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Topics to be discussed !1

Preliminaries : a bit more on QCD and a bit on complex calculus  

Causality and Analyticity.  

Scattering in non-relativistic quantum mechanics. 

Kinematics of relativistic scattering and decays.  

Relativistic partial wave analysis, unitarity, analyticity and resonances. 

General parameterizations: N/D, K-matrix, connection with lattice QCD. 

Physics of high energy collisions. 

Regge limit and the Veneziano amplitude.  

New hadrons observed in particle decays?  

  H.M.Nussenzveig, Causality and Dispersion relations
V.Gribov, Strong Interactions of Hadrons at High Energies
V.Gribov, Theory of Complex Angular Momentum
M.Perl, High Energy Hadron Physics 

IU Online Course, P665, Fall 2019
E-mail Adam Szczepaniak 
if you are interested 
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!2

• Observables are smooth, analytical functions of 
variables. Physics  law, constraints are manifested 
in singularities (poles, branch points)  

• Cauchy theorem is a powerful tool to connect 
observables at different values of variables  

• Physics is on 1st sheet but interesting phenomena 
happen on other sheets connected by analytical 
continuation, eg.  Breit-Wigner formula 



INDIANA UNIVERSITY

Identifying resonances 
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QCD Structure 

Data

• Experimental or lattice signatures 
cross section bumps and dips, energy levels

• Theoretical signatures (complex plane 
singularities: poles, cusps)  

• What is the interpretation 
 (constituent quarks, molecules, …) ?

Theoretical uncertainty 
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Stranger Things (of the Nuclear World) !4

What are the constituents of hadrons, 
(quarks and gluons) ? 

small world (10-15m)  

of fast (v~c) particles  

exerting ~1T forces !!! 

~ = c = 1

[length] = [time] = [energy]-1 
= [momentum]-1

Unit energy = 1GeV
Unit length = 1GeV-1 = 0.197 fm
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Particles vs Fields !5

collective motion  
→ particle

“excitation of the 
aether” → field 

In relativistic quantum mechanics (QFT) 
particles are emergent phenomena

“bare” particles : eigenstates of Hh.o.

H = Hh.o = harmonic oscillators 

(i.e. fields are not physically measurable but their “consequences” are, cf. potential vs electric field density) 
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Bare particles are eigenstates of free Hamiltonian !6

“Bare (free)” particles of QCD: quarks and gluons 

e.g. because of asymptotic freedom 
measured in high energy collisions 

• Gluon ~ 8 copies of a photon  

• Photons do not cary electric charge : they only interact 
the matter (e.g.) electrons that do carry charge 

• Gluons carry charge, i.e. interact with each other and 
with quarks. 
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Particles vs Fields: Hamiltonian vs Lagrangian !7

L(qi, q̇i)H(pi, qi)
Legendre transformation

Easy to interpret  
Hard to calculate  
(particles, states,  
operators, etc. )

“Easy” to calculate  
Hard to interpret  

path integral, 
classical solution 

(solitons), etc.

Q
ua

nt
iz

at
io

n 
Q

uantization 

qi = ⃗A i = ⃗A ( ⃗x i)

H Ψ[Ai] = EΨ[Ai]

Ground state of Ho 
(pure gauge) is 

Gaussian  

⟨q′�i |e−βH |q′�j⟩ → ∫q′ �=q(β,q=q(0)
Dqe−S[q]



inverse distance between 
quarks

eQCD ~ 10 eQED 

“free” quarks

quarks 
bound  

in hadrons
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QED vs QCD !8

• Bare particles are eigenstates of free Hamiltonian. If interactions are weak 
(e.g. QED) the  “bare particle” ~ observed particle = (interacting particles)

HQED  = Hc.h.o. + eV 

|electron> = 

e ~ 0.303

|bare electron>  eV|bare electron>
+ + O(e2) 

• Quarks in hadrons have the effective color 
charge e > 3-4. Therefore there is in 
principle no reason for them to retain their 
identify in presence of strong interactions … 
…but it seems they do 

• Bound states, aka positronuim require all 
orders, but can nevertheless be understood in 
terms of “bare” particles (choosing the “right 
gauge” = degrees of freedom is crucial ) 

QED

QCD
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Quark Model : exploring  flavor !9
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Discovery of quarks e.g. the J/ψ !10

A narrow resonance was discovered in the 1974 November 
revolution of particle physics" in two reactions:

Proton + Be => e+   e-  + anything 
at the BNL J. J. Aubert et al., “Experimental 
observation
 of a heavy particle J," Phys. Rev. Lett. 33, 1404 
(1974).

e+e-  annihilation to hadrons 
in the SPEAR storage ring at Stanford
J. E. Augustin et al., “Discovery of a narrow
 resonance in e+e-annihilation," Phys. Rev. Lett. 33, 1406 (1974).

J/ = cc̄
mass = 3096.87 MeV

� = 87 keV

typical hadronic width = O(100 MeV)
103  longer lifetime !
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Charmonium spectrum !11

is a bound state of c c

J/ψ

J/ψ
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Hunting for Resonances !12

1919 Rutherford discovers the proton

1932 Chadwick discovers the neutron
1940-now hundreds of resonances discovered

1909/1911  Rutherford/Geiger/Marsden discover the nucleus 

K-->π+ π- π-

π : C.F. Powell (1947)
η: A. Pevsner (1961)

ω : L.Alvarez (1961)

φ: P.L.Connolly. Pevsner (1962)

ρ: A.R.Erwin (1961) 

ρ: J. A. Anderson (1960) 

lifetime ~  10-24 s

width ~ lifetime-1 = 150 MeV
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Light mesons !13

Light (u,d,s) Mesons : 
Flavor = 8  + 1 (SUf(3))

Spin S = 1/2 x 1/2  = 0 + 1 (SU(2))

Orbital L = 0,1,2...   (O(3))

Radial n = 0,1,2...   (various)

S,L => J,Parity (+,-), Charge conjugation) 

P = (�1)L+1

C = (�1)L+S

PQ = �PQ̄ C|Qi = |Q̄i

JPC I = 1 I = 0

J−+ πJ ηJ

J−− ρJ ωJ

J+− bJ hJ

J++ aJ fJ

8

⇡ = 0�+ ! L = 0, S = 0, I = 1

⇢2 = 2�� ! L = even = 2, S = 1, I = 1
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quark model !14

|B[8]i = |Flavori8MA
⇥ |Spini8MA

+ |Flavori8MS
⇥ |Spini8MS

better then 10% accuracy !! 

Sz
p =

1

2

Sz
u =

1

2

Sz
d = �1

2

Sz
u =

1

2

fully symmetric wave function (antisymmetric does not work!)
Color makes it into fully antisymmetric to respect Pauli principle 
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quark model !15

J=L+S 
P=(-1) L+1 

C=(-1) L+S 

G=C (-1) I 

(2S+1) L J 

1S0 = 0 -+ 
3S1 = 1-- 

ρ,ω,φ,K* 
π,η,η’,K L=0 

1--  

0-+ 

a2,f2,f’2,K2 
a1,f1,f’1,K1 
a0,f0,f’0,K0 
b1,h1,h’1,K1 

L=1 

2++ 

1++ 

0++ 

1+- 

orbital excitations 

radial excitations 

|JPC , ni !  JPC ,n(rqq̄,mqmq̄, fqfq̄)�cqcq̄

H =
p2
q

2mq
+

p2
q̄

2mq̄
+ VC(rqq̄) + VSS + VLS + VT + VF

S + L = J,  (rqq̄) !  (|rqq̄|)

mu ⇠ md ⇠ 300 GeV mu ⇠ md ⇠ few GeV

constituent quarks bare quarks 
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“Evidence” for Constituent Quarks:Light Quark Hadrons !16

J.Dudek et al.

Spectrum of mesons containing u,d,s quarks from numerical QCD 
simulations (lattice) resembles spectrum of quark models. 

L
S

S

1

2
S = S  + S1 2

J = L + S

C = (-1)L + S

P = (-1)
L + 1
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QCD as a many body theory !17

QCD 

Parameters: g,m 
8 x 4  x 3N  

Aa
µ(x;t) 

3 x 4 x 3N 

ψ=ψi
α(x;t) 

Variables: 
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Plausible scenario !18

The QCD vacuum is not 
empty. Rather it contains 
quantum fluctuations in the 
gluon field at all scales. 
(Image: University of 
Adelaide)

Monopoles have been long 
speculated as candidate 
gluon filed configurations 
responsible for confinement 

HQCD  = Hc.h.o. +   non-linear 

“physical gluons” → mean filed 
AND quasi particles 

“physical quarks” →  
quasi particles in gluon mean filed 

finite energy, localized solutions: 
solitons (monopoles, vortices , ...)

gluon mean 
filed 
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Monopole confining scenario !19

Type-II supper conductor

Dual Type-II supper conductor

condensate of 
electric charges 

electric current screens 
magnetic lines 

condensate of magnetic 
charges 

magnetic current 
screens electric lines 

QED QCD

in “empty vacuum” 
in “magnetic condensate”
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Emergence of constituent quarks !20

Instantaneous potential 
between (color) charges, e.g. 

Coulomb + Linear

Hartree + Fock  (BCS theory)Mean field approximation 

ground state  contains a 
condensate of bare quarks

Interaction with the condensate 
increases energy of a quark added to 

the vacuum 

V = ∫ dxdy |ψ(x) |2 V(x − y) |ψ(y) |2

H0 = ∫ dxm0 |ψ(x) |2H = H0 + V

|ψ (y) |2 → ⟨ |ψ (y) |2 ⟩ = condensate

m0 → m0 + V ×  condensate
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Confinement in QCD !21

In absence of an order parameter we have to 
content with properties of confinement:

r0 = 0.5 fm  

Adiabatic           potential  

e.g. absence of isolated quarks applies 
to both screening and confinement 

λD

condensate (i.e. electrons in metal)

�e2

r
! �e2

r
e�r/�D

•linearly rising potential 
•Regge trajectories 
•Casimir and N-ality scaling 
•string behavior

• absence of isolated quarks

Z

@V

~E · d~S = Q ⇠ e�R/�D
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QCD vacuum and the role of gluons !22

Gluons are responsible for confinement (aka effective 
potential between color charges) and are confined (aka 
contribute to the color charge) 

space

time
⟨A⊥A⊥⟩

long range 
interaction

Coulomb gauge
rAa(x) = 0

short range 
interaction
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Coulomb gauge !23

Coulomb gauge Hamiltonian  

Jacobian (e.g.                  )  
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Example of calculation !24

H = H0 + gV

E = E0 + gE1 + g2E2 + · · ·
H0 is a h.o.

calculate E for QQ in the perturbative QCD ground state 

E(R) =
α

R

[

1 +
α

4π
[12 − 1] log

(

1

ΛR

)]

Debye screening 

real (quasi) particles propagating 
expected to be suppresses 

QCD

<H> enhanced in the 
IR from modes near horizon

E(R) = 

12 comes from 
the Coulomb 

potential

|0i ⇠ exp(�
Z

dxdyA(x)!0(x� y)A(y))

Khriplovich, 1969



INDIANA UNIVERSITY

Confining Potential and the gluon condensate !25

H = Hkin + V

V =

Z
dxdy⇢(x)K[A,x,y]⇢(y)

=|⌦i

K ⇥ � g2

⌅2
=

�

|x� y| =

• Coulomb “Potential”  between external (i.e. 
quark charges) depends on the distribution 
of gluons. 

• In presence of a gluon condensate it 
produces a Confining force been external 
color charge 

long range,  
Confining interaction

+
+ · · ·

+h⌦|

Coulomb string tension 

J.Greensite, et al.

without vortices  

Ω contains condensate of 
monopoles, vortices, …

H = Hkin + V

V + ∫ dxdyρ(xV(x − y)ρ(y)
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How to “measure the potential” !26

P x C = -1

P x C = +1

JPC=1+-

JPC=1--

Energy of the  
gluon field

Q̄

Q

R→0

glue-lump

gluons behave as 
physical particles 

with JPC = 1+-

Potential energy curves 
for the excited valence 
states of Ca2

Technically this is not the 
same as the Coulomb 
potential. Quarks have to 
react on the condensate 
to creat a flux tube or 
gluon chain.
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Quark Model with Gluons : Hybrid States !27

JPC
g = 1+�

Pqq̄ = (�1)L+1

Cqq̄ = (�1)L+S

1+� � 1��SQQ̄=1 =

JPC glue

JPC QQ

_

1+� � 0�+
SQQ̄

= 1��

0�+, 1�+, 2�+

JPC = 1-+ is not a qq state 
_

exotic quantum numbers
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Meson Spectrum on the Lattice !28

new multiplets from lattice 

J.Dudek et al.  JLab 

quark model states

π

ρ

large overlap with
 gluonic operators
includes 1-+ exotic 

0-+ 1-+  2-+  1--

 lowest-mass 
 hybrid multiplet

NEW states
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Light quark exotic candidate !29

M = 1370 ±16−3 0
+5 0  MeV / c2

Γ = 385± 40−105
+65  MeV / c2

π−p→ ηπ−p

π−p→ ηπ0 n No consistent B-W interpretation
possible but a weak ηπ interaction 
exists and can reproduce the exotic wave

π−p→ρ0π−p
M = 1593 ± 8−47

+29  MeV / c2

Γ = 168 ± 20−1 2
+150  MeV / c2

BNL (E852) yes/no
COMPASS yes

E852 result

π
−

p → π
−

2
(1600)p

π
−

2
→ ρ

0
π
−

ρ
0
→ π

−

π
+

π1(1600)nn
_

hybrid
search for  

M = 1597 ±10−1 0
+4 5 MeV / c2

Γ = 340 ± 40−50
+50  MeV / c2π−p→ $ η π−p
Need to be confirmed 
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Beyond the quark model !30
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Quick Summary !31

• QCD vacuum has gluon condensate in the form color monopolies, vortices,… 

• The condensate leads to an effective, confining potential between color charges 

• Light quarks propagating through this medium acquire effective mass 

• Static color charges (i.e. “very heavy” quarks) inserted into the vacuum polarize 
the condensate and change the background gluon distribution 

• For large separation between the charges this leads to formation of a chromo 
electric flux tube (aka dual superconductor) 

• For small separation between charges, the effect of vacuum polarization can be 
described as quasi-particles. 

• Once the have quarks are allowed to move the polarized gluon filed (the quasi-
particle of the flux tube) can result in a new type of hadrons -> hybrid mesons or 
baryons.
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Intermezzo : Complex Calculus  !32

z = a+ bi ! f(z) = Ref(z) + iImf(z)

Elementary functions: you can also think of them as maps of one 
complex plane (z) to another (f(z)):  z→ f(z)

Imf(z)

Ref(z)
Rez

Imz

z ! f(z)

To define a function we can use the algebraic relations e.g

f(z) =
p
z z = f(z)⇥ f(z)is such that 
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Complex functions !33

• Continuity imposes very strong conditions of functions 
(much stronger than in the case of real variables)  

• “Smooth” (analytic)  functions are “boring” all “action” is in 
the singularities (poles, cuts)  

• Singularities determine functions “far away” from location of 
the singularity (e.g. local charge determines electric field )  

• Physical observables are functions of real parameters, 
however physics law can be generalized to complex 
domains and become “smooth”. Any “constraint” results in 
singularities.  
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Complex functions !34

Imf(z)

Ref(z)
Rez

Imz

z ! f(z)

Often the mapping is not “one-to-one” and one needs to be 
careful in defining domains which give a unique value for the 
function, e.g. is

p
�25 = +5I or� 5I ?
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Example !35

z = |z|ei�

� = [0, 2⇡)

p
z ⌘

p
|z|ei

�
2

p
z
p
z =

p
|z|ei

�
2

p
|z|ei

�
2 = |z|ei�

� = [�⇡,⇡)using 

or

gives different results for  
p
z

|z|

�

√z
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√z !36

� = [0, 2⇡)

p
z ⌘

p
|z|ei

�
2

� = [�⇡,⇡)• using 

gives square root that is 
continuous  near the 
positive real axis 

� ⇠ ✏

� ⇠ �✏

p
1 + i✏ ⇠ +1

p
1� i✏ ⇠ +1

• using 

� ⇠ ✏

p
1 + i✏ ⇠ +1

� ⇠ 2⇡ � ✏
p
1� i✏ ⇠ �1

gives square root that is 
discontinuous  near the 
positive real axis 

In both case it has the same value when 
approaching the positive real axis rom above 
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More complicated functions !37

A. z !
p
z2 � 1 p

z2 � 1 =
p
r1r2e

i
�1+�2

2

ϕ1

ϕ2

r2

r1

z

�1 2 [0, 2⇡)�2 2 [�⇡,⇡)

(Imz ! 0�, z > 1) ! �
p

z2 � 1

! �
p
z2 � 1 (Imz ! 0+, z > 1) ! +

p
z2 � 1

! +
p
z2 � 1 ! i

p
1� z2
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or !38

B. z !
p
z2 � 1

p
z2 � 1 =

p
r1r2e

i
�1+�2

2

�1 2 [�⇡,⇡)

�2 2 [�⇡,⇡)

ϕ1ϕ2

z

! +
p
z2 � 1! �

p
z2 � 1

! �i
p
1� z2

! +i
p
1� z2

and use principal branches 

=
p
z � 1

p
z + 1

z � 1
z + 1

r1, r2 = |z � 1|, |z + 1|
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Calculus: differentiation  !39

f(z) is differentiable (holomorphic) if  lim
z!z0

f(z)� f(z0)

z � z0
⌘ f 0(z0)

write z = x + iy and f(z) as f(z) = u(x,y) + i v(x,y). Since the procedure of 
taking the limit in definition of f’(z0) is independent of the path taken in z→z0, 
you can take two independent paths e.g. path 1: x = x0 + ε, y = y0 and path 2:  
x = x0, y = y + ε: Cauchy relations: 

z0

z

z

z

@u

@x
=

@v

@y
,
@u

@y
= �@v

@x

This implies Δu = Δv = 0 
where Δ is 2-dim Laplacian  
u,v : harmonic functions

                                                                                         
exists                                               
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Calculus: integration !40

Z

C
f(z)dz =

Z 1

t=0
f(z(t))

dz

dt
dt = lim

|�zn|!0,N!1

NX

n=1

f(an)�zn

Line integrals: given a curve C in the complex plane parametrized by a real  
number 0≤ t ≤1, t →z(t) = x(t) + iy(t) the integral of f over C is defined by 

Δzn  = zn - zn-1

C

z(1) = zNz(0) = z0

zn-1
znan

note: this is an ordered path 

We can estimate the integral: if |f(z)|≤M > 0 along C then 

|
Z

C
f(z)dz|  Ms where s it the length 

of the path 

Cauchy-Goursat theorem: If f(z) is holomorphic in some region G and C is a closed 
contour (consisting of continuous or discontinuous cycles, double cycles, etc.) then 

I
f(z)dz = 0 (converse is also true) 
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Cauchy formula !41

The Cauchy integral formula: if f(z) holomorphic in G, z0 ∈ G, 
and C a closed curve (cycle), which goes around z0 once in 
positive (counterclockwise) direction, then  

f(z0) =
1

2⇡i

I

C

f(z)dz

z � z0

z0 C

G
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Proof !42

I

C0

f(z)dz

z � z0
= 0

z0 Cε

C’ = Cε + L1 + L2 + R

ε

z0 C L1

L2

R

ε

limε→0 Cε = C
limε→0 L1 = -L2

Z

R

f(z)dz

z � z0
= f(z0)

Z

R

dz

z � z0
+

Z

R

f(z)� f(z0)

z � z0
dz

ε→0:
z � z0 = ✏ei�

�2⇡i O(✏) ! 0

�2⇡if(z0) +

Z

C
= 0

0 =

I

C0
= lim

✏!0

Z

L1

+

Z

L2

+

Z

R
+

Z

C✏

�
= lim

✏!0

Z

R
+

Z

C✏
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Exercise !43

Z

�
dz

Z

�
zndz

Z

�

dz

z

Z

�0

dz

z
Z

�

dz

z2

γ = unit circle

γ’ = unit square

Integrals: 
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Contour deformations !!!!! !44

Z 1

�1
dx

1p
1� x2

= ⇡

Z 1

1

dx

x
p
x2 � 1

=
⇡

2
<latexit sha1_base64="Ujxeh2aHWYu3U2j5EVtnYlXQnvc=">AAACH3icbVDLSgMxFM34rPVVdekmWAQ3lpki6kYounFZwT6g05ZMmmmDmcyY3JGWYf7Ejb/ixoUi4q5/Y9rOQlsPXO7hnHtJ7vEiwTXY9thaWl5ZXVvPbeQ3t7Z3dgt7+3UdxoqyGg1FqJoe0UxwyWrAQbBmpBgJPMEa3sPNxG88MaV5KO9hFLF2QPqS+5wSMFK3cO5yCV2nY5oPI+z6itCkN0yToasfFSTDTvnUSVN8lVluxNOknHYLRbtkT4EXiZORIspQ7Ra+3V5I44BJoIJo3XLsCNoJUcCpYGnejTWLCH0gfdYyVJKA6XYyvS/Fx0bpYT9UpiTgqfp7IyGB1qPAM5MBgYGe9ybif14rBv+ynXAZxcAknT3kxwJDiCdh4R5XjIIYGUKo4uavmA6IyQFMpHkTgjN/8iKpl0uOXXLuzoqV6yyOHDpER+gEOegCVdAtqqIaougZvaJ39GG9WG/Wp/U1G12ysp0D9AfW+AcFBaOO</latexit><latexit sha1_base64="Ujxeh2aHWYu3U2j5EVtnYlXQnvc=">AAACH3icbVDLSgMxFM34rPVVdekmWAQ3lpki6kYounFZwT6g05ZMmmmDmcyY3JGWYf7Ejb/ixoUi4q5/Y9rOQlsPXO7hnHtJ7vEiwTXY9thaWl5ZXVvPbeQ3t7Z3dgt7+3UdxoqyGg1FqJoe0UxwyWrAQbBmpBgJPMEa3sPNxG88MaV5KO9hFLF2QPqS+5wSMFK3cO5yCV2nY5oPI+z6itCkN0yToasfFSTDTvnUSVN8lVluxNOknHYLRbtkT4EXiZORIspQ7Ra+3V5I44BJoIJo3XLsCNoJUcCpYGnejTWLCH0gfdYyVJKA6XYyvS/Fx0bpYT9UpiTgqfp7IyGB1qPAM5MBgYGe9ybif14rBv+ynXAZxcAknT3kxwJDiCdh4R5XjIIYGUKo4uavmA6IyQFMpHkTgjN/8iKpl0uOXXLuzoqV6yyOHDpER+gEOegCVdAtqqIaougZvaJ39GG9WG/Wp/U1G12ysp0D9AfW+AcFBaOO</latexit><latexit sha1_base64="Ujxeh2aHWYu3U2j5EVtnYlXQnvc=">AAACH3icbVDLSgMxFM34rPVVdekmWAQ3lpki6kYounFZwT6g05ZMmmmDmcyY3JGWYf7Ejb/ixoUi4q5/Y9rOQlsPXO7hnHtJ7vEiwTXY9thaWl5ZXVvPbeQ3t7Z3dgt7+3UdxoqyGg1FqJoe0UxwyWrAQbBmpBgJPMEa3sPNxG88MaV5KO9hFLF2QPqS+5wSMFK3cO5yCV2nY5oPI+z6itCkN0yToasfFSTDTvnUSVN8lVluxNOknHYLRbtkT4EXiZORIspQ7Ra+3V5I44BJoIJo3XLsCNoJUcCpYGnejTWLCH0gfdYyVJKA6XYyvS/Fx0bpYT9UpiTgqfp7IyGB1qPAM5MBgYGe9ybif14rBv+ynXAZxcAknT3kxwJDiCdh4R5XjIIYGUKo4uavmA6IyQFMpHkTgjN/8iKpl0uOXXLuzoqV6yyOHDpER+gEOegCVdAtqqIaougZvaJ39GG9WG/Wp/U1G12ysp0D9AfW+AcFBaOO</latexit><latexit sha1_base64="Ujxeh2aHWYu3U2j5EVtnYlXQnvc=">AAACH3icbVDLSgMxFM34rPVVdekmWAQ3lpki6kYounFZwT6g05ZMmmmDmcyY3JGWYf7Ejb/ixoUi4q5/Y9rOQlsPXO7hnHtJ7vEiwTXY9thaWl5ZXVvPbeQ3t7Z3dgt7+3UdxoqyGg1FqJoe0UxwyWrAQbBmpBgJPMEa3sPNxG88MaV5KO9hFLF2QPqS+5wSMFK3cO5yCV2nY5oPI+z6itCkN0yToasfFSTDTvnUSVN8lVluxNOknHYLRbtkT4EXiZORIspQ7Ra+3V5I44BJoIJo3XLsCNoJUcCpYGnejTWLCH0gfdYyVJKA6XYyvS/Fx0bpYT9UpiTgqfp7IyGB1qPAM5MBgYGe9ybif14rBv+ynXAZxcAknT3kxwJDiCdh4R5XjIIYGUKo4uavmA6IyQFMpHkTgjN/8iKpl0uOXXLuzoqV6yyOHDpER+gEOegCVdAtqqIaougZvaJ39GG9WG/Wp/U1G12ysp0D9AfW+AcFBaOO</latexit>
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Analytical continuation !45

For real functions it does not work

x

f(x)

f(x) = �1

f(x) =
1

x2

but for complex functions you can go 
continuously around the z=0 singularity 

and analytically continue from one region 
to another 
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Unique ! !46

Analytical continuation  

Let f1(z) be holomorphic in G1 and f2(z) in G2, G1 and G2 
intersect on an arch A (or domain D), and f1 = f2 on A (or D) 
then f1 and f2 are analytical continuation of each other and  

f(z) =

⇢
f1(z), z 2 G1

f2(z), z 2 G2

is holomorphic in the union of G1 and G2

G1

G2

A
D
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Examples !47

1 + z + z2 + · · · is holomorphic in |z|<1
Z 1

0
e�(1�z)tdt is holomorphic in Re z < 1

�(1 + 1/z + 1/z2 + · · · ) is holomorphic in |z|>1

all these functions represent f(z) = 1/(1-z) in different 
domains, which is holomorphic everywhere except at the 
point  z=1



INDIANA UNIVERSITY

A(s,t) : how to continue from between s and t !48

how analytical continuation 
happens in practice for 
scattering amplitudes

S.Mandelstam 

t

u
s

s-channel

t-channel

u-channel

f(s, t) =
X

n

fn(s)t
n

f(s, t) =
X

n

f 0
n(t)s

n
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Continuation of integrals !49

what are the possibilities for g(s) to be singular? 

g(s) can be singular at s0 ∈ G only if 

1. f(z,s0) in z-plane has a singularity coinciding with the end 
points of the arc C (end-point singularity) 

2. two singularities of f, z1(s) and z2(s), approach the arc C from 
opposite sides and pinch the arc precisely at s=s0. (pinch 
singularity)  

3. a singularity z(s) tents to infinity as s→s0 deforming the 
contour with itself to infinity; one has to change variables to 
bring the point ∞ to the finite plane to see what happens.  

g(s) = ∫C
dz f(z, s)dz
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Example !50

where are the singularities ? 
Re( f(z)) Im( f(z))

Re(z) Re(z) Im(z)
Im(z)

f (z) = ∫
1

−1

dx
x − z

= log(1 − z) − log(−1 − z)

Before analytical continuation the result is on the 1st sheet !
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Analytical continuation takes us to “other” sheets !51

f(z) =

Z 1

�1

dx

x� z
C = [-1,1]

-1 1

z

C

when z approaches x deforming 
C allows to define a function f(z) 
which changes continuously 

C’
-1 1

Re(s)
Im(s)

Q: So on which sheet is physics 
A: All. The 1st sheet is protected by analyticity. Other sheets 
have singularities which have physical interpretation 
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Breit-Wigner Formula (1st sheet)  !52

AI(s) =
1

2 − s + 0.8 1 − s

A(s) =
1

2 − s − 0.8i s − 1

|AI(s) |2

ImI(A(s))

Re(AI(s))

This formula is valid entirely on 
the 1st sheet

• Physics : s real i0 above the real axis  
• Unitarity : cuts the real axis above thresholds. 
• Analytical continuation to 2nd sheet displays 

resonances, etc.  Ims

|BW |2

Res

|AI(s) |2

A(s) =
1

m2 − s − imΓ(s)

There is no peak !!!

Γ(s) = s − sst × rest(s)
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Breit-Wigner Formula !53

A(s) =
1

2 − s − 0.8i s − 1

|BW |2

Res

Ims

|A(s) |2
|A(s) |2

Re(A(s))

Im(A(s))

This formula is valid on the 1st sheet for 
Im(s) > 0 and 2nd sheet for Im(s)<0 
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!54

• Observables are smooth, analytical functions of 
variables. Physics  law, constraints are manifested 
in singularities (poles, branch points)  

• Cauchy theorem is a powerful tool to connect 
observables at different values of variables  

• Physics is on 1st sheet but interesting phenomena 
happen on other sheets connected by analytical 
continuation, eg.  Breit-Wigner formula 
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Probing QCD resonances (using physical states)!55

• When (color neutral) mesons and baryons a smashed, their quarks 
overlap, “stick together” and form resonances (quasi QCD eigenstates). 
They are short lived and decay to lowest energy, asymptotic states (pions, 
K’s, proton,…) 

• Resonances are fundamental to our understanding of QCD dynamics  
because they are formed by all-order (aka beyond perturbation theory) 
interactions. Resonances challenge QFT practitioners to develop all 
orders calculations (still ways to go).  

• (QCD) Resonance lead to extremely rich phenomenology, e.g. XYZ 
states, gluonic excitations, etc. 

• In practice, one requires tools that relate asymptotic states before collision 
to asymptotic states after collision that include flexible parametrization of 
the microscopic dynamics. This is often referred to as amplitude analysis. 
The rest of these lectures will focus on this topic.
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Bound states/Resonances/Asymptotic states !56


p2

2me
� ↵

r

�
 (r) = E (r)

↵ = ↵QED =
1

137

Born approximation : “weak” 
perturbation (lowest order) to free 
motion

Bound states: compact wave function 
contains interaction to all orders.   

Resonances: particles interact to all orders (like bound states) 
but eventually decay (connect with asymptotically free states). 
Their effect appears in the S-matrix : Compare (1) and (2) ! 

(2)(1)

(k = iαme)

ψ (r) =
e−ikr

r
− S

e+ikr

r
S = 1 + O(α)

ψ(r) = e−αmer
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Causality implies Analyticity !57

Actual relation depends on the type of problem (mechanics, Q.M., QFT, ...) 

You will see similarities, though, i.e. absence of singularities on the physical 
sheet. 

Conservation law i.e. probability deals with time dependent flow “messes 
with analyticity” and introduces singularities outside physical sheet.  
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Amplitude analyticity: it is much about complex functions   !58

Bound states

Asymptotic states
Resonances

• Scattering amplitude describes evolution between asymptotic states. The 
information related to formation of resonances is “hidden” in unphysical 
domains (sheets) of the kinematical variables. 

• The “bump” in the right figure is an indication of a “hidden” phenomenon. 
To uncover it one needs to analytically continue outside the physical 
sheet. 

s = E2
cm

Aphysical = A(s + iϵ) → A(s = complex)

analytical continuation
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Potential Well vs Barrier : not very pole is a resonance !59

V(r)

r

V(r) r

• Resonances have minimum width 
before they become bound states  

• Average velocity inside the Well is 
always finite 

increasing 
interaction 
strength 

• Resonances move to + ∞ with 
wishing width 
  

• Average velocity of the wave  
infinitesimal -> long time spend 
on top of the barrier   

Γ ∼
1
τ

∼
v
a

a

Every pole is a resonance (positive energy 
finite lifetime) but not all resonances (poles) 

are connected to bound states 

∼
k
a

∼
E − V

a

increasing 
interaction 
strength 

bound 
state at EI
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Infinite, thin shell !60

Method 1: In coordinate space (as before)  

Method 2: Lippmann-Schwinger

T = V + V G0V + · · ·

V =
�

2µa2
�(r � a) dim� = �1H =

p
2

2µ
+ V

r

V(r)

a

ε

1/ε
“Relation” to QCD  

Inside the shell (0<r<a) particles are 
confined (like quarks in hadrons)  
The shell is thin allowing for free 
asymptotic states (hadron decays) 
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Shell !61

• For any strength of the potential there is an infinite number of resonances 
• There is one pole in each strip  (n − 1)π < ℜ(βn) < nπ (n = 1,2,⋯)

βn = kna

• as potential strength decreases : 

βn → (n −
1
2

) − i∞

Re k Re k

• as potential strength increases : 

βn → nπ (1 −
1

1 + A ) − i ( nπ
A )

2

A = λ /a
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S-matrix properties (in relativistic theory) !62

• There are no potentials  
• Particles and antiparticles are related by crossing 
• There are NO exact, non perturbative methods in QFT (major 

challenge for mathematicians)  
• Physics lows are manifested as singularities of analytical 

functions (observables) 

First order of business: understand properties of reactions 
enforced by these general principles.  
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S-matrix properties (in relativistic theory) !63

X

f

Pfi = 1

2ImTft =
X

n

2⇡�(Ei � En)T
⇤
fnTni

• Related to transition probability

• Conservation of Probability = Unitarity
Pfi = |hf |S|ii|2 = hi|S†|fihf |S|ii

S†S = I

• Lorentz symmetry: T is a product of Lorentz scalars and covariant factors 
representing wave functions of external states, e.g for  

• Crossing symmetry: the same scalar functions describe all process related by 
permutation of legs between initial and final states (only the wave function change) 

• Analyticity: The scalar functions are analytical functions of invariants 

ū(p1,�1)[A(s, t) + (k1 + k2)µ�
µB(s, t)]u(p2,�2)

v̄(p1, µ1)[A(s, t) + (k1 + k2)µ�
µB(s, t)]u(p2, µ2)

⇡(k1) +N(p1,�1) ! ⇡(k2) +N(p2,�2)

⇡(k1) + ⇡(�k2) ! N̄(�p1, µ1) +N(p2, µ2)
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Lorentz symmetry !64

p2

p3

p4

p1

b

a c

d

u = (p1 � p4)
2 < 0

t = (p1 � p3)
2 < 0

s = (p1 + p2)
2 > (ma +mb)

2
= (E1,cm + E2,cm)2

t = m2
1 +m2

2 � 2E1,cmE2,cm + 2|p1,cm||p2,cm|zs

u = m2
1 +m2

4 � 2E1,cmE4,cm � 2|p1,cm||p4,cm|zs

s+ t+ u =
X

i

m2
i

hp0,�|p,↵i = 2E(p)�(pf � pi)�↵,�

2⇡�(Ef � Ei)iT = hc, d|(S � 1)|a, bi

T = (2⇡)3�(pf � pi)A(s, t, u)

N-to-M scattering depends on 4(N+M)-(N+M)-10 = 3(N+M)-10 invariants 

e.g for 2-to-2: 2 invariants related to the c.m. energy and scattering angle 

Dimensions 

r.h.s has dim = -4
A(s,t,u) is a scalar function of mass dimension =0 
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Question !65

How many independent variables describe 

• Decay proces  A → a + b +c  

• Three particle production A +B → a + b + c
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Helicity amplitudes !66

hp3,�3; p4,�4|A|p1,�1; p2,�2i = A�1,�2,�3,�4(s, t, u)

~S · ~p
|~p| |p,�i = �|p,�i

Sz|p,miz = m|p,miz

|p,�i = R(p̂)⇤(|~p|ẑ  0)|0,miz

|p,miz = ⇤(~p 0)|0,miz

|p,�iz =
SX

m=�S

|p,mizDS
m,�(p̂)

A�1,�2,�3,�4(s, t, u) = ⌘A��1,��2,��3,��4(s, t, u)

We work in the c.m. frame 

Helicity states vs canonical spin states:

Exercise show this:

Parity

• Even though this looks non relativistic it is relativistic. Notion of LS amplitudes, 
LS vs. helicity relations are relativistic  η = naturally 
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Question !67

How many independent scalar functions describe  

J/ψ → π+ π- π0

Ɣ p-> π0 p
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Crossing symmetry !68

1

2

3

4

a(p1) + b(p2) → c(p3) + d(p4)

1

2

3

4

1

2

3

4

_

_ _

a(p1) + c(p3) → b(p2)  + d(p4)
_ _ __

_
a(p1) + d(p4)  → c(p3) + b(p2)

___

_

p̄i = �pi = (�~pi,�Ei)

u = (p1 � p4)
2

s = (p1 + p2)
2

t = (p1 � p3)
2

Ec.m

Cos(θ)

Cos(θ)

s = (p1 � p2̄)
2

t = (p1 + p3̄)
2

u = (p1 � p4)
2

u = (p1 + p4̄)
2

s = (p1 � p2̄)
2

t = (p1 � p3)
2

s t u

A(s)
�1,···(s+ i✏, t, u) !

X

�0
1,···

[DS1

�1,�0
1
· · · ]A(t)

�0
1,···

(s, t+ i✏, u) ! · · ·

• The iε is important. Function values at, e.g. s + iε vs s - iε are different ! 
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Crossing Symmetry : Decays !69

1

2

3

4

1

2

3

4

_
a(p1) + b(p2) → c(p3) + d(p4) a(p1) → b(p2) + c(p3) + d(p4)

_

_

M1 > m2 +m3 +m4

A(s, t, u) ! A(M2
1 + i✏, s+ i✏, t+ i✏, u+ i✏)

• In decay kinematics, the decaying mass becomes a dynamical variable, (iε 
important) 

• Crossing from one kinematical region (e.g. s-channel) to another (e.g. t-channel) 
requires taking the corresponding variables off the real axis and to the complex 
plane : analytical continuation.
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Kinematical vs Dynamical Singularities !70

� = �1 � �2�0 = �3 � �4

M = max(|�|, |�0|)
�1 �2

�4

�3

A�i(s, t) = 16⇡
MX

J=�M

(2J + 1)fJ
�i
(s)dJ�,�0(✓)

fJ
�i
(s) =

1

32⇡

Z 1

�1
dzsA�i(s, t(s, ✓))d

J
�,�0(✓)

For particles with spin 

• Wigner d-functions lead to kinematical singularities 

• Threshold (barrier factors) originate from kinematical factors in relation 
between t and cos(θ) (through dependence of Aλ on t)  

• Unequal masses give lead to “daughter poles”  

• Dynamical singularities : from dynamical (unitary cuts) in A(s,t). 
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Analyticity !71

Feynman diagrams

p2

p3

p4

p1

b

a c

d

k1

p2-k1

1

m2
q � (p2 � k1)2

1

k2

A(p1, · · · ) /
Z
[⇧jd

4kj ]
polynomial in kj

(m2
q � (pi � kj)2 � i✏)((ki � kj)2 � i✏) · · ·

m2 � p2 = [m2 + p2]� (p0)2

m2 � p2 = 0 ! p0 = ±(m2 + p2)1/2

Im

"
1p

m2 + p2 ⌥ i✏� p0

#
= ±⇡�(p0 �

p
m2 + p2)

• Integrand becomes singular when 
intermediate states go on shell. 

• Thresholds for producing physical 
intermediate are the only reason why 
amplitudes are singular. 

• Production of intermediate states is related to 
unitarity. Thus we expect unitarity to 
determine singularities of the amplitudes.  

On the role of iε
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Relativistic S-matrix fundamentals !72

Causality: Determines domain of analyticity of reaction 
amplitudes as function of kinematical variables.  

Unitarity: Determines singularities. 

Crossing: Dynamical relation, aka reaction amplitudes in 
the exchange channel (forces) are analogous to amplitude 
in the direct channel (resonance) 
These principles constrain the amplitude on the physical sheet. But on the 
unphysical sheet, there poles and other singularities, i.e. triangle singularity 
brains points, that arise from the underlying dynamics. Thus in reality it is the 
unphysical sheet which is of interest.   

Amplitude analysis = make hypothesis about these singularities and use 
analytical continuation to obtain the amplitude on the physical sheet where you 
fit to data.
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S-matrix properties (in relativistic theory) !73

X

f

Pfi = 1

2ImTft =
X

n

2⇡�(Ei � En)T
⇤
fnTni

• Related to transition probability

• Conservation of Probability = Unitarity
Pfi = |hf |S|ii|2 = hi|S†|fihf |S|ii

S†S = I



P1
P5

P3
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How unitarity constrains singularities: simple example !74

2ImTft =
X

n

2⇡�(Ei � En)T
⇤
fnTni

ImA(s, t) =
⇢(s)

16⇡

Z
d⌦

4⇡
A(s, cos ✓1)A

⇤(s, cos ✓2)

1

2

3

4

1

2

3

4

5

6
=

1

2

X

5,6

Im

A(s, t) = 16⇡
1X

l=0

(2l + 1)fl(s)Pl(cos ✓) Imfl(s) = ⇢(s)|fl(s)|2

Consider elastic scattering of spineless particles 

⇢(s) = 2kcm(s)/
p
s

At fixed s, this is a complicated, integral relation w.r.t momentum transfer, t 
It is simplified (diagonalized) by expanding A(s,t) in partial waves 
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How unitarity constrains singularities !75

fl(s) =
1

32⇡

Z 1

�1
d cos ✓Pl(cos ✓)A(s, t(s, cos ✓))

→ Reflection theorem (Calculus 101):  fl(s*) = fl(s*) 

Properties of the partial wave, fl(s)  (for fixed l as function of s): 

• fl(s) is real for s below threshold 
• Im fl(s) is finite above threshold.  
• fl(s) is analytical (since A(s,t) is)

fl(s+iε)

fl(s-iε)

Threshold 
s=(m1+m2)2

1

2i
[fl(s+ i✏)� fl(s� i✏)] = ⇢(s)fl(s+ i✏)fl(s� i✏)

for simplicity ignore singularities in t 

Lets  look for a function, fII(s) that, for s-iε is  
equal to  fI(s+iε). Theorem of analytical  
continuation implies there is only one such  
function 
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Second sheet !76

f(s+ i✏) =
f(s� i✏)

1� 2i⇢(s)f(s� i✏)

fII(s) =
f(s)

1� 2i⇢(s)f(s)

fII(s� i✏) = f(s+ i✏)

f(s) =
1

2i⇢(s)

Singularity = Resonance  at complex s when 

Define for Im s < 0 

This is analytical continuation of f(s) 
below the real axis  
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Breit-Wigner !77

f (s) =
g2 str − s

m2 − s + g2 str − s

ρ(s) = s − str

fII(s) =
f (s)

1 − 2iρ(s)f (s)
=

g2 str − s

m2 − s + g2 str − s − 2ig2 s − str

when Im s < 0 

=
g2 str − s

m2 − s − ig2 s − str

|BW |2

Res

Ims

when Im s < 0 

m2 − s + ig2 s − str
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Phenomenology of hadron interaction !78

�a+b!a+b /
Z

dt

s2
|A(s, t)|2

�a+b!X / ImA(s, 0)

s
from unitarity 

• Evidence for resonance scattering : connection to QCD bound states.  

• Kinematical range for resonance scattering. 

• Features of high energy scattering : physics of cross channels  

• Space-time interpretation of high and low energy scattering  

• Dual models 



from M.Ostrick

�(1232)3/2+

N(1520)3/2�

N(1680)5/2+
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Phenomenology of hadron interaction !79

�a+b!a+b /
Z

dt

s2
|A(s, t)|2

�a+b!X / ImA(s, 0)

s
from unitarity 

Resonance 
 scattering 

A(s, t) ∼
1

m2
r − s
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Resonance Scattering : look at angular distribution !80

d�

dt
/ |A(s, t)|2

s2

from M.Ostrick

Angular distribution: a few “wiggles” 

more pronounced forward/backward peaks as energy increases

A(s, t) =
X

l

(2l + 1)fl(s)Pl(zs(t))



INDIANA UNIVERSITY

Resonance scattering !81

A(s, t) =
X

l

(2l + 1)fl(s)Pl(zs(t)) A(s, t) ⇠ PlR(zs(t))

s� sR

• Due to confinement, we expect an infinite number of resonances (poles at 
positive energy — recall the potential shell example) of arbitrary large mass and 
spin.  

• String/flux tube breaking leads to screening of color charge and these poles 
decay. As mass increases they coach to multi-particle final states. The poles are 
still there, but dive deeper into to complex plane and are more difficult to 
identify. However, when making a model it makes more sense to parametrize  
amplitude with BW resonances as compared to some arbitrary background 
functions.  

• For lmax  ~ 5 and interaction range r0 ~0.5fm this gives plab  <~ 10/fm ~ 2GeV,   
[or W ~ (2 Plab mp )1/2  ~ 2GeV ] 

• For resonance scattering  

→

p = l /r
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Scattering at High energies !82

d�

dt
(s) =

1

s2
|A(s, t)|2

�a+b!X =
1

s
ImAab!ab(s, 0)

Smooth behavior  
constant or power 
low fall off Smooth fall of with t and 

forward/backward 
peking 

“point like” 

“extended like” 
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Scattering at high energies !83

• s-dependence:  
•many intermediate particles can be produced, unitarity  becomes 
complicated and less useful.  

• t-dependence:  
•high partial waves become important,  several Legendre functions are 
needed.  

• There is universality in both s and t-dependencies: smooth (constant or falling 
s-dependence), and forward/(backward) peaking in t.  The universality hints 
into importance of t/(u) channel singularities. 
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From t-channel to s-channel  (high energy forward scattering) !84

t

s u

s=4m2

t=4m2

u=4m2

a+b->c+d 
s-channel

a+c->b+d 
t-channel

- -

a+d->c+b 
u-channel

- -

As s increase and t is fixed the 
t-channel resonances (or 
singularities)  stay close relative 
to s and u channel resonances 

To obtain the amplitude in this 
limit need to add all t-channel 
resonances 

s increases

t is 
fixed 
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From u-channel to s-channel (high energy backward scattering) !85

t

s u

s=4m2

t=4m2

u=4m2

a+b->c+d 
s-channel

a+c->b+d 
t-channel

- -

a+d->c+b 
u-channel

- -

s increases

u is fixed 

As s increase and u is fixed the 
u-channel resonances (or 
singularities)  stay close relative 
to s and t channel resonances
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analytical continuation from s to t !86

Sum of a large 
number of 
particle 
productions at 
high-s looks like 
an exchange of 
various 
resonances in 
the t-channel. 

Use t-channel 
partial waves 
and analytically 
continue to 
large-s
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!87

converges if |cosθ|<1 : (e.g. 1+x+x2+... = finite for |x|<1)

A(s, t) =
X

l

(2l + 1)fl(s)Pl(cos �)

s

t

z = cos �

z = 1 +
2t

s� 4m2

“s-channel”

t = � (1� z)

2
(s� 4m2) < 0 for |z| < 1 and s > 4m2

b

t = � (1� z)

2
(s� 4m2) > 4m2 for |z| > 1 and s < 0

t
s

s

t

z = cos �
a

b

c

d
s

t

c

a

d

b

c-

a

d

b
-

a+b -> c+d

“t-channel”A(s, t) =
X

l

(2l + 1)fl(t)Pl(zt)

s = � t� 4m2

2
(1� zt)

(e.g. what is the value of 1+x+x2+... when x>1 ?
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Example of analytical continuation !88

1

l � �
=

Z 1

0
dxe�x(l��)

J(z) =

Z 1

0
dx


ex�

1 + ze�x

�
= z�

Z z

0

dy

y�+1(1 + y)
to obtain y = ze�x

For example, assume i.e. it has a pole (resonance) where α(t)=l

z ! 1

for large z =z(s) ~ s

J(z) = � z�⇥

sin⇥�
+ z�

Z 1

z

dy

y�+1(1 + y)
! � z�⇥

sin⇥�

provides analytical continuation for α>0

A(s, t) =
X

l

(2l + 1)fl(t)Pl(zt)

The series converges for |zt|<1 (cosine of scattering angle in the t-channel), i.e. in the t-channel 
physical region. We want to know A(s,t) for in the s-channel physical region, in particular for  
large s, with corresponds to |zt| >> 1.  

s = � t� 4m2

2
(1� zt)

fl(t) =
1

l � ↵(t)

for α<0 and |zt| < 1 use  A(s, t) ⇠ J(zt) =
X

l

zlt
l � ↵(t)

this is analog of 
f (x) = 1 + x + x2 + ⋯

f (x) =
1

1 − x
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Reggeon !89

s-channel partial wave expansion 

t-channel partial wave expansion 

A(s, t) = ∑
l

(2l + 1)f (s)
l (s)Pl(cos θs)

A(s, t) = ∑
l

(2l + 1)f (t)
l (t)Pl(cos θt)

The amplitude at large-s (in the s-channel physical region) is dominated by a 
selected, infinite set of t-channel partial waves (t-channel resonances).  

This sum is referred to as a Reggeon or a Regge exchange.  

Since Reggeon is a collection of partial waves and partial waves have 
quantum numbers of resonances, so do Reggeon. They are like special kind 
of virtual particles. For example in perturbation theory pion we can talk about 
virtual, single pion exchange. A collection of all pion like exchange becomes 
a Reggion with pion quantum numbers. “Reggized pion” 

π π
Reggized
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Pomeron vs Reggeons !90

s-channel: multi-particle production t-channel: collection of resonances: “Regge” exchanges 

fl(t) =
r(t)

l � �(t)
<--A(s, t) / r(t)s�(t)

�p� X

Exchange of t-channel partial wave with quantum numbers of the 
vacuum is called the Pomeron 

 (exchange of non-vacuum q.n. falls with energy)

  

�tot � s� = s0.08

�el ⇠
1

b
s2�(0)�2

A(s, t ⇠ 0) ⇠ is�(0) ⇠ s�tot
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Growing Radius, partons, saturation,… !91

long lived fluctuations finite <x> 
�E ⇠ µ2

?
x(1� x)pz   

pz ! 1

p = 0

(1� x)pz

interaction when 
commensurate 

momenta 

hxihni = pz
µ

hni ⇠ log(s)

random walk in transverse space

hr?i ⇠
r

hni 1

µ?
⇠ log1/2(s)  

large-s behavior universal  
(Pomeron = vacuum pole,  

universal mid-rapidity)

  

Where does to parton 
model come from 

  

A(s, r?) ⇠
Z

d2k?e
ik?r?e�(�k2

?) log s ⇠ 1

log(s)
e�r2?/ log(s)

... and  in space-time assuming Pomeron α(0)=1

hadron swells

(slow moving hadron,vacuum,etc) 

g2

s

X

n

�n�1(t)

(n� 1)!
logn�1 s ! s�(�k2

?)

�(t) = �1 + ⇥(t)

(fast moving, hadron, parton,etc) 

adding correlated partons is  
beneficial (expansion not in g2 but in  g2 log s )

it takes “a long time” to develop a low-x parton out of a fast one   
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Comparing with Experiment !92

resonance 
region Ecm = 

s1/2 < 2.5 GeV

multi-particle 
production

total cross section 
slowly rises with s
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Large Nc !93

g2NC = const .

Nc → ∞

An empty digram represents 
infinite number of  process that 
happen in a plane !  

The plane can be intercepted 
as a world sheet of a string/flux 
tube connecting the valance 
quarks  

Non planar diagrams are 
suppressed by 1/Nc 

To leading order in 1/Nc 
hadrons do not decay, that to 
not scatter.  
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!94

⟨M |H |M⟩ = O(1)

⟨M1 |H |M2M3⟩ = g = O(1/ NC)

∼
Γ

m2 − s − iΓ
Γ = O(1/Nc) = g2
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Dualities !95

u
s-

u
u
d

K-p

s

t

planar diagrams may be considered as either 
s-channel or t-channel 

Interpretation of what happens in 
s-channel is dual to what 

happens in the t-channel : 
Mesons require baryons and vice 

versa 

K-p has “normal 
mesons” in the t-

channel  
and “normal 

baryons” in the  s 
channel

Regge phenomena :  
sum of t-channel resonances 

determines large-s behavior of 
the s0channel and vice versa.  
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Does it work ? !96

a c

b d

a c

b d
ρ,a2

ρ+a2 ρ-a2a2 ~ 1 + exp(i π α(t))

ρ ~ 1 - exp(i π α(t))

In K-p scattering 
imaginary parts of a2 

and rho add up 
In K+p they cancel ! 
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Dolen Horn Schmit duality  !97

K(σπ+p-σπ-p)
2
-

ū(p1,�1)[A(s, t) + (k1 + k2)µ�
µB(s, t)]u(p2,�2)
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What about “exotic” hadrons !98

Standard argument for non-existence of  
multi quark sates: they can fall apart to 
ordinary mesons and  
baryons   

For example 2 quarks and 2 anti quarks  
can rearrange into 2 quark-antiquark 
pairs 

But confinement requires quarks are 
connected by flux tubes and it is 
possible that certain multi quark  
configurations are more favorable than 
“fall apart configurations” 

vs2 Mesons 2 di quarks = teraquark 

3 × 3̄ = 8 + 1

3̄ × 3̄ = 6 + 33 × 3̄ = 8 + 1

3 × 3 = 6 + 3̄
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Need to introduce strings !99

Talk by G.Rossi 
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Other states !100
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Muti-quark states can be related to ordinary states by duality !101

s-channel 
tetraquark  
are dual to t-
channel mesons  
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Muti-quark states can be related to ordinary states by duality !102

s-channel mesons  
are dual to t-
channel tetra 
quarks

tetra quarks 
should form 
Regge trajectories 
just like mesons
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∞ number of poles : confinement  
f(s) =

1

K�1(s)� i�(s)

K(s) =
1X

r=1

g2r
m2

r � s
!

X

r

1

r2 � s
⇠ cos(⇡

p
s)

sin(⇡
p
s)

Quadratically spaced radial trajectories 

Linearly spaced radial trajectories (Veneziano) 

K(s) ⇠ �(a�s)
�(b�s)

A(s, t) =
Γ(1 − α(s))Γ(1 − α(t))

Γ(2 − α(s) − α(t))

Veneziano amplitude : crossing symmetric: 

α(s) = a + bs

Veneziano Model 
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Other effects of partial wave analyticity !105

Al(s) =

Z
dzsA(s, t(s, zs), u(s, zs))Pl(cos ✓)

Scalar particle scattering 1+2 -> 3 + 4 

/ (m2
e � t(s, zs))

�1 t = � (s� 4m2)

2
(1� zs)

A0(s) ⇠
Z 1

�1
dzs

1

m2
e +

(s�4m2)
2 (1� zs)

Partial waves have “right hand” singularity (from s) and “left hand” (from t and u) 
For example assume equal masses

For s>4m2 integral is finite
For s<4m2 - me2 the detonator crosses 0 within integration limi, implying 
A0(s) has a cut for negative s 

Scalar amplitudes have simple singularity structure, but partial waves a much more 
complicated. They also have kinematical singularities when spin and/or unequal masses 
are involved 
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Bound states and Virtual States !106

bound state : pole on the 
physical energy plane 

II(-)

• f0(980),  
• a0(980), 
• a1(1420), 
• Lambda(1405),  
• XYZ,  
• …3S

1S

V(r)

r

3S

1S

Deuteron the np molecule 
bound by meson exchange 

forces 

virtual state : pole on “unphysical 
sheet” closest the physical region 

thresholds “cut”  
the physical energy plane 

• Thresholds are “windows” to 
singularities (particles, visual 
states, forces” ) located on the 
nearby unphysical sheet. 

• They appear  as cusps (if below 
threshold) or bumps  (is above) Threshold
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Amplitude singularities 

Al(s) =
1

2

Z 1

�1
dzsA(s, t(s, z), u(s, z))

Partial waves inherit singularities of cross-

A(s,t,u)

M-decay

t sM

s-
channel 

t
s

M

Crossing

t/u channel singularities 

s channel singularities

• However, X-sections are given by A(s,t,u) and not by partial waves. In general 
“bumps” in partial waves are “washed out” and require partial wave analysis. 

• A(s,t,u) has simple singularity structure. Its connection 
to particles arises through (complicated) partial waves

• Singularities of partial waves are 
complicated but have a more direct 
physical interpretation



3S

1S

V(r)

r

3S

1S

Threshold
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 Well known examples of cusps

3S1 (deuteron) bound 
state : pole on the 

physical energy plane 

II(-)

Deuteron:  n-p molecule bound by 
meson exchange forces 

 1S1 virtual state : pole on “unphysical 
sheet” close the physical region 

Q0 ⇠ 100 MeV < 2m⇡ << 2mN

Wave function effect 
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Λ* mass

t-channel resonance can produce s-
channel “band” if:

μ(K)

m2 (p) 

λ (hyperon)

t
m1 (cc)

_

M (Λb)

all particles on-shell

m2 and m1 collinear

v(m2) > v(m1)

Coleman-Norton 

Classical picture 
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Example : Pc Kinematics 

s± = �m2
e + p22 + p23 +

(m2
e + p21 � p23)(m

2
e + p24 � p22)

2m2
e

± �1/2(m2
e, p

2
1, p

2
3)�

1//2(m2
e, p

2
2, p

2
4)

2m2
e

s+

s�

m2
e

Ims� > 0Ims� < 0

bl(s) =
1

2

Z 1

�1
dzs

Pl(zs)

m2
⇤ � t(s, z)

• Singularities of b(s) are at s=s±

Z

str

ds0⇢(s0)
b(s0)

s0 � s+ i✏

m1

m2

m3

m4 m1 : ⇤b m2 : K

m3 : 3.4 GeV

m4 : p

mc : 4.449 GeV

m3 + m1 threshold
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Summary !112

• In QCD light quark resonances appear clearly up to ~2GeV But one expected there to be 
an infinite number of them. 

• At higher masses they are harder to find. To help discriminating between various 
hypotheses one should “consult” with expectations from quark model and  duality 
arguments. 

• Duality arguments are consistent with existence of multi quark hadrons. 

• Veneziano  model and generalizations could be used to implement these ideas in data 
analysis.  

• Unlike non-relativistic theory, besides resonance poles one should work about “left-hand 
cuts’ (cusps), however, so far there is no unambiguous evidence for them in the data.  

Thank you for your attention !


