Quantum Field Theory

• Polncarè Invariance:  Physical predictions must be 
independent of the observer’s Lorentz frame:  Front Form 

• Causality: Information within causal horizon:  Front Form 

• Gauge Invariance: Physical predictions of gauge theories 
must be independent of the choice of gauge 

• Scheme-Independence: Physical predictions of a 
renormalizable theory must be independent of the choice 
of the renormalization scheme —Principle of Maximum 
Conformality (PMC) 

• Mass-Scale Invariance:                                     
Conformal Invariance of the Action (DAFF) 

https://indico.cern.ch/event/628450/
https://indico.cern.ch/event/628450/
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FIG. 2. The thrust (1 − T ) differential distributions using
the conventional (Conv.) and PMC scale settings. The dot-
dashed, dashed and dotted lines are the conventional results
at LO, NLO and NNLO, respectively. The solid line is the
PMC result. The bands for the theoretical predictions are
obtained by varying µr ∈ [MZ/2, 2MZ ]. The PMC prediction
eliminates the scale µr uncertainty. The experimental data
points are taken from the ALEPH [2], DELPH [3], OPAL [4],
L3 [5] and SLD [38] experiments.

QCD corrections by varying the µr ∈ [
√
s/2, 2

√
s]

is unreliable, i.e., the NLO calculation do not over-
lap with LO prediction; the NNLO calculation also
almost do not overlap with NLO prediction.

• The conventional predictions are plagued by scale
µr uncertainty, and even up to NNLO QCD cor-
rections the conventional predictions do not match
the precise experimental data.

• By fitting the conventional predictions to the ex-
perimental data, the extracted coupling constants
are deviated from the world average, and are also
plagued by significant µr uncertainty [39].

Due to the kinematical constraints, the domain of the
thrust (1− T ) differential distribution at LO and of the
PMC scale is restricted to the range of 0 ≤ (1−T ) ≤ 1/3.
After applying the PMC scale setting, in addition to
the small values and the monotonically increasing be-
havior of the PMC scale, the magnitude of the conformal
coefficients are small and its behavior is very different
from that of the conventional scale setting. The result-
ing PMC predictions are in agreement with the experi-
mental data with high precision over the (1− T ) region,
while they show a slight deviation near the two-jet and
multi-jet regions. Based on the conventional scale set-
ting, Refs.[12, 13] have also found that near the two-jet
and multi-jet regions (0.04 ≤ (1−T ) ≤ 0.33), the pQCD
predictions are unreliable. Thus, near the two-jet and
multi-jet regions, the higher pQCD calculations may be
needed for the PMC analysis in order to improve the
predictions. In addition, as we have already mentioned

above, the non-perturbative effects should be taken into
account in order to obtain a reliable predictions in the
two-jet region.

In addition to the differential distribution, the mean
value of event shape observables have also been exten-
sively measured and studied. Since the calculation of the
mean value involves an integration over the full phase s-
pace, it provides an important platform to complement
the differential distribution that afflict the event shape
observables especially in the two-jet region and to deter-
minate the coupling constant.

The mean value ⟨τ⟩ (τ = (1− T )) of thrust variable is
defined by

⟨τ⟩ =
∫ τ0

0

τ

σh

dσ

dτ
dτ, (8)

where τ0 is the kinematical upper limit for the thrust
(1− T ) variable.

The electron-positron colliders have collected large
numbers of experimental data for the thrust mean value
⟨1 − T ⟩ over a wide range of center-of-mass energy (14
GeV ≤

√
s ≤ 206 GeV) [2–5, 40–45]. However, the pQCD

predictions based on the conventional scale setting sub-
stantially deviate from the experimental data. Currently,
the most common way is to split the mean value into the
perturbative and non-perturbative contributions, which
has been studied extensively in the literature (see e.g. [48]
for a review). However, some artificial parameters and
theoretical models are introduced in order to match the
theoretical predictions with the experimental data. It is
noted that the analysis of Ref.[2] obtains a large value of
αs and suggests that a better description for the mean
value can be in general obtained by setting the renormal-
ization scale µr ≪

√
s.

The pQCD calculations for the mean value variables
based on the conventional scale setting have been given
in Refs. [14, 46, 47]. After applying the PMC scale setting
to the thrust mean value ⟨1− T ⟩, we obtain the optimal
PMC scale,

µpmc
r |⟨1−T ⟩ = 0.0695

√
s. (9)

The PMC scale µpmc
r |⟨1−T ⟩ monotonously increases with√

s, and is 0.0695 times the conventional choice µr =
√
s

and thus µpmc
r |⟨1−T ⟩ ≪

√
s. We notice that by taking√

s = MZ = 91.1876 GeV, the PMC scale µpmc
r |⟨1−T ⟩ =

6.3 GeV. This is reasonable, since we have shown in
Fig.(1) that the PMC scales of thrust differential distri-
bution are also very small in wide region of (1− T ). By
excluding some results in multi-jet regions, the average of
the PMC scale ⟨µpmc

r ⟩ of thrust differential distribution
is also close to the µpmc

r |⟨1−T ⟩. This shows that the PMC
scale setting is self-consistent.

We present the thrust mean value ⟨1 − T ⟩ versus the
center-of-mass energy

√
s using the conventional and

PMC scale settings in Fig.(3). In the case of the con-
ventional scale setting, the perturbative series shows a

Thrust Distribution in Electron-Positron Annihilation using the Principle of
Maximum Conformality

Sheng-Quan Wang1,2,∗ Stanley J. Brodsky2,† Xing-Gang Wu3,‡ and Leonardo Di Giustino2,4§
1Department of Physics, Guizhou Minzu University, Guiyang 550025, P.R. China

2SLAC National Accelerator Laboratory, Stanford University, Stanford, California 94039, USA
3Department of Physics, Chongqing University, Chongqing 401331, P.R. China and

4Department of Science and High Technology, University of Insubria, via valleggio 11, I-22100, Como, Italy
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We present a comprehensive and self-consistent analysis for the thrust distribution by using the
Principle of Maximum Conformality (PMC). By absorbing all nonconformal terms into the running
coupling using PMC via renormalization group equation, the scale in the running coupling shows
the correct physical behavior and the correct number of active flavors is determined. The resulting
PMC predictions agree with the precise measurements for both the thrust differential distributions
and the thrust mean values. Moreover, we provide a new remarkable way to determine the running
of the coupling constant αs(Q

2) from the measurement of the jet distributions in electron-positron
annihilation at a single given value of the center-of-mass energy

√
s.

PACS numbers: 12.38.Bx, 13.66.Bc, 13.66.Jn, 13.87.-a

The event shape observables in electron-positron an-
nihilation play a crucial role in understanding Quantum
Chromodynamics (QCD). In the last three decades, the
event shape observables have been extensively studied ex-
perimentally and theoretically. In particular, the three-
jet production at the lowest order is directly proportional
to the QCD strong coupling constant, and thus the rele-
vant event shape observables have been used to determine
the coupling constant (see e.g. [1] for a review).

Due to the simple initial leptonic state, the three-jet
event shape observables can be measured with a high pre-
cision, especially at LEP [2–5]. The precision of experi-
mental measurements calls for an equally precise theoret-
ical prediction for three-jet event shapes. The next-to-
leading order (NLO) QCD calculations are known since
1980 [6–11], and the next-to-next-to-leading order (NN-
LO) calculations have been carried out in Refs.[12–16].
Despite the significant progress made in the last years
for both the pQCD calculations [17, 18] and the resum-
mation of large logarithms (see e.g. [19, 20]), the main
obstruction to achieve an accurate value of αs is not the
lack of precise experimental data but the dominant un-
certainties of the theoretical calculations, mainly due to
the choice of the renormalization scale µr.

It is well known that using the conventional scale set-
ting, the renormalization scale is simply set at the center-
of-mass energy µr =

√
s, and the uncertainties are evalu-

ated by varying the scale within an arbitrary range, e.g.
µr ∈ [

√
s/2, 2

√
s]. The three-jet event shape distribu-

tions using the conventional scale setting do not match
the experimental data, and the extracted values of αs in
general deviate from the world average [21].

The conventional procedure of setting the renormal-
ization scale introduces an inherent scheme-and-scale de-
pendence for the pQCD predictions. The scheme de-
pendence of the pQCD violates the fundamental prin-

ciple of the renormalization group invariance. The con-
ventional procedure gives wrong predictions for the A-
belian theory–Quantum Electrodynamics (QED), where
the scale of the coupling constant α can be set unam-
biguously by using the Gell-Mann-Low procedure [22].
The resulting perturbative series is in general factorially
divergent at large orders like n!βn

0 α
n
s –the “renormalon”

problem [23]. It has always been discussed whether the
inclusion of higher-order terms would suppress the scale
uncertainty; however, by simply varying the scale within
a given range of values fixed a priori, the estimation of
unknown higher-order terms is unreliable, and one can-
not judge whether the poor pQCD convergence is the
intrinsic property of pQCD series, or is due to improper
choice of scale.

The Principle of Maximum Conformality (PMC) [24–
28] provides a systematic way to eliminate renormaliza-
tion scheme-and-scale ambiguities. Since the PMC pre-
dictions do not depend on the choice of the renormal-
ization scheme, PMC scale setting satisfies the principles
of renormalization group invariance [29, 30]. The PMC
procedure reduces in the Abelian limit, NC → 0 [31], to
the standard Gell-Mann-Low method. The PMC deter-
mines the renormalization scale by absorbing the β terms
that govern the behavior of the running coupling via the
renormalization group equation. The divergent renor-
malon terms disappear and the convergence of pQCD
series can be thus greatly improved.

The thrust (T ) variable [32, 33] is one of the most fre-
quently studied three-jet event shape observables, which
is defined as

T =

max
n⃗

∑
i
|p⃗i · n⃗|

∑
i
|p⃗i|

, (1)

where the sum runs over all particles in the hadronic
final state, and the p⃗i denotes the three-momentum of

S.-Q. Wang, L. Di Giustino, X.-G. Wu, SJB
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Determine QCD running coupling from 
measurement of the 

thrust distribution at one energy!

αs(Q2) in MS scheme

e+e− → Z0 → qq̄g + ⋯
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The Running Coupling in QED 

- Vertex- and wavefunction renormalization cancel exactly in QED due to the 
Ward-Takahashi identity - the running coupling is physical!

- Independent of the initial renormalization scale

- Obeys renormalization group properties;
renormalization scheme- and scale-invariance, transitivity, etc...

- The argument of the running coupling is the ‘final scale’ that resums all non-
conformal terms; a function of scheme and renormalization scale

{ci}

a(τ, {ci})

τ

A

B

C

D

E F

- Resummed perturbative QED = dressed 
skeleton expansion; 

- the perturbative coefficients are those of the 
would-be conformal theory

- Let’s give this lesson a name so we don’t forget:
The Principal of Maximum Conformality

S.J. Brodsky, X.-G. Wu; Phys.Rev. D86 (2012) 054018, [arxiv:1208.0700]
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On the elimination of scale ambiguities in perturbative quantum chromodynamics

Stanley J. Brodsky
Institute for Advanced Study, Princeton, New Jersey 08540

and Stanford Linear Accelerator Center, Stanford Unioersity, Stanford, California 94305*

G. Peter Lepage
Institute for Aduanced Study, Princeton, New Jersey 08540

and Laboratory ofNuclear Studies, Cornell Unioersity, Ithaca, New York I4853*

Paul B.Mackenzie
Fermilab, Batavia, Illinois 6D51D
(Received 23 November 1982)

We present a new method for resolving the scheme-scale ambiguity that has plagued perturbative
analyses in quantum chromodynamics (QCD) and other gauge theories. For aphelian theories the
method reduces to the standard criterion that only vacuum-polarization insertions contribute to the
effective coupling constant. Given a scheme, our procedure automatically determines the coupling-
constant scale appropriate to a particular process. This leads to a new criterion for the convergence
of perturbative expansions in QCD. We examine a number of well known reactions in QCD, and
find that perturbation theory converges well for all processes other than the gluonic width of the Y.
Our analysis calls into question recent determinations of the QCD coupling constant based upon Y
decay.

I. INTRODUCTION the for orthopositronium is much

Physics Letters B 279 (1992) 352-358 
North-Holland PHYSICS LETTERS B 

On some possible extensions 
of the Brodsky-Lepage-Mackenzie approach 
beyond the next-to-leading order 
G. Grunberg  
Centre de Physique Theorique, Ecole Polytechnique, F-91128 Palaiseau, France 

and 

A.L. Kataev 1 
Randall Laboratory of Physics, University of Michigan. Ann Arbor, M148109-1120, USA 

Received 20 May 1991; revised manuscript received 20 January 1992 

Noting that the choice of  renormalization point advocated by Brodsky, Lepage and Mackenzie ( BLM ) is the flavor independent 
prescription which removes all f-dependence from the next-to-leading order coefficients, we consider the possible generalization 
which requires all higher order coefficients ri to be f-independent constants r,*. We point out that in QCD, setting ri= r,* is always 
possible, but leaves us with an ambiguous prescription. We consider an alternative possibility within the framework of  the BLM 
approach and apply the corresponding prescription to the next-to-next-to-leading approximation of trtot(e+e - ~hadrons)  in QCD. 
The analogous questions and the special features of the BLM and effective charge approaches in QED are also discussed. 

PHYSICAL REVIEW D VOLUME 51, NUMBER 7 1 APRIL 1995

Commensurate scale relations in quantum chromodynamics

Stanley J. Brodsky
Stanford Linear Accelerator Center, Stanford University, Stanford, California 9)909

Hung Jung Lu*
Department of Physics, University of Maryland, College Park, Maryland 20742

(Received 4 May 1994)

We use the BLM method to relate perturbatively calculable observables in +CD, including the
annihilation ratio R +, , the heavy quark potential, and radiative corrections to structure function
sum rules. The commensurate scale relations connecting the effective charges for observables A and
B have the forin cry(Qq) = nor(Qg) (1+regis —P + ), where the coefficient rqg~ is independent
of the number of ffavors f contributing to coupling constant renormalization. The ratio of scales
Qz/Qir is unique at leading order and guarantees that the observables A and B pass through new
quark thresholds at the same physical scale. We also show that the commensurate scales satisfy the
renormalization group transitivity rule which ensures that predictions in PQCD are independent of
the choice of an intermediate renormalization scheme C. In particular, scale-Axed predictions can
be made without reference to theoretically constructed renormalization schemes such as MS. +CD
can thus be tested in a new and precise way by checking that the observables track both in their
relative normalization and in their commensurate scale dependence. The generalization of the BLM
procedure to higher order assigns a different renormalization scale for each order in the perturbative
series. The scales are determined by a systematic resummation of running coupling constant effects.
The application of this procedure to relate known physical observables in +CD gives rather simple
results. In particular, we find that up to light-by-light-type corrections all terms involving (s,
and m in the relation between the annihilation ratio R + and the Bjorken sum rule for polarized
electroproduction are automatically absorbed into the renormalization scales. The final series has

Scale setting using the extended renormalization group and the principle of maximum
conformality: The QCD coupling constant at four loops

Stanley J. Brodsky1,* and Xing-Gang Wu1,2,†

1SLAC National Accelerator Laboratory, 2575 Sand Hill Road, Menlo Park, California 94025, USA
2Department of Physics, Chongqing University, Chongqing 401331, China

(Received 30 November 2011; published 22 February 2012)

A key problem in making precise perturbative QCD predictions is to set the proper renormalization

scale of the running coupling. The extended renormalization group equations, which express the

invariance of the physical observables under both the renormalization scale- and scheme-parameter

transformations, provide a convenient way for estimating the scale- and scheme-dependence of the

physical process. In this paper, we present a solution for the scale equation of the extended renormal-

ization group equations at the four-loop level. Using the principle of maximum conformality (PMC)/

Brodsky-Lepage-Mackenzie (BLM) scale-setting method, all nonconformal f!ig terms in the perturbative

expansion series can be summed into the running coupling, and the resulting scale-fixed predictions are

independent of the renormalization scheme. The PMC/BLM scales can be fixed order-by-order. As a

useful reference, we present a systematic and scheme-independent procedure for setting PMC/BLM scales

up to next-to-next-to-leading order. An explicit application for determining the scale setting of Reþe"ðQÞ
up to four loops is presented. By using the world average "MS

s ðMZÞ ¼ 0:1184 & 0:0007, we obtain the

asymptotic scale for the ’t Hooft scheme associated with the MS scheme, !0tH
MS

¼ 245þ9
"10 MeV, and the

asymptotic scale for the conventional MS scheme, !MS ¼ 213þ19
"8 MeV.

DOI: 10.1103/PhysRevD.85.034038 PACS numbers: 12.38.Aw, 11.10.Gh, 11.15.Bt
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Progress in Particle and Nuclear Physics 72 (2013) 44–98
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Review

The renormalization scale-setting problem in QCD
Xing-Gang Wua,⇤, Stanley J. Brodskyb, Matin Mojazab,c

a Department of Physics, Chongqing University, Chongqing 401331, PR China
b SLAC National Accelerator Laboratory, Stanford University, CA 94039, USA
c CP3-Origins, Danish Institute for Advanced Studies, University of Southern Denmark, DK-5230, Denmark

a r t i c l e i n f o

Keywords:
Renormalization group
Renormalization scale
BLM/PMC
QCD

a b s t r a c t

A key problem in making precise perturbative QCD predictions is to set the proper renor-
malization scale of the running coupling. The conventional scale-setting procedure assigns
an arbitrary range and an arbitrary systematic error to fixed-order pQCD predictions. In
fact, this ad hoc procedure gives results which depend on the choice of the renormaliza-
tion scheme, and it is in conflict with the standard scale-setting procedure used in QED.
Predictions for physical results should be independent of the choice of the scheme or other
theoretical conventions. We review current ideas and points of view on how to deal with
the renormalization scale ambiguity and show how to obtain renormalization scheme-
and scale-independent estimates.We begin by introducing the renormalization group (RG)
equation and an extended version, which expresses the invariance of physical observ-
ables under both the renormalization scheme and scale-parameter transformations. The
RG equation provides a convenient way for estimating the scheme- and scale-dependence

Review of past
30 years development

Systematic All-Orders Method to Eliminate Renormalization-Scale and
Scheme Ambiguities in Perturbative QCD

Matin Mojaza*

CP3-Origins, Danish Institute for Advanced Studies, University of Southern Denmark, DK-5230 Odense, Denmark
and SLAC National Accelerator Laboratory, Stanford University, Stanford, California 94039, USA

Stanley J. Brodsky†

SLAC National Accelerator Laboratory, Stanford University, Stanford, California 94039, USA

Xing-Gang Wu‡

Department of Physics, Chongqing University, Chongqing 401331, People’s Republic of China
(Received 13 January 2013; published 10 May 2013)

We introduce a generalization of the conventional renormalization schemes used in dimensional

regularization, which illuminates the renormalization scheme and scale ambiguities of perturbative

QCD predictions, exposes the general pattern of nonconformal f!ig terms, and reveals a special

degeneracy of the terms in the perturbative coefficients. It allows us to systematically determine the

argument of the running coupling order by order in perturbative QCD in a form which can be readily

automatized. The new method satisfies all of the principles of the renormalization group and eliminates an

unnecessary source of systematic error.

DOI: 10.1103/PhysRevLett.110.192001 PACS numbers: 12.38.Bx, 11.10.Gh, 11.15.Bt, 12.38.Aw
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Recent Breakthrough!
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Principle of Maximum Conformality (PMC)

Setting the Renormalization Scale in QCD: The Principle of Maximum Conformality 

Stanley J. Brodsky (SLAC & Southern Denmark U., CP3-Origins), Leonardo Di Giustino (SLAC).. 
Published in Phys.Rev. D86 (2012) 085026 
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Electron-Electron Scattering in QED

t u

This is very important!

This is very important!

This is very important!

This is very important!

↵(t) = ↵(0)
1�⇧(t)

↵(t) = ↵(t0)
1�⇧(t,t0)

Gell-Mann--Low Effective Charge
• Dressed Photon Propagator sums all β (vacuum polarization) contributions, 

proper and improper 

⇧(t, t0) =
⇧(t)�⇧(to)

1�⇧(t0)↵(t) =
↵(t0)

1�⇧(t, t0)
• Initial Scale Choice t0 is Arbitrary! 

• Any renormalization scheme can be used ↵(t)! ↵MS(e�
5
3 t)

�8



• No renormalization scale ambiguity!   

• Gauge Invariant.  Dressed photon propagator 

• Sums all vacuum polarization, non-zero beta terms into running 
coupling.   This is the purpose of the running coupling! 

• Two separate physical scales: t, u = photon virtuality 

• If one chooses a different initial scale, one must sum an infinite number 
of graphs -- but always recover same result!   

• Number of active leptons correctly set  

• Analytic: reproduces correct behavior at lepton mass thresholds 

• No renormalization scale ambiguity!    

Electron-Electron Scattering in QED

t u
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Lessons from QED
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A key problem in making precise perturbative QCD predictions is the uncertainty in determining
the renormalization scale µ of the running coupling αs(µ

2). The purpose of the running coupling in
any gauge theory is to sum all terms involving the β function; in fact, when the renormalization scale
is set properly, all non-conformal β ̸= 0 terms in a perturbative expansion arising from renormaliza-
tion are summed into the running coupling. The remaining terms in the perturbative series are then
identical to that of a conformal theory; i.e., the corresponding theory with β = 0. The resulting
scale-fixed predictions using the “principle of maximum conformality” (PMC) are independent of
the choice of renormalization scheme – a key requirement of renormalization group invariance. The
results avoid renormalon resummation and agree with QED scale-setting in the Abelian limit. The
PMC is also the theoretical principle underlying the BLM procedure, commensurate scale relations
between observables, and the scale-setting method used in lattice gauge theory. The number of
active flavors nf in the QCD β function is also correctly determined. We discuss several methods
for determining the PMC scale for QCD processes. We show that a single global PMC scale, valid
at leading order, can be derived from basic properties of the perturbative QCD cross section. The
elimination of the renormalization scale ambiguity and the scheme dependence using the PMC will
not only increase the precision of QCD tests, but it will also increase the sensitivity of collider
experiments to new physics beyond the Standard Model.

PACS numbers: 11.15.Bt, 12.20.Ds

I. INTRODUCTION

A key difficulty in making precise perturbative QCD predictions is the uncertainty in determining the renormaliza-
tion scale µ of the running coupling αs(µ2). It is common practice to simply guess a physical scale µ = Q of order
of a typical momentum transfer Q in the process, and then vary the scale over a range Q/2 and 2Q. This procedure
is clearly problematic since the resulting fixed-order pQCD prediction will depend on the choice of renormalization
scheme; it can even predict negative QCD cross sections at next-to-leading-order [1].
The purpose of the running coupling in any gauge theory is to sum all terms involving the β function; in fact,

when the renormalization scale µ is set properly, all non-conformal β ̸= 0 terms in a perturbative expansion arising
from renormalization are summed into the running coupling. The remaining terms in the perturbative series are
then identical to that of a conformal theory; i.e., the theory with β = 0. The divergent “renormalon” series of order
αn
s β

nn! does not appear in the conformal series. Thus as in quantum electrodynamics, the renormalization scale µ is
determined unambiguously by the “Principle of Maximal Conformality (PMC)”. This is also the principle underlying
BLM scale setting [2]
It should be recalled that there is no ambiguity in setting the renormalization scale in QED. In the standard Gell-

Mann–Low scheme for QED, the renormalization scale is simply the virtuality of the virtual photon [3]. For example,
in electron-muon elastic scattering, the renormalization scale is the virtuality of the exchanged photon, spacelike
momentum transfer squared µ2 = q2 = t. Thus

α(t) =
α(t0)

1−Π(t, t0)
(1)

where

Π(t, t0) =
Π(t)−Π(t0)

1−Π(t0)
(2)
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A key problem in making precise perturbative QCD predictions is the uncertainty in determining
the renormalization scale µ of the running coupling αs(µ

2). The purpose of the running coupling in
any gauge theory is to sum all terms involving the β function; in fact, when the renormalization scale
is set properly, all non-conformal β ̸= 0 terms in a perturbative expansion arising from renormaliza-
tion are summed into the running coupling. The remaining terms in the perturbative series are then
identical to that of a conformal theory; i.e., the corresponding theory with β = 0. The resulting
scale-fixed predictions using the “principle of maximum conformality” (PMC) are independent of
the choice of renormalization scheme – a key requirement of renormalization group invariance. The
results avoid renormalon resummation and agree with QED scale-setting in the Abelian limit. The
PMC is also the theoretical principle underlying the BLM procedure, commensurate scale relations
between observables, and the scale-setting method used in lattice gauge theory. The number of
active flavors nf in the QCD β function is also correctly determined. We discuss several methods
for determining the PMC scale for QCD processes. We show that a single global PMC scale, valid
at leading order, can be derived from basic properties of the perturbative QCD cross section. The
elimination of the renormalization scale ambiguity and the scheme dependence using the PMC will
not only increase the precision of QCD tests, but it will also increase the sensitivity of collider
experiments to new physics beyond the Standard Model.

PACS numbers: 11.15.Bt, 12.20.Ds

I. INTRODUCTION

A key difficulty in making precise perturbative QCD predictions is the uncertainty in determining the renormaliza-
tion scale µ of the running coupling αs(µ2). It is common practice to simply guess a physical scale µ = Q of order
of a typical momentum transfer Q in the process, and then vary the scale over a range Q/2 and 2Q. This procedure
is clearly problematic since the resulting fixed-order pQCD prediction will depend on the choice of renormalization
scheme; it can even predict negative QCD cross sections at next-to-leading-order [1].
The purpose of the running coupling in any gauge theory is to sum all terms involving the β function; in fact,

when the renormalization scale µ is set properly, all non-conformal β ̸= 0 terms in a perturbative expansion arising
from renormalization are summed into the running coupling. The remaining terms in the perturbative series are
then identical to that of a conformal theory; i.e., the theory with β = 0. The divergent “renormalon” series of order
αn
s β

nn! does not appear in the conformal series. Thus as in quantum electrodynamics, the renormalization scale µ is
determined unambiguously by the “Principle of Maximal Conformality (PMC)”. This is also the principle underlying
BLM scale setting [2]
It should be recalled that there is no ambiguity in setting the renormalization scale in QED. In the standard Gell-

Mann–Low scheme for QED, the renormalization scale is simply the virtuality of the virtual photon [3]. For example,
in electron-muon elastic scattering, the renormalization scale is the virtuality of the exchanged photon, spacelike
momentum transfer squared µ2 = q2 = t. Thus

α(t) =
α(t0)

1−Π(t, t0)
(1)

where

Π(t, t0) =
Π(t)−Π(t0)

1−Π(t0)
(2)

In the (physical) Gell Mann-Low scheme, the momentum scale of the running 
coupling is the virtuality of the exchanged photon; independent of initial scale.

For any other scale choice an infinite set of diagrams must be taken into 
account to obtain the correct result!

In any other scheme, the correct scale displacement must be used

2

sums all vacuum polarization contributions to the dressed photon propagator, both proper and improper. (Here
Π(t) = Π(t, 0) is the sum of proper vacuum polarization insertions, subtracted at t = 0). Formally, one can choose
any initial renormalization scale µ2

0 = t0, since the final result when summed to all orders will be independent
of t0. This is the invariance principle used to derive renormalization group results such as the Callan-Symanzik
equations [4, 5]. However, the formal invariance of physical results under changes in t0 does not imply that there is no
optimal scale. In fact, as seen in QED, the scale choice µ2 = q2, the photon virtuality, immediately sums all vacuum
polarization contributions to all orders exactly in the conventional Gell-Mann-Low scheme. With any other choice of
scale, one will recover the same result, but only after summing an infinite number of vacuum polarization corrections.
Thus, although the initial choice of renormalization scale t0 is arbitrary, the final scale t which sums the vacuum

polarization corrections is unique and unambiguous. The resulting perturbative series is identical to the conformal
series with zero β-function. In the case of muonic atoms, the modified muon-nucleus Coulomb potential is precisely
−Zα(−q⃗ 2)/q⃗ 2; i.e., µ2 = −q⃗2. Again, the renormalization scale is unique.
One can employ other renormalization schemes in QED, such as the MS scheme, but the physical result will be

the same once one allows for the relative displacement of the scales of each scheme. For example, one can start with
the result in the MS scheme for spacelike argument q2 = −Q2, for the standard one-loop charged lepton pair vacuum
polarization contribution to the photon propagator using dimensional regularization:

log
µ2
MS

m2
ℓ

= 6

∫ 1

0
dxx(1 − x) log

m2
ℓ +Q2x(1− x)

m2
ℓ

, (3)

which becomes at large Q2

log
µ2
MS

m2
ℓ

= log
Q2

m2
ℓ

− 5/3; (4)

i.e., µ2
MS

= Q2e−5/3. Thus if Q2 >> 4m2
ℓ , we can identify

αMS(e
−5/3q2) = αGM−L(q

2). (5)

The e−5/3 displacement of renormalization scales between the MS and Gell-Mann–Low schemes is a result of the
convention [6] which was chosen to define the minimal dimensional regularization scheme. One can use another
definition of the renormalization scheme, but the final physical prediction cannot depend on the convention. This
invariance under choice of scheme is a consequence of the transitivity property of the renormalization group [3, 7–9].
The same principle underlying renormalization scale-setting in QED must also hold in QCD since the nf terms

in the QCD β function have the same role as the lepton Nℓ vacuum polarization contributions in QED. QCD and
QED share the same Yang-Mills Lagrangian. In fact, one can show [10] that QCD analytically continues as a

function of NC to Abelian theory when NC → 0 at fixed α = CFαs with CF = N2
C−1
2NC

. For example, at lowest order

βQCD
0 = 1

4π

(

11
3 NC − 2

3nf

)

→ − 1
4π

2
3nf at NC = 0. Thus the same scale-setting procedure must be applicable to all

renormalizable gauge theories.
Thus there is a close correspondence between the QCD renormalization scale and that of the analogous QED process.

For example, in the case of e+e− annihilation to three jets, the PMC/BLM scale is set by the gluon jet virtuality, just
as in the corresponding QED reaction. The specific argument of the running coupling depends on the renormalization
scheme because of their intrinsic definitions; however, the actual numerical prediction is scheme-independent.
The basic procedure for PMC/BLM scale setting is to shift the renormalization scale so that all terms involving

the β function are absorbed into the running coupling. The remaining series is then identical with a conformal theory
with β = 0. Thus, an important feature of the PMC is that its QCD predictions are independent of the choice of
renormalization scheme. The PMC procedure also agrees with QED in the NC → 0 limit.
The determination of the PMC-scale for exclusive processes is often straightforward. For example, consider the

process e+e− → cc̄ → cc̄g∗ → cc̄bb̄, where all the flavors and momenta of the final-state quarks are identified. The nf

terms at NLO come from the quark loop in the gluon propagator. Thus the PMC scale for the differential cross section
in the MS scheme is given simply by the MS scheme displacement of the gluon virtuality: µ2

PMC = e−5/3(pb + pb̄)
2.

In practice, one can identify the PMC/BLM scale for QCD by varying the initial renormalization scale µ2
0 to identify

all of the β-dependent nonconformal contributions. At lowest order β0 = 1
4π (11/3NC − 2/3nf). Thus at NLO one can

simply use the dependence on the number of flavors nf which arises from the quark loops associated with ultraviolet
renormalization as a marker for β0.
In QCD, the nf terms also arise from the renormalization of the three-gluon and four-gluon vertices as well as from

gluon wavefunction renormalization.

Q2�m2
`�! log

Q2

m2
`

� 5

3

2

sums all vacuum polarization contributions to the dressed photon propagator, both proper and improper. (Here
Π(t) = Π(t, 0) is the sum of proper vacuum polarization insertions, subtracted at t = 0). Formally, one can choose
any initial renormalization scale µ2

0 = t0, since the final result when summed to all orders will be independent
of t0. This is the invariance principle used to derive renormalization group results such as the Callan-Symanzik
equations [4, 5]. However, the formal invariance of physical results under changes in t0 does not imply that there is no
optimal scale. In fact, as seen in QED, the scale choice µ2 = q2, the photon virtuality, immediately sums all vacuum
polarization contributions to all orders exactly in the conventional Gell-Mann-Low scheme. With any other choice of
scale, one will recover the same result, but only after summing an infinite number of vacuum polarization corrections.
Thus, although the initial choice of renormalization scale t0 is arbitrary, the final scale t which sums the vacuum

polarization corrections is unique and unambiguous. The resulting perturbative series is identical to the conformal
series with zero β-function. In the case of muonic atoms, the modified muon-nucleus Coulomb potential is precisely
−Zα(−q⃗ 2)/q⃗ 2; i.e., µ2 = −q⃗2. Again, the renormalization scale is unique.
One can employ other renormalization schemes in QED, such as the MS scheme, but the physical result will be

the same once one allows for the relative displacement of the scales of each scheme. For example, one can start with
the result in the MS scheme for spacelike argument q2 = −Q2, for the standard one-loop charged lepton pair vacuum
polarization contribution to the photon propagator using dimensional regularization:
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= Q2e−5/3. Thus if Q2 >> 4m2
ℓ , we can identify

αMS(e
−5/3q2) = αGM−L(q

2). (5)

The e−5/3 displacement of renormalization scales between the MS and Gell-Mann–Low schemes is a result of the
convention [6] which was chosen to define the minimal dimensional regularization scheme. One can use another
definition of the renormalization scheme, but the final physical prediction cannot depend on the convention. This
invariance under choice of scheme is a consequence of the transitivity property of the renormalization group [3, 7–9].
The same principle underlying renormalization scale-setting in QED must also hold in QCD since the nf terms

in the QCD β function have the same role as the lepton Nℓ vacuum polarization contributions in QED. QCD and
QED share the same Yang-Mills Lagrangian. In fact, one can show [10] that QCD analytically continues as a

function of NC to Abelian theory when NC → 0 at fixed α = CFαs with CF = N2
C−1
2NC

. For example, at lowest order

βQCD
0 = 1

4π

(
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3 NC − 2

3nf

)

→ − 1
4π

2
3nf at NC = 0. Thus the same scale-setting procedure must be applicable to all

renormalizable gauge theories.
Thus there is a close correspondence between the QCD renormalization scale and that of the analogous QED process.

For example, in the case of e+e− annihilation to three jets, the PMC/BLM scale is set by the gluon jet virtuality, just
as in the corresponding QED reaction. The specific argument of the running coupling depends on the renormalization
scheme because of their intrinsic definitions; however, the actual numerical prediction is scheme-independent.
The basic procedure for PMC/BLM scale setting is to shift the renormalization scale so that all terms involving

the β function are absorbed into the running coupling. The remaining series is then identical with a conformal theory
with β = 0. Thus, an important feature of the PMC is that its QCD predictions are independent of the choice of
renormalization scheme. The PMC procedure also agrees with QED in the NC → 0 limit.
The determination of the PMC-scale for exclusive processes is often straightforward. For example, consider the

process e+e− → cc̄ → cc̄g∗ → cc̄bb̄, where all the flavors and momenta of the final-state quarks are identified. The nf

terms at NLO come from the quark loop in the gluon propagator. Thus the PMC scale for the differential cross section
in the MS scheme is given simply by the MS scheme displacement of the gluon virtuality: µ2

PMC = e−5/3(pb + pb̄)
2.

In practice, one can identify the PMC/BLM scale for QCD by varying the initial renormalization scale µ2
0 to identify

all of the β-dependent nonconformal contributions. At lowest order β0 = 1
4π (11/3NC − 2/3nf). Thus at NLO one can

simply use the dependence on the number of flavors nf which arises from the quark loops associated with ultraviolet
renormalization as a marker for β0.
In QCD, the nf terms also arise from the renormalization of the three-gluon and four-gluon vertices as well as from

gluon wavefunction renormalization.

Mee!ee =
8⇡s

t
↵(t) +

8⇡s

u
↵(u) �q2 = u�q2 = t

Two separate scales; 
one for each skeleton graph.

Example: ee-scattering



New renormalization scale at each order of pQED

Electron-Electron Scattering in QED

Renormalization scheme independent at each order

Independent of initial scale μ0

Abelian theory is the analytic limit QCD at Nc = 0 

Each “skeleton” graph has its own renormalization scale
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Lessons from QED
• No Renormalization Scale Ambiguity 

• Dressed Photon Propagator sums all β terms 

• New Scale at Every Order, Every Skeleton 
Graph 

• effective number of flavors nf  determined  

• Predictions are  scheme independent 

• QCD  becomes Abelian QED in Zero Color 
Limit NC ! 0

Can use MS scheme in QED; answers are scheme independent 
Analytic extension: coupling is complex for time-like argument



limNC ⇥ 0 at fixed � = CF�s, n⌥ = nF/CF

e+e� ⇥ p⇤ p

QCD ⇥ Abelian Gauge Theory

limNC ⇥ 0 at fixed � = CF�s, n⌥ = nF/CF

e+e� ⇥ p⇤ p

Huet, sjb

Analytic Feature of SU(Nc) Gauge Theory

Scale-Setting procedure for QCD 
must be applicable to QED

CF =
N2

C � 1
2NC

All β (vacuum polarization) terms summed by the running 
coupling α(Q2)



36 

BLM/PMC: Set Scales

How do we identify the β terms at all orders?

BLM: Use nf dependence of β0 and β1

a(Q) ⌘ ↵s(Q)
⇡



BLM-PMC Scale Setting

Use skeleton expansion:
Gardi, Grunberg, Rathsman, sjb

nf  dependent 
coefficient identifies 

quark loop VP 
contribution 

Conformal coefficient - independent of  � = d
d logQ2g(Q2) < 0

� = d
d logQ2g(Q2) > 0

� = d
d logQ2g(Q2) < 0

� = d
d logQ2g(Q2) > 0

This is very important!

This is very important!

�0 = 11� 2
3nf
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med
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xµ = µR⇧
s
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minQ2

med
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med
Q2
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max

xµ = µR⇧
s
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minQ2

med
Q2
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R ⌅

p2
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med
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s

e+e� ⇤ �⇥ ⇤ 4jets

Q

Q̄
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R ⌅

Q2
minQ2

med
Q2

max

µ2
R ⌅

p2
minp2

med
p2
max

xµ = µR⇧
s

e+e� ⇤ �⇥ ⇤ 4jets

Q

Q̄

Example of Multiple BLM Scales

 Angular distributions of massive quarks close to threshold.

Hoang, Kuhn, Teubner, sjb

Need QCD coupling at small scales at low 
relative velocity v

F1 + F2 =
⇥
1� 2

↵s(se3/4/4)
⇡

⇤
⇥

⇥
1 +

⇡↵s(sv2)
4v

⇤

small 
scale



Principle of Maximum Conformality (PMC)

• Subtract extra constant δ in dimensional regularization. 
Defines new scheme Rδ

• Coefficients of δ identify β terms !

• Shift β terms to argument of running coupling              at 
each order n (analogous to all-orders vacuum polarization 
summation in QED)

• Resulting PQCD series matches β= 0 conformal series! 

• scheme-independent predictions at each computed order!

• almost independent of initial scale μ0

log 4⇡ � �E � � MS : � = 0

↵s(Q2
n)

M. Mojaza, L. di Giustino, Xing-Gang Wu, sjb

(δ: Arbitrary constant!)
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Exposing the Renormalization Scheme Dependence
Observable in the      -scheme:

⇢�(Q
2) =r0 + r1a(µ) + [r2 + �0r1�]a(µ)

2 + [r3 + �1r1� + 2�0r2� + �2
0r1�

2]a(µ)3 + · · ·

R0 = MS , Rln 4⇡��E = MS µ2 = µ2
MS

exp(ln 4⇡ � �E) , µ2
�2 = µ2

�1 exp(�2 � �1)

Note the divergent ‘renormalon series’ n!�n↵n
s

⇢�(Q
2) =r0 + r1a1(µ1) + (r2 + �0r1�1)a2(µ2)

2 + [r3 + �1r1�1 + 2�0r2�2 + �2
0r1�

2
1 ]a3(µ3)

3

The �pka
n-term indicates the term associated to a diagram with 1/✏n�k di-

vergence for any p. Grouping the di↵erent �k-terms, one recovers in the Nc ! 0
Abelian limit the dressed skeleton expansion.

R�

Exercise: 
Use the scale displacement relation to derive these expressions

Renormalization Scheme Equation
d⇢

d�
= ��(a)

d⇢

da
!
= 0 �! PMC

M. Mojaza, Xing-Gang Wu, sjb
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Shift scale of αs to µPMC
R to eliminate {βR

i }− terms

Conformal Series

Choose renormalization scheme; e.g. αR
s (µ

init
R )

Choose µinit
R ; arbitrary initial renormalization scale

Identify {βR
i }− terms using nf − terms

through the PMC −BLM correspondence principle

Result is independent of µinit
R and scheme at fixed order

Xing-Gang Wu, Matin Mojaza 
Leonardo  di Giustino, SJB

No renormalization scale ambiguity! 

Result is independent of  
Renormalization scheme  

and initial scale! 

QED Scale Setting at NC=0 

Eliminates unnecessary  
systematic uncertainty

PMC/BLM

Set multiple renormalization scales -- 
Lensing, DGLAP, ERBL Evolution ...

δ-Scheme automatically             
identifies β-terms!

Scale fixed at each order

Principle of Maximum Conformality

δ

order by order

 19

A robot can compute the PMC scales
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Special Degeneracy in PQCD

There is nothing special about a particular value for � , thus for any �

⇢(Q2) =r0,0 + r1,0a(Q) + [r2,0 + �0r2,1]a(Q)2 + [r3,0 + �1r2,1 + 2�0r3,1 + �2
0r3,2]a(Q)3

+ [r4,0 + �2r2,1 + 2�1r3,1 +
5

2
�1�0r3,2 + 3�0r4,1 + 3�2

0r4,2 + �3
0r4,3]a(Q)4

According to the principal of maximum conformality we must set the scales 
such to absorb all ‘renormalon-terms’, i.e. non-conformal terms

⇢(Q2) = r0,0 + r1,0a(Q) + (�0a(Q)2 + �1a(Q)3 + �2a(Q)4 + · · · )r2,1

+ (�2
0a(Q)3 +

5

2
�1�0a(Q)4 + · · · )r3,2 + (�3

0 + · · · )r4,3

+ r2,0a(Q)2 + 2a(Q)(�0a(Q)2 + �1a(Q)3 + · · · )r3,1
+ · · ·

r2,0a(Q2)
2 = r2,0a(Q)2 � 2a(Q)�(a)r3,1 + · · ·

r1,0a(Q1) = r1,0a(Q)� �(a)r2,1 +
1

2
�(a)

@�

@a
r3,2 + · · ·+ (�1)n

n!

dn�1�

(d lnµ2)n�1
rn+1,n

General pattern of pQCD

PMC Scales Q1 Q2



4

MM: I now show how to set the PMC scales - given Eq.(19)
is correct, this is the exact way to do it, di↵erently from the
approximative way we considered and discussed earlier. The
scales naturally depend on the coupling through the beta func-
tion.

Let’s take a look back at Eq. (19). It is easy to see
that we can resum all ri,1 terms, which come with a lin-
ear factor of �j , to all orders by setting the scales (for
simplicity, we treat the higher order �j terms later):

r1,0a(Q1) = r1,0a(Q)� �(a)r2,1

r2,0a(Q2)
2 = r2,0a(Q)2 � 2a(Q)�(a)r3,1

r3,0a(Q2)
3 = r3,0a(Q)3 � 3a(Q)2�(a)r4,1

...

rk,0a(Qk)
k = rk,0a(Q)2 � k a(Q)k�1�(a)rk+1,1 (21)

From the scale displacement equation (14) for a it is
straightforward to see that:

a(Qk)
k = a(Q)k + ka(Q)k�1�(a) ln

Q2
k

Q2
+ (22)

+


k

2
�
@�

@a
a(Q)k�1 + k(k � 1)a(Q)k�2�(a)2

�
ln2

Q2
k

Q2
+ · · ·

It follows that to absorb all linear �j terms, the scales

Qk must satisfy:

�
rk+1,1

rk,0
= ln

Q2
k

Q2
+


1

2

@�

@a
+ (k � 1)

�

a

�
ln2

Q2
k

Q2
+ · · ·

(23)

This leads to the self-consistency equation for Qk:

ln
Q2

k

Q2
=

�rk+1/rk,0

1 +
h
1
2
@�

@a
+ (k � 1)�

a

i
ln

Q2
k

Q2 + · · ·

(24)

To leading order (LO) we have:

ln
Q2

k,LO

Q2
= �

rk+1

rk,0
. (25)

This resums all linear �j terms, but introduces higher
order �j terms as well beyond the order ak+1. Say, we
are computing an observable to order an. The scales Qk

must resum all �jrk+1,1 terms without introducing higher
order ones up to order an. This means that Qk must be
computed to Nn�(k+1)LO. Let us explicitly perform the
resummation up to a4, that is, up to NNLO. The general
expression for the NLO scale reads:

ln
Q2

k,NLO

Q2
=

�rk+1/rk,0

1 +
h
1
2
@�

@a
+ (k � 1)�

a

i ⇣
�

rk+1

rk,0

⌘ . (26)

To find the NNLO scale, we first write the self-
consistency equation:

ln
Q2

k

Q2
=

�rk+1,1/rk,0

1 +
h
1
2
@�

@a
+ (k � 1)�

a

i
ln

Q2
k

Q2 +


1
3!

✓
� @2�

@a2 +
⇣

@�

@a

⌘2
◆
+ k�1

2
�

a

@�

@a
+ (k � 1)(k � 2)�

2

a2

�
ln2

Q2
k

Q2 + · · ·

(27)

Then we expand the NLO scale to first order

ln
Q2

k,NLO

Q2
= �

rk+1,1

rk,0

✓
1 +


1

2

@�

@a
+ (k � 1)

�

a

�
rk+1,1

rk,0
+ · · ·

◆
, (28)

and replace ln Q
2
k

Q2 in the denominator with this NLO expansion, while the ln2 Q
2
k

Q2 is replaced with the LO expansion.
We the get:

ln
Q2

k,NNLO

Q2
=

�rk+1,1/rk,0

1 +
h
1
2
@�

@a
+ (k � 1)�

a

i ⇣
�

rk+1,1

rk,0

⌘
+


1
3!

✓
� @2�

@a2 �
1
2
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⌘2
◆
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k�1
2

�
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@�

@a
� (k � 1)�

2

a2

�⇣
rk+1,1

rk,0

⌘2
. (29)

So far, we kept k general and thus these expressions
for Qk,LO, Qk,NLO and Qk,NNLO hold for a perturbative
expansion to any order. In the particular case, where we
are considering ⇢ to order a4, we have that:

ln
Q2

1

Q2
=

�r2,1/r1,0

1� 1
2
@�

@a

r2,1

r1,0
+ 1

3!


� @2�

@a2 �
1
2

⇣
@�

@a

⌘2
�⇣

r2,1

r1,0

⌘2
.

(30)
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a value for the arbitrary initial scale µ�, or correspond-
ingly fixing the arbitrary scheme, R�. The � dependency
of the coe�cients is not small and since this is an implicit
µ� dependency it is simply wrong to state that the coef-
ficients only depend logarithmically on the scale. This is
intimately connected to the renormalon problem.

X-GW: Here, I have cut o↵ unimportant discussions.

MM: Ok.

Now, it is obvious that in a conformal theory, where
{�i} = {0}, the � dependency vanishes in Eq.(15). That
is, the result is the same in anyR�. Therefore, by absorb-
ing all {�i} dependency into a redefinition of the scales
at each order, we obtain a final result independent of the
initial choice of scale and scheme. Using R� we can make
this statement even more rigorous. From the explicit ex-
pression in Eq. (15) it is easy to confirm that

d⇢�(s)

d�
= �(a)

d⇢�
da

. (17)

We see that to obtain a scheme-invariant and confor-
mal result, we must set the scales such that all {�i}-
functions equal to zero, which further leads to

�(a) = 0 . (18)

Notice that this holds at any order in perturbation the-
ory and is a theoretical requirement, di↵erent from the
physical fact that the all-orders expression for ⇢ must be
renormalization scale and scheme invariant. It should be
emphasized that this is not a fixed point expression for
a but is a fully conformal requirement, that is, the beta
function vanishes identically. This proves the principle
of maximal conformality (PMC) at any order.

X-GW: I think the above demonstration is not complete
or misleading. It is right that if the right side of Eq.(17) is
satisfied by a proper PMC procedure, then the left side can be
satisfied naturally.

MM: This is all I had in mind, in other words Eq.(18) is
the ’proof-of-concept’ of the PMC scale setting - as you say, it
demonstrates that if one sets the scale such that all {�i} are
absorbed, the final result is renormalization scheme invariant
and this is the principal of maximal conformality.

X-GW: However if the left side of Eq.(18) is satisfied we
can only obtain �(a) = 0, but we can not obtain the conclusion
that all the terms involving {�i}-functions are equal to zero,
that is we can not eliminate all {�i}-series. It only happens
when all {�i}-terms are combined into functions of �(a) that
is only a lottery.

MM: There are two ways of obtaining �(a) = 0: either
{�i} = 0 or a(µ) = a⇤, where a⇤ is a constant - the fixed point
value, �(a⇤) = 0. As I emphasize above, the latter is not what
we are considering. Let me elaborate. The fixed point theory
is a conformal field theory (CFT) - the coupling does not run.
In a CFT it does not make sense to set the scale, since the
theory is scale-invariant (a = a⇤ on all scales). Moreover, the
CFT is not asymptotically free, so we cannot even consider
observables computed in perturbation theory - it has no well-
defined perturbative limit. So, to me it does not make sense
to consider nor discuss this case in the context of the scale

setting problem. Therefore, �(a) = 0 can only mean {�i} = 0
in the context we are considering.

In fact, by setting � = 0 directly, we must demonstrate the
{�i}-terms in the coe�cient functions ri are eliminated simul-
taneously. This point has also been discussed in my previous
letters, but it has not been discussed so far.

MM: I do not understand this last comment?

III. SETTING THE PMC SCALES

The expression in Eq. (15) explicitly shows the pattern
of �i terms appearing in the coe�cients at each order.
That is, if we forget about any reference scheme, the
expression for ⇢ in any scheme will take the form:

⇢(Q2) =r0,0 + r1,0a(Q) + [r2,0 + �0r2,1]a(Q)2

+ [r3,0 + �1r2,1 + 2�0r3,1 + �2
0r3,2]a(Q)3

+ [r4,0 + �2r2,1 + 2�1r3,1 +
5

2
�1�0r3,2 + 3�0r4,1

+ 3�2
0r4,2 + �3

0r4,3]a(Q)4 +O(a5) (19)

where ri,0 are the conformal part of the coe�cients.
MM: Note that I in this expression have assumed/inferred

some relations between the coe�cients e.g. the �0a(Q)2 co-
e�cient and the �1a(Q)3 are equal etc... It follows from Eq.
(15) and I have checked that it is indeed correct for Re+e�!h.
I think this holds for any observable?
We have as before for simplicity of the expression set

µ = Q, but this is not the final expression. We must
set the scale at each order in such a way to absorb all �i

dependencies into the running coupling. The problem is
now to understand which terms should be absorbed into
which scales. We can use R� to provide the solution. In
deriving Eq. (15) we made an equal scale displacement
of each running coupling. To see from where each � ap-
peared, we put a dummy index on the displacement of
each coupling to track its origin. The result is:

⇢�(Q
2) =r0 + r1a1(Q) + (r2 � �0r1�1)a2(Q)2

+ [r3 � �1r1�1 � 2�0r2�2 + �2
0r1�

2
1 ]a3(Q)3

+ [r4 � �2r1�1 � 2�1r2�2 � 3�0r3�3 + 3�2
0r2�

2
2

� �3
0r1�

3
1 +

5

2
�1�0r1�

2
1 ]a(Q)4 +O(a5) (20)

This immediately shows us which terms should be ab-
sorbed into which running coupling, e.g. we must resum
all �1 dependency into a1 etc.. In the end one can remove
the dummy index on the couplings since they were put
only to display the correct resummation pattern.

MM: I must emphasize here that the BLM procedure is
only and approximation to PMC as can be seen above, i.e.
besides the fact that ri,0 depend explicitly on Nf one can also
now observe that e.g. there is an N2

f term coming from �1�0

at order a4 which must be absorbed into a1 - If I have un-
derstood BLM correctly, at this order you absorb only all N3

f

dependency into a1, right?

General result for an observable in any R� renormalization scheme:

PMC scales thus satisfy

M. Mojaza, Xing-Gang Wu, sjb
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number of flavors nf depends on Qk
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2

X-GW: As I have discussed before, this conclusion must
be demonstrated, which can be derived by applying the LO
BLM/PMC procedure. A simple demonstration by using the
e↵ective coupling has been done by Stan and Hungjung al-
ready.

MM: As I have also discussed, this is not LO and it has
nothing to do with commensurate scale relations! It is a re-
definition of the µ scale in Eq.(1) and is per definition exact.
Please also see my previous comments that I have provide a
couple of times now and also do recall how the MS and MS
schemes are defined.

i.e.

µ�2 = µ�1e
�1��2

2 . (9)

In particular:

µMS = µMS e(ln 4⇡��E)/2, (10)

µ� = µMS e��/2 . (11)

Since all R�’s are connected by scale-displacements,
the �-functions of aR� defined in Eq. (3) are the same in
any R�. The index � on aR� is thus redundant and we
denote it instead as aR. In this work we are only con-
cerned with R� and will therefore simply denote aR ⌘ a,
unless it appears in an ambiguous context.

We can find a power series solution in 1/ ln(µ/⇤) for
a by solving the renormalization group equation per-
turbatively. It is simplest to use the extended renor-
malization group prescription where one works with the
rescaled coupling â = �1

�0
a and rescaled logarithm L� =

�
2
0

�1
ln(µ�/⇤). The solution up to O(1/L5

�
) reads:

â(µ�) =
1

L�

+
1

L2
�

(C � lnL�) +
1

L3
�

⇥
C
2 + C + c2 � (2C � lnL� + 1) lnL� � 1

⇤
+

1

L4
�

⇢
C

✓
C
2 +

5

2
C + 3c2 � 2

◆

�
1� c3

2
�


3C2 + 5C + 3c2 � 2�

✓
3C � lnL� +

5

2

◆
lnL�

�
lnL�

�
+O

✓
1

L5
�

◆
, (12)

where C is an arbitrary integration constant which in R�

is set to C = ln�2
0/�1 to reproduce the standard ⇤MS

scale. Note that we take the asymptotic scale ⇤ = ⇤MS
to be the same for any R�. Alternatively, one can take
the scale µ to be the same for any R�, while instead
having di↵erent asymptotic scales ⇤�.

II. OBSERVABLES IN R�

Consider an observable computed using perturbation
theory and in a scheme which we put as the references
scheme R0 (this will be the MS for most computed quan-
tities) with the following expansion:

⇢0(Q
2) =

1X

i=0

ri(Q
2/µ2

0)a(µ0)
i , (13)

where µ0 stands for some initial renormalization scale
and Q is the scale at which the observable is measured.
The most general expansion with an extra factor an in
front of the sum for any n (i.e. the tree level ↵s powers)
can readily be derived and does not change the following
conclusions.

Since results in any R� are related by scale displace-
ments, we can derive the general expression for ⇢ in R�

by using the displacement relation:

a(µ0) = a(µ�) +
1X

n=0

1

n!

dna(µ)

(d lnµ2)n
|µ=µ� �n , (14)

where we used that � = lnµ2
0/µ

2
�
. The expression for ⇢ is

straightforwardly computed to any order, and in partic-
ular to order a4 it reads:

⇢�(Q
2) =r0 + r1a(µ�) + [r2 � �0r1�]a(µ�)

2

+ [r3 + �2
0�

2r1 � � (2�0r2 + �1r1)]a(µ�)
3

+ [r4 � � (3�0r3 + 2�1r2 + �2r1)� �3
0�

3r1

+ �2(3�2
0r2 +

5

2
�1�0r1)]a(µ�)

4 +O(a5) , (15)

where ri are generally functions of lnQ2/µ2
�
and �, since

lnQ2/µ2
0 = lnQ2/µ2

�
� �.

Since ⇢ is a physical observable, it must be independent
of the arbitrary renormalization scheme and scale. That
is,

@⇢�
@µ�

= 0 ,
@⇢�
@�

= 0 , (16)

for any �. However, the argument does no longer hold
when the infinite perturbative series has been truncated
to any finite order. This is known as the renormalization
scale ambiguity and the renormalon problem of pertur-
bative QCD. Note that the ambiguity resides in choosing

3

a value for the arbitrary initial scale µ�, or correspond-
ingly fixing the arbitrary scheme, R�. The � dependency
of the coe�cients is not small and since this is an implicit
µ� dependency it is simply wrong to state that the coef-
ficients only depend logarithmically on the scale. This is
intimately connected to the renormalon problem.

X-GW: Here, I have cut o↵ unimportant discussions.

MM: Ok.

Now, it is obvious that in a conformal theory, where
{�i} = {0}, the � dependency vanishes in Eq.(15). That
is, the result is the same in anyR�. Therefore, by absorb-
ing all {�i} dependency into a redefinition of the scales
at each order, we obtain a final result independent of the
initial choice of scale and scheme. Using R� we can make
this statement even more rigorous. From the explicit ex-
pression in Eq. (15) it is easy to confirm that

d⇢�(s)

d�
= �(a)

d⇢�
da

. (17)

We see that to obtain a scheme-invariant and confor-
mal result, we must set the scales such that all {�i}-
functions equal to zero, which further leads to

�(a) = 0 . (18)

Notice that this holds at any order in perturbation the-
ory and is a theoretical requirement, di↵erent from the
physical fact that the all-orders expression for ⇢ must be
renormalization scale and scheme invariant. It should be
emphasized that this is not a fixed point expression for
a but is a fully conformal requirement, that is, the beta
function vanishes identically. This proves the principle
of maximal conformality (PMC) at any order.

X-GW: I think the above demonstration is not complete
or misleading. It is right that if the right side of Eq.(17) is
satisfied by a proper PMC procedure, then the left side can be
satisfied naturally.

MM: This is all I had in mind, in other words Eq.(18) is
the ’proof-of-concept’ of the PMC scale setting - as you say, it
demonstrates that if one sets the scale such that all {�i} are
absorbed, the final result is renormalization scheme invariant
and this is the principal of maximal conformality.

X-GW: However if the left side of Eq.(18) is satisfied we
can only obtain �(a) = 0, but we can not obtain the conclusion
that all the terms involving {�i}-functions are equal to zero,
that is we can not eliminate all {�i}-series. It only happens
when all {�i}-terms are combined into functions of �(a) that
is only a lottery.

MM: There are two ways of obtaining �(a) = 0: either
{�i} = 0 or a(µ) = a⇤, where a⇤ is a constant - the fixed point
value, �(a⇤) = 0. As I emphasize above, the latter is not what
we are considering. Let me elaborate. The fixed point theory
is a conformal field theory (CFT) - the coupling does not run.
In a CFT it does not make sense to set the scale, since the
theory is scale-invariant (a = a⇤ on all scales). Moreover, the
CFT is not asymptotically free, so we cannot even consider
observables computed in perturbation theory - it has no well-
defined perturbative limit. So, to me it does not make sense
to consider nor discuss this case in the context of the scale

setting problem. Therefore, �(a) = 0 can only mean {�i} = 0
in the context we are considering.

In fact, by setting � = 0 directly, we must demonstrate the
{�i}-terms in the coe�cient functions ri are eliminated simul-
taneously. This point has also been discussed in my previous
letters, but it has not been discussed so far.

MM: I do not understand this last comment?

III. SETTING THE PMC SCALES

The expression in Eq. (15) explicitly shows the pattern
of �i terms appearing in the coe�cients at each order.
That is, if we forget about any reference scheme, the
expression for ⇢ in any scheme will take the form:

⇢(Q2) =r0,0 + r1,0a(Q) + [r2,0 + �0r2,1]a(Q)2

+ [r3,0 + �1r2,1 + 2�0r3,1 + �2
0r3,2]a(Q)3

+ [r4,0 + �2r2,1 + 2�1r3,1 +
5

2
�1�0r3,2 + 3�0r4,1

+ 3�2
0r4,2 + �3

0r4,3]a(Q)4 +O(a5) (19)

where ri,0 are the conformal part of the coe�cients.
MM: Note that I in this expression have assumed/inferred

some relations between the coe�cients e.g. the �0a(Q)2 co-
e�cient and the �1a(Q)3 are equal etc... It follows from Eq.
(15) and I have checked that it is indeed correct for Re+e�!h.
I think this holds for any observable?
We have as before for simplicity of the expression set

µ = Q, but this is not the final expression. We must
set the scale at each order in such a way to absorb all �i

dependencies into the running coupling. The problem is
now to understand which terms should be absorbed into
which scales. We can use R� to provide the solution. In
deriving Eq. (15) we made an equal scale displacement
of each running coupling. To see from where each � ap-
peared, we put a dummy index on the displacement of
each coupling to track its origin. The result is:

⇢�(Q
2) =r0 + r1a1(Q) + (r2 � �0r1�1)a2(Q)2

+ [r3 � �1r1�1 � 2�0r2�2 + �2
0r1�

2
1 ]a3(Q)3

+ [r4 � �2r1�1 � 2�1r2�2 � 3�0r3�3 + 3�2
0r2�

2
2

� �3
0r1�

3
1 +

5

2
�1�0r1�

2
1 ]a(Q)4 +O(a5) (20)

This immediately shows us which terms should be ab-
sorbed into which running coupling, e.g. we must resum
all �1 dependency into a1 etc.. In the end one can remove
the dummy index on the couplings since they were put
only to display the correct resummation pattern.

MM: I must emphasize here that the BLM procedure is
only and approximation to PMC as can be seen above, i.e.
besides the fact that ri,0 depend explicitly on Nf one can also
now observe that e.g. there is an N2

f term coming from �1�0

at order a4 which must be absorbed into a1 - If I have un-
derstood BLM correctly, at this order you absorb only all N3

f

dependency into a1, right?

Shows the general way nonconformal terms  
enter an observable and the scheme dependence

Generalization: use �n at n-loops.

initial
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R̄e+e�(s) =�0 + �1a(µ) + [�2 + �0⇧1]a(µ)
2 + [�3 + �1⇧1 + 2�0⇧2 � �2

0
⇡2�1
3

]a(µ)3

+ [�4 + �2⇧1 + 2�1⇧2 + �0⇧3 �
5

2
�0�1

⇡2�1
3

� 3�2
0
⇡2�2
3

� �3
0⇡

2⇧1]a(µ)
4

Scale Example:

4

4. The final pQCD expression for the observable reads
⇢final(Q) =

P
k=0

rk,0a(Qk)k.

As a final remark, we note that the PMC can be used to
set separate scales for di↵erent skeleton diagrams; this is
particularly important for multi-scale processes. In gen-
eral the {�i}-coe�cients multiply terms involving log-
arithms in each of the invariants [3]. For instance, in
the case of qq̄ ! QQ̄ near the heavy quark threshold in
pQCD, the PMC assigns di↵erent scales to the annihi-
lation process and the rescattering corrections involving
the heavy quarks’ relative velocity [9].
Example: e+e� ! hadrons. The ratio for electron-
positron annihilation into hadrons, Re+e�!h, was re-
cently computed to order a4 [10] and can be shown to
exactly match the generic form of Eq.(6). It can be de-
rived by analytically continuing the Adler function, D,
into the time-like region, with D given by:

D(Q2) = �(a) � �(a)
d

da
⇧(Q2, a) , (13)

where � is the anomalous dimension of the vector field,
⇧ is the vacuum polarization function and they are given
by the perturbative expansions: �(a) =

P1
n=0

�nan and
⇧(a) =

P1
n=0

⇧nan. It is easy to show that to order a4

the perturbative expression for Re+e�!h in terms of �n
and ⇧n reads:

Re+e�!h(Q) = �0 + �1a(Q) + [�2 + �0⇧1]a(Q)2 (14)

+ [�3 + �1⇧1 + 2�0⇧2 � �2

0

⇡2�1
3

]a(Q)3

+ [�4 + �2⇧1 + 2�1⇧2 + 3�0⇧3

�
5

2
�0�1

⇡2�1
3

� 3�2

0

⇡2�2
3

� �3

0
⇡2⇧1]a(Q)4 .

This expression has exactly the form of Eq.(6) with the

identification: ri,0 = �i, ri,1 = ⇧i�1, ri,2 = �
⇡2

3
�i�2 and

ri,3 = �⇡2⇧i�3. The �i contain Nf -terms, but since they
are independent of � to any order, they are kept fixed in
the scale-setting procedure. Note that we have knowledge
of even higher order ri,j coe�cients, and this allows us
to set the e↵ective scales Q1, Q2 and Q3 to the NNNLO,
given by Eq.(10). It is worth noting that the Adler func-
tion D itself has a much simpler {�i}-structure. By con-
vention the argument of a is space-like; thus the ⇡2-terms
appearing in Re+e�!h could be avoided by using a cou-
pling constant with time-like argument, leading to a more
convergent series [11].

The last unknown scale in Eq. (14) can be estimated.
It turns out that Q4 ⇠ Q which is the value we have used
[2]. The expressions for the coe�cients �i and ⇧i can be
found in Ref. [10], and the four-loops �-function is given
in Ref. [12]. The final result in numerical form in terms
of ↵ = ↵s/⇡ for QCD with five active flavors reads:

3

11
Re+e�!h(Q) =1 + ↵(Q1) + 1.84↵(Q2)

2

� 1.00↵(Q3)
3
� 11.31↵(Q4)

4 . (15)

This is a more convergent result compared to previous
estimates, and it is free of any scheme and scale ambigu-
ities (up to strongly suppressed residual ones).

To find numerical values for the e↵ective scales, the
asymptotic scale, ⇤, of the running coupling must
first be determined by matching Eq.(15) with exper-

imental results [13]: 3

11
Re+e�!h

exp
(
p
s = 31.6 GeV) =

1.0527 ± 0.0050 . Using a logarithmic expansion solu-
tion of the renormalization group equation for a we find:
⇤
MS

= 419+222

�168
MeV. We have used the MS definition

for the asymptotic scale, and the asymptotic scale of R�

can be taken to be the same for any �. The e↵ective scales
are found to be: Q1 = 1.3 Q ,Q2 = 1.2 Q, Q3 ⇡ 5.3 Q.
The values are independent of the initial renormalization
scale up to some residual dependence coming from the
truncated �-function, which is less than the quoted ac-
curacy on the numbers. This is illustrated in Fig. 1. For
Q3 we have taken the LO value, which is su�cient to
get the conformal series at four loops. Its higher order
value has artificial strong residual renormalization-scale
dependence due to the large numerical value of ⇧3 in
QCD with five active flavors. These final scales deter-
mine the e↵ective number of quarks flavors at each order
of perturbation theory [14].

For completeness, we use our final result to predict the
strong coupling constant at the Z-boson mass-scale in five
flavor massless QCD:

↵s(MZ) = 0.132+0.010
�0.011 . (16)

The error on this result is a reflection of the experimental
uncertainty on Re+e�!h

exp
, which cannot be eliminated.

We can apply our result to Abelian QED, where
Re+e�!h can be seen as the imaginary part of the QED
four loop 1PI vacuum polarization diagram by the opti-
cal theorem, and find in this case nearly complete renor-
malization scale independence of all three scales to the
NNNLO due to the small value of the coupling constant.
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FIG. 1: The final result for Re+e�!h
as a function of

the initial renormalization scale (solid line),

demonstrating the initial scale-invariance of the final

prediction, up to strongly suppressed residual dependence.

The shaded region is the experimental bounds with the

central value given by the dashed line.
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Using these relations automatically gives the e↵ective
scales in Eq. (35c).

The automation process can be outlined as follows:

1. Choose any �-Renormalization scheme and scale.

2. Compute the physical observable in pQCD and ex-
tract the Nf coe�cients, ck,j .

3. Find the �i coe�cients, rk,j from the ck,j coe�-
cients and compute the PMC scales, Qk.

4. The final pQCD expression for the observable
reads

⇢final(Q) =
X

k=0

rk+1,0a(Qk+1)
n+k

. (40)

This procedure demonstrates that the Nf terms can be
unambiguously associated to the {�i}-terms to all orders.
It also shows that PMC is the underlying principle of
BLM scale setting.

IV. EXAMPLES

We now consider three examples based on the Adler
function [39], D, which can be measured indirectly
through the dispersion relation:

D(Q2) = Q
2

Z 1

4m2
⇡

Re+e�(s)

(s+Q2)2
ds, (41)

where Re+e� is the ratio for electron-positron annihila-
tion into hadrons.

The Adler function is particularly instructive to con-
sider, since its conformal and non-conformal parts can
be separated by using RG arguments. Explicitly, the
Adler function can be written in terms of the vector field
anomalous dimension, �, and the vacuum polarization
function, ⇧, as follows [40, 47]

D̄(Q2) = 
�1

D(Q2) = �(a)� �(a)
d

da
⇧(Q2

, a) . (42)

where �(a) is the �-function of the running coupling and
we have defined the normalized Adler function D̄ where
 = dF

P
f
Q

2

f
and dF is the dimension of the quark

color representation, which in QCD reads dF = Nc. We
will work with this normalization throughout the related
examples. In perturbation theory we define

�(a) = 

1X

n=0

�na(Q)n , (43)

⇧(a) = 

1X

n=0

⇧na(Q)n , (44)

which are now known to four-loop order [41–50].
The PMC procedure then follows by absorbing all �-
dependent terms, which following Sec. III A becomes a
trivial exercise once the degenerate coe�cients ri,j have
been identified.
As a fourth example, we consider a case where the ex-

plicit conformal and non-conformal parts are not known.
Here we make explicit use of the automation procedure to
derive the special degeneracy as described in Sec. III B.

A. e
+
e
� ! hadrons

The ratio for electron-positron annihilation into
hadrons, Re+e� can inversely to Eq. (41) be computed
from the Adler function, D, as follows:

R̄e+e�(s) =
1

2⇡i

Z �s+i✏

�s�i✏

D̄(Q2)

Q2
dQ

2
. (45)

It is easy to show that to order a
4 the perturbative ex-

pression for R̄e+e� in terms of �n and ⇧n reads:

R̄e+e�(Q) =�0 + �1a(Q) + [�2 � �0⇧1]a(Q)2 (46)

+ [�3 + �1⇧1 + 2�0⇧2 � �
2

0

⇡
2
�1

3
]a(Q)3

+ [�4 + �2⇧1 + 2�1⇧2 + �0⇧3

�
5

2
�0�1

⇡
2
�1

3
� 3�2

0

⇡
2
�2

3
� �

3

0
⇡
2⇧1]a(Q)4

As expected, this expression has exactly the form of
Eq.(20), with the following identification of the coe�-
cients ri,j :

ri,0 = �i (47a)

ri,1 = ⇧i�1 , i � 2 (47b)

ri,2 = �
⇡
2

3
�i�2 , i � 3 (47c)

ri,3 = �⇡
2⇧i�3 , i � 4 (47d)

The expressions for the coe�cients �i and ⇧i can be
found in Ref. [47, 50], and the four-loops �-function is
given in Ref. [29]. The �i contain Nf -terms, but since
they are independent of � to any order, they are kept
fixed in the scale-setting procedure. Notice that this is a
feature in dimensional regularization.
Now it is easy to set the exact PMC scales from

Eq.(35c) using that Rk,j = (�1)jrk+j,j/�k ,

ln
Q

2
3

Q2
= �

⇧3

�3
, (48)

ln
Q

2
2

Q2
= �

⇧2 +
1

2

h
@�

@a
+ �

a

i
⇡
2

3
�2

�2 �
1

2

h
@�

@a
+ �

a

i
⇧2

, (49)

and

D̄(Q2) = �(a)� �(a)
d

da
⇧(Q2, a)

Initial expression

Final expression 

R̄e+e�(Q) =�0 + �1a(Q1) + �2a(Q2)
2

+ �3a(Q3)
3 + �4a(Q4)

4

Final PMC Scales
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11
Rexp

e+e� = 1.0527± 0.0050
Q1 = 1.3 Q, Q2 = 1.2 Q,

Q3 = 5.3 Q, Q4 ⇠ Q

Dependence on initial scale μ
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Features of BLM/PMC

• Predictions are scheme-independent at every order

• Matches conformal series

• No n! Renormalon growth of pQCD series

• New scale appears at each order; nF determined at each order - matches virtuality of 
quark loops!

• Multiple Physical Scales Incorporated (Hoang, Kuhn, Tuebner, sjb)

• Rigorous: Satisfies all Renormalization Group Principles

• Realistic Estimate of Higher-Order Terms

• Reduces to standard QED scale

• GUT: Must use the same scale setting procedure for QED, QCD

• Eliminates unnecessary theory error

• Maximal sensitivity to new physics

• Commensurate Scale Relations between observables: Generalized Crewther Relation   
(Kataev, Lu, Rathsman, sjb)

• PMC Reduces to BLM at NLO:  Example: BFKL intercept (Fadin, Kim, Lipatov, Pivovarov, sjb)
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We present improved pQCD predictions for Higgs boson hadroproduction at the Large Hadronic
Collider (LHC) by applying the Principle of Maximum Conformality (PMC), a procedure which re-
sums the pQCD series using the renormalization group (RG), thereby eliminating the dependence of
the predictions on the choice of the renormalization scheme while minimizing sensitivity to the initial
choice of the renormalization scale. In previous pQCD predictions for Higgs boson hadroproduction,
it has been conventional to assume that the renormalization scale µr of the QCD coupling αs(µr) is
the Higgs mass, and then to vary this choice over the range 1/2mH < µr < 2mH in order to estimate
the theory uncertainty. However, this error estimate is only sensitive to the non-conformal β terms
in the pQCD series, and thus it fails to correctly estimate the theory uncertainty in cases where
pQCD series has large higher order contributions, as is the case for Higgs boson hadroproduction.
Furthermore, this ad hoc choice of scale and range gives pQCD predictions which depend on the
renormalization scheme being used, in contradiction to basic RG principles. In contrast, after apply-
ing the PMC, we obtain next-to-next-to-leading order RG resummed pQCD predictions for Higgs
boson hadroproduction which are renormalization-scheme independent and have minimal sensitiv-
ity to the choice of the initial renormalization scale. Taking mH = 125 GeV, the PMC predictions
for the pp → HX Higgs inclusive hadroproduction cross-sections for various LHC center-of-mass
energies are: σIncl|7TeV = 21.21+1.36

−1.32 pb, σIncl|8 TeV = 27.37+1.65
−1.59 pb, and σIncl|13 TeV = 65.72+3.46

−3.01

pb, respectively. We also predict the fiducial cross section σfid(pp → H → γγ): σfid|7TeV = 30.1+2.3
−2.2

fb, σfid|8 TeV = 38.3+2.9
−2.8 fb, and σfid|13 TeV = 85.8+5.7

−5.3 fb. The error limits in these predictions in-
clude the small residual high-order renormalization-scale dependence, plus the uncertainty from the
factorization-scale. The PMC predictions show better agreement with the ATLAS measurements
than the LHC-XS predictions which are based on conventional renormalization scale-setting.

PACS numbers: 14.80.Bn, 12.38.Bx, 13.85.-t

I. INTRODUCTION

The Higgs boson predicted by the Standard Model
(SM) was discovered by ATLAS and CMS Collabora-
tions at the Run I stage of the Large Hadron Collider
(LHC) [1, 2]. This remarkable discovery initiated a new
era of precision studies of Higgs phenomenology. The
specific properties of the Higgs boson are now being
probed in LHC Run II. The comparison of SM predic-
tions with the new data will test the electroweak symme-
try breaking mechanism and probe possible new physics
beyond the SM, as discussed by the LHC Higgs Cross
Section Working Group (the LHC-XS group) [3]. The
details of the hadronic production of the Higgs plays an
important role for understanding this fundamental phe-
nomenology. Experimentally, the first measurements of
the total and differential cross sections for the inclusive

∗email:sqwang@cqu.edu.cn
†email:wuxg@cqu.edu.cn
‡email:sjbth@slac.stanford.edu
§email:mojaza@nordita.org

pp → HX production channel, followed by the decays
H → γγ or H → ZZ∗ → 4l, have been reported by
the ATLAS Collaboration at proton-proton CM colli-
sion energies

√
s = 7 TeV, 8 TeV and 13 TeV [4, 5].

Theoretically, the Higgs hadroproduction cross section
has been calculated up to next-to-next-to-leading order
(NNLO) [6–9]. A state-of-the-art, next-to-next-to-next-
leading order (NNNLO) analysis of the dominant gluon-
fusion production channel has recently been performed in
Ref.[10]. These calculations provide the basis for highly
precise tests of pQCD predictions.

A key requirement of the renormalization group (RG)
is that the prediction for a physical observable must be
independent of the choice of renormalization scheme as
well as the initial choice of the renormalization scale. The
higher-order pQCD predictions for Higgs hadroproduc-
tion are currently based on conventional scale-setting [6–
10], where one assumes the Higgs mass (mH) itself is the
renormalization scale and then varies it over an arbitrary
range – typically [mH/2, 2mH] – in order to ascertain
the scale uncertainty. However, this conventional scale-
setting procedure leads to a dependence on the renor-
malization scheme and scale which cannot be repaired
by computing to higher orders. Furthermore, the con-
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We present improved pQCD predictions for Higgs boson hadroproduction at the Large Hadronic
Collider (LHC) by applying the Principle of Maximum Conformality (PMC), a procedure which re-
sums the pQCD series using the renormalization group (RG), thereby eliminating the dependence of
the predictions on the choice of the renormalization scheme while minimizing sensitivity to the initial
choice of the renormalization scale. In previous pQCD predictions for Higgs boson hadroproduction,
it has been conventional to assume that the renormalization scale µr of the QCD coupling αs(µr) is
the Higgs mass, and then to vary this choice over the range 1/2mH < µr < 2mH in order to estimate
the theory uncertainty. However, this error estimate is only sensitive to the non-conformal β terms
in the pQCD series, and thus it fails to correctly estimate the theory uncertainty in cases where
pQCD series has large higher order contributions, as is the case for Higgs boson hadroproduction.
Furthermore, this ad hoc choice of scale and range gives pQCD predictions which depend on the
renormalization scheme being used, in contradiction to basic RG principles. In contrast, after apply-
ing the PMC, we obtain next-to-next-to-leading order RG resummed pQCD predictions for Higgs
boson hadroproduction which are renormalization-scheme independent and have minimal sensitiv-
ity to the choice of the initial renormalization scale. Taking mH = 125 GeV, the PMC predictions
for the pp → HX Higgs inclusive hadroproduction cross-sections for various LHC center-of-mass
energies are: σIncl|7TeV = 21.21+1.36

−1.32 pb, σIncl|8 TeV = 27.37+1.65
−1.59 pb, and σIncl|13 TeV = 65.72+3.46
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pb, respectively. We also predict the fiducial cross section σfid(pp → H → γγ): σfid|7TeV = 30.1+2.3
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fb, σfid|8 TeV = 38.3+2.9
−2.8 fb, and σfid|13 TeV = 85.8+5.7

−5.3 fb. The error limits in these predictions in-
clude the small residual high-order renormalization-scale dependence, plus the uncertainty from the
factorization-scale. The PMC predictions show better agreement with the ATLAS measurements
than the LHC-XS predictions which are based on conventional renormalization scale-setting.
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I. INTRODUCTION

The Higgs boson predicted by the Standard Model
(SM) was discovered by ATLAS and CMS Collabora-
tions at the Run I stage of the Large Hadron Collider
(LHC) [1, 2]. This remarkable discovery initiated a new
era of precision studies of Higgs phenomenology. The
specific properties of the Higgs boson are now being
probed in LHC Run II. The comparison of SM predic-
tions with the new data will test the electroweak symme-
try breaking mechanism and probe possible new physics
beyond the SM, as discussed by the LHC Higgs Cross
Section Working Group (the LHC-XS group) [3]. The
details of the hadronic production of the Higgs plays an
important role for understanding this fundamental phe-
nomenology. Experimentally, the first measurements of
the total and differential cross sections for the inclusive
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H → γγ or H → ZZ∗ → 4l, have been reported by
the ATLAS Collaboration at proton-proton CM colli-
sion energies

√
s = 7 TeV, 8 TeV and 13 TeV [4, 5].

Theoretically, the Higgs hadroproduction cross section
has been calculated up to next-to-next-to-leading order
(NNLO) [6–9]. A state-of-the-art, next-to-next-to-next-
leading order (NNNLO) analysis of the dominant gluon-
fusion production channel has recently been performed in
Ref.[10]. These calculations provide the basis for highly
precise tests of pQCD predictions.

A key requirement of the renormalization group (RG)
is that the prediction for a physical observable must be
independent of the choice of renormalization scheme as
well as the initial choice of the renormalization scale. The
higher-order pQCD predictions for Higgs hadroproduc-
tion are currently based on conventional scale-setting [6–
10], where one assumes the Higgs mass (mH) itself is the
renormalization scale and then varies it over an arbitrary
range – typically [mH/2, 2mH] – in order to ascertain
the scale uncertainty. However, this conventional scale-
setting procedure leads to a dependence on the renor-
malization scheme and scale which cannot be repaired
by computing to higher orders. Furthermore, the con-
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H ! ��) with the ATLAS measurements at various collision energies. The

LHC-XS predictions are presented as a comparison.
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draw definite conclusion on the SM predictions. For the
ATLAS data at 8TeV, which is relatively of less experi-
mental uncertainty, it is found that the PMC prediction
show a much better agreement with the data.

F. An estimation of the fiducial cross section
σfid(pp → H → γγ)

With the integrated luminosity 4.5fb−1 for
√
S = 7

TeV, 20.3fb−1 for
√
S = 8 TeV, and 3.2fb−1 for

√
S =

13 TeV, the ATLAS group gives their prediction for the
fiducial cross sections (σfid) for the process pp → H →
γγ at different collision energies [48]. The fiducial cross-
section σfid can be written as

σfid(pp → H → γγ) = σInclBH→γγA, (20)

where A is the acceptance factor, whose values for dif-
ferent collision energies are [48], A|7TeV = 0.620± 0.007,
A|8TeV = 0.611±0.012 and A|13TeV = 0.570±0.006. The
BH→γγ is the branching ratio of H → γγ. By using the
Γ(H → γγ) under conventional scale-setting, the LHC-
XS group predicts BH→γγ = 0.00228 ± 0.00011 [3]. A
detailed PMC analysis for Γ(H → γγ) up to three-loop
levels have been given in Ref.[49]. Using the formulas
given there, we obtain Γ(H → γγ)|PMC = 9.34 × 10−3

MeV for MH = 125 GeV. Using this value together with
Higgs total decay width ΓTotal = (4.07 ± 0.16) × 10−3

GeV [3], we get BH→γγ |PMC = 0.00229± 0.00009. Thus
the main differences for the fiducial cross-section σfid is
from the differences of inclusive cross-section σIncl men-
tioned in the last subsection.

σfid(pp → H → γγ) 7 TeV 8 TeV 13 TeV

ATLAS data [48] 49± 18 42.5+10.3
−10.2 52+40

−37

LHC-XS [3] 24.7± 2.6 31.0± 3.2 66.1+6.8
−6.6

PMC prediction 30.1+2.3
−2.2 38.4+2.9

−2.8 85.8+5.7
−5.3

TABLE V: The fiducial cross section σfid(pp → H → γγ) (in
unit: fb) at the LHC with the collision energies

√
S =7, 8 and

13 TeV, respectively.

We put the PMC predictions for the fiducial cross sec-
tion σfid(pp → H → γγ) at the LHC with the collision
energies

√
S =7 TeV, 8 TeV and 13 TeV in Table V,

where the ATLAS measurements [48] and the LHC-XS
predictions [3] are presented. The PMC fiducial cross-
sections are larger than the LHC-XS ones by ∼ 22%,
∼ 24% and ∼ 30% for

√
S =7 TeV, 8 TeV and 13 TeV,

respectively. Table V shows no significant differences be-
tween the measured fiducial cross sections and the SM
predictions are observed within the current experimental
uncertainties. However, a better agreement of PMC pre-
dictions with the measurements at

√
S = 7 TeV and 8

TeV are observed. This performance can be more clearly
shown by Fig.(6), which presents the comparison of PMC
predictions for σfid(pp → H → γγ) with the ATLAS mea-
surements at various collision energies.
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FIG. 6: Comparison of the PMC predictions for the fiducial
cross section σfid(pp → H → γγ) with the ATLAS measure-
ments at various collision energies [48]. The LHC-XS predic-
tions [3] are presented as a comparison.

IV. SUMMARY

We have studied the Higgs boson hadroproduction
cross-sections by using the PMC scale-setting. The PMC
provides a systematic way to set the renormalization scale
of high-energy process, which has a solid theoretical foun-
dation and satisfies renormalization group invariance.
After applying the PMC scale-setting, the large renor-
malization scale uncertainties for the Higgs total and sep-
arate production cross-sections are eliminated simultane-
ously, and the scheme-and-scale ambiguities under con-
ventional scale-setting are cured. Taking the dominant
gluon-fusion channel as an example, Table II shows un-

der the conventional scale-setting, σ(gg)
Total = 18.76+12.69%

−11.41%

pb for [mH/2, 2mH ] and σ(gg)
Total = 21.14+11.45%

−11.26% pb for
[mH/4,mH ]. While, after applying the PMC, we get the

NNLO prediction σ(gg)
Total

∼= 23.61 pb for µr[mH/4, 2mH ].
Such renormalization scale-independence is reasonable,
since the αs running behavior, or equivalently the renor-
malization scale, at each perturbative order are precisely
fixed by using the RG-equation.

By combining relevant Higgs boson production modes
and the electroweak corrections into consideration, a
more precise predictions for inclusive pp → H produc-
tion cross-sections are obtained by using the PMC. The
inclusive cross-section increases with the increment of
the hadron collision energy. To compare with the LHC-
XS predictions with a guessing scale µr = mH , our
PMC predictions are increased by about 21%, 23% and
29% for

√
S =7 TeV, 8 TeV and 13 TeV, respectively,

which shows a better agreement with the latest LHC
ATLAS measurements, especially for the measurements
at

√
S =7 TeV and 8 TeV. A comparison with fidu-

cial cross sections has been presented in Table V, which
shows no significant differences between the measured

S-Q Wang, X-G Wu, sjb �(pp! HX ! ��X)

PMC

Conventional



 30

10

20

30

40

50

60

70

σ
In

c
l
(p

b)

 

 

PMC
Conv.
LHC-XS
NNLO+NNLL
NNNLO
H → γγ

H → ZZ∗ → 4l
Comb.

√
S=8TeV

S-Q Wang, X-G Wu, sjb

PMC

p
s = 8 TeV.

NNNLO (conventional)

�
gg(pp! HX)



101 102
0

5

10

15

20

25

30

35

40

µr(GeV)

σ
(g

g
)

T
o
ta

l
(p

b)

 

 

PMC, LO
PMC, NLO
PMC, NNLO
Conv., LO
Conv., NLO
Conv., NNLO

The gluon-fusion total cross-sections �(gg)
Total up to LO, NLO and NNLO levels

versus the initial scale µr under conventional (Conv.) and PMC scale-settings

with the collision energy
p

S = 8 TeV.

S-Q Wang, X-G Wu, sjb

�
gg(pp! HX)

PMC insensitive to initial scale choice

Different PMC scales at each order!

LO

NLO

NNLO



g

Xing-Gang Wu, sjb

Born term. 

t

t̄

Implications for the p̄p! tt̄X asymmetry at the Tevatron

 32



Small value of  renormalization scale  increases 
asymmetry, just as in QED!!

g

Xing-Gang Wu, sjb

Interferes with Born term. 

t

t̄

Implications for the p̄p! tt̄X asymmetry at the Tevatron

 33

Shared virtuality



PP
-
 → tt

-
+X

A
F
B
(
m
t
t-
 
>
 
m
c
u
t

t
t-
 
)

m
cut
tt
- [GeV]

Conv. (Wang etal)
PMC

NNLO QCD
NLO QCD

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 350  400  450  500  550  600  650  700  750  800

Figure 11. Predictions for the mtt̄ cumulative asymmetry: pure QCD at NLO and NNLO (as
derived in this work), NLO prediction of Ref. [11] including EW corrections, as well as the PMC
scale-setting prediction of Ref. [11].

range of mtt̄ used for the calculation of the NNLO result, fixed and dynamic scales would lead

to consistent predictions within scale errors (see also recent discussion for the LHC [92]).

We conclude that the two scale-setting approaches produce very di↵erent predictions for

the mtt̄ cumulative ÂFB and it should be easy to distinguish between the two with data,

especially in the region around mtt̄ ⇠ 500GeV. We would also like to point out that the

NNLO prediction based on conventional scale-setting with µR = mt exhibits the “increasing-

decreasing” behaviour pointed out in Ref. [11], albeit much less pronounced than in the PMC

scale-setting approach.

5 Comparisons between di↵erent pdf sets

An alternative way of assessing the pdf dependence in theory predictions is to compare calcu-

lations with di↵erent pdf sets. In this section we compare NNLO QCD predictions based on

four state-of-the-art pdf sets: CT10, HERA 1.5, MSTW2008 and NNPDF 2.3. We compare

the central pdf members for central scale choice µF = µR = mt.
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We present a comprehensive and self-consistent analysis for the thrust distribution by using the
Principle of Maximum Conformality (PMC). By absorbing all nonconformal terms into the running
coupling using PMC via renormalization group equation, the scale in the running coupling shows
the correct physical behavior and the correct number of active flavors is determined. The resulting
PMC predictions agree with the precise measurements for both the thrust differential distributions
and the thrust mean values. Moreover, we provide a new remarkable way to determine the running
of the coupling constant αs(Q

2) from the measurement of the jet distributions in electron-positron
annihilation at a single given value of the center-of-mass energy

√
s.

PACS numbers: 12.38.Bx, 13.66.Bc, 13.66.Jn, 13.87.-a

The event shape observables in electron-positron an-
nihilation play a crucial role in understanding Quantum
Chromodynamics (QCD). In the last three decades, the
event shape observables have been extensively studied ex-
perimentally and theoretically. In particular, the three-
jet production at the lowest order is directly proportional
to the QCD strong coupling constant, and thus the rele-
vant event shape observables have been used to determine
the coupling constant (see e.g. [1] for a review).

Due to the simple initial leptonic state, the three-jet
event shape observables can be measured with a high pre-
cision, especially at LEP [2–5]. The precision of experi-
mental measurements calls for an equally precise theoret-
ical prediction for three-jet event shapes. The next-to-
leading order (NLO) QCD calculations are known since
1980 [6–11], and the next-to-next-to-leading order (NN-
LO) calculations have been carried out in Refs.[12–16].
Despite the significant progress made in the last years
for both the pQCD calculations [17, 18] and the resum-
mation of large logarithms (see e.g. [19, 20]), the main
obstruction to achieve an accurate value of αs is not the
lack of precise experimental data but the dominant un-
certainties of the theoretical calculations, mainly due to
the choice of the renormalization scale µr.

It is well known that using the conventional scale set-
ting, the renormalization scale is simply set at the center-
of-mass energy µr =

√
s, and the uncertainties are evalu-

ated by varying the scale within an arbitrary range, e.g.
µr ∈ [

√
s/2, 2

√
s]. The three-jet event shape distribu-

tions using the conventional scale setting do not match
the experimental data, and the extracted values of αs in
general deviate from the world average [21].

The conventional procedure of setting the renormal-
ization scale introduces an inherent scheme-and-scale de-
pendence for the pQCD predictions. The scheme de-
pendence of the pQCD violates the fundamental prin-

ciple of the renormalization group invariance. The con-
ventional procedure gives wrong predictions for the A-
belian theory–Quantum Electrodynamics (QED), where
the scale of the coupling constant α can be set unam-
biguously by using the Gell-Mann-Low procedure [22].
The resulting perturbative series is in general factorially
divergent at large orders like n!βn

0 α
n
s –the “renormalon”

problem [23]. It has always been discussed whether the
inclusion of higher-order terms would suppress the scale
uncertainty; however, by simply varying the scale within
a given range of values fixed a priori, the estimation of
unknown higher-order terms is unreliable, and one can-
not judge whether the poor pQCD convergence is the
intrinsic property of pQCD series, or is due to improper
choice of scale.

The Principle of Maximum Conformality (PMC) [24–
28] provides a systematic way to eliminate renormaliza-
tion scheme-and-scale ambiguities. Since the PMC pre-
dictions do not depend on the choice of the renormal-
ization scheme, PMC scale setting satisfies the principles
of renormalization group invariance [29, 30]. The PMC
procedure reduces in the Abelian limit, NC → 0 [31], to
the standard Gell-Mann-Low method. The PMC deter-
mines the renormalization scale by absorbing the β terms
that govern the behavior of the running coupling via the
renormalization group equation. The divergent renor-
malon terms disappear and the convergence of pQCD
series can be thus greatly improved.

The thrust (T ) variable [32, 33] is one of the most fre-
quently studied three-jet event shape observables, which
is defined as

T =

max
n⃗

∑
i
|p⃗i · n⃗|

∑
i
|p⃗i|

, (1)

where the sum runs over all particles in the hadronic
final state, and the p⃗i denotes the three-momentum of

e+e− → Z0 → qq̄g + ⋯
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The event shape observables in electron-positron an-
nihilation play a crucial role in understanding Quantum
Chromodynamics (QCD). In the last three decades, the
event shape observables have been extensively studied ex-
perimentally and theoretically. In particular, the three-
jet production at the lowest order is directly proportional
to the QCD strong coupling constant, and thus the rele-
vant event shape observables have been used to determine
the coupling constant (see e.g. [1] for a review).

Due to the simple initial leptonic state, the three-jet
event shape observables can be measured with a high pre-
cision, especially at LEP [2–5]. The precision of experi-
mental measurements calls for an equally precise theoret-
ical prediction for three-jet event shapes. The next-to-
leading order (NLO) QCD calculations are known since
1980 [6–11], and the next-to-next-to-leading order (NN-
LO) calculations have been carried out in Refs.[12–16].
Despite the significant progress made in the last years
for both the pQCD calculations [17, 18] and the resum-
mation of large logarithms (see e.g. [19, 20]), the main
obstruction to achieve an accurate value of αs is not the
lack of precise experimental data but the dominant un-
certainties of the theoretical calculations, mainly due to
the choice of the renormalization scale µr.

It is well known that using the conventional scale set-
ting, the renormalization scale is simply set at the center-
of-mass energy µr =

√
s, and the uncertainties are evalu-

ated by varying the scale within an arbitrary range, e.g.
µr ∈ [

√
s/2, 2

√
s]. The three-jet event shape distribu-

tions using the conventional scale setting do not match
the experimental data, and the extracted values of αs in
general deviate from the world average [21].

The conventional procedure of setting the renormal-
ization scale introduces an inherent scheme-and-scale de-
pendence for the pQCD predictions. The scheme de-
pendence of the pQCD violates the fundamental prin-

ciple of the renormalization group invariance. The con-
ventional procedure gives wrong predictions for the A-
belian theory–Quantum Electrodynamics (QED), where
the scale of the coupling constant α can be set unam-
biguously by using the Gell-Mann-Low procedure [22].
The resulting perturbative series is in general factorially
divergent at large orders like n!βn

0 α
n
s –the “renormalon”

problem [23]. It has always been discussed whether the
inclusion of higher-order terms would suppress the scale
uncertainty; however, by simply varying the scale within
a given range of values fixed a priori, the estimation of
unknown higher-order terms is unreliable, and one can-
not judge whether the poor pQCD convergence is the
intrinsic property of pQCD series, or is due to improper
choice of scale.

The Principle of Maximum Conformality (PMC) [24–
28] provides a systematic way to eliminate renormaliza-
tion scheme-and-scale ambiguities. Since the PMC pre-
dictions do not depend on the choice of the renormal-
ization scheme, PMC scale setting satisfies the principles
of renormalization group invariance [29, 30]. The PMC
procedure reduces in the Abelian limit, NC → 0 [31], to
the standard Gell-Mann-Low method. The PMC deter-
mines the renormalization scale by absorbing the β terms
that govern the behavior of the running coupling via the
renormalization group equation. The divergent renor-
malon terms disappear and the convergence of pQCD
series can be thus greatly improved.

The thrust (T ) variable [32, 33] is one of the most fre-
quently studied three-jet event shape observables, which
is defined as

T =

max
n⃗

∑
i
|p⃗i · n⃗|

∑
i
|p⃗i|

, (1)

where the sum runs over all particles in the hadronic
final state, and the p⃗i denotes the three-momentum of

BLM Scale Fixing in Event Shape Distributions .
Thomas Gehrmann, Niklaus Häfliger, Pier Francesco Monni
Published in Eur.Phys.J. C74 (2014) no.6, 2896 
]

See also

S.-Q. Wang, L. Di Giustino, X.-G. Wu, SJB

e+e− → Z0 → qq̄g + ⋯

https://inspirehep.net/record/1278882
https://inspirehep.net/author/profile/Gehrmann%2C%20Thomas?recid=1278882&ln=en
https://inspirehep.net/author/profile/H%C3%A4fliger%2C%20Niklaus?recid=1278882&ln=en
https://inspirehep.net/author/profile/Monni%2C%20Pier%20Francesco?recid=1278882&ln=en


!

!

! !

!
!
!
!
!
!
!
!
!
! ! ! ! ! ! !

! ! ! ! ! ! ! ! ! ! ! ! ! ! !!

!

!

! !
!
!
!
!
!
!
!
!
!
!
!

!

!

!
"

"

"

"

"

"

"

"

"

"
"

"

"
"

"

"

"

"

"

"

"
•

•

•

•

•

•
•

•
•

•
•

•
•

•

PMC
-   ALEPH
!   DELPH
"   OPAL
•   L3
*  SLD

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35
0.0

0.1

0.2

0.3

0.4

0.5

0.6

1!T

!1!T"
#Σ hdΣ

#d!1!
T"

S.-Q. Wang, L. Di Giustino, X.-G. Wu, SJB

Thrust Distribution in Electron-Positron Annihilation using the Principle of
Maximum Conformality

Sheng-Quan Wang1,2,∗ Stanley J. Brodsky2,† Xing-Gang Wu3,‡ and Leonardo Di Giustino2,4§
1Department of Physics, Guizhou Minzu University, Guiyang 550025, P.R. China

2SLAC National Accelerator Laboratory, Stanford University, Stanford, California 94039, USA
3Department of Physics, Chongqing University, Chongqing 401331, P.R. China and

4Department of Science and High Technology, University of Insubria, via valleggio 11, I-22100, Como, Italy
(Dated: February 6, 2019)

We present a comprehensive and self-consistent analysis for the thrust distribution by using the
Principle of Maximum Conformality (PMC). By absorbing all nonconformal terms into the running
coupling using PMC via renormalization group equation, the scale in the running coupling shows
the correct physical behavior and the correct number of active flavors is determined. The resulting
PMC predictions agree with the precise measurements for both the thrust differential distributions
and the thrust mean values. Moreover, we provide a new remarkable way to determine the running
of the coupling constant αs(Q

2) from the measurement of the jet distributions in electron-positron
annihilation at a single given value of the center-of-mass energy

√
s.
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The event shape observables in electron-positron an-
nihilation play a crucial role in understanding Quantum
Chromodynamics (QCD). In the last three decades, the
event shape observables have been extensively studied ex-
perimentally and theoretically. In particular, the three-
jet production at the lowest order is directly proportional
to the QCD strong coupling constant, and thus the rele-
vant event shape observables have been used to determine
the coupling constant (see e.g. [1] for a review).

Due to the simple initial leptonic state, the three-jet
event shape observables can be measured with a high pre-
cision, especially at LEP [2–5]. The precision of experi-
mental measurements calls for an equally precise theoret-
ical prediction for three-jet event shapes. The next-to-
leading order (NLO) QCD calculations are known since
1980 [6–11], and the next-to-next-to-leading order (NN-
LO) calculations have been carried out in Refs.[12–16].
Despite the significant progress made in the last years
for both the pQCD calculations [17, 18] and the resum-
mation of large logarithms (see e.g. [19, 20]), the main
obstruction to achieve an accurate value of αs is not the
lack of precise experimental data but the dominant un-
certainties of the theoretical calculations, mainly due to
the choice of the renormalization scale µr.

It is well known that using the conventional scale set-
ting, the renormalization scale is simply set at the center-
of-mass energy µr =

√
s, and the uncertainties are evalu-

ated by varying the scale within an arbitrary range, e.g.
µr ∈ [

√
s/2, 2

√
s]. The three-jet event shape distribu-

tions using the conventional scale setting do not match
the experimental data, and the extracted values of αs in
general deviate from the world average [21].

The conventional procedure of setting the renormal-
ization scale introduces an inherent scheme-and-scale de-
pendence for the pQCD predictions. The scheme de-
pendence of the pQCD violates the fundamental prin-

ciple of the renormalization group invariance. The con-
ventional procedure gives wrong predictions for the A-
belian theory–Quantum Electrodynamics (QED), where
the scale of the coupling constant α can be set unam-
biguously by using the Gell-Mann-Low procedure [22].
The resulting perturbative series is in general factorially
divergent at large orders like n!βn

0 α
n
s –the “renormalon”

problem [23]. It has always been discussed whether the
inclusion of higher-order terms would suppress the scale
uncertainty; however, by simply varying the scale within
a given range of values fixed a priori, the estimation of
unknown higher-order terms is unreliable, and one can-
not judge whether the poor pQCD convergence is the
intrinsic property of pQCD series, or is due to improper
choice of scale.

The Principle of Maximum Conformality (PMC) [24–
28] provides a systematic way to eliminate renormaliza-
tion scheme-and-scale ambiguities. Since the PMC pre-
dictions do not depend on the choice of the renormal-
ization scheme, PMC scale setting satisfies the principles
of renormalization group invariance [29, 30]. The PMC
procedure reduces in the Abelian limit, NC → 0 [31], to
the standard Gell-Mann-Low method. The PMC deter-
mines the renormalization scale by absorbing the β terms
that govern the behavior of the running coupling via the
renormalization group equation. The divergent renor-
malon terms disappear and the convergence of pQCD
series can be thus greatly improved.

The thrust (T ) variable [32, 33] is one of the most fre-
quently studied three-jet event shape observables, which
is defined as

T =

max
n⃗

∑
i
|p⃗i · n⃗|

∑
i
|p⃗i|

, (1)

where the sum runs over all particles in the hadronic
final state, and the p⃗i denotes the three-momentum of

αs(Q2) in MS scheme

e+e− → Z0 → qq̄g + ⋯
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FIG. 2. The thrust (1 − T ) differential distributions using
the conventional (Conv.) and PMC scale settings. The dot-
dashed, dashed and dotted lines are the conventional results
at LO, NLO and NNLO, respectively. The solid line is the
PMC result. The bands for the theoretical predictions are
obtained by varying µr ∈ [MZ/2, 2MZ ]. The PMC prediction
eliminates the scale µr uncertainty. The experimental data
points are taken from the ALEPH [2], DELPH [3], OPAL [4],
L3 [5] and SLD [38] experiments.

QCD corrections by varying the µr ∈ [
√
s/2, 2

√
s]

is unreliable, i.e., the NLO calculation do not over-
lap with LO prediction; the NNLO calculation also
almost do not overlap with NLO prediction.

• The conventional predictions are plagued by scale
µr uncertainty, and even up to NNLO QCD cor-
rections the conventional predictions do not match
the precise experimental data.

• By fitting the conventional predictions to the ex-
perimental data, the extracted coupling constants
are deviated from the world average, and are also
plagued by significant µr uncertainty [39].

Due to the kinematical constraints, the domain of the
thrust (1− T ) differential distribution at LO and of the
PMC scale is restricted to the range of 0 ≤ (1−T ) ≤ 1/3.
After applying the PMC scale setting, in addition to
the small values and the monotonically increasing be-
havior of the PMC scale, the magnitude of the conformal
coefficients are small and its behavior is very different
from that of the conventional scale setting. The result-
ing PMC predictions are in agreement with the experi-
mental data with high precision over the (1− T ) region,
while they show a slight deviation near the two-jet and
multi-jet regions. Based on the conventional scale set-
ting, Refs.[12, 13] have also found that near the two-jet
and multi-jet regions (0.04 ≤ (1−T ) ≤ 0.33), the pQCD
predictions are unreliable. Thus, near the two-jet and
multi-jet regions, the higher pQCD calculations may be
needed for the PMC analysis in order to improve the
predictions. In addition, as we have already mentioned

above, the non-perturbative effects should be taken into
account in order to obtain a reliable predictions in the
two-jet region.

In addition to the differential distribution, the mean
value of event shape observables have also been exten-
sively measured and studied. Since the calculation of the
mean value involves an integration over the full phase s-
pace, it provides an important platform to complement
the differential distribution that afflict the event shape
observables especially in the two-jet region and to deter-
minate the coupling constant.

The mean value ⟨τ⟩ (τ = (1− T )) of thrust variable is
defined by

⟨τ⟩ =
∫ τ0

0

τ

σh

dσ

dτ
dτ, (8)

where τ0 is the kinematical upper limit for the thrust
(1− T ) variable.

The electron-positron colliders have collected large
numbers of experimental data for the thrust mean value
⟨1 − T ⟩ over a wide range of center-of-mass energy (14
GeV ≤

√
s ≤ 206 GeV) [2–5, 40–45]. However, the pQCD

predictions based on the conventional scale setting sub-
stantially deviate from the experimental data. Currently,
the most common way is to split the mean value into the
perturbative and non-perturbative contributions, which
has been studied extensively in the literature (see e.g. [48]
for a review). However, some artificial parameters and
theoretical models are introduced in order to match the
theoretical predictions with the experimental data. It is
noted that the analysis of Ref.[2] obtains a large value of
αs and suggests that a better description for the mean
value can be in general obtained by setting the renormal-
ization scale µr ≪

√
s.

The pQCD calculations for the mean value variables
based on the conventional scale setting have been given
in Refs. [14, 46, 47]. After applying the PMC scale setting
to the thrust mean value ⟨1− T ⟩, we obtain the optimal
PMC scale,

µpmc
r |⟨1−T ⟩ = 0.0695

√
s. (9)

The PMC scale µpmc
r |⟨1−T ⟩ monotonously increases with√

s, and is 0.0695 times the conventional choice µr =
√
s

and thus µpmc
r |⟨1−T ⟩ ≪

√
s. We notice that by taking√

s = MZ = 91.1876 GeV, the PMC scale µpmc
r |⟨1−T ⟩ =

6.3 GeV. This is reasonable, since we have shown in
Fig.(1) that the PMC scales of thrust differential distri-
bution are also very small in wide region of (1− T ). By
excluding some results in multi-jet regions, the average of
the PMC scale ⟨µpmc

r ⟩ of thrust differential distribution
is also close to the µpmc

r |⟨1−T ⟩. This shows that the PMC
scale setting is self-consistent.

We present the thrust mean value ⟨1 − T ⟩ versus the
center-of-mass energy

√
s using the conventional and

PMC scale settings in Fig.(3). In the case of the con-
ventional scale setting, the perturbative series shows a

Thrust Distribution in Electron-Positron Annihilation using the Principle of
Maximum Conformality
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We present a comprehensive and self-consistent analysis for the thrust distribution by using the
Principle of Maximum Conformality (PMC). By absorbing all nonconformal terms into the running
coupling using PMC via renormalization group equation, the scale in the running coupling shows
the correct physical behavior and the correct number of active flavors is determined. The resulting
PMC predictions agree with the precise measurements for both the thrust differential distributions
and the thrust mean values. Moreover, we provide a new remarkable way to determine the running
of the coupling constant αs(Q

2) from the measurement of the jet distributions in electron-positron
annihilation at a single given value of the center-of-mass energy

√
s.

PACS numbers: 12.38.Bx, 13.66.Bc, 13.66.Jn, 13.87.-a

The event shape observables in electron-positron an-
nihilation play a crucial role in understanding Quantum
Chromodynamics (QCD). In the last three decades, the
event shape observables have been extensively studied ex-
perimentally and theoretically. In particular, the three-
jet production at the lowest order is directly proportional
to the QCD strong coupling constant, and thus the rele-
vant event shape observables have been used to determine
the coupling constant (see e.g. [1] for a review).

Due to the simple initial leptonic state, the three-jet
event shape observables can be measured with a high pre-
cision, especially at LEP [2–5]. The precision of experi-
mental measurements calls for an equally precise theoret-
ical prediction for three-jet event shapes. The next-to-
leading order (NLO) QCD calculations are known since
1980 [6–11], and the next-to-next-to-leading order (NN-
LO) calculations have been carried out in Refs.[12–16].
Despite the significant progress made in the last years
for both the pQCD calculations [17, 18] and the resum-
mation of large logarithms (see e.g. [19, 20]), the main
obstruction to achieve an accurate value of αs is not the
lack of precise experimental data but the dominant un-
certainties of the theoretical calculations, mainly due to
the choice of the renormalization scale µr.

It is well known that using the conventional scale set-
ting, the renormalization scale is simply set at the center-
of-mass energy µr =

√
s, and the uncertainties are evalu-

ated by varying the scale within an arbitrary range, e.g.
µr ∈ [

√
s/2, 2

√
s]. The three-jet event shape distribu-

tions using the conventional scale setting do not match
the experimental data, and the extracted values of αs in
general deviate from the world average [21].

The conventional procedure of setting the renormal-
ization scale introduces an inherent scheme-and-scale de-
pendence for the pQCD predictions. The scheme de-
pendence of the pQCD violates the fundamental prin-

ciple of the renormalization group invariance. The con-
ventional procedure gives wrong predictions for the A-
belian theory–Quantum Electrodynamics (QED), where
the scale of the coupling constant α can be set unam-
biguously by using the Gell-Mann-Low procedure [22].
The resulting perturbative series is in general factorially
divergent at large orders like n!βn

0 α
n
s –the “renormalon”

problem [23]. It has always been discussed whether the
inclusion of higher-order terms would suppress the scale
uncertainty; however, by simply varying the scale within
a given range of values fixed a priori, the estimation of
unknown higher-order terms is unreliable, and one can-
not judge whether the poor pQCD convergence is the
intrinsic property of pQCD series, or is due to improper
choice of scale.

The Principle of Maximum Conformality (PMC) [24–
28] provides a systematic way to eliminate renormaliza-
tion scheme-and-scale ambiguities. Since the PMC pre-
dictions do not depend on the choice of the renormal-
ization scheme, PMC scale setting satisfies the principles
of renormalization group invariance [29, 30]. The PMC
procedure reduces in the Abelian limit, NC → 0 [31], to
the standard Gell-Mann-Low method. The PMC deter-
mines the renormalization scale by absorbing the β terms
that govern the behavior of the running coupling via the
renormalization group equation. The divergent renor-
malon terms disappear and the convergence of pQCD
series can be thus greatly improved.

The thrust (T ) variable [32, 33] is one of the most fre-
quently studied three-jet event shape observables, which
is defined as

T =

max
n⃗

∑
i
|p⃗i · n⃗|

∑
i
|p⃗i|

, (1)

where the sum runs over all particles in the hadronic
final state, and the p⃗i denotes the three-momentum of

S.-Q. Wang, L. Di Giustino, X.-G. Wu, SJB
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Relate Observables to Each Other

• Eliminate intermediate scheme

• No scale ambiguity 

• Transitive!

• Commensurate Scale Relations

• Conformal Template

• Example: Generalized Crewther Relation
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Generalized Crewther Relation

Conformal relation true to all orders in 
perturbation theory! 

No radiative corrections to axial anomaly 
Nonconformal terms set relative scales (BLM)

No renormalization scale ambiguity!

Lu, Kataev, Gabadadze, Sjb

Both observables go through new quark thresholds 
at commensurate scales!
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β0

Studies of higher-order perturbative QCD diagrams are often made by first de- composing 
them in a skeleton expansion, in which each term contains chains of vacuum polarization 

bubbles inserted in virtual-gluon propagators. These have been studied in the BLM 
approach, which seeks the optimal scale for evaluating each term in the skeleton 

expansion. The last step, the sum over skeleton graphs, is then similar to summation of 
perturbative contributions for a corresponding theory with β = 0, i.e., a conformal theory. 

We shall adopt a similar procedure here. 

John Ellis, Einan Gardi, Marek 
Karliner, Mark Samuel, sjb
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Problems with traditional scale setting

• Predictions are scheme-dependent!  At every order!  This fundamental flaw 
does not get repaired at high orders

• Fails to satisfy Renormalization Group Principles

• Guessing the renormalization scale and its range is heuristic

• Gives wrong predictions for QED  

• GUT: Must use the same scale-setting procedure for QED, QCD

• n! Renormalon growth — no convergence of pQCD

• Uses the same scale at each order.  

• guessed value for nf does not  correctly reflect quark loop virtuality

• Multiple Physical Scales cannot be Incorporated

• Unrealistic Estimate of Higher-Order Terms: Only β-terms exposed by scale 
variation

• Introduces an unnecessary theory error!

• Can give wrong predictions for pQCD observables

• Obscures sensitivity to new physics



Essential Points

• Physical Results cannot depend on choice of Scheme

• Different PMC scales at each order

• No scale ambiguity!

• Series identical to conformal theory

• Relation between observables scheme independent, 
transitive

• Choice of initial scale irrelevant even at finite order

• Identify β terms using Rδ method  



Features of BLM/PMC
• Predictions are scheme-independent at every order

• Matches conformal series

• No n! Renormalon growth of pQCD series

• New scale appears at each order; nF determined at each order - matches virtuality of 
quark loops

• Multiple Physical Scales Incorporated (Hoang, Kuhn, Tuebner, sjb)

• Rigorous: Satisfies all Renormalization Group Principles

• Realistic Estimate of Higher-Order Terms

• Reduces to standard QED scale

• GUT: Must use the same scale setting procedure for QED, QCD

• Eliminates unnecessary theory error

• Maximal sensitivity to new physics

• Commensurate Scale Relations between observables: Generalized Crewther 
Relation   (Kataev, Lu, Rathsman, sjb)

• Reduces to BLM at NLO:  Example: BFKL intercept (Fadin, Kim, Lipatov, Pivovarov, sjb)

NC ! 0



The QCD coupling at all scales and the elimination     
of renormalization scale uncertainties

The Principle of Maximum Conformality (PMC) 
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Figure 11. Predictions for the mtt̄ cumulative asymmetry: pure QCD at NLO and NNLO (as
derived in this work), NLO prediction of Ref. [11] including EW corrections, as well as the PMC
scale-setting prediction of Ref. [11].

range of mtt̄ used for the calculation of the NNLO result, fixed and dynamic scales would lead

to consistent predictions within scale errors (see also recent discussion for the LHC [92]).

We conclude that the two scale-setting approaches produce very di↵erent predictions for

the mtt̄ cumulative ÂFB and it should be easy to distinguish between the two with data,

especially in the region around mtt̄ ⇠ 500GeV. We would also like to point out that the

NNLO prediction based on conventional scale-setting with µR = mt exhibits the “increasing-

decreasing” behaviour pointed out in Ref. [11], albeit much less pronounced than in the PMC

scale-setting approach.

5 Comparisons between di↵erent pdf sets

An alternative way of assessing the pdf dependence in theory predictions is to compare calcu-

lations with di↵erent pdf sets. In this section we compare NNLO QCD predictions based on

four state-of-the-art pdf sets: CT10, HERA 1.5, MSTW2008 and NNPDF 2.3. We compare

the central pdf members for central scale choice µF = µR = mt.
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• Anti-Shadowing is Universal 

• ISI and FSI are higher twist effects and universal 

• High transverse momentum hadrons arise only from jet 
fragmentation  -- baryon anomaly! 

• Heavy quarks only from gluon splitting 

• Renormalization scale cannot be fixed 

• QCD condensates are vacuum effects 

• QCD gives 1042 to the cosmological constant 

• QCD Confinement and Mass Scale from 

QCD Myths

⇤MS
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FIG. 2: (Color online) Comparison with experimental ratios
R = F A

2 /F D
2 . The ordinate indicates the fractional differences

between experimental data and theoretical values: (Rexp −

Rtheo)/Rtheo.
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FIG. 3: (Color online) Comparison with experimental data of
R = F A
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2

. The ratios (Rexp − Rtheo)/Rtheo are shown.

ters cannot be determined easily by the present data.
The χ2 analysis results are shown in comparison with

the data. First, χ2 values are listed for each nuclear
data set in Table III. The total χ2 divided by the degree
of freedom is 1.58. Comparison with the actual data is
shown in Figs. 2, 3, and 4 for the FA

2 /FD
2 , FA

2 /FC,Li
2 ,

and Drell-Yan (σpA
DY /σpA′

DY ) data, respectively. These ra-
tios are denoted Rexp for the experimental data and Rtheo

for the parametrization calculations. The deviation ra-
tios (Rexp−Rtheo)/Rtheo are shown in these figures. The
NPDFs are evolved to the experimental Q2 points, then
the ratios (Rexp − Rtheo)/Rtheo are calculated.
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FIG. 5: (Color online) Parametrization results are compared
with the data of F2 ratios F Ca

2 /F D
2 and Drell-Yan ratios

σpCa
DY /σpD

DY . The theoretical curves and uncertainties are cal-
culated at Q2=5 GeV2 for the F2 ratios and at Q2=50 GeV2

for the Drell-Yan ratios.

As examples, actual data are compared with the
parametrization results in Fig. 5 for the ratios FCa

2 /FD
2

and σpCa
DY /σpD

DY . The shaded areas indicate the ranges of
NPDF uncertainties, which are calculated at Q2=5 GeV2

for the F2 ratios and at Q2=50 GeV2 for the Drell-Yan
ratios. The experimental data are well reproduced by the
parametrization, and the the data errors agree roughly
with the uncertainty bands. We should note that the
parametrization curves and the uncertainties are calcu-
lated at at Q2=5 and 50 GeV2, whereas the data are
taken at various Q2 points. In Fig. 5, the smallest-
x data at x=0.0062 for FCa

2 /FD
2 seems to deviate from

the parametrization curve. However, the deviation comes
simply from a Q2 difference. In fact, if the theoretical ra-
tio is estimated at the experimental Q2 point, the data
point agrees with the parametrization as shown in Fig.
2.

5

Anti-Shadowing

Shadowing
M. Hirai, S. Kumano and T. H. Nagai,
“Nuclear parton distribution functions
and their uncertainties,”
Phys. Rev. C 70, 044905 (2004)
[arXiv:hep-ph/0404093].



Figure 1: Nuclear correction factor R according to Eq. 1
for the differential cross section d2σ/dx dQ2 in charged
current neutrino-Fe scattering at Q2 = 5 GeV2. Results
are shown for the charged current neutrino (solid lines)
and anti-neutrino (dashed lines) scattering from iron.
The upper (lower) pair of curves shows the result of our
analysis with the Base-2 (Base-1) free-proton PDFs.

Figure 2: Predictions (solid and dashed line) for the
structure function ratio F F e

2 /F D
2 using the iron PDFs

extracted from fits to NuTeV neutrino and anti-neutrino
data. The SLAC/NMC parameterization is shown with
the dot-dashed line. The structure function F D

2 in the
denominator has been computed using either the Base-2
(solid line) or the Base-1 (dashed line) PDFs.

(significant) dependence on the energy scale Q, the atomic number A, or the specific observable.
The increasing precision of both the experimental data and the extracted PDFs demand that the
applied nuclear correction factors be equally precise as these contributions play a crucial role in
determining the PDFs. In this study we reexamine the source and size of the nuclear corrections
that enter the PDF global analysis, and quantify the associated uncertainty. Additionally, we
provide the foundation for including the nuclear correction factors as a dynamic component of
the global analysis so that the full correlations between the heavy and light target data can be
exploited.

A recent study 1 analyzed the impact of new data sets from the NuTeV 3, Chorus, and E-
866 Collaborations on the PDFs. This study found that the NuTeV data set (together with the
model used for the nuclear corrections) pulled against several of the other data sets, notably the
E-866, BCDMS and NMC sets. Reducing the nuclear corrections at large values of x reduced
the severity of this pull and resulted in improved χ2 values. These results suggest on a purely
phenomenological level that the appropriate nuclear corrections for ν-DIS may well be smaller
than assumed.

To investigate this question further, we use the high-statistics ν-DIS experiments to perform
a dedicated PDF fit to neutrino–iron data.2 Our methodology for this fit is parallel to that of
the previous global analysis,1 but with the difference we use only Fe data and that no nuclear
corrections are applied to the analyzed data; hence, the resulting PDFs are for a bound proton
in an iron nucleus. Specifically, we determine iron PDFs using the recent NuTeV differential
neutrino (1371 data points) and anti-neutrino (1146 data points) DIS cross section data,3 and
we include NuTeV/CCFR dimuon data (174 points) which are sensitive to the strange quark
content of the nucleon. We impose kinematic cuts of Q2 > 2 GeV and W > 3.5 GeV, and obtain
a good fit with a χ2 of 1.35 per data point.2

2 Nuclear Correction Factors

We now compare our iron PDFs with the free-proton PDFs (appropriately scaled) to infer the
proper heavy target correction which should be applied to relate these quantities. Within the

Extrapolations from  NuTeV

SLAC/NMC data

Q2 = 5 GeV2

Scheinbein, Yu, Keppel, Morfin, Olness, Owens

No anti-shadowing in deep inelastic neutrino scattering !

Is Anti-Shadowing Quark Specific?



Is  Antishadowing in DIS  
Non-Universal, Flavor-Dependent?

Do Nuclear PDFS 
Obey Momentum and other Sum Rules?



Nuclear Shadowing in QCD 

Nuclear  Shadowing not included in nuclear LFWF !  

 Dynamical effect due to virtual photon interacting in nucleus

Stodolsky 
Pumplin, sjb 

Gribov

Shadowing depends on understanding leading twist-diffraction in DIS

Diffraction via Reggeon gives constructive interference!

Anti-shadowing not universal



Di�ractive DIS ep� epX where there is a large rapidity gap and the target
nucleon remains intact probes the final state interaction of the scattered quark
with the spectator system via gluon exchange.

Di�ractive DIS on nuclei eA� e⇥AX and hard di�ractive reactions such as
��A� V A can occur coherently leaving the nucleus intact.

Diffractive Deep Inelastic Scattering
ar

X
iv

:h
ep

-e
x

/0
2

1
0

0
2

7
 v

1
  

 9
 O

ct
 2

0
0

2

1

Inclusive Diffraction at HERA

F.-P. Schillinga∗ (on behalf of the H1 and ZEUS collaborations) †

aDESY, Notkestr. 85, D-22603 Hamburg, Germany

New precision measurements of inclusive diffractive deep-inelastic ep scattering interactions, performed by the
H1 and ZEUS collaborations at the HERA collider, are discussed. A new set of diffractive parton distributions,
determined from recent high precision H1 data, is presented.

1. INTRODUCTION

One of the biggest challenges in our under-
standing of QCD is the nature of colour sin-
glet exchange or diffractive interactions. The
electron-proton collider HERA is an ideal place to
study hard diffractive processes in deep-inelastic
ep scattering (DIS). In such interactions, the
point-like virtual photon probes the structure of
colour singlet exchange, similarly to inclusive DIS
probing proton structure.

2

β

Figure 1: Illustration of
a diffractive DIS event.

At HERA,
around 10% of
low x events
are diffractive
[1]. Experimen-
tally, such events
are identified by
either tagging
the elastically
scattered pro-
ton in Roman
pot spectrometers
60− 100 m down-
stream from the
interaction point
or by asking for

a large rapidity gap without particle production
between the central hadronic system and the
proton beam direction.

A diagram of diffractive DIS is shown in Fig. 1.
A virtual photon coupling to the beam electron

∗e-mail address: fpschill@mail.desy.de
†Talk presented at 31st Intl. Conference on High Energy
Physics ICHEP 2002, Amsterdam

interacts diffractively with the proton through
the exchange of a colour singlet and produces a
hadronic system X with mass MX in the final
state. If the 4-momenta of the incoming (out-
going) electron and proton are labeled l (l′) and
p (p′) respectively, the following kinematic vari-
ables can be defined: Q2 = −q2 = −(l − l′)2, the
photon virtuality; β = Q2/q.(p − p′), the longi-
tudinal momentum fraction of the struck quark
relative to the diffractive exchange; xIP = q.(p −
p′)/q.p, the fractional proton momentum taken
by the diffractive exchange and t = (p− p′)2, the
4-momentum squared transferred at the proton
vertex. Bjorken-x is given by x = xIP β. For the
measurements presented here typical values of xIP

are < 0.05. y = Q2/sx denotes the inelasticity,
where s is the ep CMS energy.

A diffractive reduced cross section σD(4)
r can be

defined via

d4σep→eXp

dxIP dt dβ dQ2
=

4πα2

βQ4

(

1 − y +
y2

2

)

σD(4)
r (xIP , t, β, Q2) , (1)

which is related to the diffractive structure func-
tions FD

2 and the longitudinal FD
L by

σD
r = FD

2 −
y2

2(1 − y + y2

2 )
FD

L . (2)

Except at the highest y, σD
r = FD

2 to a very good
approximation. If the outgoing proton is not de-
tected, the measurements are integrated over t:

σD(3)
r =

∫

dt σD(4)
r .
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New precision measurements of inclusive diffractive deep-inelastic ep scattering interactions, performed by the
H1 and ZEUS collaborations at the HERA collider, are discussed. A new set of diffractive parton distributions,
determined from recent high precision H1 data, is presented.

1. INTRODUCTION

One of the biggest challenges in our under-
standing of QCD is the nature of colour sin-
glet exchange or diffractive interactions. The
electron-proton collider HERA is an ideal place to
study hard diffractive processes in deep-inelastic
ep scattering (DIS). In such interactions, the
point-like virtual photon probes the structure of
colour singlet exchange, similarly to inclusive DIS
probing proton structure.
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At HERA,
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low x events
are diffractive
[1]. Experimen-
tally, such events
are identified by
either tagging
the elastically
scattered pro-
ton in Roman
pot spectrometers
60− 100 m down-
stream from the
interaction point
or by asking for

a large rapidity gap without particle production
between the central hadronic system and the
proton beam direction.

A diagram of diffractive DIS is shown in Fig. 1.
A virtual photon coupling to the beam electron
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interacts diffractively with the proton through
the exchange of a colour singlet and produces a
hadronic system X with mass MX in the final
state. If the 4-momenta of the incoming (out-
going) electron and proton are labeled l (l′) and
p (p′) respectively, the following kinematic vari-
ables can be defined: Q2 = −q2 = −(l − l′)2, the
photon virtuality; β = Q2/q.(p − p′), the longi-
tudinal momentum fraction of the struck quark
relative to the diffractive exchange; xIP = q.(p −
p′)/q.p, the fractional proton momentum taken
by the diffractive exchange and t = (p− p′)2, the
4-momentum squared transferred at the proton
vertex. Bjorken-x is given by x = xIP β. For the
measurements presented here typical values of xIP

are < 0.05. y = Q2/sx denotes the inelasticity,
where s is the ep CMS energy.

A diffractive reduced cross section σD(4)
r can be

defined via

d4σep→eXp

dxIP dt dβ dQ2
=

4πα2

βQ4

(

1 − y +
y2

2

)

σD(4)
r (xIP , t, β, Q2) , (1)

which is related to the diffractive structure func-
tions FD

2 and the longitudinal FD
L by

σD
r = FD

2 −
y2

2(1 − y + y2

2 )
FD

L . (2)

Except at the highest y, σD
r = FD

2 to a very good
approximation. If the outgoing proton is not de-
tected, the measurements are integrated over t:

σD(3)
r =

∫

dt σD(4)
r .
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Diffractive Structure Function F2
D  

de Roeck
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Quark Rescattering 

Hoyer, Marchal, Peigne, Sannino, SJB (BHMPS)

Enberg, Hoyer, Ingelman, SJB

Hwang, Schmidt, SJB

Two-Gluon Exchange: Low-Nussinov model of Pomeron



QCD Mechanism for Rapidity Gaps

Wilson Line: ψ(y)
Z y

0
dx eiA(x)·dx ψ(0)

P

Reproduces lab-frame color dipole approach 
DDIS: Input for leading twist nuclear shadowing

Hoyer, Marchal, Peigne, Sannino, sjb



The one-step and two-step processes in DIS
on a nucleus.

Coherence at small Bjorken xB :
1/MxB = 2�/Q2 � LA.

If the scattering on nucleon N1 is via pomeron
exchange, the one-step and two-step ampli-
tudes are opposite in phase, thus diminishing
the q flux reaching N2.

� Shadowing of the DIS nuclear structure
functions.

  Observed HERA DDIS produces nuclear shadowing

Interior nucleons shadowed



The one-step and two-step processes in DIS
on a nucleus.

Coherence at small Bjorken xB :
1/MxB = 2�/Q2 � LA.

If the scattering on nucleon N1 is via pomeron
exchange, the one-step and two-step ampli-
tudes are opposite in phase, thus diminishing
the q flux reaching N2.

� Shadowing of the DIS nuclear structure
functions.

Regge

        constructive in phase
thus increasing the flux reaching N2

  Regge Exchange in DDIS produces nuclear anti-shadowing!

Interior nucleons anti-shadowed

Schmidt, Lu, Yang, sjb



Origin of Regge Behavior of        Deep 
Inelastic Structure Functions

Antiquark interacts with target nucleus at
energy ŝ ⇤ 1

xbj

Regge contribution: ⇥q̄N ⇥ ŝ�R�1

Shadowing of ⇥q̄M produces shadowing of
nuclear structure function.

c

c̄

g

Antiquark interacts with target nucleus at
energy ŝ ⇤ 1

xbj

Regge contribution: ⇥q̄N ⇥ ŝ�R�1

Shadowing of ⇥q̄M produces shadowing of
nuclear structure function.

c

c̄

g

Antiquark interacts with target nucleus at
energy ŝ ⇤ 1

xbj

Regge contribution: ⇥q̄N ⇥ ŝ�R�1

Shadowing of ⇥q̄M produces shadowing of
nuclear structure function.

c

c̄

g

Antiquark interacts with target nucleus at
energy ŝ ⇤ 1

xbj

Regge contribution: ⇥q̄N ⇥ ŝ�R�1 gives F2N ⇥
x1��R

Nonsinglet Kuti-Weissko� F2p � F2n ⇤
⌅

xbj
at small xbj.

Shadowing of ⇥q̄M produces shadowing of
nuclear structure function.

c

Landshoff, 
Polkinghorne, Short 

Close, Gunion, sjb 

Schmidt, Yang,  Lu, 
sjb 

F2p(x)� F2n(x) / x1/2



Non-singlet 
Reggeon 
Exchange

x0.5

Kuti-Weisskopf 
behavior

F2p(x)� F2n(x) / x1/2

Antiquark interacts with target nucleus at
energy ŝ ⇤ 1

xbj

Regge contribution: ⇥q̄N ⇥ ŝ�R�1

Shadowing of ⇥q̄M produces shadowing of
nuclear structure function.

c

c̄

g

↵R ' 1/2



�

I=1 Reggeon Exchange on N1 

Two-step and One-Step Glauber processes

Regge Phase can give 
constructive 
interference!

N N’

N N’

� X

X

N2

N2 Anomalous 
Z, A-Z dependence

V



Reggeon Exchange

Antiquark interacts with target nucleus at
energy ŝ ⇤ 1

xbj

Regge contribution: ⇥q̄N ⇥ ŝ�R�1

Shadowing of ⇥q̄M produces shadowing of
nuclear structure function.

c

c̄

g

Phase of two-step amplitude relative to one
step:

1⇧
2
(1� i)⇥ i = 1⇧

2
(i + 1)

Constructive Interference

Depends on quark flavor!

Thus antishadowing is not universal

Di�erent for couplings of �⇤, Z0, W±

↵R ' 1/2

Test: Tagged Drell-Yan



Nuclear Antishadowing not universal !

Lu, Schmidt, Yang; sjb

Modifies 
NuTeV extraction of 

sin2 �W

Test in flavor-tagged  
DIS at the EIC 



Shadowing and Antishadowing  of DIS 
Structure Functions

S. J. Brodsky, I. Schmidt and J. J. Yang, “Nuclear Antishadowing in
Neutrino Deep Inelastic Scattering,” Phys. Rev. D 70, 116003 (2004)
[arXiv:hep-ph/0409279].

S. J. Brodsky, I. Schmidt and J. J. Yang,
“Nuclear Antishadowing in
Neutrino Deep Inelastic Scattering,”
Phys. Rev. D 70, 116003 (2004)
[arXiv:hep-ph/0409279].

Modifies 
NuTeV extraction of 

sin2 �W

Test in flavor-tagged  
lepton-nucleus collisions



A
A-1

�⇤

Ninterior

Two-Step Process in the  q+=0 Parton Model Frame

Front-Face Nucleon remains intact

q+ = 0

Q2 q2
? = Q2 = �q2

Illustrates the LF time sequence

Nfront�face



A

q+ = 0 q2
? = Q2 = �q2

A-1

One-Step / Two-Step Interference

Front-Face Nucleon N1 not struckFront-Face Nucleon N1 struck

�⇤

Q2
�⇤

Study Double Virtual Compton Scattering �⇤A! �⇤A

Illustrates the
LF time sequence

Cannot reduce to matrix element of local 
operator!  No Sum Rules for Nuclear PDFs!

N1
N2 N2

N1

A

Q2

Liuti, sjb
LFWFs are real for stable hadrons, nuclei



Crucial JLab Experiments
• Measure Diffractive DIS:   Agree with 

Shadowing of Nuclear Structure Functions? 

• Isospin Dependence of Diffractive DIS — 
Reggeon Exchange -  

• Use deuteron: see n to p 

• Flavor Dependence of Antishadowing: 
Tagged Quark Distributions? 

• Test for Odderon Exchange in DDIS



• Square of Target LFWFs                 Modified by Rescattering: ISI & FSI

• No Wilson Line                             Contains Wilson Line, Phases

• Probability Distributions                 No Probabilistic Interpretation

• Process-Independent                      Process-Dependent - From Collision

• T-even Observables                        T-Odd (Sivers, Boer-Mulders, etc.)

• No Shadowing,  Anti-Shadowing      Shadowing,  Anti-Shadowing, Saturation

• Sum Rules: Momentum and Jz               Sum Rules Not Proven

• DGLAP Evolution; mod. at large x   DGLAP Evolution

• No Diffractive DIS                         Hard Pomeron and Odderon Diffractive DIS

Static                           Dynamic

General remarks about orbital angular mo-
mentum

�n(xi,⇥k�i, �i)

�n
i=1(xi

⇥R�+⇥b�i) = ⇥R�

xi
⇥R�+⇥b�i

�n
i
⇥b�i = ⇥0�

�n
i xi = 1

2

11-2001 
8624A06

S

current 
quark jet

final state 
interaction

spectator 
system

proton

e– 

!*

e– 

quark

Mulders, Boer

Qiu, Sterman

 Pasquini, Xiao,  
Yuan, sjb

Collins, Qiu

Hwang, Schmidt, 
sjb,

Liuti, sjb!

What is measured!



Final-State Interactions Produce  
Pseudo T-Odd  (Sivers Effect)

• Leading-Twist Bjorken Scaling! 

• Requires nonzero orbital angular momentum of quark 

• Arises from the interference of Final-State QCD Coulomb phases in S- and P- waves;  

• Wilson line effect  --  lc gauge prescription 

• Relate to the quark contribution to the target proton                                                anomalous 
magnetic moment and final-state QCD phases 

• QCD phase at soft scale! 

• New window to QCD coupling and running gluon mass in the IR 

• QED S and P Coulomb phases infinite -- difference of phases finite! 

• Alternate: Retarded and Advanced Gauge: Augmented LFWFs

~S ·~p jet⇥~q

~S ·~p jet⇥~qi

11-2001 
8624A06

S

current 
quark jet

final state 
interaction

spectator 
system

proton

e– 

!*

e– 

quark

 Pasquini, Xiao, Yuan, sjb

 Hwang, Schmidt, sjb 
Collins

Mulders, Boer Qiu, Sterman

 
Dae Sung Hwang, Yuri V. Kovchegov,

Ivan Schmidt, Matthew D. Sievert, sjb
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ANOMALOUS DRELL-YAN ASYMMETRY FROM

HADRONIC OR QCD VACUUM EFFECTS ∗

DANIËL BOER

Dept. of Physics and Astronomy,
Vrije Universiteit Amsterdam,

De Boelelaan 1081, 1081 HV Amsterdam,

The Netherlands
E-mail: D.Boer@few.vu.nl

The anomalously large cos(2φ) asymmetry measured in the Drell-Yan process is
discussed. Possible origins of this large deviation from the Lam-Tung relation are
considered with emphasis on the comparison of two particular proposals: one that
suggests it arises from a QCD vacuum effect and one that suggests it is a hadronic
effect. Experimental signatures distinguishing these effects are discussed.

1. Introduction

Azimuthal asymmetries in the unpolarized Drell-Yan (DY) process differ-
ential cross section arise only in the following way

1

σ

dσ

dΩ
∝

(

1 + λ cos2 θ + µ sin 2θ cosφ +
ν

2
sin2 θ cos 2φ

)

, (1)

where φ is the angle between the lepton and hadron planes in the lepton
center of mass frame (see Fig. 3 of Ref.1). In the parton model (order α0

s)
quark-antiquark annihilation yields λ = 1, µ = ν = 0. The leading order
(LO) perturbative QCD corrections (order α1

s) lead to µ ≠ 0, ν ≠ 0 and
λ ≠ 1, such that the so-called Lam-Tung relation 1 − λ − 2ν = 0 holds.
Beyond LO, small deviations from the Lam-Tung relation will arise. If one
defines the quantity κ ≡ − 1

4 (1 − λ − 2ν) as a measure of the deviation

from the Lam-Tung relation, it has been calculated2,3 that at order α2
s κ

is small and negative: −κ <
∼ 0.01, for values of the muon pair’s transverse

momentum QT of up to 3 GeV/c.
Surprisingly, the data is incompatible with the Lam-Tung relation and

with its small order-α2
s modification as well3. These data from CERN’s

NA10 Collaboration4,5 and Fermilab’s E615 Collaboration6 are for π−N →
µ+µ−X , with N = D and W . The π−-beam energies range from 140 GeV

∗Talk presented at the International Workshop on Transverse Polarization Phenomena
in Hard Processes (Transversity 2005), Villa Olmo, Como, Italy, September 7-10, 2005
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Nachtmann & Mirkes3 demonstrated that the diagonal elements H11 and
H22 can give rise to a deviation from the Lam-Tung relation:

κ ≡ −
1

4
(1 − λ − 2ν) ≈

〈

H22 − H11

1 + H33

〉

. (5)

A simple assumption for the transverse momentum dependence of (H22 −
H11)/(1 + H33) produced a good fit to the data:

κ = κ0
Q4

T

Q4
T + m4

T

, with κ0 = 0.17 and mT = 1.5 GeV. (6)

Note that for this Ansatz κ approaches a constant value (κ0) for large QT .
In other words, the vacuum effect could persist out to large values of QT .
The Q2 dependence of the vacuum effect is not known, but there is also no
reason to assume that the spin correlation due to the QCD vacuum effect
has to decrease with increasing Q2.

3. Explanation as a hadronic effect

Usually if one assumes that factorization of soft and hard energy scales in
a hard scattering process occurs, one implicitly also assumes factorization
of the spin density matrix. In the present section this will indeed be as-
sumed, but another common assumption will be dropped, namely that of
collinear factorization. It will be investigated what happens if one allows for
transverse momentum dependent parton distributions (TMDs). The spin
density matrix of a noncollinear quark inside an unpolarized hadron can
be nontrivial. In other words, the transverse polarization of a noncollinear
quark inside an unpolarized hadron in principle can have a preferred direc-
tion and the TMD describing that situation is called h⊥

1
10. As pointed out

in Ref.1 nonzero h⊥
1 leads to a deviation from Lam-Tung relation. It offers

a parton model explanation of the DY data (i.e. with λ = 1 and µ = 0):
κ = ν

2 ∝ h⊥
1 (π)h⊥

1 (N) . In this way a good fit to data was obtained
by assuming Gaussian transverse momentum dependence. The reason for
this choice of transverse momentum dependence is that in order to be con-
sistent with the factorization of the cross section in terms of TMDs, the
transverse momentum of partons should not introduce another large scale.
Therefore, explaining the Lam-Tung relation within this framework neces-
sarily implies that κ = ν

2 → 0 for large QT . This offers a possible way to
distinguish between the hadronic effect and the QCD vacuum effect.

It may be good to mention that not only a fit of h⊥
1 to data has been

made (under certain assumptions), also several model calculations of h⊥
1

5

and some of its resulting asymmetries have been performed11,12,13, based
on the recent insight that T-odd TMDs like h⊥

1 arise from the gauge link.
In order to see the parton model expectation κ = ν

2 → 0 at large QT in
the data, one has to keep in mind that the pQCD contributions (that grow
as QT increases) will have to be subtracted. For κ perturbative corrections
arise at order α2

s, but for ν already at order αs. To be specific, at large QT

hard gluon radiation (to first order in αs) gives rise to14

ν(QT ) =
Q2

T

Q2 + 3
2Q2

T

. (7)

Due to this growing large-QT perturbative contribution the fall-off of the
h⊥

1 contribution will not be visible directly from the behavior of ν at large
QT . Therefore, in order to use ν as function of QT to differentiate between
effects, it is necessary to subtract the calculable pQCD contributions. In
Fig. 3 an illustration of this point is given. The dashed curve corresponds

0
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0.15

0.2
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0.4

0 1 2 3 4 5 6 7 8
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Figure 3. Impression of possible contributions to ν as function of QT compared to DY
data of NA10 (for Q = 8 GeV). Dashed curve: contribution from perturbative one-gluon
radiation. Dotted curve: contribution from a nonzero h⊥

1 . Solid curve: their sum.

to the contribution of Eq. (7) at Q = 8 GeV. The dotted line is a pos-
sible, parton model level, contribution from h⊥

1 with Gaussian transverse
momentum dependence. Together these contributions yield the solid curve
(although strictly speaking it is not the case that one can simply add them,
since one is a noncollinear parton model contribution expected to be valid
for small QT and the other is an order-αs result within collinear factor-
ization expected to be valid at large QT ). The data are from the NA10
Collaboration for a pion beam energy of 194 GeV/c 5.

The Q2 dependence of the h⊥
1 contribution is not known to date. Only

the effect of resummation of soft gluon radiation on the h⊥
1 contribution to

function. Here we do not intend to give a full demonstration

of this in the Drell-Yan process; a generalized factorization

theorem which includes transverse momentum dependent

functions and initial- or final-state interactions remains to be

proven !27". Instead we present how to arrive at an effective
# from initial- and/or final-state interactions and use this

effective # in Fig. 2. Also, for simplicity we will perform

the explicit calculation in QED. Our analysis can be gener-

alized to the corresponding calculation in QCD. The final-

state interaction from gluon exchange has the strength

!e1e2!/4$→CF%s(&
2), where ei are the photon couplings to

the quark and diquark.

The diagram in Fig. 3 coincides with Fig. 6'a(of Ref. !28"
used for the evaluation of a twist-4 contribution ()1/Q2) to

the unpolarized Drell-Yan cross section. The differences

compared to Ref. !28" are that in the present case there is
nonzero transverse momentum of the partons, and the as-

sumption that the matrix elements are nonvanishing in case

the gluon has a vanishing light-cone momentum fraction 'but
nonzero transverse momentum(. This results in an unsup-
pressed asymmetry which is a function of the transverse mo-

mentum Q! of the lepton pair with respect to the initial

hadrons. If this transverse momentum is integrated over, then

the unsuppressed asymmetry will average to zero and the

diagrams will only contribute at order 1/Q2 as in Ref. !28".

First we will calculate the # matrix to lowest order

'called #L
%*) in the quark-scalar diquark model which was

used in Ref. !7". 'Although the model is based on a point-like
coupling of a scalar diquark to elementary fermions, it can be

softened to simulate a hadronic bound state by differentiating

the wave function formally with respect to a parameter such

as the proton mass.(As indicated earlier, no nonzero f 1T
! and

h1
! will arise from #L

%* . Next we will include an additional

gluon exchange to model the initial- and/or final-state inter-

actions 'relevant for timelike or spacelike processes(to cal-
culate # I/F

%* and do obtain nonzero values for f 1T
! and h1

! .

Our results agree with those recently obtained in the same

model by Goldstein and Gamberg !12". We can then obtain
an expression for the cos 2+ asymmetry from Eq. '16(and
perform a numerical estimation of the asymmetry.

A. ! matrix in the lowest order „!
L

"#…
As indicated in Fig. 4 the initial proton has its momentum

given by P&!(P",P#,P!)!(P
",M 2/P" ,0!), and the fi-

nal diquark P!&!(P!",P!#,P!! )!„P"(1#,),(-2

"r!
2 )/P"(1#,),r!…. We use the convention a$!a0$a3,

a•b!1/2 (a"b#"a#b")#a!•b! .
We will first calculate the # matrix to lowest order (#L

%*)

in the quark-scalar diquark model used in Ref. !7". By cal-
culation of Fig. 4 one readily obtains

#L
%*!ag2" ū'P ,S(

r”"m

r2#m2#*" r”"m

r2#m2
u'P ,S(#%

1

P"'1#,(

!ag2! ū'P ,S('r”"m("*!'r”"m(u'P ,S("%
1

P"'1#,(

%$ 1

,$M 2#
m2"r!

2

,
#

-2"r!
2

1#, % % 2

, '17(

with a constant a!1/!2(2$)3" . The normalization is fixed
by the condition

& d,d2r! f 1', ,r!(!1. '18(

In Eq. '17(we used the relation

FIG. 2. The leading-order contribution to the Drell-Yan process.

FIG. 3. The initial-state interaction contribution to the Drell-Yan

process.

FIG. 4. Diagram which gives the lowest order # 'called #L
%*).
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Double Initial-State Interactions  
generate anomalous  

the differential cross section is written as

1

!

d!

d"
!
3

4#

1

$"3

#! 1"$ cos2%"& sin2% cos'"
(

2
sin2% cos 2' " .

)1*

These angular dependencies1 can all be generated by pertur-

bative QCD corrections where, for instance, initial quarks

radiate off high energy gluons into the final state. Such a

perturbative QCD calculation at next-to-leading order leads

to $+1,&+0,(+0 at a very small transverse momentum of

the lepton pair. More generally, the Lam-Tung relation 1

$$$2(!0 ,17- is expected to hold at order .s and the

relation is hardly modified by next-to-leading order (.s
2) per-

turbative QCD corrections ,18-. However, this relation is not
satisfied by the experimental data ,13,14-. The Drell-Yan
data show remarkably large values of ( , reaching values of
about 30% at transverse momenta of the lepton pair between

2 and 3 GeV )for Q2!m/*
2 !(4$12 GeV)2 and extracted in

the Collins-Soper frame ,19- to be discussed below*. These
large values of ( are not compatible with $+1 as also seen
in the data.

A number of explanations have been put forward, such as

a higher twist effect ,20,21-, following the ideas of Berger
and Brodsky ,22-. In Ref. ,20- the higher twist effect is mod-
eled using an asymptotic pion distribution amplitude, and it

appears to fall short in explaining the large values of ( .
In Ref. ,18- factorization-breaking correlations between

the incoming quarks are assumed and modeled in order to

account for the large cos 2' dependence. Here the correla-

tions are both in the transverse momentum and the spin of

the quarks. In Ref. ,6- this idea was applied in a factorized
approach ,23- involving the chiral-odd partner of the Sivers
effect, which is the transverse momentum dependent distri-

bution function called h1
! . From this point of view, the large

cos 2' azimuthal dependence can arise at leading order, i.e.

it is unsuppressed, from a product of two such distribution

functions. It offers a natural explanation for the large cos 2'
azimuthal dependence, but at the same time also for the

small cos' dependence, since chiral-odd functions can only

occur in pairs. The function h1
! is a quark helicity-flip matrix

element and must therefore occur accompanied by another

helicity flip. In the unpolarized Drell-Yan process this can

only be a product of two h1
! functions. Since this implies a

change by two units of angular momentum, it does not con-

tribute to a cos' asymmetry. In the present paper we will

discuss this scenario in terms of initial-state interactions,

which can generate a nonzero function h1
! .

We would also like to point out the experimental obser-

vation that the cos 2' dependence as observed by the NA10

Collaboration does not seem to show a strong dependence on

A, i.e. there was no significant difference between the deute-

rium and tungsten targets. Hence, it is unlikely that the asym-

metry originates from nuclear effects, and we shall assume it

to be associated purely with hadronic effects. We refer to

Ref. ,24- for investigations of nuclear enhancements.
We compute the function h1

!(x ,p!
2 ) and the resulting

cos 2' asymmetry explicitly in a quark-scalar diquark model
for the proton with an initial-state gluon interaction. In this

model h1
!(x ,p!

2 ) equals the T-odd )chiral-even*Sivers effect
function f 1T

! (x ,p!
2 ). Hence, assuming the cos 2' asymmetry

of the unpolarized Drell-Yan process does arise from non-

zero, large h1
! , this asymmetry is expected to be closely

related to the single-spin asymmetries in the SIDIS and the

Drell-Yan process, since each of these effects can arise from

the same underlying mechanism.

The Fermilab Tevatron and BNL Relativistic Heavy Ion

Collider )RHIC*should both be able to investigate azimuthal
asymmetries such as the cos 2' dependence. Since polarized
proton beams are available, RHIC will be able to measure

single-spin asymmetries as well. Unfortunately, one might

expect that the cos 2' dependence in pp→!!̄X )measurable
at RHIC* is smaller than for the process #$N→&"&$X ,

since in the former process there are no valence antiquarks

present. In this sense, the cleanest extraction of h1
! would be

from pp̄→!!̄X .

III. CROSS SECTION CALCULATION

In this section we will assume nonzero h1
! and discuss the

calculation of the leading order unpolarized Drell-Yan cross

section )given in Ref. ,6- with slightly different notation*

d!)h1h2→!!̄X*

d"dx1dx2d
2q!

!
.2

3Q2 0
a , ā

ea
2# A)y*F,f 1 f̄ 1-

"B)y*cos)2'*F $)2ĥ•p!ĥ•k!

$p!•k!*
h1

!h̄1
!

M 1M 2
% & . )2*

This is expressed in the so-called Collins-Soper frame ,19-,
for which one chooses the following set of normalized vec-

tors )for details see, e.g. ,25-*:

t̂1q/Q , )3*

ẑ1
x1

Q
P̃1$

x2

Q
P̃2, )4*

ĥ1q! /Q!!)q$x1P1$x2P2*/Q! , )5*

where P̃ i1Pi$q/(2xi), Pi are the momenta of the two in-

coming hadrons and q is the four momentum of the virtual

photon or, equivalently, of the lepton pair. This can be related

to standard Sudakov decompositions of these momenta

1We neglect sin' and sin 2' dependencies, since these are of

higher order in .s ,15,16- and are expected to be small.
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Drell-Yan planar correlations 
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Hard gluon radiation
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Q = 8GeV
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ANOMALOUS DRELL-YAN ASYMMETRY FROM

HADRONIC OR QCD VACUUM EFFECTS ∗

DANIËL BOER

Dept. of Physics and Astronomy,
Vrije Universiteit Amsterdam,

De Boelelaan 1081, 1081 HV Amsterdam,

The Netherlands
E-mail: D.Boer@few.vu.nl

The anomalously large cos(2φ) asymmetry measured in the Drell-Yan process is
discussed. Possible origins of this large deviation from the Lam-Tung relation are
considered with emphasis on the comparison of two particular proposals: one that
suggests it arises from a QCD vacuum effect and one that suggests it is a hadronic
effect. Experimental signatures distinguishing these effects are discussed.

1. Introduction

Azimuthal asymmetries in the unpolarized Drell-Yan (DY) process differ-
ential cross section arise only in the following way

1

σ

dσ

dΩ
∝

(

1 + λ cos2 θ + µ sin 2θ cosφ +
ν

2
sin2 θ cos 2φ

)

, (1)

where φ is the angle between the lepton and hadron planes in the lepton
center of mass frame (see Fig. 3 of Ref.1). In the parton model (order α0

s)
quark-antiquark annihilation yields λ = 1, µ = ν = 0. The leading order
(LO) perturbative QCD corrections (order α1

s) lead to µ ≠ 0, ν ≠ 0 and
λ ≠ 1, such that the so-called Lam-Tung relation 1 − λ − 2ν = 0 holds.
Beyond LO, small deviations from the Lam-Tung relation will arise. If one
defines the quantity κ ≡ − 1

4 (1 − λ − 2ν) as a measure of the deviation

from the Lam-Tung relation, it has been calculated2,3 that at order α2
s κ

is small and negative: −κ <
∼ 0.01, for values of the muon pair’s transverse

momentum QT of up to 3 GeV/c.
Surprisingly, the data is incompatible with the Lam-Tung relation and

with its small order-α2
s modification as well3. These data from CERN’s

NA10 Collaboration4,5 and Fermilab’s E615 Collaboration6 are for π−N →
µ+µ−X , with N = D and W . The π−-beam energies range from 140 GeV

∗Talk presented at the International Workshop on Transverse Polarization Phenomena
in Hard Processes (Transversity 2005), Villa Olmo, Como, Italy, September 7-10, 2005
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Color Transparency

• Fundamental test of gauge theory in hadron physics 

• Small color dipole moment interacts weakly in nuclei 

• Complete coherence at high energies 

• Many tests in hard exclusive processes 

• Clear Demonstration of CT from Diffractive Di-Jets 

• Explains Baryon Anomaly at RHIC

Bertsch, Gunion, Goldhaber, sjb 
Mueller, sjb 

Frankfurt, Strikman, Miller
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dt
(ep! ep) at high momentum transfer



Fermilab E791 Experiment, Ashery et al.

Small color-dipole moment pion not absorbed;  
interacts with each nucleon coherently  
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A-Dependence results: σ ∝ Aα

kt range (GeV/c) α α (CT)

1.25 < kt < 1.5 1.64 +0.06 -0.12 1.25

1.5 < kt < 2.0 1.52 ± 0.12 1.45

2.0 < kt < 2.5 1.55 ± 0.16 1.60

α (Incoh.) = 0.70 ± 0.1

Measure pion LFWF in diffractive dijet production  
Confirmation of color transparency  

Mueller, sjb; Bertsch et al; 
Frankfurt, Miller, Strikman

Conventional Glauber Theory Ruled Out ! Factor of 7

Ashery E791 

α(Conventional) = 0.70 ± 0.10
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Fig. 22. The u distribution of diffractive dijets from the platinum target for 1.25 ≤ kt ≤ 1.5 GeV/c (left) and for

1.5 ≤ kt ≤ 2.5 GeV/c (right). The solid line is a fit to a combination of the asymptotic and CZ distribution amplitudes.

The dashed line shows the contribution from the asymptotic function and the dotted line that of the CZ function.

They were identified through the e−bq2t dependence of their yield (q2t is the square of the trans-

verse momentum transferred to the nucleus and b = ⟨R2⟩
3
where R is the nuclear radius).

For measurement of the wave function the most forward events (q2t < 0.015 GeV/c2) from
the platinum target were used, see Fig. 14. For these events, the value of u was computed from

the measured longitudinal momenta of the jets. The analysis was carried out in two windows of

transverse momentum kt : 1.25 GeV/c ≤ kt ≤ 1.5 GeV/c and 1.5 GeV/c ≤ kt ≤ 2.5 GeV/c.

The resulting u distributions are shown in Fig. 22. In order to get a measure of the correspondence

between the experimental results and the calculated distribution amplitudes, the results were fit

with a linear combination of squares of the two distribution amplitudes after smearing, as shown

on the right side of Fig. 21. This assumes an incoherent combination of the two distribution

amplitudes and that the evolution of the Chernyak–Zhitnitsky function is slow (as stated in [32]).

The results for the higher kt window show that the asymptotic distribution amplitude describes

the data very well. Hence, for kt > 1.5 GeV/c, which translates to Q2 ∼ 10 (GeV/c)2, the
pQCD approach that led to construction of the asymptotic distribution amplitude is reasonable.

The distribution in the lower window is consistent with a significant contribution from the

Chernyak–Zhitnitsky distribution amplitude or may indicate contributions due to other non-

perturbative effects.

The quantity measured in this experiment, the distribution of longitudinal momentumwithin a

kt window, is not exactly the distribution amplitude. The latter is an integral over kt with a lower

limit of zero, covering the low Q2 non-perturbative region (Eq. (4)). The results can be regarded

instead as representing the square of the light-conewave function averaged over kt in the window:

ψ2
qq̄(u, ⟨kt ⟩). With the measured kt -dependence described in Section 3.3.4 the average values are

⟨kt ⟩ = 1.34 GeV/c and 1.75 GeV/c for the low and high kt windows, respectively:ψ
2
qq̄(u, 1.34)

and ψ2
qq̄(u, 1.75) were measured. Alternatively, the results for each window can be related to the

difference of distribution amplitudes:

∣∣∣∣

∫ k2

k1

ψ(u, kt )d
2kt

∣∣∣∣
2

= |φ(u, k2) − φ(u, k1)|2. (48)

310 D. Ashery / Progress in Particle and Nuclear Physics 56 (2006) 279–339
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1.5 ≤ kt ≤ 2.5 GeV/c (right). The solid line is a fit to a combination of the asymptotic and CZ distribution amplitudes.

The dashed line shows the contribution from the asymptotic function and the dotted line that of the CZ function.
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3
where R is the nuclear radius).
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the measured longitudinal momenta of the jets. The analysis was carried out in two windows of
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on the right side of Fig. 21. This assumes an incoherent combination of the two distribution

amplitudes and that the evolution of the Chernyak–Zhitnitsky function is slow (as stated in [32]).
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the data very well. Hence, for kt > 1.5 GeV/c, which translates to Q2 ∼ 10 (GeV/c)2, the
pQCD approach that led to construction of the asymptotic distribution amplitude is reasonable.

The distribution in the lower window is consistent with a significant contribution from the

Chernyak–Zhitnitsky distribution amplitude or may indicate contributions due to other non-
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kt window, is not exactly the distribution amplitude. The latter is an integral over kt with a lower

limit of zero, covering the low Q2 non-perturbative region (Eq. (4)). The results can be regarded

instead as representing the square of the light-conewave function averaged over kt in the window:
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qq̄(u, ⟨kt ⟩). With the measured kt -dependence described in Section 3.3.4 the average values are

⟨kt ⟩ = 1.34 GeV/c and 1.75 GeV/c for the low and high kt windows, respectively:ψ
2
qq̄(u, 1.34)

and ψ2
qq̄(u, 1.75) were measured. Alternatively, the results for each window can be related to the
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~k?)

 LF (x,~k?)



• Measure LFWFs of atoms


• See transitions from nonrelativistic to relativistic domain


• Higher Fock states of positronium such as 


• Measure LFWF of nuclei


• “Hidden-Color” Fock states of deuteron such as

|e+e−γ > , |e+e−e+e− > , |e+e−μ+μ− > ,

|np > , |Δ+ + Δ− > , six quark jets |uuuddd > , three 3̄C diquarks | (ud)[ud][ud] >

Diffractive Dissociation of Atoms and Nuclei 

ψ[e+e−](x, ⃗k ⊥) ∼
(αme)4

⃗k 4
→

f(x)
k2

⊥



�⇤ �⇤

p p0

q1 q2

Measure Deeply Virtual Compton Scattering Using 
Positronium - Proton Scattering

< p0|Jµ(x)J⌫(y)|p >

e+

e�

[e�e+]

[e�e+]p ! e+e�p0

Sequence of flashes 
like a movie

Measures difference of 
LF times in proton or nucleus

�⌧
 LF (x,~k?)

Entangled causal events

Both virtual photons are spacelike

q21 < 0

q22 < 0
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Figure 7: (left) p/π and p̄/π ratio as a function of pT and centrality from Au+Au collisions at
√
sNN = 200

GeV [45]. Open (filled) points are for π± (π0), respectively. (right) Invariant yield of p and p̄, from the

same data, as a function of centrality scaled by the number of binary-collisions (Ncoll)

there is direct and unbiased access to one of the interacting constituents, the photon, which can be

measured to high precision, and production is predominantly via a single subprocess [50]:

g+q→ γ+q , (4.3)

with q+ q̄→ γ + g contributing on the order of 10%. However, the measurement is difficult ex-

perimentally due to the huge background of photons from π0 → γ+ γ and η → γ+ γ decays. This

background can be calculated using Eq. 3.4 and can be further reduced by ‘tagging’—eliminating

direct-photon candidates which reconstruct to the invariant mass of a π0 when combined with

other photons in the detector, and/or by an isolation cut—e.g. requirement of less than 10% ad-

ditional energy within a cone of radius Δr =
√

(Δη)2+(Δφ)2 = 0.5 around the candidate photon

direction—since the direct photons emerge from the constituent reaction with no associated frag-

ments.

The exquisite segmentation of the PHENIX Electromagnetic calorimeter (Δη×Δφ ∼ 0.01×
0.01) required in order to operate in the high multiplicity environment of RHI collisions also pro-

vides excellent γ and π0 separation out to pT ∼ 25 GeV/c. This will be useful in making spin-

asymmetry measurements of direct photons in polarized p-p collisions for determination of the

gluon spin structure function [51], but, in the meanwhile, has provided a new direct photon mea-

surement in p-p collisions which clarifies a longstanding puzzle between theory and experiment in

this difficult measurement. In Fig. 8-(left) the new measurement of the direct photon cross sec-

tion in p-p collisions at
√
s = 200 GeV from PHENIX [52] is shown compared to a NLO pQCD

calculation, with excellent agreement for pT > 3 GeV/c. This data has resolved a longstanding

discrepancy in extracting the gluon structure function from previous direct photon data [53, 54]

(see Fig. 8-(right)) by its agreement with ISR data and the theory at low xT .

4.3 xT -scaling in direct photon, jet and identified proton production in p-p collisions

The new direct photon measurement also shows nice xT scaling with previous measurements

(Fig. 9-(left)) with a value n(xT ,
√
s) = 5.0. This is closer to the asymptotic value of n(xT ,

√
s) = 4

11

Particle ratio changes with centrality! 
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Figure 7: (left) p/π and p̄/π ratio as a function of pT and centrality from Au+Au collisions at
√
sNN = 200

GeV [45]. Open (filled) points are for π± (π0), respectively. (right) Invariant yield of p and p̄, from the

same data, as a function of centrality scaled by the number of binary-collisions (Ncoll)

there is direct and unbiased access to one of the interacting constituents, the photon, which can be

measured to high precision, and production is predominantly via a single subprocess [50]:

g+q→ γ+q , (4.3)

with q+ q̄→ γ + g contributing on the order of 10%. However, the measurement is difficult ex-

perimentally due to the huge background of photons from π0 → γ+ γ and η → γ+ γ decays. This

background can be calculated using Eq. 3.4 and can be further reduced by ‘tagging’—eliminating

direct-photon candidates which reconstruct to the invariant mass of a π0 when combined with

other photons in the detector, and/or by an isolation cut—e.g. requirement of less than 10% ad-

ditional energy within a cone of radius Δr =
√

(Δη)2+(Δφ)2 = 0.5 around the candidate photon

direction—since the direct photons emerge from the constituent reaction with no associated frag-

ments.

The exquisite segmentation of the PHENIX Electromagnetic calorimeter (Δη×Δφ ∼ 0.01×
0.01) required in order to operate in the high multiplicity environment of RHI collisions also pro-

vides excellent γ and π0 separation out to pT ∼ 25 GeV/c. This will be useful in making spin-

asymmetry measurements of direct photons in polarized p-p collisions for determination of the

gluon spin structure function [51], but, in the meanwhile, has provided a new direct photon mea-

surement in p-p collisions which clarifies a longstanding puzzle between theory and experiment in

this difficult measurement. In Fig. 8-(left) the new measurement of the direct photon cross sec-

tion in p-p collisions at
√
s = 200 GeV from PHENIX [52] is shown compared to a NLO pQCD

calculation, with excellent agreement for pT > 3 GeV/c. This data has resolved a longstanding

discrepancy in extracting the gluon structure function from previous direct photon data [53, 54]

(see Fig. 8-(right)) by its agreement with ISR data and the theory at low xT .

4.3 xT -scaling in direct photon, jet and identified proton production in p-p collisions

The new direct photon measurement also shows nice xT scaling with previous measurements

(Fig. 9-(left)) with a value n(xT ,
√
s) = 5.0. This is closer to the asymptotic value of n(xT ,

√
s) = 4
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Peripheral  

Central  

Protons less absorbed  
in nuclear collisions than pions 

because of  dominant 
color-transparent higher twist process

Tannenbaum:  
“Baryon Anomaly”

Arleo, Hwang, Sickles, sjb



Evidence for  Direct, Higher-Twist,  
Color Transparent Subprocesses at RHIC

• Anomalous power behavior at fixed xT 

• Protons more likely to come from direct 
subprocess than pions 

• protons not from jets!  No same-side hadrons 

• Protons less absorbed than pions in “central” 
nuclear collisions because of color transparency 

• Predicts increasing proton to pion ratio in 
“central” collisions 

• Exclusive-inclusive connection at xT = 1

EIC:  Resolve complex physics signals at hadron and ion colliders



dσ
dt (γd! Δ++Δ�)' dσ

dt (γd! pn) at high Q2

dσ
dt (γd! Δ++Δ�)' dσ

dt (γd! pn) at high Q2

Lepage, Ji, sjb• Deuteron six-quark wavefunction:

•  5 color-singlet combinations of six color-triplets -- 

• Only one of the five states  is |n  p>

• Components evolve towards equality at short distances

• Hidden color states dominate deuteron form factor and 
photodisintegration at high momentum transfer

• Dominates x > 1 domain of deep inelastic scattering on 
nuclei:  quark carries momentum of more than one nucleus!

Hidden Color in QCD



Deuteron Photodisintegration 

PQCD and AdS/CFT:

sntot�2dσdt (A+B!C+D) =
FA+B!C+D(θCM)

s11dσdt (γd! np) = F(θCM)

ntot�2=
(1 + 6 + 3+ 3 ) - 2 = 11

Reflects conformal invariance  



General remarks about orbital angular mo-
mentum
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xi = k+
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d lnQ2 < 0
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deuteron

Nuclear Physics: 
Two color-singlet combinations of three 3C

n

p

⇤d(xi,�k⇧i) = ⇤body
d ⇥ ⇤n ⇥ ⇤p

Antiquark interacts with target nucleus at
energy ŝ ⌅ 1

xbj

Regge contribution: ⇥q̄N ⇤ ŝ�R�1 gives F2N ⇤
x1��R

Nonsinglet Kuti-Weissko� F2p � F2n ⌅
⌃

xbj
at small xbj.

Shadowing of ⇥q̄M produces shadowing of
nuclear structure function.

Weak binding:



General remarks about orbital angular mo-
mentum
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deuteron

5 X 5  Matrix Evolution Equation  for deuteron 
distribution amplitude

General remarks about orbital angular mo-
mentum
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pQCD Evolution of 5 color-singlet Fock states 
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    Hidden Color in QCD

• Deuteron six-quark wavefunction 

•  5 color-singlet combinations of 6 color-triplets --      only 
one state  is  | n  p> 

• Components evolve towards equality at short distances 

• Hidden color states dominate deuteron form factor and 
photodisintegration at high momentum transfer 

• Expense Dominance at x > 1 

• Predict 

dσ
dt (γd! Δ++Δ�)' dσ

dt (γd! pn) at high Q2

dσ
dt (γd! Δ++Δ�)' dσ

dt (γd! pn) at high Q2

Lepage, Ji, sjb

Study the Deuteron as a QCD Object



Asymptotic Solution has Expansion

Deuteron six-quark state has five color-singlet 
configurations, only one of which is n-p.

ERBL Evolution: Transition to Delta-Delta

Hidden Color of Deuteron

Lepage, Ji, sjb
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QCD Prediction for Deuteron Form Factor 

Define “Reduced” Form Factor

Same large momentum transfer 
behavior as pion form factor

Lepage, Ji, sjb
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Shadowing of ⇤q̄M produces shadowing of
nuclear structure function.

�

R =
d⇤
dt (�d⇥�++���)

d⇤
dt (�d⇥pn)

should be an increasing function of t.

At small t one can generate �++�� from
np by final-state ⇥+ exchange. However, the

Compare

dp ⇤�++��+ p

dp ⇤ p n + p

at high t.

Use deuteron beam

⌅ ⌅

• Measure Elastic Proton-Proton Scattering

Compare

dp ⇤�++��+ p

dp ⇤ p n + p

at high t.

Use deuteron beam

⌅ ⌅

• Measure Elastic Proton-Proton Scattering

Test QCD scaling in hard exclusive nuclear
amplitudes

Manifestations of Hidden Color in Deuteron
Wavefunction

pp� d�+

pd� pd

pp� �c(cud)D0(cu)p

p

⇥(pp� cX)

Total open charm cross section at threshold

⇥(pp� cX) ⇥ 1µb

needed to explain Krisch ANN

Compare with strangeness channels

pp� �(sud)K+(su)p

Compare

dp ⇤�++��+ p

dp ⇤ p n + p

at high t.

Use deuteron beam

⌅ ⌅

• Measure Elastic Proton-Proton Scattering

vs.

Ratio predicted to approach 2:5

Compare

dp ⇥�++��+ p

dp ⇥ p n + p

at high t.

Use deuteron beam

⇤ ⇤

Test of Hidden Color in Deuteron Photodisintegration

Test QCD scaling in hard exclusive nuclear
amplitudes

Manifestations of Hidden Color in Deuteron
Wavefunction

pp� d�+

pd� pd

Shadowing of ⇤q̄M produces shadowing of
nuclear structure function.

�

R =
d⇤
dt (�d⇥�++���)

d⇤
dt (�d⇥pn)

should be an increasing function of t.

At small t one can generate �++�� from
np by final-state ⇥+ exchange. However, the

Shadowing of ⇤q̄M produces shadowing of
nuclear structure function.

�

R =
d⇤
dt (�d⇥�++���)

d⇤
dt (�d⇥pn)

should be an increasing function of t.

At small t one can generate �++�� from
np by final-state ⇥+ exchange. However, the

Ratio should grow with transverse momentum as the hidden color 
component of the deuteron  grows in strength. 

Possible contribution from pion charge exchange at small t.



|p,Sz>= ∑
n=3

ψn(xi, ~k?i,λi)|n;k?i,λi>|p,Sz>= ∑
n=3

Ψn(xi,~k?i,λi)|n;~k?i,λi>

|p,Sz>= ∑
n=3

Ψn(xi,~k?i,λi)|n;~k?i,λi>

The Light Front Fock State Wavefunctions

Ψn(xi,~k?i,λi)

are boost invariant; they are independent of the hadron’s energy
and momentum Pµ.
The light-cone momentum fraction

xi =
k+
i
p+ =

k0i + kzi
P0+Pz

are boost invariant.
n

∑
i
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i = P+,

n

∑
i
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sum over states with n=3, 4, ...constituents

Fixed LF time
Intrinsic heavy quarks    s̄(x) ⇤= s(x)

⇥M(x, Q0) ⇥
�

x(1� x)

⇤M(x, k2
⌅)

µR

µR = Q

µF = µR

Q/2 < µR < 2Q

ep⇥ e�+n

P�/p ⇤ 30%

Violation of Gottfried sum rule

ū(x) ⌅= d̄(x)

Does not produce (C = �) J/⇥,�

Produces (C = �) J/⇥,�

Same IC mechanism explains A2/3

s(x), c(x), b(x) at high x !
Hidden Color

s

HQCD
LF |�h >= M2

h|�h >



n E866/NuSea (Drell-Yan)

Intrinsic sea quarks

d̄(x) �= ū(x)

Interactions of quarks at same
rapidity in 5-quark Fock state



Do heavy quarks exist in the proton at high x?

Conventional wisdom:
gluon splitting

Heavy quarks generated only at low x 
via DGLAP evolution 
from gluon splitting

Conventional wisdom is wrong even in QED!

s(x, µ2
F ) = c(x, µ2

F ) = b(x, µ2
F ) ⌘ 0

at starting scale Q2
0 = µ2

F

Maximally off-shell  -  requires low x, high W2 

g Q

Q



p p

Probability (QED) � 1
M4

�

Probability (QCD) � 1
M2

Q

Proton Self Energy from g g to gg  scattering   
QCD predicts Intrinsic Heavy Quarks!

Collins, Ellis, Gunion, Mueller, sjb 
M. Polyakov, et al. 

 

xQ � (m2
Q + k2

�)1/2

Q

Q

G3
µ⌫

M2
Q

F 4
µ⌫

M2
`



p p

Probability (QED) � 1
M4

�

Probability (QCD) � 1
M2

Q

Proton 5-quark Fock State : 
Intrinsic Heavy Quarks

Collins, Ellis, Gunion, Mueller, sjb 
M. Polyakov 

 

Fixed LF time

xQ � (m2
Q + k2

�)1/2

Q

Q

QCD predicts  
Intrinsic Heavy 

Quarks at high x!

Minimal off-shellness
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QCD

M2
Q
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M2
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Q

Q̄
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Q
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b⌅ = O(1/MQ)

Hoyer, Peterson, Sakai, sjb
Intrinsic Heavy-Quark Fock 

States
• Rigorous prediction of QCD, OPE 

• Color-Octet Color-Octet Fock State  

• Probability 

• Large Effect at high x 

• Greatly increases kinematics of colliders  such as 
Higgs production (Kopeliovich, Schmidt, Soffer, sjb) 

• Underestimated in conventional parameterizations 
of heavy quark distributions (Pumplin, Tung) 

�104



J. J. Aubert et al. [European Muon Collaboration], “Pro-
duction Of Charmed Particles In 250-Gev Mu+ - Iron In-
teractions,” Nucl. Phys. B 213, 31 (1983).

First Evidence for Intrinsic Charm

Measurement of Charm Structure  
Function! 

DGLAP / Photon-Gluon Fusion: factor of 30 too small

factor of 30 !

Two Components (separate evolution):

c(x,Q2) = c(x, Q2)extrinsic + c(x, Q2)intrinsic

gluon splitting 
(DGLAP)

Hoyer, Peterson, Sakai, sjb



Ratio insensitive 
to gluon PDF, 

scales

�⇥(p̄p� �cX)
�⇥(p̄p� �bX)

Signal for significant 
IC  

at x > 0.1 

Measurement of !þ bþ X and !þ cþ X Production Cross Sections
in p !p Collisions at

ffiffiffi
s

p ¼ 1:96 TeV
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S. Jabeen,62 M. Jaffré,16 S. Jain,75 K. Jakobs,23 C. Jarvis,61 R. Jesik,43 K. Johns,45 C. Johnson,70 M. Johnson,50

D. Johnston,67 A. Jonckheere,50 P. Jonsson,43 A. Juste,50 E. Kajfasz,15 D. Karmanov,38 P. A. Kasper,50 I. Katsanos,70

V. Kaushik,78 R. Kehoe,79 S. Kermiche,15 N. Khalatyan,50 A. Khanov,76 A. Kharchilava,69 Y. N. Kharzheev,36

D. Khatidze,70 T. J. Kim,31 M.H. Kirby,53 M. Kirsch,21 B. Klima,50 J.M. Kohli,27 J.-P. Konrath,23 A. V. Kozelov,39
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Data/Theory

p̄p! �cX

p̄p! �bX

Consistent with EMC measurement of charm structure 
function at high x



Barger, Halzen, Keung

Evidence for charm at large x

intrinsic charm



• EMC data: c(x, Q2) > 30�DGLAP
Q2 = 75 GeV2, x = 0.42

• High xF pp⇤ J/�X

• High xF pp⇤ J/�J/�X

• High xF pp⇤ �cX

• High xF pp⇤ �bX

• High xF pp⇤ ⇥(ccd)X (SELEX)

Critical Measurements at threshold for JLab, PANDA
Interesting spin, charge asymmetry, threshold, spectator effects

Important corrections to B decays; Quarkonium decays

Gardner, Karliner, sjb



Leading Hadron Production from 
Intrinsic Charm

Coalescence of Comoving Charm and Valence Quarks
Produce J/ψ, Λc and other Charm Hadrons at High xF

PX X

Spectator counting rules 
dN

dxF
/ (1� xF )2nspect�1



⇤c(cud)

(1� xF )p, p = ns � 1

p(uudcc̄)
ns = 2

Phase space alone 
gives minimum power 

p=1

Maximum fraction  
of projectile momentum  

carried by charm quarks!

SELEX



P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

CF
p

⇤cd
c

c̄
u

u

Coalescence of comovers produces |F >= |⇤cD̄ > Final State

D̄

Light-Front Wavefunctions and Heavy-Quark Electroproduction

�⇤(q)

``0

Threshold Production at JLab!

Intrinsic Charm

Charm Produced in Target-Rapidity Domain



CF
p

~q?q+ = 0

q2
? = Q2 = �q2

d

u

u

Coalescence of comovers produces |F >= |⇤bB̄ > Final State

⇤b

B̄

b
b̄

Light-Front Wavefunctions and Heavy Quark Hadroproduction



c

b̄

b

Evidence for Intrinsic Bottom!
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Nuclear modification of parton level structure & dynamics

Modification of parton momentum 
distributions of nucleons embedded in nuclei
• shadowing – depletion of low-momentum 
partons (gluons)
• coherence & dynamical shadowing 
• gluon saturation – e.g. color glass condensate, 
a specific/fundamental model of gluon 
saturation which gives shadowing in nuclei

800 GeV p-A (FNAL)   !A = !p*A"

PRL 84, 3256 (2000); PRL 72, 2542 (1994)

open charm: no A-dep

at mid-rapidity

= x
1
-x

2

Q = 2 GeV
5 GeV

10 GeV

Gluon shadowing

Gerland, Frankfurt, Strikman,

Stocker & Greiner (hep-ph/9812322)

Nuclear effects on parton “dynamics”
• energy loss of partons as they propagate 
through nuclei
• and (associated?) multiple scattering 
effects (Cronin effect)
• absorption of J/! on nucleons or co-
movers; compared to no-absorption for 
open charm production

Remarkably Strong Nuclear 
Dependence for Fast Charmonium

M. Leitch

 Violation of factorization in charm hadroproduction. 
P. Hoyer, M. Vanttinen (Helsinki U.) ,  U. Sukhatme (Illinois U., Chicago) . HU-TFT-90-14, May 1990. 7pp.  

 Published in Phys.Lett.B246:217-220,1990

Violation of PQCD Factorization!

d⇥
dxF

(pA� J/⇤X)

d⇥
dxF

(�A� J/⇤X)

xF

A2/3 component

A1 component

Fits conventional PQCD subprocesses

IC Explains large excess of quarkonia at large xF,  A-dependence



Scattering on front-face nucleon produces color-singlet     paircc̄

u

Octet-Octet IC Fock State

Color-Opaque IC Fock state 
interacts on nuclear front surface  

d⇤
dxF

(pA ⇤ J/⌅X) = A2/3 � d⇤
dxF

(pN ⇤ J/⌅X)

fb

⇥q ⇤ �⇥q

�⇥

⇥

p

↵

J/�

p

c

c̄

No absorption of  
small color-singlet

g

Kopeliovich, 
Schmidt, Soffer, sjb

A



Goldhaber, Soffer, Kopeliovich, 
Schmidt, sjb

Intrinsic Charm Mechanism for Inclusive  
High-XF Higgs Production

H

Higgs can have 80% of Proton Momentum!

Also: intrinsic bottom, top

pp� HXp

p

c
c̄

g

New search strategy for Higgs
AFTER: Higgs production at threshold!



Figure 3: The cross section of inclusive Higgs production in fb, coming

from the nonperturbative intrinsic bottom distribution, at both LHC

(
√

s = 14 TeV, solid curve) and Tevatron (
√

s = 2 TeV, dashed curve)

energies.

that the cross section for inclusive Higgs production from intrinsic bottom is much

higher than the one coming from intrinsic charm. Although it is true that the Higgs-

quark coupling, proportional to mQ, cancels in the cross section with PIQ ∝ 1/m2
Q,

the matrix element between IQ and Higgs wave functions has an additional mQ factor.

This is because the Higgs wave function is very narrow and the overlap of the two

wave functions results in ΨQQ(0) ∝ mQ. Thus, the cross section rises as m2
Q, as we

see in the results.

We can compare our predictions for inclusive Higgs production coming from

IB with our previous ansatz for the Higgs production gluon-gluon fusion process

xdN/dx = 6(1 − x)5. At the maximum (xF = 0.9) of the IB curve we get a value of

roughly 50 fb, while there gluon-gluon gives 0.067 fb. Thus this high-xF region is the

ideal place to look for Higgs production coming from intrinsic heavy quarks.

We obtain essentially the same curves for Tevatron energies (
√

s = 2 TeV) , al-

though the rates are reduced by a factor of approximately 3.

We also show in Fig.4 the results for Higgs production coming from the perturba-

tive charm distribution. The magnitude of the production cross section is considerably

12

⌅ = t + z/c

d⇤
dxF

(pp ⇥ HX)[fb]

fb

⇥q ⇥ ��q

��

⇥

p
Goldhaber, Kopeliovich, Schmidt, 

Soffer, sjb

LHC :
�

s = 14TeV

Tevatron :
�

s = 2TeV

Need High xF Acceptance
Most practical: Higgs to  2 or 4 muons 



Some Key QCD Issues in Electroproduction

• Intrinsic Heavy Quarks at high x;  

• Role of Color Confinement in DIS 

• Hadronization at the Amplitude Level 

• Leading-Twist Lensing: Sivers Effect 

• Diffractive DIS 

• Static versus Dynamic Structure Functions 

• Origin of Shadowing and Anti-Shadowing 

• Is Anti-Shadowing Non-Universal: Flavor Specific? 

• Nuclear Correlations and Effects 

s(x) 6= s̄(x)



Open Charm Production at Threshold!

p

�⇤

⇤c

c̄

c
u

d

u

D0

�⇤p! D
0(c̄u)⇤c(cud)

c and u quark interchange 

JLab 12 GeV: A Charm Factory!



threshold in σ/v, where it is expected to dominate (here
v = 1/16π(s − m2

p)
2 is the usual phase space factor). It

produces the ηcp, χcp and other C even resonances, but
also J/ψ.

For elastic charm production (when the proton target
remains bound), it is also necessary to take into account
the recombination of the three valence quarks into the
proton via its form factor, as well as the coupling of the
photon to the cc pair. For two gluon exchange the cross
section of the γp → J/ψp takes the form:

dσ

dt
= N2gv

(1 − x)2

R2M2
F 2

2g(t)(s − m2
p)

2 (3)

while for three gluon exchange it takes the form:

dσ

dt
= N3gv

(1 − x)0

R4M4
F 2

3g(t)(s − m2
p)

2 (4)

where F2g(t) and F3g(t) are proton form factors that take
into account the fact that the three target quarks recom-
bine into the final proton after the emission of two or
three gluons. While they are analogous to the proton
elastic form factor F1(t), they are not known. In the
numerical applications, we have parameterized them as
F 2 = exp(1.13t), according to the experimental t de-
pendency of the cross section [11]. The (s − m2

p)
2 term

comes from the coupling of the incoming photon to the
cc pair and the spin-1 nature of gluon exchange (see,
for instance, Ref. [12]). It compensates the same term
in the phase space v. The normalization coefficient N
is determined assuming that each channel saturates the
experimental cross section measured at SLAC [13] and
Cornell [11] around Eγ = 12 GeV.
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FIG. 3. Variation of the J/ψ photoproduction cross sec-
tion near threshold. Solid line: two gluon exchange (Eqs. 3).
Dashed line: three gluon exchange (Eq. 4).

Notice that expressions (3) and (4) are valid in a lim-
ited energy range near threshold, where x ∼ 1. To be

more specific, x = 0.82 at Elab
γ = 10 GeV and x = 0.69

at Elab
γ = 12 GeV. So we expect that our model still

makes sense up to the lowest energy range where exper-
imental data exist. At higher energies one has to rely on
the variation of the gluon distribution in the vicinity of
x ∼ 0 to reproduce the steep rise of charm photoproduc-
tion [16,17] above Elab

γ ≈ 100 GeV (x ≤ 0.082).
As shown in Fig. 3, the threshold dependence of our

conjectured cross sections (3) and (4) is consistent with
the scarce existing data [11,13]. Indeed, there is also
evidence [14] that the energy dependence of the J/ψ
elastic photoproduction cross section at forward angles
is roughly flat up to Eγ ≈ 12 GeV, in contrast to the
steep variation observed at higher energies. More accu-
rate measurements of the J/ψ elastic photoproduction
cross section up to about 20 GeV are clearly needed.

The existence of five-quark resonances near threshold
in the γp → pcc̄ process [15] would modify our picture.
However, the qualitative features of the two- and three-
gluon-exchange cross sections (which differ by orders of
magnitude near threshold) should remain valid.

On few body targets, each exchanged gluon may cou-
ple to a colored quark cluster and reveal the hidden-color
part of the nuclear wave function, a domain of short-
range nuclear physics where nucleons lose their identity.
The existence of such hidden-color configurations is pre-
dicted by QCD evolution equations [3]. It is striking that
in γd → J/ψpn, (Fig. 4), the |B8B8 > hidden-color state
of the deuteron couples so naturally via two gluons to
the J/ψpn final state [18], since the coupling of a single
gluon to a three-quark cluster turns it from a color octet
to a singlet.

γ ψ

FIG. 4. The simplest diagram which reveals a hid-
den-color state in deuterium [18].

When the nucleon is embedded in a nuclear medium,
two mechanisms govern the photo- and electroproduc-
tion of J/ψ mesons. The first, the quasi-free production
mechanism, contributes the following cross section to the
γd → J/ψpn reaction, when integrated over the angles
of the spectator neutron [19]:

dσ

dtd | n⃗ |
=

dσ

dt

∣

∣

∣

∣

γp→J/ψp

4πn⃗2ρ(| n⃗ |) (5)

∫

ρ(| n⃗ |)dn⃗ = 1 (6)

SLAC

Cornell

two factors: a heavy quark loop diagram connecting the
photons to the exchanged gluons, times the gauge invari-
ant matrix element of a product of gluon field strengths
< p|Gn

µν |p >. Because of the non-Abelian coupling, a sin-
gle field strength can correspond to one or two exchanged
gluons. For heavy quark masses, m2

Q ≫ Λ2
QCD the heavy

quark loop contracts to an effective local operator, so that
the field strengths in the matrix element are all evaluated
at the same local point. The minimal gluon exchange
contribution (n = 2) gives the leading twist photon-
gluon fusion contribution. Since < p|Gn|p > scales as

(Λ2
QCD)

n−1
, each extra gluon field strength connecting

to the heavy quark loop must give a factor of (1/m2
Q).

(Higher derivatives in the matrix element are further sup-
pressed.) Thus one pays a penalty of a factor (Λ2/m2

Q) as
the number of exchanged gluon fields is increased. How-
ever, as we shall see, the suppression from the multiple
gluon exchange contributions are systematically compen-
sated by fewer powers of energy threshold factors, so that
at threshold multi-gluon contributions will dominate. A
similar effective field theory operator analysis has been
used [4] to estimate the momentum fraction carried by
intrinsic heavy quarks in the proton [5,6].

In this paper, we will use reasonable conjectures for
the short distance behavior of hadronic matter inferred
from properties of perturbative QCD and effective heavy
quark field theory to estimate the behavior of the reaction
cross section.

The effective proton radius in charm photoproduction
near threshold can be determined from the following ar-
gument [7,8]. As indicated in Fig. 2a, most of the pro-
ton momentum may first be transferred to one (valence)
quark, followed by a hard subprocess γq → ccq. If the
photon energy is Eγ = ζEth

γ , where Eth
γ is the energy

at kinematic threshold (ζ ≥ 1), the valence quark must
carry a fraction x = 1/ζ of the proton (light-cone) mo-
mentum. The lifetime of such a Fock state (in the light-
cone or infinite momentum frame) is τ = 1/∆E, where

∆E =
1

2p

[

m2
p −

∑

i

p2
i⊥ + m2

i

xi

]

≃
Λ2

QCD

2p(1 − x)
(1)

For x = 1/ζ close to unity such a short lived fluctuation
can be created (as indicated in Fig. 2a) through momen-
tum transfers from valence states (where the momentum
is divided evenly) having commensurate lifetimes τ and
transverse extension

r2
⊥ ≃

1

p2
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≃
ζ − 1

Λ2
QCD

(2)

This effective proton size thus decreases towards thresh-
old (ζ → 1), reaching r2

⊥ ≃ 1/m2
c at threshold (ζ − 1 ≃

Λ2
QCD/m2

c).
As the lifetimes of the contributing Fock states ap-

proach the time scale of the cc creation process, the time

ordering of the gluon exchanges implied by Fig. 2a ceases
to dominate higher-twist contributions such as that of
Fig. 2b [8]. There are in fact reasons to expect that the
latter diagrams give a dominant contribution to charmo-
nium production near threshold. First, there are many
more such diagrams. Second, they allow the final state
proton to have a small transverse momentum (the glu-
ons need p⊥ ≃ mc to couple effectively to the cc pair, yet
the overall transfer can still be small in Fig. 2b). Third,
with several gluons coupling to the charm quark pair its
quantum numbers can match those of a given charmo-
nium state without extra gluon emission.
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FIG. 2. Two mechanisms for transferring most of the
proton momentum to the charm quark pair in γp → ccp near
threshold. The leading twist contribution (a) dominates at
high energies, but becomes comparable to the higher-twist
contribution (b) close to threshold.

The above discussion is generic, and does not indicate
how close to threshold the new effects actually manifest
themselves. While this question can only be settled by
experiment, we rely on a simple model to get an estimate
of the cross section.

Near-threshold charm production probes the x ≃ 1
configuration in the target, the spectator partons car-
rying a vanishing fraction x ≃ 0 of the target momen-
tum. This implies that the production rate behaves near
x → 1 as (1 − x)2ns where ns is the number of specta-
tors [9]. Perturbative QCD predicts three different glu-
onic components of the photoproduction cross-section:
i) The leading twist (1 − x)4 distribution for the process
γq → ccq, which leaves two quarks spectators (Fig. 2a);
ii) Scattering on two quarks in the proton with a net

distribution (1−x)2

R2M2 , γqq → ccqq, leaving one quark spec-
tator; iii) Scattering on three quark cluster (Fig. 2b) in

the proton with a net distribution (1−x)0

R4M4 , γqqq → ccqqq,
leaving no quark spectators. There is some arbitrariness
in the definition of x close to threshold. We shall use
x = (2mpM + M2)/(s − m2

p), where s = E2
CM and M

is the mass of the cc pair, which has the property x = 1
at threshold. The relative weight of scattering from mul-
tiple quarks is given by the probability 1/R2M2 that a
quark in the proton of radius R ≃ 1 fm is found within
a transverse distance 1/M (see Ref. [10]).

The two-gluon exchange contribution produces odd
C quarkonium γgg → J/ψ, thus permitting exclusive
γp → J/ψp production. The photon three-gluon cou-
pling γggg → cc produces a roughly constant term at

Dominant near 
threshold

Leading twist 
contribution

 Chudakov, Hoyer, Laget, sjb�p⇥ J/ p

�d⇥ J/ np

q�(x)
q+(x)

1
(1�x)2 log2(1�x)

�u(x)
u(x)

�d(x)
d(x)

d�(x)
d+(x)

Phase space factor β cancelled by gluonic final-state interactions 

Sommerfeld-Schwinger-Sakharov Effect

cross section:  1 nb



Charmonium Production at Threshold

J/ c
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Form proton-charmonium bound state! |uudcc̄ >
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Charmonium Production on Nuclei at Threshold

J/ c

c̄

Form “nuclear-bound” charmonium bound-states!

p

Van der Waals  
attractive potential
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JLab 12 GeV: An Exotic Charm Factory!

�⇤p! J/ + p threshold
at
p

s ' 4 GeV, E�⇤

lab ' 7.5 GeV.

�⇤d! J/ + d threshold
at
p

s ' 5 GeV, E�⇤

lab ' 6 GeV.

Produce [J/ + p] bound state
|uudcc̄ >

Produce [J/ + d] nuclear-bound quarkonium state

|uuddducc̄ > octoquark!

pentaquark

�⇤p! X(3872) + p0

tetraquark|cc̄qq̄ >



Tetraquark Production at Threshold
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Diquark-Diquark 
vs Molecular State?

New approach 
to hadronic decays

Lebed, Hwang, sjbDominance of Ψ’ vs J/Ψ decays 



P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3
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Light-Front Wavefunctions and Heavy-Quark Electroproduction
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Coalescence of comovers at threshold produces
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Produce Charged Tetraquarks at JLab!
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Open Charm Production at Threshold

n�⇤

⇤c

c̄

c
u

d

u

d

Create pentaquark on deuteron at low relative velocity
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Open Charm Production at Threshold
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Possible charmed B= 2 nucleus 

Nuclear binding at low relative velocity



JLab 12 GeV: An Exotic Charm Factory!

• Charm quarks at high x -- allows charm states 
to be produced with minimal energy

• Charm produced at  low velocities in the target 
-- the target rapidity domain 

• Charm at threshold -- maximal domain for 
producing exotic states containing charm quarks

• Attractive QCD Van der Waals interaction -- 
“nuclear-bound quarkonium”                         
Miller, sjb; de Teramond,sjb

• Dramatic Spin Correlations in the threshold 
Domain   

• Strong SSS Threshold Enhancement

xF ⇠ �1

�L vs. �T , ANN



Odderon  has never been observed!

p
p0

�⇤(q) ⇡0, ⌘, ⌘c, ⌘b

Look for Charge Asymmetries from Odderon-Pomeron 
Interference

Merino, Rathsman, 
sjb



Odderon-Pomeron Interference leads to  K+ K- , D+ D-  and  B+ B- 

charge and angular asymmetries
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Strong enhancement at heavy-quark pair 
threshold from QCD Sakharov-
Schwinger-Sommerfeld effect

Odderon at amplitude level
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Merino, Rathsman, 
sjb

Hoang, Kuhn,  
sjb
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Two(parBcle(correlaBons:(CMS(results(

�Discovery� 

!  Ridge: Distinct long range correlation in η collimated around ΔΦ≈ 0 
                  for two hadrons in the intermediate 1 < pT, qT < 3 GeV   

Raju Venugopalan

Ridge in high-multiplicity p p collisions

-
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Ridge may reflect collision of aligned flux tubes

Bjorken, Goldhaber, sjb
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q

p�⇤(q2)

Electron-Ion Collider: 
Virtual Photon-Ion Collider

e

e’

variable space-like photon virtuality, 
various primary flavors

proton or 
ions

p

q q plane aligned with lepton scattering plane ~ cos2φ 

Perspective from the e-p collider frame

ŝ = x� ⇥ xp s

Front-surface dynamics: shadowing/antishadowing

 �⇤(x, k?,�)

 p,A(x, k?,�)

S. Glazek, P. Kubiczek, sjb  
(in progress)



p�⇤(q2)

e

e’

p

c c acts as a ‘drill’

x

1-x

b?

High Q2 virtual photon at an EIC acts as a precision, small bore,  
linearly oriented, flavor-dependent probe acting on a proton or nuclear target.  

Study final-state hadron multiplicity distributions, ridges, 
nuclear dependence, etc.
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EIC: Virtual Weak Boson-Proton Collider

e

νe

variable W* virtuality, 
variable flavors

proton or ions

pW*
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DARK ENERGY AND
THE COSMOLOGICAL CONSTANT PARADOX

A. ZEE

Department of Physics, University of California, Santa Barbara, CA 93106, USA
Kavil Institute for Theoretical Physics, University of California,

Santa Barbara, CA 93106, USA
zee@kitp.ucsb.edu

I give a brief and idiosyncratic overview of the cosmological constant paradox.

1.

Gravity knows about everything, whatever its origin, luminous or dark, even the
energy contained in fluctuating quantum fields.

As is well known, this leads us to one of the gravest puzzles of theoretical
physics. Consider the Feynman diagram with the graviton coupling to a matter
field (for example an electron field) loop. If we claim to understand the physics
of the electron field up to an energy scale of M, then the graviton sees an energy
density given schematically by Λ ∼ M 4 + M2m2

elog( M
me

) + m4
elog( M

me
) + · · · . Just

about any reasonable choice of M leads to a humongous energy density!!! In fact,
even if the first two terms were to be mysteriously deleted, there is still an energy
density of order m4

e, that is, an energy density corresponding to one electron mass
in a volume the size of the Compton wavelength of the electron, filling all of space,
which is clearly unacceptable.

Apparently, this disastrous prediction of quantum field theory has nothing to
do with quantum gravity. Indeed, the quantum field theory we need for the matter
field is merely free field theory: we are just adding up zero point energy of harmonic
oscillators.

The cosmological constant paradox may be summarized as follows. In some
suitable units, the cosmological constant was expected to have the value ∼ 10123.
This was so huge that it was decreed to be equal to = 0 identically, while the
measured value turned out to be ∼ 1. I have argued elsewhere that the proton
decay rate might offer an instructive lesson here.

I am presuming that the observed dark energy is the fabled cosmological con-
stant. The evidence seems increasingly to favor this simplest of hypotheses. Even
if this were not the case, much of the paradox still remains.

I define Λ by writing the Einstein-Hilbert action as
∫

d4x
√

g( 1
GR+Λ). It is useful

1336

“One of the gravest puzzles of 
theoretical physics”

Elements of the solution: 
(A) Light-Front Quantization: causal, frame-independent vacuum 

(B) New understanding of QCD “Condensates” 
(C) Higgs Light-Front Zero Mode 

Extraordinary conflict between the conventional definition of the vacuum in 
quantum field theory and cosmology



�137

In view of the recent cosmological observationsIn view of the recent cosmological observations
supporting dark energy and inflationsupporting dark energy and inflation

it is fair to say that we do not really know what is it is fair to say that we do not really know what is 
““fundamental physicsfundamental physics””

“ Most embarrassing observation in physics – that’s the 
only quick thing I can say about dark energy that’s also 
true.” -- Edward Witten:KDW�LV�VR�HPEDUUDVVLQJ�DERXW�LW":KDW�LV�VR�HPEDUUDVVLQJ�DERXW�LW"

• Why is the cosmological constant so small, 
in Planck density units ?    

• Why                                            ?
Coincidence problem.

DGGUHVVHG�E\�DGGUHVVHG�E\�DQWKURSLFDQWKURSLF SULQFLSOH��:HLQEHUJ�����SULQFLSOH��:HLQEHUJ�����

Two general problems:Two general problems:



� = t + z/c

We view the universe   
as light reaches us 
along the light-front   
at fixed 

Front Form Vacuum Describes the Empty, Causal Universe 
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Structure of the Vacuum in Light-Front Dynamics

Vaccum in the Front-Form of Dynamics

• P+ =
P

i p
+
i , p+

i > 0: LF vacuum is the state with P+ = 0 and contains no particles: all other

states have P+ > 0 (usual vacuum bubbles are kinematically forbidden in the front form !)

• Frame independent definition of the vacuum within the causal horizon

P 2|0i = 0

(LF vacuum also has zero quantum numbers and P+ = 0)

• LF vacuum is defined at fixed LF time x+ = x0 + x3

over all x� = x0 � x3 and x?, the expanse of space

that can be observed within the speed of light

• Causality is maintained since LF vacuum only

requires information within the causal horizon

• The front form is a natural basis for cosmology:

universe observed along the front of a light wave

Niccolò Cabeo 2014, Ferrara, May 20, 2012
Page 11

Front Form Vacuum Describes the Empty, Causal Universe 



Two Definitions of Vacuum State

Instant Form: Lowest Energy Eigenstate of Instant-Form 
Hamiltonian

Front Form: Lowest Invariant Mass Eigenstate of Light-Front 
Hamiltonian

Frame-independent eigenstate at fixed LF time τ = t+z/c 
within  causal horizon

Eigenstate defined at one time t over all space; 
Acausal! Frame-Dependent

Frame-independent description of the causal physical universe!
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Front-Form Vacuum in QED

• All Light-Front Vacuum Graphs Vanish!   

• Light-Front Vacuum is trivial since all plus momenta are positive 
and conserved.   

• Zero modes (k+=0) in vacuum allowed in some theories with 
massless fermions.    

• Zero contribution to Λ from QED LF Vacuum 

• Instant Form gives zero result if one normal orders.

e+

e�
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Light-Front vacuum can simulate empty universe

• Independent of observer frame 

• Causal 

• Lowest invariant mass state M= 0. 

• Trivial up to k+=0 zero modes-- already normal-ordering 

• Higgs theory consistent with trivial LF vacuum (Srivastava, sjb) 

• QCD and AdS/QCD: “In-hadron” condensates (Maris, Tandy Roberts)  -- 
GMOR satisfied. 

• QED vacuum; no loops 

• Zero cosmological constant from QED, QCD

Shrock, Tandy, Roberts, sjb



Profound Questions for Hadron Physics

• Color Confinement 

• Origin of QCD Mass Scale 

• Spectroscopy:  Tetraquarks, Pentaquarks, Gluonium, Exotic 
States 

• Universal Regge Slopes: n, L,  both Mesons and Baryons 

• Massless Pion: Bound State 

• Dynamics and Spectroscopy 

• QCD Coupling at all Scales 

• QCD Vacuum —Do Condensates Exist?



QCD Principles

• Extended Conformal Invariance:  AdS/QCD 

• Chiral QCD only predicts mass ratios  

• Supersymmetric Features of QCD: Superconformal algebra 

• Unique Confinement Potential, Nonperturbative Running Coupling 

• Physics Independent of Observer Frame:  LF! 

• Physics Independent of Conventions such as MSbar: PMC 

• Zero Cosmological Constant for Causal Frame-Independent LF Vacuum  

•  Leading Twist Factorization-Breaking Corrections from ISI, FSI 

• Nuclear Shadowing and Antishadowing not in nuclear LFWF 

• Nuclear PDFS do not obey sum rules

 ! C



Applications to Collider Physics

• Non-Perturbative Structure Functions 

• Fundamental understanding of angular momentum 

• Higher Fock States: Intrinsic Heavy Quarks 

• Higgs at High xF 

• Hadronization at the Amplitude Level 

• Direct Higher-Twist Processes: Violation of leading twist scaling 

• Collisions of Flux-Tubes: Ridge effect in p-p scattering 

• Multiparton amplitudes: Cluster decomposition, Jz conservation, Parke-Taylor 

• Multi-gluon initiated processes: Novel nuclear effects 

• Non-Universal Anti-shadowing 

• Hadronization from first principles -- at  the Amplitude Level 

• Principle of Maximum Conformality 

• Connection to Pomeron 
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• Quarks and Gluons Off-Shell 

• LFPth:  Minimal Time-Ordering Diagrams-Only positive k+ 

• Jz Conservation at every vertex  

•  Frame-Independent 

• Cluster Decomposition 

• “History”-Numerator structure universal 

• Renormalization- alternate denominators 

• LFWF takes Off-shell to On-shell 

• Tested in QED: g-2 to three loops
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Light-Front Holography  

AdS/QCD 
Soft-Wall  Model 

Conformal Symmetry 
of the action  

U(⇣) = 4⇣2 + 22(L + S � 1)

Exploring QCD, Cambridge, August 20-24, 2007 Page 9

Confinement scale:   

Light-Front Schrödinger Equation

�
� d2

d2�
+ V (�)

⇥
=M2⇥(�)

�
� d2

d�2 + V (�)
⇥
=M2⇥(�)

�2 = x(1� x)b2
⇥.

Jz = Sz
p =

⇤n
i=1 Sz

i +
⇤n�1

i=1 ⌥z
i = 1

2

each Fock State

Jz
p = Sz

q + Sz
g + Lz

q + Lz
g = 1

2

Unique 
Confinement Potential!

de Tèramond, Dosch, Lorcè, sjb

• de Alfaro, Fubini, Furlan: 
Scale can appear in Hamiltonian and EQM 

without affecting conformal invariance of action!

 ' 0.5 GeV

• Fubini, Rabinovici  

e'(z) = e+2z2

Single variable  ζ

[� d2

d⇣2 + 4L2�1
4⇣2 + U(⇣2)] = M2 



Superconformal Algebra
2X2 Hadronic Multiplets
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Figure 1: The supersymmetric quadruplet {�M , B+, B�,�T }. Open circles represent
quarks, full circles antiquarks. The tetraquark has the same mass as its baryon partner in the
multiplet. Notice that the LF angular momentum of the negative-chirality component wave
function of a baryon  B� is one unit higher than that of the positive-chirality (leading-twist)
component  B+.

spinor wavefunction  B+ and  B�, plus two bosonic wave functions, namely the meson

�B and the tetraquark �T . These states can be arranged as a 2⇥ 2 matrix:

 
�M(LM = LB + 1)  B�(LB + 1)

 B+(LB) �T (LT = LB)

!
, (21)

on which the symmetry generators (1) and the Hamiltonian (17) operate 9.

According to this analysis, the lowest-lying light-quark tetraquark is a partner of

the b1(1235) and the nucleon; it has quantum numbers I, J
P = 0, 0+. The partners of

the a2(1320) and the �(1233) have the quantum numbers I = 0, JP = 1+. Candidates

for these states are the f0(980) and a1(1260), respectively.

2.4 Inclusion of quark masses and comparison with experiment

We have argued in [11] that the natural way to include light quark masses in the

hadron mass spectrum is to leave the LF potential unchanged as a first approximation

and add the additional term of the invariant mass �m
2 =

P
n

i=1
m

2
i

xi
to the LF kinetic

energy. The resulting LF wave function is then modified by the factor e
� 1

2��m
2
, thus

providing a relativistically invariant form for the hadronic wave functions. The e↵ect of

the nonzero quark masses for the squared hadron masses is then given by the expectation

value of �m
2 evaluated using the modified wave functions. This prescription leads to

9It is interesting to note that in Ref. [20] mesons, baryons and tetraquarks are also hadronic states
within the same multiplet.
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Meson Baryon

Tetraquark

Proton: quark + scalar diquark |q(qq) >
(Equal weight: L = 0, L = 1)

Baryon

Bosons, Fermions with Equal Mass!
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An analytic first approximation to QCD

• As Simple as Schrödinger Theory in Atomic Physics 

• LF radial variable  ζ conjugate to invariant mass squared 

• Relativistic, Frame-Independent, Color-Confining 

• Unique confining potential! 

• QCD Coupling at all scales: Essential for Gauge Link phenomena 

• Hadron Spectroscopy and Dynamics from one parameter  

• Wave Functions, Form Factors, Hadronic Observables, Constituent 
Counting Rules 

• Insight into QCD Condensates: Zero cosmological constant! 

• Systematically improvable with DLCQ-BLFQ Methods

AdS/QCD + Light-Front Holography 
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uStan Brodsky  

February 25 - March 8, 2019 

with Guy de Tèramond,  Hans Günter Dosch,  and  Alexandre Deur

Frontiers in Nuclear and Hadronic PhysicsGGI School

Novel QCD Features of Hadrons and Nuclei


