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• Color confinement: Quarks and Gluons permanently confined in hadrons!

• Origin of the hadron mass scale: what determines the proton mass?

• Pion is a quark-antiquark bound state, but it is massless if the quark mass is zero!

• The QCD coupling at all scales, beyond asymptotic freedom

• How does one set the renormalization scale? QCD —> QED if Nc —> 0

• Poincare invariance: Physics independent of observer motion — no Lorentz contraction!

• Causality: No correlations exceeding the speed of light

• Light Front Theory: Relativistic Lorentz-invariant Bound State Dynamics

• Mesons and Baryons display supersymmetry!

• Exotic Phenomena: Color Transparency, Intrinsic Charm, Hidden Color, Exotic Hadrons

• Cosmological Constant

Remarkable Fundamental Features of Hadrons, Nuclei

Light-Front Dynamics



1. Introduction to QCD on the Light Front and Applications to Hadron Physics 
 

2. Solving Quantum Field Theory Using Light-Front Hamiltonian Methods 
 

3. Light-Front Holography and Super-Conformal Algebra:  
    Applications to Hadron Spectroscopy and Dynamics 
 

4. The Running QCD Coupling at All Scales and the QCD Light-Front Vacuum 
 

5. Novel Features of QCD Phenomenology  

 
6. Challenging Conventional Wisdom: Corrections to QCD Factorization Theorems  
    and the Breakdown of Sum Rules 
 

7. The Elimination of Renormalization and Factorization Scale Ambiguities.  

              Light-Front Quantization  
and New Perspectives for Hadron Physics
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contributions in different angular-momentum configura-
tions from the broad and overlapping resonances. Thus,
there is now the chance to clarify the “missing” resonance
problem. The attempt to assign (nearly) all baryon reso-
nances to SU(3) multiplets should be helpful to identify
problems and to serve as guidance for further discussions.
This assignment requires to identify the leading orbital
angular momenta L and the spin S within the three-
quark system. Measured quantities are only the total an-
gular momentum, the spin J of the baryon, and its mass.
Here, theoretical input is required. We use a holographic
mass formula derived in [11] which reproduces the known
spectrum of nucleon and ∆ resonances with remarkable
precision.

In this paper, we shall use the word missing resonance
in a restricted sense. E.g., we may interpret the three
resonances N3/2+(1900), N5/2+(2000), N7/2+(1990) [12]
as members of a spin quartet, with orbital angular mo-
menta L = 2 and quark spin S = 3/2 coupling to the ob-
served particle spin J . In this interpretation, N1/2+(1880)
—observed in recent coupled-channel analyses [13]— was
missing to complete a quark spin quartet [14]. But the
existence of a N1/2+ resonance would be required in any
kind of quark model. More subtle is the question if two ad-
ditional doublets (N3/2+ , N5/2+) and (∆3/2+ , ∆5/2+) as
requested by symmetry arguments (see eq. (9) below) are
realized in nature. None of these states has been observed.
The latter type of resonances, i.e. the non-observation of a
complete L, S multiplet, we shall call missing resonances
in the context of this paper.

We refrain here from a discussion of the possibility that
baryon resonances are formed as parity doublets. If this
conjecture holds true, it gives an exciting new approach to
the internal dynamics of excited hadronic states; we give
here a few references for further reading [15–18]. However,
the predictive power of the conjecture is limited: it pre-
dicts that resonances should occur as parity doublets but
there is no prediction at which mass. In this article we
hence restrict ourselves to a discussion of the data within
the quark model and its symmetries.

The outline of the paper is as follows: In sects. 2 and 3
we summarise the empirical data on light-flavoured delta
and nucleon resonances, respectively. In particular we re-
call that these can be suitable organised according to lead-
ing and daughter Regge trajectories where the resonance
positions follow from a simple mass formula. In sect. 4
we summarise the relevant symmetries for light-flavoured
baryons and the classification of states in multiplets within
the framework of the (harmonic oscillator) constituent
quark model. In sect. 5 we discuss the structure of the
nucleon and ∆ resonances within the framework of this
classification, before concluding in sect. 6.

2 The mass spectrum of ∆ resonances

2.1 Regge trajectories

It is well known that meson and baryon resonances lie on
Regge trajectories, i.e. that their squared masses depend
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Fig. 1. The leading Regge trajectory: ∆ resonances with maxi-
mal J in a given mass range. Also shown is the Regge trajectory
for mesons with J = L + S.

linearly on the total angular momentum J . Figure 1 shows
such a plot; ∆ resonances are plotted having the largest
total angular momentum J in a given mass range. This
trajectory is called the leading Regge trajectory. The reso-
nances are consistent with having even orbital angular mo-
mentum L = 0, 2, 4, 6 and quark spin S = 3/2 maximally
aligned to form total angular momentum J = L+3/2. The
errors in the fit are given by the PDG errors and a second
systematic error of 30MeV added quadratically. This sys-
tematic error is introduced to avoid hard constraints from
well measured meson or baryon masses like the ∆(1232)
mass; the error can be interpreted as uncertainty due to
variations of the self-energy of different hadrons due to,
e.g., the proximity of (strong) decay thresholds.

Figure 1 also shows the leading Regge trajectory of
natural-parity mesons, again as a function of the total an-
gular momentum. Light mesons with approximate isospin
degeneracy and with J = L+1 are presented. Although it
is customary to plot the meson trajectories for L even and
L odd (for positive- and negative-parity mesons, respec-
tively) separately, there is no problem fitting both trajec-
tories simultaneously: This property is called MacDowell
symmetry [19].

The dotted line represents such a common fit to the
meson masses taken from the PDG [12]; the error in the fit
is given by the PDG errors and a second systematic error
of 30MeV added quadratically. The slope is determined
as 1.142GeV2. The ∆ trajectory is given by the ∆(1232)
mass and the slope as determined from the meson tra-
jectory. Obviously, mesons and ∆’s have the same Regge
slope. This observation is the basis for diquark models;
indeed, the QCD forces between quark and antiquark are
the same as those between quark and diquark.

The leading Regge trajectory:  Δ resonances with maximal J in a given mass range. 
Also shown is the Regge trajectory for mesons with J = L+S.
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Same Regge slope for 
mesons and baryons!
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Light-Front Holography  
AdS/QCD 

Soft-Wall  Model 
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Confinement scale:   

Light-Front Schrödinger Equation
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• de Alfaro, Fubini, Furlan: Scale can appear in Hamiltonian and EQM 
without affecting conformal invariance of action!



Superconformal Algebra
2X2 Hadronic Multiplets
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Figure 1: The supersymmetric quadruplet {�M , B+, B�,�T }. Open circles represent
quarks, full circles antiquarks. The tetraquark has the same mass as its baryon partner in the
multiplet. Notice that the LF angular momentum of the negative-chirality component wave
function of a baryon  B� is one unit higher than that of the positive-chirality (leading-twist)
component  B+.

spinor wavefunction  B+ and  B�, plus two bosonic wave functions, namely the meson

�B and the tetraquark �T . These states can be arranged as a 2⇥ 2 matrix:

 
�M(LM = LB + 1)  B�(LB + 1)

 B+(LB) �T (LT = LB)

!
, (21)

on which the symmetry generators (1) and the Hamiltonian (17) operate 9.

According to this analysis, the lowest-lying light-quark tetraquark is a partner of

the b1(1235) and the nucleon; it has quantum numbers I, J
P = 0, 0+. The partners of

the a2(1320) and the �(1233) have the quantum numbers I = 0, JP = 1+. Candidates

for these states are the f0(980) and a1(1260), respectively.

2.4 Inclusion of quark masses and comparison with experiment

We have argued in [11] that the natural way to include light quark masses in the

hadron mass spectrum is to leave the LF potential unchanged as a first approximation

and add the additional term of the invariant mass �m
2 =

P
n

i=1
m

2
i

xi
to the LF kinetic

energy. The resulting LF wave function is then modified by the factor e
� 1

2��m
2
, thus

providing a relativistically invariant form for the hadronic wave functions. The e↵ect of

the nonzero quark masses for the squared hadron masses is then given by the expectation

value of �m
2 evaluated using the modified wave functions. This prescription leads to

9It is interesting to note that in Ref. [20] mesons, baryons and tetraquarks are also hadronic states
within the same multiplet.
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Meson Baryon

Tetraquark

Proton: quark + scalar diquark |q(qq) >
(Equal weight: L = 0, L = 1)

Baryon

Bosons, Fermions with Equal Mass!
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Solid line:  κ = 0.53 GeV

Superconformal meson-nucleon partners
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tify the orbital angular momentum carried
by partons in different ways.

The theoretical framework we have
sketched is valid over a wide range of mo-
mentum fractions x, connecting in particular
the region of valence quarks with the one of
gluons and the quark sea. While the present
chapter is focused on the nucleon, the con-
cept of parton distributions is well adapted
to study the dynamics of partons in nuclei, as
we will see in Sec. 3.3. For the regime of small
x, which is probed in collisions at the highest
energies, a different theoretical description is
at our disposal. Rather than parton distribu-
tions, a basic quantity in this approach is the
amplitude for the scattering of a color dipole
on a proton or a nucleus. The joint distri-
bution of gluons in x and in kT or bT can
be derived from this dipole amplitude. This
high-energy approach is essential for address-
ing the physics of high parton densities and
of parton saturation, as discussed in Sec. 3.2.
On the other hand, in a regime of moder-
ate x, around 10−3 for the proton and higher

for heavy nuclei, the theoretical descriptions
based on either parton distributions or color
dipoles are both applicable and can be re-
lated to each other. This will provide us with
valuable flexibility for interpreting data in a
wide kinematic regime.

The following sections highlight the
physics opportunities in measuring PDFs,
TMDs and GPDs to map out the quark-
gluon structure of the proton at the EIC.
An essential feature throughout will be the
broad reach of the EIC in the kinematic
plane of the Bjorken variable x (see the Side-
bar on page 18) and the invariant momentum
transfer Q2 to the electron. While x deter-
mines the momentum fraction of the partons
probed, Q2 specifies the scale at which the
partons are resolved. Wide coverage in x
is hence essential for going from the valence
quark regime deep into the region of gluons
and sea quarks, whereas a large lever arm in
Q2 is the key for unraveling the information
contained in the scale evolution of parton dis-
tributions.

Deep Inelastic Scattering,
e+ p −→ e+X, proceeds through the ex-
change of a virtual photon between the elec-
tron and the proton. The kinematic descrip-
tion remains the same for the exchange of a
Z or W boson, which becomes important at
high momentum transfer. Depending on the
physics situation, the process is discussed in
different reference frames:

the collider frame, where a proton with en-
ergy Ep and an electron with energy Ee col-
lide head-on

the rest frame of the hadronic system X,
i.e. the center-of-mass of the γ∗p collision

the rest frame of the proton

Kinematic Variables:
In the following, we neglect the proton mass,
M , where appropriate, and the electron mass
throughout.

k, k′ are the four-momenta of the incoming
and outgoing lepton
p is the four-momentum of a nucleon

Deep Inelastic Scattering: Kinematic

18

k

p X

k'

q

Figure 2.3: A schematic diagram of the Deep
Inelastic Scattering (DIS) process.

Kinematic Variables

Deep Inelastic Scattering,

collider frame

rest frame

rest frame

e(  )

e’(  )

The scattered electron measures the proton’s structure  
at the speed of light like a flash photograph

Causality: Information, correlations constrained by speed of light 
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DGLAP Evolution

But why do hadrons - not quarks - appear in the final state ?
Why are quarks confined within hadrons?
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ū

E⇥ = E � �, �q

Q2 = �q2 � �2

⇥ = y�P+

2

|b⇤|(GeV�1)

Color-triplet 
quark representation



Light Front Dynamics and Holography
 Stan Brodsky

M a y  2 6 - 3 0 ,  2 0 1 4

Home International Light Cone Advisory Committee NC State Physics Jefferson Lab NC State College of Sciences

N a v i g a t i o n

Final Circular
Program
Registration
Accommodations
Travel
Poster
Participants
Scientific Advisory
Comm

Meeting Email: 
LightCone2014 'at' ncsu.edu
For questions and further
information about the
meeting.

N e w s  &  U p d a t e s

R a l e i g h ,  N C

Things to do in Raleigh
Visit Raleigh
Downtown Raleigh
Visit the NC Triangle

R a l e i g h ,  N C ,  U S A

W e l c o m e  t o  L i g h t  C o n e  2 0 1 4

We invite you to participate in the
forthcoming Light Cone 2014 (LC2014)
meeting, to be held in Raleigh, North Carolina,
during May 26-30, 2014.

In anticipation of opportunities afforded by new facilities such
as the 12 GeV upgrade of Jefferson Lab, the FAIR facility at GSI,
J-PARC, and other facilities around the globe, we plan to
organize a timely scientific program to make a representative
impact on the forefront research development of nuclear,
hadron and particle physics. A main focus of the meeting will be
the interface between theory and experiment in hadron physics.
We encourage many young physicists to join and actively discuss
with the world experts participating in this meeting.

L o c a l  O r g a n i z i n g  C o m m i t t e e

Chueng Ji - NCSU Workshop Chair
Wally Melnitchouk - JLab
Haiyan Gao - Duke University
Dean Lee - NCSU
Thomas Schäfer - NCSU
Mithat Ünsal - NCSU
John Blondin - NCSU
Leslie Cochran and Rhonda Bennett - Administrative Support

M e e t i n g  S p o n s o r s

NC State Department of Physics
NC State College of Sciences
Jefferson Lab

contact | Department of Physics | College of Sciences | North Carolina State University

September 21 2013

LC2014 Registration
opens October 1, 2013.

May 21 2013

LC2014-Raleigh was
formally approved at the
ILCAC Meeting in

2/16/19, 2(46 PMEvent at Galileo Galilei Institute

Page 1 of 2https://www.ggi.infn.it/showevent.pl?id=314

Home > Schools > School

School

Frontiers in Nuclear and Hadronic Physics 2019

Feb, 25 2019 - Mar, 08 2019 

Abstract 
The school is primarily addressed to Ph.D. students in Theoretical Nuclear and Hadron
Physics. Participation of experimentalists and post-docs is also encouraged. The 2019
edition will be devoted to Hadron Physics, and it will provide a pedagogical introduction to
the basic concepts and tools needed for carrying out cutting-edge research in Continuum
QCD (non-perturbative QCD), Hadron and Exotic Spectroscopy
(Tetraquarks,Pentaquarks,Hybrids), Light-Front Dynamics and Holography, Amplitude-
analysis theoretical tools and Electron-Ion Collider physics. The aim will be both to stress
the intimate connections among those fields and to give much attention to the
interpretation of experimental data, within framework based on ab initio or more
phenomenological approaches. 

Topics 
Stanley J. Brodsky (SLAC Natl. Accelerator Lab.): Light-Front Dynamics and
Holography
Abhay Deshpande (Stony Brook Univ. & Brookhaven Natl. Lab.): Electron-Ion Collider
physics
Craig D. Roberts (Argonne Natl. Lab.): Continuum-QCD in non perturbative regime 
Adam P. Szczepaniak (Indiana Univ. & JPAC@JLAB): Hadron spectroscopy and
Amplitude-analysis theoretical tools
Bing-⁠Song Zou (Inst. Theo. Phys. Chinese Academy of Sciences): Hadron and Exotic
Spetroscopy

Organizers 
Francesco Becattini (University and INFN, Firenze)
Ignazio Bombaci (University and INFN, Pisa)
Angela Bonaccorso (INFN, Pisa)

Home

Workshops

Schools

Other Events

Activity Planner

Weekly
Participants

Guidelines for
conferences and
miniprograms

Simons Grants

Long Term Visits

Apply to GGI
Events

Calls for
Workshops

Visit Info

Facilities

Staff

Photo Galleries

Administration

How to Count Quarks

Re+e�(Ecm) = ⇥(e+e�⇤hadrons)
⇥(e+e�⇤µ+µ)

Re+e�(Ecm) = Ncolors ⇥
�

q e2q

Data:

3⇥ [(�1
3)

2 + (2
3)

2 + (�1
3)

2] = 2

Add NC ⇥ e2c = 3⇥ (2
3)

2 = 4
3

Add NC ⇥ e2b = 3⇥ (�1
3)

2 = 1
3

Re+e�(Ecm) = ⇥(e+e�⇤hadrons)
⇥(e+e�⇤µ+µ)

Re+e�(Ecm) = Ncolors ⇥
�

q e2q

Data:

3⇥ [(�1
3)

2 + (2
3)

2 + (�1
3)

2] = 2

�R = NC ⇥ e2c = 3⇥ (2
3)

2 = 4
3

�R = NC ⇥ e2b = 3⇥ (�1
3)

2 = 1
3

J/� = (cc̄)1S

� = (b̄b)1S

J/� = (cc̄)1S

� = (b̄b)1S

Re+e�(Ecm) = ⇥(e+e�⇤hadrons)
⇥(e+e�⇤µ+µ)

Re+e�(Ecm) = Ncolors ⇥
�

q e2q

Data:

NC = 3

e2q = 4
9 u, c

e2q = 1
9 d, s, b

Re+e�(Ecm) = ⇥(e+e�⇤hadrons)
⇥(e+e�⇤µ+µ)

Re+e�(Ecm) = Ncolors ⇥
�

q e2q

Data:

NC = 3

e2q = 4
9 u, c

e2q = 1
9 d, s, b

�Rb = NC ⇥ e2
b = 3⇥ (� 1

3 )2 = 1
3



Light Front Dynamics and Holography
 Stan Brodsky

M a y  2 6 - 3 0 ,  2 0 1 4

Home International Light Cone Advisory Committee NC State Physics Jefferson Lab NC State College of Sciences

N a v i g a t i o n

Final Circular
Program
Registration
Accommodations
Travel
Poster
Participants
Scientific Advisory
Comm

Meeting Email: 
LightCone2014 'at' ncsu.edu
For questions and further
information about the
meeting.

N e w s  &  U p d a t e s

R a l e i g h ,  N C

Things to do in Raleigh
Visit Raleigh
Downtown Raleigh
Visit the NC Triangle

R a l e i g h ,  N C ,  U S A

W e l c o m e  t o  L i g h t  C o n e  2 0 1 4

We invite you to participate in the
forthcoming Light Cone 2014 (LC2014)
meeting, to be held in Raleigh, North Carolina,
during May 26-30, 2014.

In anticipation of opportunities afforded by new facilities such
as the 12 GeV upgrade of Jefferson Lab, the FAIR facility at GSI,
J-PARC, and other facilities around the globe, we plan to
organize a timely scientific program to make a representative
impact on the forefront research development of nuclear,
hadron and particle physics. A main focus of the meeting will be
the interface between theory and experiment in hadron physics.
We encourage many young physicists to join and actively discuss
with the world experts participating in this meeting.

L o c a l  O r g a n i z i n g  C o m m i t t e e

Chueng Ji - NCSU Workshop Chair
Wally Melnitchouk - JLab
Haiyan Gao - Duke University
Dean Lee - NCSU
Thomas Schäfer - NCSU
Mithat Ünsal - NCSU
John Blondin - NCSU
Leslie Cochran and Rhonda Bennett - Administrative Support

M e e t i n g  S p o n s o r s

NC State Department of Physics
NC State College of Sciences
Jefferson Lab

contact | Department of Physics | College of Sciences | North Carolina State University

September 21 2013

LC2014 Registration
opens October 1, 2013.

May 21 2013

LC2014-Raleigh was
formally approved at the
ILCAC Meeting in

2/16/19, 2(46 PMEvent at Galileo Galilei Institute

Page 1 of 2https://www.ggi.infn.it/showevent.pl?id=314

Home > Schools > School

School

Frontiers in Nuclear and Hadronic Physics 2019

Feb, 25 2019 - Mar, 08 2019 

Abstract 
The school is primarily addressed to Ph.D. students in Theoretical Nuclear and Hadron
Physics. Participation of experimentalists and post-docs is also encouraged. The 2019
edition will be devoted to Hadron Physics, and it will provide a pedagogical introduction to
the basic concepts and tools needed for carrying out cutting-edge research in Continuum
QCD (non-perturbative QCD), Hadron and Exotic Spectroscopy
(Tetraquarks,Pentaquarks,Hybrids), Light-Front Dynamics and Holography, Amplitude-
analysis theoretical tools and Electron-Ion Collider physics. The aim will be both to stress
the intimate connections among those fields and to give much attention to the
interpretation of experimental data, within framework based on ab initio or more
phenomenological approaches. 

Topics 
Stanley J. Brodsky (SLAC Natl. Accelerator Lab.): Light-Front Dynamics and
Holography
Abhay Deshpande (Stony Brook Univ. & Brookhaven Natl. Lab.): Electron-Ion Collider
physics
Craig D. Roberts (Argonne Natl. Lab.): Continuum-QCD in non perturbative regime 
Adam P. Szczepaniak (Indiana Univ. & JPAC@JLAB): Hadron spectroscopy and
Amplitude-analysis theoretical tools
Bing-⁠Song Zou (Inst. Theo. Phys. Chinese Academy of Sciences): Hadron and Exotic
Spetroscopy

Organizers 
Francesco Becattini (University and INFN, Firenze)
Ignazio Bombaci (University and INFN, Pisa)
Angela Bonaccorso (INFN, Pisa)

Home

Workshops

Schools

Other Events

Activity Planner

Weekly
Participants

Guidelines for
conferences and
miniprograms

Simons Grants

Long Term Visits

Apply to GGI
Events

Calls for
Workshops

Visit Info

Facilities

Staff

Photo Galleries

Administration

Evidence for Quarks

• Scale-Invariant Electron-Proton Inelastic Scattering:                       

• Electron scatters on point-like constituents with fractional 
charge; final-state jets

• Electron-Positron Annihilation:                                
Production of point-like pairs with fractional charges 

• 3 colors;  quark, antiquark, gluon jets

• Exclusive hard scattering reactions:                      

• Probability that a hadron stays intact counts number of  its 
point-like constituents:
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Quark interchange  describes angular distributions 
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logarithmic derivative  
of the QCD coupling  is negative 

Coupling becomes weaker at short 
distances = high momentum transfer
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Asymptotic unification of 
strong, electromagnetic, and weak 

forces in analytic 
pinch scheme

QED

QCD

Binger, sjbSupersymmetric
SU(5)

Must Use Same Scale Setting Procedure! BLM/PMC



logarithmic derivative  
of the QED coupling is positive 

Coupling becomes  stronger at short 
distances  = high momentum transfer

� =
d↵QED(Q2)

d lnQ2
> 0

X

In QED the  β- function  
is positive

Landau Pole!

QCD[(SU(NC)] → QED when NC → 0



limNC ⇥ 0 at fixed � = CF�s, n⌥ = nF/CF

e+e� ⇥ p⇤ p

QCD ⇥ Abelian Gauge Theory

limNC ⇥ 0 at fixed � = CF�s, n⌥ = nF/CF

e+e� ⇥ p⇤ p

P. Huet, sjb

Analytic Feature of SU(Nc) Gauge Theory

All  analyses for Quantum Chromodynamics  
must be applicable to Quantum Electrodynamics

Must Use Same Scale Setting Procedure! BLM/PMC

CF =
N2

C � 1
2NC



Advantages of the Dirac’s Front Form for Hadron Physics

• Measurements are made at fixed τ 

• Causality is automatic 

• Structure Functions are squares of LFWFs 

• Form Factors are overlap of LFWFs 

• LFWFs are frame-independent: no boosts, no pancakes! 

• Same structure function measured at an e p collider and the 
proton rest frame 

• No dependence of hadron structure on observer’s frame 

• LF Holography: Dual to AdS space 

• LF Vacuum simple -- no vacuum condensates! 

• Profound implications for Cosmological Constant

Physics Independent of Observer’s Motion

Terrell, Penrose

Lorentz Invariant
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Figure 3.6: A large nucleus before and after an ultra-relativistic boost.

length, appear to overlap with each other in
the transverse plane, leading to high parton
density. A large occupation number of color
charges (partons) leads to a classical gluon
field dominating the small-x wave-function
of the nucleus. This is the essence of the
McLerran-Venugopalan (MV) model [137].
According to the MV model, the dominant
gluon field is given by the solution of the
classical Yang-Mills equations, which are the
QCD analogue of Maxwell equations of elec-
trodynamics.

The Yang-Mills equations were solved for
a single nucleus exactly [138, 139]; their so-
lution was used to construct an unintegrated
gluon distribution (gluon TMD) φ(x, k2T )
shown in Fig. 3.7 (multiplied by the phase
space factor of the gluon’s transverse mo-
mentum kT ) as a function of kT .4 Fig. 3.7
demonstrates the emergence of the satu-
ration scale Qs. The majority of gluons
in this classical distribution have transverse
momentum kT ≈ Qs. Note that the gluon
distribution slows down its growth with de-
creasing kT for kT < Qs (from a power-law
of kT to a logarithm, as can be shown by
explicit calculations). The distribution sat-
urates, justifying the name of the saturation
scale.

The gluon field arises from all the nucle-
ons in the nucleus at a given location in the
transverse plane (impact parameter). Away

from the edges, the nucleon density in the
nucleus is approximately constant. There-
fore, the number of nucleons at a fixed im-
pact parameter is simply proportional to the
thickness of the nucleus in the longitudinal
(beam) direction.

αs << 1αs ∼ 1 ΛQCD

know how to 
do physics here?
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Figure 3.7: The unintegrated gluon distribu-
tion (gluon TMD) φ(x, k2T ) of a large nucleus
due to classical gluon fields (solid line). The
dashed curve denotes the lowest-order pertur-
bative result.

For a large nucleus, that thickness, in
turn, is proportional to the nuclear radius
R ∼ A1/3 with the nuclear mass number A.
The transverse momentum of the gluon can
be thought of as arising from many trans-
verse momentum “kicks” acquired from in-
teractions with the partons in all the nucle-
ons at a given impact parameter. Neglect-

4Note that in the MV model φ(x, k2
T ) is independent of Bjorken-x. Its x-dependence comes in though

the BK/JIMWLK evolution equations described above.
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Is this really true?  Will an electron-proton collider 
see different results than a fixed target experiment such as 

SLAC because the nucleus is squashed to a `pancake’? 

No length contraction — no pancakes!
Penrose
Terrell

Weiskopf

We do not observe the nucleus at one time t!

Violates Lorentz invariance
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Fig. 1. Dirac’s three forms of Hamiltonian dynamics.

2.4. Forms of Hamiltonian dynamics

Obviously, one has many possibilities to parametrize space—time by introducing some general-
ized coordinates xJ (x). But one should exclude all those which are accessible by a Lorentz
transformation. Those are included anyway in a covariant formalism. This limits considerably the
freedom and excludes, for example, almost all rotation angles. Following Dirac [123] there are no
more than three basically different parametrizations. They are illustrated in Fig. 1, and cannot be
mapped on each other by a Lorentz transform. They differ by the hypersphere on which the fields
are initialized, and correspondingly one has different “times”. Each of these space—time parametriz-
ations has thus its own Hamiltonian, and correspondingly Dirac [123] speaks of the three forms of
Hamiltonian dynamics: The instant form is the familiar one, with its hypersphere given by t"0. In
the front form the hypersphere is a tangent plane to the light cone. In the point form the time-like
coordinate is identified with the eigentime of a physical system and the hypersphere has a shape of
a hyperboloid.

Which of the three forms should be prefered? The question is diffi cult to answer, in fact it is
ill-posed. In principle, all three forms should yield the same physical results, since physics should
not depend on how one parametrizes the space (and the time). If it depends on it, one has made
a mistake. But usually one adjusts parametrization to the nature of the physical problem to
simplify the amount of practical work. Since one knows so little on the typical solutions of a field
theory, it might well be worth the effort to admit also other than the conventional “instant” form.

The bulk of research on field theory implicitly uses the instant form, which we do not even
attempt to summarize. Although it is the conventional choice for quantizing field theory, it has

S.J. Brodsky et al. / Physics Reports 301 (1998) 299—486 315

Instant Form Front Form 
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P.A.M Dirac, Rev. Mod. Phys. 
21, 392 (1949)
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"Working with a front is a process that is unfamiliar to physicists. 
But still I feel that the mathematical simplification that it introduces is all-

important. 
I consider the method to be promising and have recently been making an extensive 

study of it. 
It offers new opportunities, while the familiar instant form seems to be played out " - 

P.A.M. Dirac (1977) 

P.A.M Dirac, Rev. Mod. Phys. 21, 392 (1949)
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The null-plane Hamiltonians map the initial light-like surface onto some other surface, and therefore describe the 
dynamical evolution of the system. 

The energy P− translates the system in the null-plane time coordinate x+, whereas the spin Hamiltonians Fr rotate the 
initial surface about the surface of the light cone.

Figure 1. A null plane is a surface tangent to the light cone. The null-plane Hamiltonians map
the initial light-like surface onto some other surface and therefore describe the dynamical evolution
of the system. The energy P� translates the system in the null-plane time coordinate x+, whereas
the spin Hamiltonians Fr rotate the initial surface about the surface of the light cone.

2 Space-time symmetry in the front form

2.1 A null plane defined

In the front-form of relativistic Hamiltonian dynamics, one chooses the initial state of the

system to be on a light-like plane, or null-plane, which is a hypersurface of points x in

Minkowski space such that x · n = ⌧ (see fig. 1). Here n is a light-like vector which will

be chosen below, and ⌧ is a constant which plays the role of time. We will refer to a

null-plane as ⌃⌧
n. The subgroup of the Poincaré group that maps ⌃⌧

n to itself is called

the stability group of the null-plane and determines the kinematics within the null-plane.

The remaining three Poincaré generators map ⌃⌧
n to a new surface, ⌃⌧ 0

n , and therefore

describe the evolution of the system in time. The front-form is special in that it has seven

kinematical generators, the largest stability group of all of the forms of dynamics [1]. It

stands to reason that in complicated problems in relativistic quantum mechanics one would

prefer a formulation which has the fewest number of Hamiltonians to determine.

– 4 –

 Null plane: a surface tangent to the light cone. 

Silas R. Beane

τ=t+z/c
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ẑ

↵L = ↵R⇥ ↵P

↵Li = (xi
↵R⇤+↵b⇤i)⇥ ↵P

↵⇧i = ↵b⇤i ⇥ ↵k⇤i

↵⇧i = ↵Li � xi
↵R⇤ ⇥ ↵P = ↵b⇤i ⇥ ↵P

A(⇤,�⇤) = 1
2⇥

�
d�e

i
2⇤�M(�,�⇤)

P+, P⇤

xiP
+, xi

P⇤+ k⇤i

� = Q2

2p·q

ẑ

L = R⇥ P

Li = (xi
R⇤+b⇤i)⇥ P

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Light-Front Wavefunctions:  rigorous representation of 
composite systems in quantum field theory

x =
k+

P+
=

k0 + k3

P 0 + P 3

Causal, Frame-independent.  Creation Operators on Simple Vacuum, 
Current Matrix Elements are Overlaps of LFWFS

Invariant under boosts!  Independent of Pμ 

Eigenstate of LF Hamiltonian 

 n(xi,~k?i ,�i)
HQCD

LF |�h >= M2
h|�h >

|Ψh > =
∞

∑
n=3

ψn(xi, ⃗k ⊥i, λi) |n; ⃗k ⊥i, λi >



Light-Front Quantization

τ =



Light Front Dynamics and Holography
 Stan Brodsky

M a y  2 6 - 3 0 ,  2 0 1 4

Home International Light Cone Advisory Committee NC State Physics Jefferson Lab NC State College of Sciences

N a v i g a t i o n

Final Circular
Program
Registration
Accommodations
Travel
Poster
Participants
Scientific Advisory
Comm

Meeting Email: 
LightCone2014 'at' ncsu.edu
For questions and further
information about the
meeting.

N e w s  &  U p d a t e s

R a l e i g h ,  N C

Things to do in Raleigh
Visit Raleigh
Downtown Raleigh
Visit the NC Triangle

R a l e i g h ,  N C ,  U S A

W e l c o m e  t o  L i g h t  C o n e  2 0 1 4

We invite you to participate in the
forthcoming Light Cone 2014 (LC2014)
meeting, to be held in Raleigh, North Carolina,
during May 26-30, 2014.

In anticipation of opportunities afforded by new facilities such
as the 12 GeV upgrade of Jefferson Lab, the FAIR facility at GSI,
J-PARC, and other facilities around the globe, we plan to
organize a timely scientific program to make a representative
impact on the forefront research development of nuclear,
hadron and particle physics. A main focus of the meeting will be
the interface between theory and experiment in hadron physics.
We encourage many young physicists to join and actively discuss
with the world experts participating in this meeting.

L o c a l  O r g a n i z i n g  C o m m i t t e e

Chueng Ji - NCSU Workshop Chair
Wally Melnitchouk - JLab
Haiyan Gao - Duke University
Dean Lee - NCSU
Thomas Schäfer - NCSU
Mithat Ünsal - NCSU
John Blondin - NCSU
Leslie Cochran and Rhonda Bennett - Administrative Support

M e e t i n g  S p o n s o r s

NC State Department of Physics
NC State College of Sciences
Jefferson Lab

contact | Department of Physics | College of Sciences | North Carolina State University

September 21 2013

LC2014 Registration
opens October 1, 2013.

May 21 2013

LC2014-Raleigh was
formally approved at the
ILCAC Meeting in

2/16/19, 2(46 PMEvent at Galileo Galilei Institute

Page 1 of 2https://www.ggi.infn.it/showevent.pl?id=314

Home > Schools > School

School

Frontiers in Nuclear and Hadronic Physics 2019

Feb, 25 2019 - Mar, 08 2019 

Abstract 
The school is primarily addressed to Ph.D. students in Theoretical Nuclear and Hadron
Physics. Participation of experimentalists and post-docs is also encouraged. The 2019
edition will be devoted to Hadron Physics, and it will provide a pedagogical introduction to
the basic concepts and tools needed for carrying out cutting-edge research in Continuum
QCD (non-perturbative QCD), Hadron and Exotic Spectroscopy
(Tetraquarks,Pentaquarks,Hybrids), Light-Front Dynamics and Holography, Amplitude-
analysis theoretical tools and Electron-Ion Collider physics. The aim will be both to stress
the intimate connections among those fields and to give much attention to the
interpretation of experimental data, within framework based on ab initio or more
phenomenological approaches. 

Topics 
Stanley J. Brodsky (SLAC Natl. Accelerator Lab.): Light-Front Dynamics and
Holography
Abhay Deshpande (Stony Brook Univ. & Brookhaven Natl. Lab.): Electron-Ion Collider
physics
Craig D. Roberts (Argonne Natl. Lab.): Continuum-QCD in non perturbative regime 
Adam P. Szczepaniak (Indiana Univ. & JPAC@JLAB): Hadron spectroscopy and
Amplitude-analysis theoretical tools
Bing-⁠Song Zou (Inst. Theo. Phys. Chinese Academy of Sciences): Hadron and Exotic
Spetroscopy

Organizers 
Francesco Becattini (University and INFN, Firenze)
Ignazio Bombaci (University and INFN, Pisa)
Angela Bonaccorso (INFN, Pisa)

Home

Workshops

Schools

Other Events

Activity Planner

Weekly
Participants

Guidelines for
conferences and
miniprograms

Simons Grants

Long Term Visits

Apply to GGI
Events

Calls for
Workshops

Visit Info

Facilities

Staff

Photo Galleries

Administration

Features of the LF Wavefunction

• Independent of hadron momentum  

• Boost, Lorentz, and Poincare invariant

• Momentum conservation

• Angular Momentum conservation 

• General form:

• Underlies all hadron observables!

P+ = P0 + Pz, k+ = k0 + kz, xi =
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Goal: an analytic first approximation to QCD

•As Simple as Schrödinger Theory in Atomic Physics 

•Relativistic, Frame-Independent, Color-Confining 

•Confinement in QCD -- What sets the QCD mass scale? 

•QCD Coupling at all scales 

•Hadron Spectroscopy 

•Light-Front Wavefunctions 

•Form Factors, Structure Functions,Hadronic Observables 

•Constituent Counting Rules 

•Hadronization at the Amplitude Level 

•Insights into the QCD vacuum 

•Chiral Symmetry 

•Systematically improvable
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• Measurements are made at fixed τ 

• Causality is automatic 

• Structure Functions are squares of LFWFs 

• Form Factors are overlap of LFWFs 

• LFWFs are frame-independent -- no boosts! 

• No dependence on observer’s frame 

• LF Holography: Dual to AdS space 

• LF Vacuum trivial -- no condensates! 

• Profound implications for Cosmological 
Constant

Advantages of the Dirac’s Front Form for Hadron Physics



Light Front Dynamics and Holography
 Stan Brodsky

M a y  2 6 - 3 0 ,  2 0 1 4

Home International Light Cone Advisory Committee NC State Physics Jefferson Lab NC State College of Sciences

N a v i g a t i o n

Final Circular
Program
Registration
Accommodations
Travel
Poster
Participants
Scientific Advisory
Comm

Meeting Email: 
LightCone2014 'at' ncsu.edu
For questions and further
information about the
meeting.

N e w s  &  U p d a t e s

R a l e i g h ,  N C

Things to do in Raleigh
Visit Raleigh
Downtown Raleigh
Visit the NC Triangle

R a l e i g h ,  N C ,  U S A

W e l c o m e  t o  L i g h t  C o n e  2 0 1 4

We invite you to participate in the
forthcoming Light Cone 2014 (LC2014)
meeting, to be held in Raleigh, North Carolina,
during May 26-30, 2014.

In anticipation of opportunities afforded by new facilities such
as the 12 GeV upgrade of Jefferson Lab, the FAIR facility at GSI,
J-PARC, and other facilities around the globe, we plan to
organize a timely scientific program to make a representative
impact on the forefront research development of nuclear,
hadron and particle physics. A main focus of the meeting will be
the interface between theory and experiment in hadron physics.
We encourage many young physicists to join and actively discuss
with the world experts participating in this meeting.

L o c a l  O r g a n i z i n g  C o m m i t t e e

Chueng Ji - NCSU Workshop Chair
Wally Melnitchouk - JLab
Haiyan Gao - Duke University
Dean Lee - NCSU
Thomas Schäfer - NCSU
Mithat Ünsal - NCSU
John Blondin - NCSU
Leslie Cochran and Rhonda Bennett - Administrative Support

M e e t i n g  S p o n s o r s

NC State Department of Physics
NC State College of Sciences
Jefferson Lab

contact | Department of Physics | College of Sciences | North Carolina State University

September 21 2013

LC2014 Registration
opens October 1, 2013.

May 21 2013

LC2014-Raleigh was
formally approved at the
ILCAC Meeting in

2/16/19, 2(46 PMEvent at Galileo Galilei Institute

Page 1 of 2https://www.ggi.infn.it/showevent.pl?id=314

Home > Schools > School

School

Frontiers in Nuclear and Hadronic Physics 2019

Feb, 25 2019 - Mar, 08 2019 

Abstract 
The school is primarily addressed to Ph.D. students in Theoretical Nuclear and Hadron
Physics. Participation of experimentalists and post-docs is also encouraged. The 2019
edition will be devoted to Hadron Physics, and it will provide a pedagogical introduction to
the basic concepts and tools needed for carrying out cutting-edge research in Continuum
QCD (non-perturbative QCD), Hadron and Exotic Spectroscopy
(Tetraquarks,Pentaquarks,Hybrids), Light-Front Dynamics and Holography, Amplitude-
analysis theoretical tools and Electron-Ion Collider physics. The aim will be both to stress
the intimate connections among those fields and to give much attention to the
interpretation of experimental data, within framework based on ab initio or more
phenomenological approaches. 

Topics 
Stanley J. Brodsky (SLAC Natl. Accelerator Lab.): Light-Front Dynamics and
Holography
Abhay Deshpande (Stony Brook Univ. & Brookhaven Natl. Lab.): Electron-Ion Collider
physics
Craig D. Roberts (Argonne Natl. Lab.): Continuum-QCD in non perturbative regime 
Adam P. Szczepaniak (Indiana Univ. & JPAC@JLAB): Hadron spectroscopy and
Amplitude-analysis theoretical tools
Bing-⁠Song Zou (Inst. Theo. Phys. Chinese Academy of Sciences): Hadron and Exotic
Spetroscopy

Organizers 
Francesco Becattini (University and INFN, Firenze)
Ignazio Bombaci (University and INFN, Pisa)
Angela Bonaccorso (INFN, Pisa)

Home

Workshops

Schools

Other Events

Activity Planner

Weekly
Participants

Guidelines for
conferences and
miniprograms

Simons Grants

Long Term Visits

Apply to GGI
Events

Calls for
Workshops

Visit Info

Facilities

Staff

Photo Galleries

Administration

�40

QCD Lagrangian

Yang Mills Gauge Principle: 
Color Rotation and Phase 

Invariance at Every Point of 
Space and Time 

Scale-Invariant Coupling
Renormalizable 

Nearly-Conformal
Asymptotic Freedom
Color Confinement

LQCD = �1
4
Tr(Gµ⌫Gµ⌫) +

nfX

f=1

i ̄fDµ�µ f +
nfX

f=1

mf  ̄f f

iDµ = i@µ � gAµ Gµ⌫ = @µAµ � @⌫Aµ � g[Aµ, A⌫ ]



Fundamental Couplings of QCD and QED

gluon self-couplings

QED

�

e�

e�

Gµ⌫ = @µAµ � @⌫Aµ � g[Aµ, A⌫ ]

LQCD = �1
4
Tr(Gµ⌫Gµ⌫) +

nfX

f=1

i ̄fDµ�µ f +
nfX

f=1

mf  ̄f f

Gluon vertices Gµ⌫Gµ⌫

QCD

q(r)

q(b)

g(br̄)
 ̄�µAµ ̄
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 ̄�µAµ ̄
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QCD Lagrangian

Yang Mills Gauge Principle: Color 
Rotation and Phase Invariance at 

Every Point of Space and Time 

Scale-Invariant Coupling 
Renormalizable  

Asymptotic Freedom 
Color Confinement 

LQCD = �1
4
Tr(Gµ⌫Gµ⌫) +

nfX

f=1

i ̄fDµ�µ f +
nfX

f=1

mf  ̄f f

iDµ = i@µ � gAµ Gµ⌫ = @µAµ � @⌫Aµ � g[Aµ, A⌫ ]

Fundamental Theory of Hadron and Nuclear Physics 

QCD Mass Scale from Confinement not Explicit

quark

Classically Conformal if mq=0
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LF
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Fig. 6. A few selected matrix elements of the QCD front form Hamiltonian H"P
!

in LB-convention.

10. For the instantaneous fermion lines use the factor ¼
"

in Fig. 5 or Fig. 6, or the corresponding
tables in Section 4. For the instantaneous boson lines use the factor ¼

#
.

The light-cone Fock state representation can thus be used advantageously in perturbation
theory. The sum over intermediate Fock states is equivalent to summing all x!-ordered diagrams
and integrating over the transverse momentum and light-cone fractions x. Because of the restric-
tion to positive x, diagrams corresponding to vacuum fluctuations or those containing backward-
moving lines are eliminated.

3.4. Example 1: ¹he qqN -scattering amplitude

The simplest application of the above rules is the calculation of the electron—muon scattering
amplitude to lowest non-trivial order. But the quark—antiquark scattering is only marginally more
difficult. We thus imagine an initial (q, qN )-pair with different flavors fOfM to be scattered off each
other by exchanging a gluon.

Let us treat this problem as a pedagogical example to demonstrate the rules. Rule 1: There are
two time-ordered diagrams associated with this process. In the first one the gluon is emitted by the
quark and absorbed by the antiquark, and in the second it is emitted by the antiquark and
absorbed by the quark. For the first diagram, we assign the momenta required in rule 2 by giving
explicitly the initial and final Fock states
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338 S.J. Brodsky et al. / Physics Reports 301 (1998) 299—486

Physical gauge: A+ = 0



Light-Front QCD

Eigenvalues and Eigensolutions give Hadronic 
Spectrum and Light-Front wavefunctions

HQCD
LF |�h >= M2

h|�h >

HQCD
LF =

�

i

[
m2 + k2

�
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tables in Section 4. For the instantaneous boson lines use the factor ¼
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LQCD � HQCD
LF

Hint
LF : Matrix in Fock Space

Physical gauge: A+ = 0

Exact frame-independent formulation of 
nonperturbative QCD!

H
int
LF

LFWFs: Off-shell in P- and invariant mass

|p, Jz >=
X

n=3

 n(xi,~k?i,�i)|n;xi,~k?i,�i >



T = HI +HI
1

M2
initial�M2

intermediate+i✏
HI + · · ·

< i|T |j >=< i|HI |j > +
P

n < i|HI |n >
1

M2
i �M2

n+i✏
< n|HI |j > + · · ·

Light-Front Hamiltonian Perturbation Theory

All particles on their respective mass-shell 

Sum over all allowed intermediate states 

k2 = k+k� � k2? = m2

P+, ~P?, Jz conserved

�Lz = Lz
initial � Lz

final  number of vertices K. Chiu 
SJB

All k+ positive
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Light-Front Hamiltonian Perturbation Theory

All particles on their respective mass-shell 
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Features of LF Perturbation Theory

•All intermediate states propagate on mass shell 

•Wick theorem: sum  of diagrams with positive k+ 

•3-dimensional Integrals:  

•Each amplitude is frame independent 

•Unitarity is explicit 

•“History":  Numerator is process independent! 

•Jz Conservation at each vertex 

•Spin projection along   

Poincare’ Invariant

∫ d2k⊥ ∫
1

0
dx

̂z



p − q + r, y

p, x

p + r, y + xz

p − q, x(1 − z)

q, xz

T = g2

xz[ m2

x − λ2 + q2⊥
xz − m2 + q2⊥

x(1 − z) ] + iϵ
≡ g2

t − λ2 + iϵ

Thu s t = −q2
⊥ − z2m2

1 − z

λ

Note that one can choose the LF frame so that t = �q2? if z = 0, as in the
Drell Yan West analysis for form factors, or choose LF kinematics with q? = 0
so that t = �m2z2

1�z .

This defines the Mandelstam variable t. It allows the concept of an o↵-shell

propagator in LFPTH

BA

Introduce virtuality t in LFPTH



p, x
p − q, x(1 − z)

q, zx

t = −q2
⊥ + z2m2

1 − z Σ(t)

BA C

p − q + r, y
p + r, y + xz

One can thus compute ⌃(t) for t ! 0 by choosing 2 ! 2 scattering kine-

matics, where q? = 0, and taking the limit of small LF momentum fraction

z.

q⊥ = 0, lim z → 0 : t = −z2m2

1 − z
→ 0

Computing
1

A�B
1

A�C in LFPTH is equivalent to computing the self-energy

⌃(t) from 1
B�C with an e↵ective invariant mass squared M2

= �t.



p + q + r, y

p, x
p − q, x(1 − z)

q, zx

BA C

The disconnected loop diagram is coupled to the vacuum eigenstate with
P+ = 0, ~P? = 0. It vanishes in LF theory since + momentum conservation
cannot be satisfied. Unlike the connected self-energy insertion ⌃(p2), it is not
obtained from a limit process from a contribution with nonzero P+.

p + r, y + xz

There is no limiting or rescaling process involved.

P+ = 0, P⊥ = 0⊥
Disconnected 

LF Vacuum Graph

Disconnected Vacuum graphs in LF theory have total P+ = 0, ~P? = 0?.
They are invariant over all space (x�, ~x?) at fixed LF time ⌧ = x+ = t+z/c.

Σ(t)



General remarks about orbital angular mo-
mentum
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ẑ

L = R⇥ P

Li = (xi
R⇤+b⇤i)⇥ P

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Light-Front Wavefunctions:  rigorous representation of 
composite systems in quantum field theory

x =
k+

P+
=

k0 + k3

P 0 + P 3

Causal, Frame-independent.  Creation Operators on Simple Vacuum, 
Current Matrix Elements are Overlaps of LFWFS
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exclusive processes. Predictions are given for the scaling behavior, angular dependence, helicity structure, and
normalization of elastic and inelastic form factors and large-angle exclusive scattering amplitudes for hadrons and
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that the dimensional-counting rules for the power-law falloff of these amplitudes with momentum transfer are
rigorous predictions of @CD, modulo calculable logarithmic corrections from the behavior of the hadronic wave
functions at short distances. These anomalous-dimension corrections are determined by evolution equations for
process-independent meson and baryon "distribution amplitudes" Si(x, ,g) which control the valence-quark
distributions in high-momentum-transfer exclusive reactions. The analysis can be carried out systematically in
powers of a, (Q'), the QCD running coupling constant. Although the calculations are most conveniently carried
out using light-cone perturbation theory and the light-cone gauge, we also present a gauge-independent analysis
and relate the distribution amplitude to a gauge-invariant Bethe-Salpeter amplitude.

I. INTRODUCTION

In this paper we present a systematic analysis
in quantum chromodynamics (QCD) of exclusive
processes involving transfer of large momenta.
The results lead to a comprehensive new range of
rigorous predictions of perturbative QCD which
test both the scaling and spin properties of quark
and gluon interactions at large momentum as well
as the detailed structure of hadronic wave func-
tions at short distances. Predictions are possible
for a huge number of experimentally accessible
phenomena including the elastic and inelastic
electromagnetic and weak form factors of had-
rons, and, more generally, large-angle exclusive
scattering reactions where the interacting parti-
cles can be either hadrons or photons. We con-
firm that the dimensional-counting rules' for the
power-law falloff of these amplitudes at large mo-
mentum transfer are rigorous predictions of QCD,
up to calculable powers of the running coupling
constant &,(Q ) or (in@ /& ) . Angular depen-
dence, helicity structure, relative and sometimes
even the absolute normalization can be computed
for all such processes.
A simple picture emerges from our analysis of

these processes. For example, consider the
proton's magnetic form factor Gtt(Q ) at large
-q =Q . This is most easily understood in the
infinite-momentum frame where the proton is ini-
tially moving along the z axis and then is struck
by a highly virtual photon carrying large trans-
verse momentum qj. =-q . The form factor is the
amplitude for the composite hadron to absorb

large transverge momentum while remaining in-
tact. In effect, an intact" baryon can be pictured
as three valence quarks, each carrying some frac-
tion x; of the baryon's momentum(Q; tx,. = 1) and
all moving roughly parallel with the hadron. As
we shall see, the more complicated nonvalence
Fock states in the proton (i. e. , qqqqq, qqqg, . . . )
are unimportant as Q ~. The form factor is
then the product of three probability amplitudes:
(a) the amplitude P for finding the three-quark
valence state in the incoming proton; (b) the ampli-
tude &„ for this tluark state to scatter with the
photon producing three quarks in the final state
whose momenta are roughly collinear, ' and (c) the
amplitude P* for this final quark state to reform
into a hadron. Thus the magnetic form factor can
be written [see Fig. 1(a)]

p1 p1
Gn(Q') = ~' [dx] ~ [dy]e*(y;, Q,)Tn(xt, y;, 0)

&0 ~0

x4(xt q )[1+0(rrt'/q'. )]

where [dx]=- dxtdx2dxs5(1-Q, x,) and Q„= min;(x, .Q).
To leading order in &,(Q ), the "hard-scattering

amplitude" && is the sum of all Born diagrams
for y*+3q-Sq in perturbative QCD. The trans-
verse-momentum fluctuations of the quarks in the
initial and final protons are negligible relative to
qi, as are all particle masses. These can be ig-
nored in ~„so that in effect each hadron is re-
placed by collinear on-shell valence partons.
Since the final quarks are collinear, momentum
of 0(qi) -~ must be transferred from quark line
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gives evidence that o.',(Q } is slowly varying-i. e. ,
that the QCD scale constant A is relatively small:
A,~, c 100 to 300 MeV. (The larger value is only
possible if mass corrections are important. )
A more qualitative success of @CD is the fact

that the pion form factor, computed with the
asymptotic wave function normalized to the pion
.decay constant, is within a factor of -2 of the ob-
served spacelike data. The definitive check of the
predictions for & (Q ) will require an evaluation
of the order o.',(Q ) correction, as well as further
constraints on the pion distribution amplitude
P(x, Q). As we shall show in a subsequent paper,
measurements of the scaling properties and angu-
lar dependence of the two-photon processes
dc/dt(yy -MM), with M =v'0, pz'or andtheir ratio to
the corresponding e'8 -~ ~ cross sections can
provide extraordinary checks on@CD and impor-
tant constraints on the form of the distribution
amplitudes at nonasymptotic momenta. These
two-photon processes are the simplest nontrivial
hadronic scattering amplitudes computable in
perturbative @CD. Pinch contributions are power-
law suppressed in this case. We also emphasize
the importance of experimentally checking the
ratio of &' to E' to pi, form factors which are pre-
dicted to asymptotically approach the ratios
f)2:am: 2f,2-1:1.5:2.5. The fact that the pion
form factor has the same sign as its value at Q
= 0 (i. e. , no zeros) is a nontrivial check of @CD;
for scalar gluons, the meson form factor would
change sign as Q increases. Another qualitative
success of @CD is its apparent explanation of the
surprisingly large normalization of the pp-pp and
mp -mp scattering amplitudes and the magnitude
of large-momentum-transfer nuclear form factors.
It remains an open question whether the large spin
polarization observed in large-angle pp -pp scat-
tering at Argonne can be explained in terms of
perturbative QCD mechanisms.
Finally, we emphasize that the quark distribu-

tion amplitudes
fQ

P(x;, Q) - d kjt/i(x;, kj.;).

which control exclusive reactions at large momen-
tum transfer, and the quark probability distribu-
tions

tQ
q(x), Q) J

d ki ill) (xi' kj.i} I

(summed over all Fock states), which control
inclusive reactions at large momentum transfer,
are each determined by the hadronic Fock-state
wave functions g(x„ki,). In principle, the P(x„ki,)
describe all hadronic matrix elements. A central
goal of hadronic physics will be to utilize these

wave functions to unify short- and long-distance
physics, and make contact with hadronic spectro-
scopy, low-momentum-transfer reactions, and the
whole range of nonperturbative physics.
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APPENDIX A: LIGHT-CONE PERTURBATION
THEORY

One of the most convenient and physical formal-
isms for studying processes with large transverse
momenta is light-cone quantization, or its equiva-
lent, time-ordered perturbation theory in the in-
finite-momentum frame. Defining p'—=p +p, we
can parametrize a particle's momentum as

~'=(u'. u, )~= lu'~. ', .~).p
where p =p p -pi =m . [Note that in general
P 'k= ,'(P k +P k )——Pi'ki. j These variables
naturally distinguish between a particle's longi-
tudinal and transverse degrees of freedom and
when used in an appropriate frame lead to much
simplification. This is particularly true in any
analysis of collinear singularities as these appear
as divergences only in integrations over trans-
verse momenta, ki .2.
For each time-ordered graph, the rules of light--

cone perturbation theory are the following.
(Rl) Assign a momentum k„ to each line such

that (a) k', ki are conserved at each vertex, and
(b) k =m,' i. e. , k =(ki +m )/k' and k, is on
mass shell.
(R2) Include a factor &(k ) for each line—all

quanta are forward moving (k & 0) in the infinite-
momentum frame.
(R3) For each gluon (or other vector-boson) line

include a factor d,"„'/k' where d, „ is the (gauge-
dependent) polarization sum. In Feynman gauge
d, „equals -g„„. In light-cone gauge p '& =&'= 0,

d,"„'= Z ~„(k, ~)e„(k, ~)
)t=1 t2

q„k„+q„k„=-g) v+

where k ' E =g & =0. The singularity at g 0 =0
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D) Dp

FIG. 32. Sample vertex in light-cone perturbati, on
theory.

tex with the virtual external line are modified by
the replacement+„, k -Q„,k +q where the
light-cone energy q =(q +qi)/q is specifiedby
momentum conservation (and not by on-shell kine-
matics as is usual). Thus the form factor in Fig.
32 has energy denominators

(pl. —ki)' + 81' kl.'
Dg =p—,, ——,+i&,p'- k k'

q +qj. (pi+qj, - ki) +m kiD2=p + + + + —--+--+ig .P+q -k k

This rule is ec(uivalent to treating the (external)
virtual particle as an on-shell particle but with
mass q rather than m (=0 in Fig. 32). Ampli-
tudes having several external lines off shell are
analyzed in a similar fashion.

(T2) The contribution from each time-ordered
graph is separately invariant under boosts along
the 3 direction-i. e. , p'-&P', p -& p, pi-pi
for each momentum (internal and external) in the
diagram. Each time- ordered amplitude is also
invariant under transverse boosts: p'-p', p -p
+2pi'Qi+p'Qi, pi-pi+p'Qi for each momentum.
This is true in both Feynman and light-cone
gauges.
A particularly useful. spinor basis is constructed

from the eigenstates of the projection operators:

yy yy yy
4 2 2

= yy —yy yyA

where (A, ) =A„A,A, =0, A, =A, Ph, =A,P,
{j~»A, =A, », and P= ro, »—-=r ri. The eigenstates

of A, are

A.x =x~x(&)=, x(&)=, (A2)
1 0 1 1

and the associated spinor bases for particles and

TABLE II. Dirac matrix elements for the helicity spinors of Appendix A.

Matrix
element
gyi ' 'gg

Helicity (A, A')

g(p) + g(q)
y +)i/2 ~ (q+)i/2

g {p) g (q)
{p+)i/2 ~ {q+)i/2

g {p); g {q)
{p+)i/2 ~& {q+)i/2

g(p) g(q)
(p')"' (q')"'
g(p) - + - g(q)
(p+)i/2~ ~ ~ {q+)i/2

I

g{p) + i g(q)
{p+)i/2~ ~ +& {q+)i/2

g(p); + „g(q)
(p+ )i/2 VXV 7 (q+ )i/2

i +~ g(q)
(p+)f/2 73.7 l'3. (q+)f/2

2 2

p q+,(p~ q~ + ip» x q~ + m )

p,'+sr'~p~j q'+ se "q~
p q

(s'+ e)
p'q'+ {p~'q~ Esp~ xq~ + m )

x +&~ Pj.

q+

2{Bi~+ ie'~)

[(p sip )—(q +iq')]

+m
p +q+

Pi~ ip2 q yiq
p'

+, , [(pi +~p2) —(qi+iq2)]p q

(gil ~ ~gi2)p'
(gil g ~gi2)+

0

v p(p)7+ (q) =g (q)'Y+p(p)
~„(p)r"r'r'~. (q) = ~.(q)r'r'r+„(p)

vp(p)v p {q)= -gp(q)gp(p)
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I. INTRODUCTION

In this paper we present a systematic analysis
in quantum chromodynamics (QCD) of exclusive
processes involving transfer of large momenta.
The results lead to a comprehensive new range of
rigorous predictions of perturbative QCD which
test both the scaling and spin properties of quark
and gluon interactions at large momentum as well
as the detailed structure of hadronic wave func-
tions at short distances. Predictions are possible
for a huge number of experimentally accessible
phenomena including the elastic and inelastic
electromagnetic and weak form factors of had-
rons, and, more generally, large-angle exclusive
scattering reactions where the interacting parti-
cles can be either hadrons or photons. We con-
firm that the dimensional-counting rules' for the
power-law falloff of these amplitudes at large mo-
mentum transfer are rigorous predictions of QCD,
up to calculable powers of the running coupling
constant &,(Q ) or (in@ /& ) . Angular depen-
dence, helicity structure, relative and sometimes
even the absolute normalization can be computed
for all such processes.
A simple picture emerges from our analysis of

these processes. For example, consider the
proton's magnetic form factor Gtt(Q ) at large
-q =Q . This is most easily understood in the
infinite-momentum frame where the proton is ini-
tially moving along the z axis and then is struck
by a highly virtual photon carrying large trans-
verse momentum qj. =-q . The form factor is the
amplitude for the composite hadron to absorb

large transverge momentum while remaining in-
tact. In effect, an intact" baryon can be pictured
as three valence quarks, each carrying some frac-
tion x; of the baryon's momentum(Q; tx,. = 1) and
all moving roughly parallel with the hadron. As
we shall see, the more complicated nonvalence
Fock states in the proton (i. e. , qqqqq, qqqg, . . . )
are unimportant as Q ~. The form factor is
then the product of three probability amplitudes:
(a) the amplitude P for finding the three-quark
valence state in the incoming proton; (b) the ampli-
tude &„ for this tluark state to scatter with the
photon producing three quarks in the final state
whose momenta are roughly collinear, ' and (c) the
amplitude P* for this final quark state to reform
into a hadron. Thus the magnetic form factor can
be written [see Fig. 1(a)]

p1 p1
Gn(Q') = ~' [dx] ~ [dy]e*(y;, Q,)Tn(xt, y;, 0)

&0 ~0

x4(xt q )[1+0(rrt'/q'. )]

where [dx]=- dxtdx2dxs5(1-Q, x,) and Q„= min;(x, .Q).
To leading order in &,(Q ), the "hard-scattering

amplitude" && is the sum of all Born diagrams
for y*+3q-Sq in perturbative QCD. The trans-
verse-momentum fluctuations of the quarks in the
initial and final protons are negligible relative to
qi, as are all particle masses. These can be ig-
nored in ~„so that in effect each hadron is re-
placed by collinear on-shell valence partons.
Since the final quarks are collinear, momentum
of 0(qi) -~ must be transferred from quark line
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In the language of light-cone quantization, the electron anomalous magnetic moment ae =
α/2π is due to the one-fermion one-gauge boson Fock state component of the physical
electron. An explicit calculation of the anomalous moment in this framework using Eq. (7)
was give in Ref. [8]. We shall show here that the light-cone wavefunctions of the electron
provides an ideal system to check explicitly the intricacies of spin and orbital angular
momentum in quantum field theory. In particular, we shall evaluate the matrix elements of
the QED energy–momentum tensor and show how the “spin crisis” is resolved in QED for
an actual physical system. The analysis is exact in perturbation theory. The same method
can be applied to the moments of structure functions and the evaluation of other local
matrix elements. In fact, the QED analysis of this section is more general than perturbation
theory. We will also show how the perturbative light-cone wavefunctions of leptons and
photons provide a template for the wavefunctions of non-perturbative composite systems
resembling hadrons in QCD.
The light-cone Fock state wavefunctions of an electron can be systematically evaluated

in QED. The QED Lagrangian density is

L = i

2

[
!ψγ µ

(−→
∂ µ + ieAµ

)
ψ − !ψγ µ

(←−
∂ µ − ieAµ

)
ψ
]
− m!ψψ − 1

4
FµνFµν, (17)

and the corresponding energy–momentum tensor is

T µν = i

4

([!ψγ µ
(−→
∂ ν + ieAν

)
ψ − !ψγ µ

(←−
∂ ν − ieAν

)
ψ
]
+ [µ←→ ν]

)

+ FµρF ν
ρ + 1

4
gµνF ρλFρλ. (18)

Since T µν is the Noether current of the general coordinate transformation, it is conserved.
In later calculations we will identify the two terms in Eq. (18) as the fermion and boson
contributions T

µν
f and T

µν
b , respectively.

The physical electron is the eigenstate of the QED Hamiltonian. As discussed in the
introduction, the expansion of the QED eigenfunction on the complete set |n⟩ of H0
eigenstates produces the Fock state expansion. It is particularly advantageous to carry out
this procedure using light-cone quantization since the vacuum is trivial, the Fock state
representation is boost invariant, and the light-cone fractions xi = k+

i /P+ are positive:
0< xi ! 1,

∑
i xi = 1. We also employ light-cone gauge A+ = 0 so that the gauge boson

polarizations are physical. Thus each Fock-state wavefunction ⟨n|physical electron⟩ of
the physical electron with total spin projection J z = ± 1

2 is represented by the function
ψJ z

n (xi, k⃗⊥ i ,λi ), where

ki =
(
k+
i , k−i , k⃗⊥ i

)
=
(

xiP
+,

k⃗2⊥ i + m2
i

xiP+ , k⃗⊥ i

)
(19)

specifies the momentum of each constituent and λi specifies its light-cone helicity in the z

direction. We adopt a non-zero boson mass λ for the sake of generality.
The two-particle Fock state for an electron with J z = + 1

2 has four possible spin
combinations:

∣∣Ψ ↑two particle
(
P+, P⃗⊥ = 0⃗⊥

)〉
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=
∫

d2k⃗⊥ dx√
x(1−x)16π3

[
ψ
↑
+ 1
2 +1

(
x, k⃗⊥

)∣∣+ 1
2 + 1; xP+, k⃗⊥

〉

+ψ
↑
+ 1
2 −1

(
x, k⃗⊥

)∣∣+ 1
2 −1; xP+, k⃗⊥

〉
+ψ

↑
−12+1

(
x, k⃗⊥

)∣∣−12 + 1; xP+, k⃗⊥
〉

+ψ
↑
−12−1

(
x, k⃗⊥

)∣∣−12 −1; xP+, k⃗⊥
〉]

, (20)

where the two-particle states |sz
f s

z
b; xP+, k⃗⊥ ⟩ are normalized as in (2). Here sz

f and sz
b

denote the z-component of the spins of the constituent fermion and boson, respectively.
The wavefunctions can be evaluated explicitly in QED perturbation theory using the rules
given in Refs. [5,8]:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ
↑
+ 1
2+1

(
x, k⃗⊥

)
= −
√
2

(−k1 + ik2)
x(1−x)

ϕ,

ψ
↑
+ 1
2−1

(
x, k⃗⊥

)
= −
√
2

(+k1 + ik2)
1−x

ϕ,

ψ
↑
−12+1

(
x, k⃗⊥

) = −
√
2
(

M − m

x

)
ϕ,

ψ
↑
−12−1

(
x, k⃗⊥

)
= 0,

(21)

where

ϕ = ϕ
(
x, k⃗⊥

)
= e/

√
1−x

M2− (k⃗2⊥ + m2)/x− (k⃗ 2⊥ + λ2)/(1−x)
. (22)

Similarly,
∣∣Ψ ↓two particle

(
P+, P⃗⊥ = 0⃗⊥

)〉

=
∫

d2k⃗⊥ dx√
x(1−x)16π3

[
ψ
↓
+ 1
2+1

(
x, k⃗⊥

)∣∣+ 1
2 + 1; xP+, k⃗⊥

〉

+ψ
↓
+ 1
2−1

(
x, k⃗⊥

)∣∣+ 1
2 −1; xP+, k⃗⊥

〉
+ψ

↓
−12+1

(
x, k⃗⊥

)∣∣−12 + 1; xP+, k⃗⊥
〉

+ψ
↓
−12−1

(
x, k⃗⊥

)∣∣−12 −1; xP+, k⃗⊥
〉]

, (23)

where
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ
↓
+ 1
2+1

(
x, k⃗⊥

)
= 0,

ψ
↓
+ 1
2−1

(
x, k⃗⊥

)
= −
√
2
(

M − m

x

)
ϕ,

ψ
↓
−12+1

(
x, k⃗⊥

)
= −
√
2

(−k1 + ik2)
1−x

ϕ,

ψ
↓
−12−1

(
x, k⃗⊥

)
= −
√
2

(+k1 + ik2)
x(1−x)

ϕ.

(24)

The coefficients of ϕ in Eqs. (21) and (24) are the matrix elements of

u(k+, k−, k⃗⊥ )√
k+ γ · ϵ∗u(P+,P−, P⃗⊥ )√

P+
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=
∫

d2k⃗⊥ dx√
x(1−x)16π3

[
ψ
↑
+ 1
2 +1

(
x, k⃗⊥

)∣∣+ 1
2 + 1; xP+, k⃗⊥

〉

+ψ
↑
+ 1
2 −1

(
x, k⃗⊥

)∣∣+ 1
2 −1; xP+, k⃗⊥

〉
+ψ

↑
−12+1

(
x, k⃗⊥

)∣∣−12 + 1; xP+, k⃗⊥
〉

+ψ
↑
−12−1

(
x, k⃗⊥

)∣∣−12 −1; xP+, k⃗⊥
〉]

, (20)

where the two-particle states |sz
f s

z
b; xP+, k⃗⊥ ⟩ are normalized as in (2). Here sz

f and sz
b

denote the z-component of the spins of the constituent fermion and boson, respectively.
The wavefunctions can be evaluated explicitly in QED perturbation theory using the rules
given in Refs. [5,8]:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ
↑
+ 1
2+1

(
x, k⃗⊥

)
= −
√
2

(−k1 + ik2)
x(1−x)

ϕ,

ψ
↑
+ 1
2−1

(
x, k⃗⊥

)
= −
√
2

(+k1 + ik2)
1−x

ϕ,

ψ
↑
−12+1

(
x, k⃗⊥

) = −
√
2
(

M − m

x

)
ϕ,

ψ
↑
−12−1

(
x, k⃗⊥

)
= 0,

(21)

where

ϕ = ϕ
(
x, k⃗⊥

)
= e/

√
1−x

M2− (k⃗2⊥ + m2)/x− (k⃗ 2⊥ + λ2)/(1−x)
. (22)

Similarly,
∣∣Ψ ↓two particle

(
P+, P⃗⊥ = 0⃗⊥

)〉

=
∫

d2k⃗⊥ dx√
x(1−x)16π3

[
ψ
↓
+ 1
2+1

(
x, k⃗⊥

)∣∣+ 1
2 + 1; xP+, k⃗⊥

〉

+ψ
↓
+ 1
2−1

(
x, k⃗⊥

)∣∣+ 1
2 −1; xP+, k⃗⊥

〉
+ψ

↓
−12+1

(
x, k⃗⊥

)∣∣−12 + 1; xP+, k⃗⊥
〉

+ψ
↓
−12−1

(
x, k⃗⊥

)∣∣−12 −1; xP+, k⃗⊥
〉]

, (23)

where
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ
↓
+ 1
2+1

(
x, k⃗⊥

)
= 0,

ψ
↓
+ 1
2−1

(
x, k⃗⊥

)
= −
√
2
(

M − m

x

)
ϕ,

ψ
↓
−12+1

(
x, k⃗⊥

)
= −
√
2

(−k1 + ik2)
1−x

ϕ,

ψ
↓
−12−1

(
x, k⃗⊥

)
= −
√
2

(+k1 + ik2)
x(1−x)

ϕ.

(24)

The coefficients of ϕ in Eqs. (21) and (24) are the matrix elements of
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u"'(x~, ki)u '(x2, —k~) — . . 2 u (ylyf~) u (y2y f~)Z(x„kg,'y„ li; M )x1 X2
(As)

where in perturbation theory E is the sum of all truncated, two-particle irreducible amplitudes as illus-
trated in Fig. 33(b). A scattering amplitude involving the bound state is given by

»1 »- ~ d2y 0) t2)[«]',me(x„k.;p) = ) [«] l;sn ~~g(x», k.),
40 -o 16& -

' '
o 16m xg x2

(A7)

where 3g is the amplitude with the bound state replaced its constituents. Amplitude 3g must be two-parti-
cle irreducible with respect to the constituent lines if double counting is to be avoided (Fig. 34), [Note
that Eq. (A7) is consistent with rule (R4) which assigns the spinor factor u/ex (or u/~x to the interaction
vertex of each internal fermion. ] Equation (A7) has conventional (relativistic) normalization if the wave
function is normalized so that

d j8 di = [«] l ', ! g(x„k».)!'- [dx] l, [dy] l ', y*(x„k».),K(x», k».;y„li;M')g(y», li) .
Notice that the second term in (As) contributes only when the interaction potential is energy dependent
(which is not the ease in most nonrelativistic analyses).
For illustration, consider positronium. The kernel for one-photon exchange is

-168 m2 2

(k.—f.)'+ (x - y)'m'

(AS)

(AO)

in the nonrelatistic region ki, li-O(um) and x—=xq —x2-0(&), y—=yq —y2 -0(&). Using this kernel and writ-
ting M =4m +4m&, Eq. (A5) is approximately

( k2+ 2 2 P1 Pw Pf 82
»I»(x» k&)—(4xlx2) m dy s 8 zk f xz I xz z 4(y», 4) ~

m ~-1

This equation has ground-state energy & =-cPm/4, as expected, and nonrelativistic wave functions
r
!
QgVg —QgVt parapositronium,

mp' '" 54vpx, x,
[ki'+ (xq —x2)'m'+ p']' I, »q~, orthopositronium

where P = »».m/2.
For use in Secs. II and HI, the free propagator

in (A5) (i. e. , So in So g=KP) is replaced by the
fully corrected propagator. Then E includes only
those two-particle irreducible amplitudes in which
the q-q lines are connected, to avoid double count-
ing. Analyses for Fock states containing three or

I

more particles are similar to that presented here
for qq states. For example, the qqq Fock state in
the nucleon is described by a wave function

3 (~)
@(x», k~»;P) =, ' '

»I» g~2i, (x,, k.,),u%, »(xp ~ k». » +x»pl. )
jA

where again p is,. independent of p and pi.
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I'IG. 33. The two-body bound-state equation in light-
cone perturbation theory.

FIG. 34. Two-particle irreducible and reducible dia-
grams.
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I'IG. 33. The two-body bound-state equation in light-
cone perturbation theory.

FIG. 34. Two-particle irreducible and reducible dia-
grams.
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TABLE III. Dirac matrix elements for the helicity spinors of Appendix A.

Matrix
element
vv, ux

Helicity (& A,')

v(P) + u{q)
(P+)1/2 ~ (q+)1/2

v(P) - u(q)
(P+)1/2 ~ (q+)fl 2

v (P) & u(q)
(P+)"' ' (q+)"'
v(P)' u(q~
(p+)f/2 {qy)f/2

v (P) + u(q)
(p+)1/2& ~ & (~+)1/2

v(P) + & u(q)
(P+)1/27 7 VJ. (q+)1/2

v(P) & + u(q)
(P+)1/2~J- / ~ (q+)1/2

v (P) g g u(q)
(p+)1/2 VJ.7 YJ. (q+)1/2

[(p'+@') + (e' +&')]

P +q+m 6"+Q")
P +q+

Pf+4 ' q'+~2
+ +P

[(p' + 4") (+&'+ &')]

(goal gt2)
q

0

2.
+ +{PJ qJ + ip x q —m2)

P' yid~p' q' + ie"q'
P

8, +(p~ q~+sp, xq, -m')P q

p ~ v ie~ ~p&
P+ )

q,'~ i& &q~&

2'' +ie")

antiparticles are

u, (p) l . „x(&)'(
)
—
( .)„,(p'+ pm + ni pi) &&

( ),

v, (p) l, - - „X(&)
gyp (p pm+ QJ pJ) ( )

~

(A3)

Taking p'-~, we find that these are helicity ei-
genstates when viewed from the infinite-momen-

turn frame. Notice also that the phases assigned
the antiparticle spinors are conventional for spin-
—,
' eigenstates. Thus a state u, v, —u, v, has spin
zero (in the infinite-momentum frame), for ex-
ample.
Matrix elements involving these states are tab-

ulated in Tables G and IG.
In light-cone perturbation theory, a two-body

bound state with total momentum p' = (p', (M
+Pi )/P, Pi) is described by a wave function

u(coax', k+ ~x) ue'(x2p', -k +x2p )+p~, ki;pj =
VXg V Xg

(A4)

where xp is the longitudinal momentum carried by the ith constituent (xq+x2 = l), and ski is the consti-
tuents' transverse momentum relative to the bound states (u is replaced by v for a bound state of a par-
ticle and an antiparticle). By Lorentz inv'ariance [see (T2) above], g(x„ki) is independent of p' and pi, and
thus we can set p~ = (l, M, Oi) without loss of generality. This wave function is the positive-energy pro-
jection of the familiar Bethe-Salpeter wave function evaluated with the constituents at equal "time" & =(z
+t),

(' dk u' '(xg, ki) u '(x2, —ki)
J~ 'lh, (k;p) = ~ ~ 4(x„k,)

+ negative- energy components,

and satisfies an exact bound-state equation [Fig. 33(a)]:

~
M — — ~g(x), kg) =

2 2 2 2)

)
f' 1

[dy] ', Z(x„k,;y„f.;M')q(y„f.),
~Q ~lQ 71

(A5)

where [dy]-=dyqdy25(l-yq-y2). The interaction kernel K is defined as
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I'IG. 33. The two-body bound-state equation in light-
cone perturbation theory.

FIG. 34. Two-particle irreducible and reducible dia-
grams.
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Fig. 1: The 13
S

0
1 probability density of (left) ø¿ eē, (center) ø¿ µµ̄, and (right) ø¿ · ·̄ components

of true muonium with Jz = 0, as functions of x and k‹, for – = 0.3, me = 1
2mµ, m· = 2mµ

»i = 10–mi/2, and Nµ = N· = 37,Ne = 71.

– M
2(11

S0)LF M
2(11

S0)IF

0.3 3.8944(3) 3.9053
0.1 3.98988(2) 3.98994
0.07 3.99507088(8) 3.99508575
0.05 3.99749246(8) 3.99749629
0.02 3.9996087(2) 3.99959990
0.01 3.999900017(5) 3.999899994

Table 1: M
2 of the true muonium

ground state 11
S0 for a range of –

in units of mµ. The first column is
from TMSWIFT and the second col-
umn presents O(–4) instant-form cal-
culations. The light-front results were
obtained by fitting a set of calculations
with Nµ = (13, 71) and »µ = (1, 30)
in units of –mµ/2 to Eq. (4). The re-
ported errors are only from fitting.

We have written a new parallel code, TMSWIFT (True
Muonium Solver With Front-form Techniques), to over-
come the numerical limitations. This code is more flexi-
ble, as well as using the parallel eigenvalue solver pack-
age SLEPc[36]. TMSWIFT allows an arbitrary number
of flavors each specified by a mass, », and N . Di�erent
discretization schemes are available for exploration of nu-
merical errors and e�ciency. TMSWIFT allows easy im-
plementation of new e�ective interactions (e.g., from |““Í

states). We have performed three-flavor calculations with
Nµ,· = 37 and Ne = 71 for Jz = 0 in 2 hours using
512 cores of the Stampede supercomputer. In Fig. 1, we
present anti-parallel helicity wave-function components in
the 13

S0 state of true muonium.
Calculations with lower – were also performed. The

numerical stability becomes worse at decreasing – for
fixed N . The lowest achieved value is – = 0.01 ¥

1.4–QED. Fitting multiple values of N and », we were
able to extract values of M

2
Œ(11

S0) and compare them to
instant-form calculations at O(–4) (Tab. 1). Currently the source of the small discrepancy is undeter-
mined, but two sources to investigate are regularization dependence and the mismatch of higher-order
corrections between the –≠perturbative instant-form and the nonperturbative Fock-state front-form
calculations.

4 The |““Í Fock State

We are currently working to include the |““Í state, which dominates the decay of singlet states of
true muonium (and in particular should have a pronounced e�ect on 1

S0 wave functions). To do this,
we have computed the sum of 19 time-ordered light-front diagrams (Fig. 2 and permutations of the
vertices, plus diagrams where each internal particle is instantaneous), which include some |¸ ¯̧̧ ¯̧Í and
|¸ ¯̧̧ Õ ¯̧Õ

Í diagrams to preserve gauge invariance. The diagrams result in two integrals for the e�ective
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Fig. 1: The 13
S

0
1 probability density of (left) ø¿ eē, (center) ø¿ µµ̄, and (right) ø¿ · ·̄ components

of true muonium with Jz = 0, as functions of x and k‹, for – = 0.3, me = 1
2mµ, m· = 2mµ

»i = 10–mi/2, and Nµ = N· = 37,Ne = 71.

– M
2(11

S0)LF M
2(11

S0)IF

0.3 3.8944(3) 3.9053
0.1 3.98988(2) 3.98994
0.07 3.99507088(8) 3.99508575
0.05 3.99749246(8) 3.99749629
0.02 3.9996087(2) 3.99959990
0.01 3.999900017(5) 3.999899994

Table 1: M
2 of the true muonium

ground state 11
S0 for a range of –

in units of mµ. The first column is
from TMSWIFT and the second col-
umn presents O(–4) instant-form cal-
culations. The light-front results were
obtained by fitting a set of calculations
with Nµ = (13, 71) and »µ = (1, 30)
in units of –mµ/2 to Eq. (4). The re-
ported errors are only from fitting.

We have written a new parallel code, TMSWIFT (True
Muonium Solver With Front-form Techniques), to over-
come the numerical limitations. This code is more flexi-
ble, as well as using the parallel eigenvalue solver pack-
age SLEPc[36]. TMSWIFT allows an arbitrary number
of flavors each specified by a mass, », and N . Di�erent
discretization schemes are available for exploration of nu-
merical errors and e�ciency. TMSWIFT allows easy im-
plementation of new e�ective interactions (e.g., from |““Í

states). We have performed three-flavor calculations with
Nµ,· = 37 and Ne = 71 for Jz = 0 in 2 hours using
512 cores of the Stampede supercomputer. In Fig. 1, we
present anti-parallel helicity wave-function components in
the 13

S0 state of true muonium.
Calculations with lower – were also performed. The

numerical stability becomes worse at decreasing – for
fixed N . The lowest achieved value is – = 0.01 ¥

1.4–QED. Fitting multiple values of N and », we were
able to extract values of M

2
Œ(11

S0) and compare them to
instant-form calculations at O(–4) (Tab. 1). Currently the source of the small discrepancy is undeter-
mined, but two sources to investigate are regularization dependence and the mismatch of higher-order
corrections between the –≠perturbative instant-form and the nonperturbative Fock-state front-form
calculations.

4 The |““Í Fock State

We are currently working to include the |““Í state, which dominates the decay of singlet states of
true muonium (and in particular should have a pronounced e�ect on 1

S0 wave functions). To do this,
we have computed the sum of 19 time-ordered light-front diagrams (Fig. 2 and permutations of the
vertices, plus diagrams where each internal particle is instantaneous), which include some |¸ ¯̧̧ ¯̧Í and
|¸ ¯̧̧ Õ ¯̧Õ

Í diagrams to preserve gauge invariance. The diagrams result in two integrals for the e�ective
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1 Introduction

The current state of flavor physics has a “muon problem”. Several muon observables [1; 2; 3; 4] show
disagreement with Standard Model calculations. A strong candidate for providing clues to resolve
this problem is the bound state (µµ̄), dubbed “true muonium”[5]. Traditional bound states have
limited new physics reach due to small reduced masses µ ¥ me or nuclear-structure uncertainties. In
contrast, true muonium’s µ = mµ/2 and leptonic nature make it an ideal probe, through the Lamb
shift or hyperfine splitting[6; 7; 8; 9].

True muonium has not been observed due to di�culties in producing associated low-energy muon
pairs and its short lifetime (· ¥ 1 ps). Many proposed methods of production channels exist[10; 11;
12; 13; 14; 15; 16; 17; 18; 19]. The Heavy Photon Search (HPS) experiment plans to search for true
muonium in 2016[20; 18]. Additionally, the DImeson Relativistic Atom Complex (DIRAC) could
observe it in an upgraded run[21; 22]. Given enough statistics, DIRAC could measure the Lamb
shift using methods developed for (fifī) [23]. These experiments produce relativistic true muonium.
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production and decay rates are modified. To reduce this uncertainty, we are producing boost-invariant
wave functions through light-front techniques[24].
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number of coupled integral eigenvalue equations, 
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where V is the interaction part of HLC. Diagrammatically, V involves completely 

irreducible interactions--i.e. diagrams having no internal propagators-coupling 

Fock states (Fig. 5). These equations determine the hadronic spectrum and 
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Figure 5. Coupled eigenvalue equations for the light-cone wa.vefunctious of a 

pion. 

wave functions. Although the potential is essentially trivial, the many channels 

required to describe an hadronic state make these equations very difficult to solve. 

Nevertheless the first attempts at a direct solution have been made. 

The bulk of the probability for a nonrelativistic system is in a single Fock 

state-e.g. (eE> for positronium, or Ibb) for the r meson. For such systems it 

is useful to replace the full set of multi-channel eigenvalue equations by a single 

equation for the dominant wavefunction. To see how this can be done, note that 

the bound state equation, say for positronium, can be rewritten as two equations 

using the projection operator P onto the subspace spanned by eE states, and its 

complement & E 1 - P: 

Hpp IPs)~ + HPQ IPs)~ = h4” IPs)p 

(29) 

H&p [Ps)~ + HQQ jP& = hf” h)g 

where H~Q E PHQ.. ., and lPsjp E P jPs) . . . . Solving the second of these 

equations for IPs)~ and substituting the result into the first equation, we obtain 

a single equation for the ee or valence part of the positronium state: 

Her [Ps)~ = Al2 IPS)P (30) 
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LIGHT-FRONT MATRIX EQUATION

A+ = 0

⇥� ggg � d̄X

⇥� ggg � p̄n̄X

R = �(⇥�d̄X)
�(⇥�p̄n̄X)

R = C

ū(x) ⇥= d̄(x)

s̄(x) ⇥= s(x)

Minkowski space; frame-independent; no fermion doubling; no ghosts

Rigorous Method for Solving Non-Perturbative QCD!

• Light-Front Vacuum = vacuum of free Hamiltonian!



In terms of the hadron four-momentum P =
(P+, P�, ⌦P⇤) with P± = P0 ± P3, the light-
front frame independent Hamiltonian for a
hadronic composite system HQCD

LC = PµPµ =
P�P+� ⌦P2

⇤, has eigenvalues given in terms of
the eigenmass M squared corresponding to
the mass spectrum of the color-singlet states
in QCD,

HQCD
LC |�h⇧ =M2

h |�h⇧

Fig. 6. A few selected matrix elements of the QCD front form Hamiltonian H"P
!

in LB-convention.

10. For the instantaneous fermion lines use the factor ¼
"

in Fig. 5 or Fig. 6, or the corresponding
tables in Section 4. For the instantaneous boson lines use the factor ¼

#
.

The light-cone Fock state representation can thus be used advantageously in perturbation
theory. The sum over intermediate Fock states is equivalent to summing all x!-ordered diagrams
and integrating over the transverse momentum and light-cone fractions x. Because of the restric-
tion to positive x, diagrams corresponding to vacuum fluctuations or those containing backward-
moving lines are eliminated.

3.4. Example 1: ¹he qqN -scattering amplitude

The simplest application of the above rules is the calculation of the electron—muon scattering
amplitude to lowest non-trivial order. But the quark—antiquark scattering is only marginally more
difficult. We thus imagine an initial (q, qN )-pair with different flavors fOfM to be scattered off each
other by exchanging a gluon.

Let us treat this problem as a pedagogical example to demonstrate the rules. Rule 1: There are
two time-ordered diagrams associated with this process. In the first one the gluon is emitted by the
quark and absorbed by the antiquark, and in the second it is emitted by the antiquark and
absorbed by the quark. For the first diagram, we assign the momenta required in rule 2 by giving
explicitly the initial and final Fock states

!q, qN " " 1

!n
$

%$

!
$!"

b!
$"

(k
&
, #

&
)d!

$"M
(k

&N
, #

&N
)!0" , (3.29)

!q$, qN $" " 1

!n
$

%$
!
$!"

b!
$"

(k $
&
, #$

&
)d!

$"M
(k $

&N
, #$

&N
)!0" , (3.30)
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Fig. 2. The Hamiltonian matrix for a SU(N)-meson. The matrix elements are represented by energy diagrams. Within
each block they are all of the same type: either vertex, fork or seagull diagrams. Zero matrices are denoted by a dot ( ) ).
The single gluon is absent since it cannot be color neutral.

mass or momentum scale Q. The corresponding wavefunction will be indicated by corresponding
upper scripts,

!!""
!#"

(x
#
, k

!
, !

#
) or !!$"

!#"
(x

#
, k

!
, !

#
) . (3.15)

Consider a pion in QCD with momentum P"(P%, P
!
) as an example. It is described by

"# : P$" $
!
!%&
!d[%

!
]"n : x

#
P%, k

!#
#x

#
P
!
, !

#
$!

!#!(x#
, k

!#
, !

#
) , (3.16)

where the sum is over all Fock space sectors of Eq. (3.7). The ability to specify wavefunctions
simultaneously in any frame is a special feature of light-cone quantization. The light-cone
wavefunctions !

!#! do not depend on the total momentum, since x
#
is the longitudinal momentum

fraction carried by the i"# parton and k
!#

is its momentum “transverse” to the direction of the
meson; both of these are frame-independent quantities. They are the probability amplitudes to find
a Fock state of bare particles in the physical pion.

More generally, consider a meson in SU(N). The kernel of the integral equation (3.14) is
illustrated in Fig. 2 in terms of the block matrix &n : x

#
, k

!#
, !

#
"H"n ' : x'

#
, k'

!#
, !'

#
$. The structure of this

matrix depends of course on the way one has arranged the Fock space, see Eq. (3.7). Note that most
of the block matrix elements vanish due to the nature of the light-cone interaction as defined in
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Heisenberg Equation

Light-Front QCD DLCQ: Solve QCD(1+1) for 
any  quark mass and flavors

Hornbostel, Pauli, sjb

Minkowski space; frame-independent; no fermion doubling; no ghosts
trivial vacuum



DLCQ: Solve QCD(1+1) for any  quark mass and flavors

Hornbostel, Pauli, sjb



|p,Sz>= ∑
n=3

ψn(xi, ~k?i,λi)|n;k?i,λi>|p,Sz>= ∑
n=3

Ψn(xi,~k?i,λi)|n;~k?i,λi>

|p,Sz>= ∑
n=3

Ψn(xi,~k?i,λi)|n;~k?i,λi>

The Light Front Fock State Wavefunctions

Ψn(xi,~k?i,λi)

are boost invariant; they are independent of the hadron’s energy
and momentum Pµ.
The light-cone momentum fraction

xi =
k+
i
p+ =

k0i + kzi
P0+Pz

are boost invariant.
n

∑
i
k+
i = P+,

n

∑
i
xi = 1,

n

∑
i

~k?i =~0?.

sum over states with n=3, 4, ...constituents

Fixed LF time
Intrinsic heavy quarks    s̄(x) ⇤= s(x)

⇥M(x, Q0) ⇥
�

x(1� x)

⇤M(x, k2
⌅)

µR

µR = Q

µF = µR

Q/2 < µR < 2Q

ep⇥ e�+n

P�/p ⇤ 30%

Violation of Gottfried sum rule

ū(x) ⌅= d̄(x)

Does not produce (C = �) J/⇥,�

Produces (C = �) J/⇥,�

Same IC mechanism explains A2/3

s(x), c(x), b(x) at high x !
Hidden Color



dσ
dt (γd! Δ++Δ�)' dσ

dt (γd! pn) at high Q2

dσ
dt (γd! Δ++Δ�)' dσ

dt (γd! pn) at high Q2

Lepage, Ji, sjb

• Deuteron six quark wavefunction:

•  5 color-singlet combinations of 6 color-triplets -- one 
state  is |n  p>

• Components evolve towards equality at short distances

• Hidden color states dominate deuteron form factor and 
photo-disintegration at high momentum transfer

• Predict 

Hidden Color in QCD

| [ud]3̄C[ud]3̄C(ud)3̄C > hexaquark: 3 diquarks
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TMFFs
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Momentum space Position space
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Pasquini

General remarks about orbital angular mo-
mentum
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Sivers, T-odd from lensing
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For leptons, such as the electron or neutrino, it is convenient to employ the electron
mass for M , so that the magnetic moment is given in Bohr magnetons.

Now we turn to the evaluation of the helicity-conserving and helicity-flip vector-
current matrix elements in the light-front formalism. In the interaction picture, the
current Jµ(0) is represented as a bilinear product of free fields, so that it has an
elementary coupling to the constituent fields [13, 14, 15]. The Dirac form factor can
then be calculated from the expression
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whereas the Pauli and electric dipole form factors are given by
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The summations are over all contributing Fock states a and struck constituent charges
ej. Here, as earlier, we refrain from including the constituents’ color and flavor
dependence in the arguments of the light-front wave functions. The phase-space
integration is

⌥
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, (13)

where n denotes the number of constituents in Fock state a and we sum over the
possible {⇥i}, {ci}, and {fi} in state a. The arguments of the final-state, light-front
wave function di�erentiate between the struck and spectator constituents; namely, we
have [13, 15]

k⌅
⇧j = k⇧j + (1� xj)q⇧ (14)

for the struck constituent j and

k⌅
⇧i = k⇧i � xiq⇧ (15)

for each spectator i, where i ⌅= j. Note that because of the frame choice q+ = 0, only
diagonal (n⌅ = n) overlaps of the light-front Fock states appear [14].
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Light-cone representation of the spin and orbital
angular momentum of relativistic

composite systems ✩

Stanley J. Brodsky a,∗, Dae Sung Hwang b, Bo-Qiang Ma c,d,e,
Ivan Schmidt f
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f Departamento de Física, Universidad Técnica Federico Santa María, Casilla 110-V, Valparaíso, Chile
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Abstract

The matrix elements of local operators such as the electromagnetic current, the energy–momentum
tensor, angular momentum, and the moments of structure functions have exact representations in
terms of light-cone Fock state wavefunctions of bound states such as hadrons. We illustrate all
of these properties by giving explicit light-cone wavefunctions for the two-particle Fock state of
the electron in QED, thus connecting the Schwinger anomalous magnetic moment to the spin and
orbital angular momentum carried by its Fock state constituents. We also compute the QED one-
loop radiative corrections for the form factors for the graviton coupling to the electron and photon.
Although the underlying model is derived from elementary QED perturbative couplings, it in fact
can be used to simulate much more general bound state systems by applying spectral integration
over the constituent masses while preserving all of the Lorentz properties, giving explicit realization
of the spin sum rules and other local matrix elements. The role of orbital angular momentum in
understanding the “spin crisis” problem for relativistic systems is clarified. We also prove that the
anomalous gravitomagnetic moment B(0) vanishes for any composite system. This property is shown
to follow directly from the Lorentz boost properties of the light-cone Fock representation and holds
separately for each Fock state component. We show how the QED perturbative structure can be used
to model bound state systems while preserving all Lorentz properties. We thus obtain a theoretical

✩Work partially supported by the Department of Energy, contract DE-AC03-76SF00515, by the National
Natural Science Foundation of China under grants No. 19605006 and No. 19975052, by Fondecyt (Chile) under
grants 1990806 and 8000017, and by a Cátedra Presidencial (Chile).
* Corresponding author.
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mabq@th.phy.pku.edu.cn (B.-Q. Ma), ischmidt@fis.utfsm.cl (I. Schmidt).

0550-3213/01/$ – see front matter  2001 Elsevier Science B.V. All rights reserved.
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In the language of light-cone quantization, the electron anomalous magnetic moment ae =
α/2π is due to the one-fermion one-gauge boson Fock state component of the physical
electron. An explicit calculation of the anomalous moment in this framework using Eq. (7)
was give in Ref. [8]. We shall show here that the light-cone wavefunctions of the electron
provides an ideal system to check explicitly the intricacies of spin and orbital angular
momentum in quantum field theory. In particular, we shall evaluate the matrix elements of
the QED energy–momentum tensor and show how the “spin crisis” is resolved in QED for
an actual physical system. The analysis is exact in perturbation theory. The same method
can be applied to the moments of structure functions and the evaluation of other local
matrix elements. In fact, the QED analysis of this section is more general than perturbation
theory. We will also show how the perturbative light-cone wavefunctions of leptons and
photons provide a template for the wavefunctions of non-perturbative composite systems
resembling hadrons in QCD.
The light-cone Fock state wavefunctions of an electron can be systematically evaluated

in QED. The QED Lagrangian density is

L = i

2

[
!ψγ µ

(−→
∂ µ + ieAµ

)
ψ − !ψγ µ

(←−
∂ µ − ieAµ

)
ψ
]
− m!ψψ − 1

4
FµνFµν, (17)

and the corresponding energy–momentum tensor is

T µν = i

4

([!ψγ µ
(−→
∂ ν + ieAν

)
ψ − !ψγ µ

(←−
∂ ν − ieAν

)
ψ
]
+ [µ←→ ν]

)

+ FµρF ν
ρ + 1

4
gµνF ρλFρλ. (18)

Since T µν is the Noether current of the general coordinate transformation, it is conserved.
In later calculations we will identify the two terms in Eq. (18) as the fermion and boson
contributions T

µν
f and T

µν
b , respectively.

The physical electron is the eigenstate of the QED Hamiltonian. As discussed in the
introduction, the expansion of the QED eigenfunction on the complete set |n⟩ of H0
eigenstates produces the Fock state expansion. It is particularly advantageous to carry out
this procedure using light-cone quantization since the vacuum is trivial, the Fock state
representation is boost invariant, and the light-cone fractions xi = k+

i /P+ are positive:
0< xi ! 1,

∑
i xi = 1. We also employ light-cone gauge A+ = 0 so that the gauge boson

polarizations are physical. Thus each Fock-state wavefunction ⟨n|physical electron⟩ of
the physical electron with total spin projection J z = ± 1

2 is represented by the function
ψJ z

n (xi, k⃗⊥ i ,λi ), where

ki =
(
k+
i , k−i , k⃗⊥ i

)
=
(

xiP
+,

k⃗2⊥ i + m2
i

xiP+ , k⃗⊥ i

)
(19)

specifies the momentum of each constituent and λi specifies its light-cone helicity in the z

direction. We adopt a non-zero boson mass λ for the sake of generality.
The two-particle Fock state for an electron with J z = + 1

2 has four possible spin
combinations:

∣∣Ψ ↑two particle
(
P+, P⃗⊥ = 0⃗⊥

)〉
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=
∫

d2k⃗⊥ dx√
x(1−x)16π3

[
ψ
↑
+ 1
2 +1

(
x, k⃗⊥

)∣∣+ 1
2 + 1; xP+, k⃗⊥

〉

+ψ
↑
+ 1
2 −1

(
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(
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〉

+ψ
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−12−1

(
x, k⃗⊥

)∣∣−12 −1; xP+, k⃗⊥
〉]

, (20)

where the two-particle states |sz
f s

z
b; xP+, k⃗⊥ ⟩ are normalized as in (2). Here sz

f and sz
b

denote the z-component of the spins of the constituent fermion and boson, respectively.
The wavefunctions can be evaluated explicitly in QED perturbation theory using the rules
given in Refs. [5,8]:

⎧
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(21)

where

ϕ = ϕ
(
x, k⃗⊥

)
= e/

√
1−x

M2− (k⃗2⊥ + m2)/x− (k⃗ 2⊥ + λ2)/(1−x)
. (22)
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↓
+ 1
2−1

(
x, k⃗⊥

)∣∣+ 1
2 −1; xP+, k⃗⊥

〉
+ψ

↓
−12+1

(
x, k⃗⊥

)∣∣−12 + 1; xP+, k⃗⊥
〉

+ψ
↓
−12−1

(
x, k⃗⊥

)∣∣−12 −1; xP+, k⃗⊥
〉]

, (23)

where
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ
↓
+ 1
2+1

(
x, k⃗⊥

)
= 0,

ψ
↓
+ 1
2−1

(
x, k⃗⊥

)
= −
√
2
(

M − m

x

)
ϕ,

ψ
↓
−12+1

(
x, k⃗⊥

)
= −
√
2

(−k1 + ik2)
1−x

ϕ,

ψ
↓
−12−1

(
x, k⃗⊥

)
= −
√
2

(+k1 + ik2)
x(1−x)

ϕ.

(24)

The coefficients of ϕ in Eqs. (21) and (24) are the matrix elements of

u(k+, k−, k⃗⊥ )√
k+ γ · ϵ∗u(P+,P−, P⃗⊥ )√

P+
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ψ
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+ψ
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+ 1
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(
x, k⃗⊥
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2 −1; xP+, k⃗⊥
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−12+1

(
x, k⃗⊥

)∣∣−12 + 1; xP+, k⃗⊥
〉

+ψ
↑
−12−1

(
x, k⃗⊥

)∣∣−12 −1; xP+, k⃗⊥
〉]

, (20)

where the two-particle states |sz
f s

z
b; xP+, k⃗⊥ ⟩ are normalized as in (2). Here sz

f and sz
b

denote the z-component of the spins of the constituent fermion and boson, respectively.
The wavefunctions can be evaluated explicitly in QED perturbation theory using the rules
given in Refs. [5,8]:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ
↑
+ 1
2+1

(
x, k⃗⊥

)
= −
√
2

(−k1 + ik2)
x(1−x)

ϕ,

ψ
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+ 1
2−1

(
x, k⃗⊥

)
= −
√
2

(+k1 + ik2)
1−x

ϕ,

ψ
↑
−12+1

(
x, k⃗⊥

) = −
√
2
(

M − m

x

)
ϕ,

ψ
↑
−12−1

(
x, k⃗⊥

)
= 0,

(21)

where

ϕ = ϕ
(
x, k⃗⊥

)
= e/

√
1−x
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. (22)
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The one-loop model can be further generalized by applying spectral Pauli–Villars
integration over the constituent masses. The resulting form of light-cone wavefunctions
provides a template for parameterizing the structure of relativistic composite systems and
their matrix elements in hadronic physics.
The Pauli form factor is obtained from the spin-flip matrix element of the J+ current.

From Eqs. (6), (20), and (23) we have

F2(q
2) = −2M

(q1 − iq2)
〈
Ψ ↑
(
P+, P⃗⊥ = q⃗⊥

)∣∣Ψ ↓
(
P+, P⃗⊥ = 0⃗⊥

)〉

= −2M
(q1 − iq2)

∫
d2k⃗⊥ dx
16π3

[
ψ
↑ ∗
+ 1
2−1

(
x, k⃗′⊥

)
ψ
↓
+ 1
2−1

(
x, k⃗⊥

)

+ψ
↑ ∗
− 12+1

(
x, k⃗′⊥

)
ψ
↓
− 12+1

(
x, k⃗⊥

)]

= 4M
∫
d2k⃗⊥ dx
16π3

(m−Mx)

x
ϕ
(
x, k⃗′⊥

)∗ϕ
(
x, k⃗⊥

)

= 4Me2
∫
d2k⃗⊥ dx
16π3

(m− xM)

x(1− x)

× 1
M2 − ((k⃗⊥ + (1− x)q⃗⊥ )2 + m2)/x − ((k⃗⊥ + (1− x)q⃗⊥ )2 + λ2)/(1− x)

× 1
M2 − (k⃗2⊥ + m2)/x − (k⃗ 2⊥ + λ2)/(1− x)

. (30)

Using the Feynman parameterization, we can also express Eq. (30) in a form in which the
q2 =−q⃗2⊥ dependence is more explicit as

F2(q
2) = Me2

4π2

1∫

0

dα
1∫

0

dx
m− xM

α(1− α) 1−x
x q⃗2⊥ −M2 + m2

x + λ2
1−x

. (31)

The anomalous moment is obtained in the limit of zero momentum transfer:

F2(0) = 4Me2
∫
d2k⃗⊥ dx
16π3

(m− xM)

x(1− x)

1
[M2 − (k⃗ 2⊥ + m2)/x − (k⃗ 2⊥ + λ2)/(1− x)]2

= Me2

4π2

1∫

0

dx
m− xM

−M2 + m2
x + λ2

1−x

, (32)

which is the result of Ref. [8]. For zero photon mass andM = m, it gives the correct order
α Schwinger value ae = F2(0) = α/2π for the electron anomalous magnetic moment for
QED.
As seen from Eqs. (13) and (14), the matrix elements of the double plus components of

the energy–momentum tensor are sufficient to derive the fermion and boson constituents’
form factors Af,g(q

2) and Bf,g(q
2) of graviton coupling to matter. In particular, we shall

verify A(0) = Af(0) + Ab(0) = 1 and B(0) = 0.
The individual contributions of the fermion and boson fields to the energy–momentum

form factors in QED are given by
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〈
P + q,↑

∣∣J
+(0)
2P+

∣∣P,↑ 〉= F1(q
2), (5)

〈
P + q,↑

∣∣J
+(0)
2P+

∣∣P,↓ 〉=−(q1 − iq2)F2(q
2)

2M
. (6)

The magnetic moment of a composite system is one of its most basic properties. The
magnetic moment is defined at the q2→ 0 limit,

µ = e

2M
[
F1(0) + F2(0)

]
, (7)

where e is the charge and M is the mass of the composite system. We use the standard
light-cone frame (q ± = q0 ± q3):

q =
(
q+, q−, q⃗⊥

)
=
(
0,
−q2

P+ , q⃗⊥

)
,

P = (
P+,P−, P⃗⊥

)=
(

P+,
M2

P+ , 0⃗⊥
)

, (8)

where q2 =−2P · q =−q⃗2⊥ is 4-momentum square transferred by the photon.
The Pauli form factor and the anomalous magnetic moment κ = e

2M F2(0) can then be
calculated from the expression

−(q1 − iq2)F2(q
2)

2M
=
∑

a

∫
d2k⃗⊥ dx
16π3

∑

j

ej ψ
↑∗
a

(
xi, k⃗

′
⊥ i ,λi

)
ψ↓a
(
xi, k⃗⊥ i ,λi

)
, (9)

where the summation is over all contributing Fock states a and struck constituent charges
ej . The arguments of the final-state light-cone wavefunction are [1,2]

k⃗′⊥ i = k⃗⊥ i + (1− xi)q⃗⊥ (10)

for the struck constituent and

k⃗′⊥ i = k⃗⊥ i − xi q⃗⊥ (11)

for each spectator. Notice that the magnetic moment must be calculated from the spin-
flip non-forward matrix element of the current. It is not given by a diagonal forward matrix
element [21]. In the ultra-relativistic limit where the radius of the system is small compared
to its Compton scale 1/M , the anomalous magnetic moment must vanish [22]. The light-
cone formalism is consistent with this theorem.
The form factors of the energy–momentum tensor for a spin- 12 composite are defined by

⟨P ′|T µν(0)|P ⟩ = ū(P ′)
[
A(q2)γ (µ+P ν) + B(q2)

i

2M
+P (µσν)αqα

+ C(q2)
1
M

(qµqν − gµνq2)

]
u(P ), (12)

where qµ = (P ′ − P)µ, +Pµ = 1
2 (P
′ + P)µ , a(µbν) = 1

2 (a
µbν + aνbµ), and u(P ) is the

spinor of the system.
As in the light-cone decomposition Eqs. (5) and (6) of the Dirac and Pauli form factors

for the vector current [8], we can obtain the light-cone representation of the A(q2) and
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The one-loop model can be further generalized by applying spectral Pauli–Villars
integration over the constituent masses. The resulting form of light-cone wavefunctions
provides a template for parameterizing the structure of relativistic composite systems and
their matrix elements in hadronic physics.
The Pauli form factor is obtained from the spin-flip matrix element of the J+ current.

From Eqs. (6), (20), and (23) we have

F2(q
2) = −2M

(q1 − iq2)
〈
Ψ ↑
(
P+, P⃗⊥ = q⃗⊥

)∣∣Ψ ↓
(
P+, P⃗⊥ = 0⃗⊥

)〉

= −2M
(q1 − iq2)

∫
d2k⃗⊥ dx
16π3

[
ψ
↑ ∗
+ 1
2−1

(
x, k⃗′⊥

)
ψ
↓
+ 1
2−1

(
x, k⃗⊥

)

+ψ
↑ ∗
− 12+1

(
x, k⃗′⊥

)
ψ
↓
− 12+1

(
x, k⃗⊥

)]

= 4M
∫
d2k⃗⊥ dx
16π3

(m−Mx)

x
ϕ
(
x, k⃗′⊥

)∗ϕ
(
x, k⃗⊥

)

= 4Me2
∫
d2k⃗⊥ dx
16π3

(m− xM)

x(1− x)

× 1
M2 − ((k⃗⊥ + (1− x)q⃗⊥ )2 + m2)/x − ((k⃗⊥ + (1− x)q⃗⊥ )2 + λ2)/(1− x)

× 1
M2 − (k⃗2⊥ + m2)/x − (k⃗ 2⊥ + λ2)/(1− x)

. (30)

Using the Feynman parameterization, we can also express Eq. (30) in a form in which the
q2 =−q⃗2⊥ dependence is more explicit as

F2(q
2) = Me2

4π2

1∫

0

dα
1∫

0

dx
m− xM

α(1− α) 1−x
x q⃗2⊥ −M2 + m2

x + λ2
1−x

. (31)

The anomalous moment is obtained in the limit of zero momentum transfer:

F2(0) = 4Me2
∫
d2k⃗⊥ dx
16π3

(m− xM)

x(1− x)

1
[M2 − (k⃗ 2⊥ + m2)/x − (k⃗ 2⊥ + λ2)/(1− x)]2

= Me2

4π2

1∫

0

dx
m− xM

−M2 + m2
x + λ2

1−x

, (32)

which is the result of Ref. [8]. For zero photon mass andM = m, it gives the correct order
α Schwinger value ae = F2(0) = α/2π for the electron anomalous magnetic moment for
QED.
As seen from Eqs. (13) and (14), the matrix elements of the double plus components of

the energy–momentum tensor are sufficient to derive the fermion and boson constituents’
form factors Af,g(q

2) and Bf,g(q
2) of graviton coupling to matter. In particular, we shall

verify A(0) = Af(0) + Ab(0) = 1 and B(0) = 0.
The individual contributions of the fermion and boson fields to the energy–momentum

form factors in QED are given by
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laboratory to test the consistency of formulae which have been proposed to probe the spin structure
of hadrons.  2001 Elsevier Science B.V. All rights reserved.

PACS: 12.20.-m; 12.39.Ki; 13.40.Em; 13.40.Gp

1. Introduction

The light-cone Fock representation of composite systems such as hadrons in QCD
has a number of remarkable properties. Because the generators of certain Lorentz boosts
are kinematical, knowing the wavefunction in one frame allows one to obtain it in any
other frame. Furthermore, matrix elements of space-like local operators for the coupling
of photons, gravitons, and the moments of deep inelastic structure functions all can
be expressed as overlaps of light-cone wavefunctions with the same number of Fock
constituents. This is possible since in each case one can choose the special frameq+ = 0 [1,
2] for the space-like momentum transfer and take matrix elements of “plus” components
of currents such as J+ and T ++. Since the physical vacuum in light-cone quantization
coincides with the perturbative vacuum, no contributions to matrix elements from vacuum
fluctuations occur [3]. Light-cone Fock state wavefunctions thus encode all of the bound
state quark and gluon properties of hadrons including their spin and flavor correlations in
the form of universal process- and frame-independent amplitudes.
Formally, the light-cone expansion is constructed by quantizing QCD at fixed light-cone

time [4] τ = t + z/c and forming the invariant light-cone Hamiltonian:HQCD
LC = P+P− −

P⃗ 2
⊥ where P ± = P 0 ± Pz [3]. The momentum generators P+ and P⃗⊥ are kinematical;
i.e., they are independent of the interactions. The generator P− = i d

d τ generates light-
cone time translations, and the eigen-spectrum of the Lorentz scalar HQCD

LC gives the mass
spectrum of the color-singlet hadron states in QCD together with their respective light-
cone wavefunctions. For example, the proton state satisfies: H

QCD
LC |ψp⟩ = M2

p|ψp⟩. The
expansion of the proton eigensolution |ψp⟩ on the color-singlet B = 1, Q = 1 eigenstates
{|n⟩} of the free Hamiltonian H

QCD
LC (g = 0) gives the light-cone Fock expansion:

∣∣ψp(P+, P⃗⊥ )
〉 =

∑

n

n∏

i=1

dx i d2k⃗⊥ i√
x i16π3

16π3δ

(
1−

n∑

i=1
x i

)
δ(2)

(
n∑

i=1
k⃗⊥ i

)

×ψn

(
x i, k⃗⊥ i ,λi

)∣∣n; x iP
+, x i P⃗⊥ + k⃗⊥ i ,λi

〉
. (1)

The light-conemomentum fractions x i = k+
i /P+ and k⃗⊥ i represent the relative momentum

coordinates of the QCD constituents. The physical transverse momenta are p⃗⊥ i = x i P⃗⊥ +
k⃗⊥ i . The λi label the light-cone spin projections Sz of the quarks and gluons along
the quantization direction z. The physical gluon polarization vectors ϵµ(k, λ = ± 1) are
specified in light-cone gauge by the conditions k · ϵ = 0, η · ϵ = ϵ+ = 0. The n-particle
states are normalized as

〈
n; p′i

+, p⃗ ′⊥ i ,λ
′
i

∣∣n; pi
+, p⃗⊥ i ,λi

〉
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=
n∏

i= 1
16π3p+

i δ
(
p′i

+ − pi
+) δ(2)

(
p⃗ ′⊥ i − p⃗⊥ i

)
δλ′iλi

. (2)

The solutions of H
QCD
LC |ψp⟩ = M2

p|ψp⟩ are independent of P+ and P⃗⊥ ; thus given the
eigensolution Fock projections ⟨n;xi, k⃗⊥ i ,λi |ψp⟩ = ψn(xi, k⃗⊥ i ,λi ), the wavefunction of
the proton is determined in any frame [5]. In contrast, in equal-time quantization, a Lorentz
boost always mixes dynamically with the interactions, so that computing a wavefunction in
a new frame requires solving a nonperturbative problem as complicated as the Hamiltonian
eigenvalue problem itself.
The LC wavefunctions ψn/H (xi, k⃗⊥ i ,λi ) are universal, process independent, and thus

control all hadronic reactions. Given the light-cone wavefunctions, one can compute
the moments of the helicity and transversity distributions measurable in polarized deep
inelastic experiments [5]. For example, the polarized quark distributions at resolution Λ
correspond to

qλq/Λp (x,Λ) =
∑

n,qa

∫ n∏

j = 1
dxj d2k⃗⊥ j

∑

λi

∣∣ψ(Λ)
n/H

(
xi, k⃗⊥ i ,λi

)∣∣2

× δ
(
1−

n∑

i

xi

)
δ(2)

(
n∑

i

k⃗⊥ i

)
δ(x − xq)δλaλqΘ

(
Λ2 −M2

n

)
,

(3)

where the sum is over all quarks qa which match the quantum numbers, light-cone
momentum fraction x, and helicity of the struck quark. Similarly, moments of transversity
distributions and off-diagonal helicity convolutions are defined as a density matrix of the
light-cone wavefunctions. Applications of non-forward quark and gluon distributions have
been discussed in Refs. [6,7]. The light-cone wavefunctions also specify the multi-quark
and gluon correlations of the hadron. For example, the distributions of spectator particles
in the final state which could be measured in the proton fragmentation region in deep
inelastic scattering at an electron–proton collider are in principle encoded in the light-cone
wavefunctions.
Given the ψ(Λ)

n/H , one can construct any spacelike electromagnetic, electroweak, or grav-
itational form factor or local operator product matrix element of a composite or elementary
system from the diagonal overlap of the LC wavefunctions [8]. Studying the gravitational
form factors is not academic: Ji has shown that there is a remarkable connection of the
x-moments of the chiral-conserving and chiral-flip form factors H(x, t, ζ ) and E(x, t, ζ )

which appear in deeply virtual scattering with the corresponding spin-conserving and spin-
flip electromagnetic form factors F1(t) and F2(t) and gravitational form factors Aq(t) and
Bq(t) for each quark and anti-quark constituent [9]. Thus, in effect, one can use virtual
Compton scattering to measure graviton couplings to the charged constituents of a hadron.
Exclusive semi-leptonic B-decay amplitudes involving timelike currents such as B→

Aℓν̄ can also be evaluated exactly in the light-cone formalism [10]. In this case, the
timelike decay matrix elements require the computation of both the diagonal matrix
element n→ n where parton number is conserved and the off-diagonal n + 1→ n− 1

Defines quark distributionsObeys DGLAP Evolution

Z
dk� BS(k, P )!  LF (x,~k?)  BS(x, P )|x+=0

Connection to Bethe-Salpeter:
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Calculation of Form Factors in  Equal-Time Theory

Instant Form

Calculation of Form Factors in  Light-Front Theory

Front Form
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Calculation of proton form factor in Instant Form 

• Need to boost proton wavefunction from p to 
p+q:  Extremely complicated dynamical problem; 
even the particle number changes 

• Need to couple to all currents arising from 
vacuum!! Remains even after normal-ordering 

• Each time-ordered contribution is frame-
dependent 

• Divide by disconnected vacuum diagrams 

• Instant form:  acausal boundary conditions

< p + q|Jµ(0)|p >

p + qp p + qp
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Disadvantages of the Instant Form

• Boosts are dynamical, change particle number: not Melosh! 

• Famous wrong proof showing violation of LET and DHG sum rule 

• States defined at one instant of time over all space - acausal! 

• Current matrix elements involve connected vacuum currents --
eigensolutions insufficient! 

• N! time-ordered graphs, each frame-dependent  

• Vacuum is complex: apparently gives huge vacuum energy density 

• Normal-ordering required to compute observables 

• Cluster decomposition theorem fails in relativistic systems 

• Virtually no valid calculations of dynamics of relativistic composite 
systems use the instant form 

• Why Feynman invented Feynman diagrams!
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Forward spin-flip amplitude given by LET
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COMPOSITE SYSTEMS 351 

6. LOW ENERGY FORWARD COMPTON SCATTERING 

A. SPIN 4 COMPOSITE SYSTEM 

It is possible to prove from field theory (3), or directly from S-matrix theory (20), 
that the amplitude for Compton scattering is completely determined to first order 
in the photon frequency by the static properties of the discrete system. In particular, 
for a spin 4 system characterized by mass .M, charge Zre, and magnetic moment p, 
the S-matrix for low-energy forward Compton scattering must take the form 

Sfi = -2d(E, - Ei) Mfi (6.1) 

where 

M,$ = & (27q P(Pf - Pi) [q 6’ * &Sfi + 2iw (I* - gg” Ofi * 6’ x 2 + O(w2)]. 

(6.2) 
This result depends essentially only on relativistic invariance, and is valid for 
atoms and nuclei as well as elementary particles. 27 As a check on the consistency 
of our formalism, we rederive it in this section for the spin 4 system of a “proton” 
(mass M, charge Z, magnetic moment t.~ = (Ze/2M) + X) loosely bound in an 
S-state to a “pion” (mass m, charge z) so that ZT = Z + z, and J&’ = M + m - W.28 
(The notation is summarized in Table 11.) We use techniques very similar to 
those employed in deriving the DHG sum rule for this system. 

The first and second order perturbation theoryzg contributions to the S-matrix 
elements for forward Compton scattering give 

M,i=(f,kC’IHemIi,k~)+C (f, kb’ I Hem I j>(j I Hem I i, kb) 
i Ei + w - Ei + ie 

+C 
(f, ki?’ 1 Ifem I j, ki?‘, kC)(j, kg’, kb I Hem I i, kb) 

i Ei - w - Ej (6.3; 

The electromagnetic interaction Hamiltonian 

--Hem = Zea * A@,) i- hfi[a l B(q) - ia * E(r,)] + zev,, * A@,) -‘g A(q)2 (6.4) 

is the same as that employed in the last section-with the addition of the quadratic 

27 It is necessary for the validity of our treatment, however, that the system to which we apply 
Eq. (6.2) satisfy the following requirements: (1) There is no state “accidentally” degenerate in 
energy with the ground state. (2) There is a finite gap in energy between the ground state and the 
continuum. 

88 We remind the reader that W is the binding energy and that we assume W < M, m. 
H See Eq. (2.11). 

M"!#(✓ = 0)

Erroneous claim  (Barton &Dombey): LET  and DHG Wrong!
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The CM solution for total spin S and projection M takes the following form 
in position space: 

x 4&y(p) x&iP.x--i”+=o (4.8) 

where x E x, - xb , X = T,X, + T&, , and pa,b = dp2 + rni*, . Equation (4.8) 
is written so that the normalization condition17 compatible with Eq. (2.24), namely 

I d% ‘% 5bdX. > xb>+ (A++ - A--) (pv&. , Xd = 1, (4.9) 

is satisfied if 

i d8! I &~P)I~ = 1. 

In the matrix element of the interaction with an external field, the initial and 
final states will in general have different total momenta; it will consequently be 
necessary to know how to transform the CM wavefunction to an arbitrary 
reference frame. In order to learn the transformation properties of the BS wave- 
function, we return to the definition 

x%& 3 ~b)SM = co 1 T(hz”(&) &?(xb)) 1 OdsM). 

Since a Lorentz transformation leaves the vacuum invariant, U(A) IO) = 1 0), 

(4.10) 

= 1 s;;‘ply S,-‘(A)““‘<0 1 T(y3$(x;), q<x;>> / PESM’) @A.&v) 
M’a’B’ 

I7 The normalization condition (4.9) for ladder approximation was first stated by Salpeter (8). 
For comparison with (4.8), note that a single-particle wave-packet is written 

where 

Single particle wave-packet
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where x’ = Ax, (E, P) = A(&?, 0), S(d) is the usual spinor transformation matrix, 
and g$,M(RW) is the Wigner rotation matrix, which equals &tM here since the 
initial state is at rest. Inverting (4.10) gives the required transformation law 

J&i%; , x;h4 = S%“(4 $?v> x%. , Xbh . (4.11) 

An explicit form for S(cl) is 

S&i) = exp (k a, * V tanh-l ) V I) = ,,/ “;A& (1 + aa ” ), (4.12) d+E 

where V = P/E. With y = (1 - 2 V )- li2, the Lorentz transformation on x, is 

x, = x’, + (y - 1)x; * VV - JVx;’ = 5, - yvx;‘, x,” = y($ - v * x’,). (4.13) 

Now Eq. (2.19), which we apply in the transformed reference frame as well as 
the CM frame, implies the following transformation law for ‘p: 

YE&(X’, x’, X0’) = x&x? = 0, x’; X0’, X) (4.14) 
= S&l) S,(A) x.&(-yv - x’, 2; yxo - yv . X’, 2 - yvxq. 

As might be expected, the equal-time (x O’ = 0) wavefunction in the new reference 
frame corresponds to an unequal-time wavefunction in the CM frame. However, 
the dependence of x& on the CM relative time x0 = --yV * x’ is completely 
determined by Eq. (2.21); for small V we are justified in neglecting x”.le Then 
(omitting primes) 

9%P(xa xb 3 x0)&V 

i 

*P ‘P 
‘+ u&E 2i,.+k, 

=b *P =b * P 

X ’ - .,&if + E 2mb + kb 
P P P 

=a * A’+E + 2m, + k, =b ’ d$.E - 2i?lbp+kb 

X d&p) xsM exp[ip * % + iP * X] exp[--iEXO]. (4.15) 

Here jz = x + (y - 1) w  * x includes the Lorentz-Fitzgerald contraction of 
the wave function. Again, P”,,~ = z/p2 + rnfab. 

I* This is similar to the approximation made in deriving Eq. (2.16). See Footnote (8). 
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where, in momentum space, U is the integral operator 

(U T&)(P) = “/ &’ d(P - P’) 9)AP’) (4.2) 

and we assume for simplicity that g” contains no Dirac matrices.15 Since qA will 
reduce to a product of free positive-energy Dirac spinors in the limit of zero 
binding, we will attempt to find a solution which is of the form 

(4.3) 

where w a,b is a 2 x 2 matrix and a function of p and (I,,~ , 4&(p) is a one-component 
function, and x&(5 = 1,0) is a constant spinor.16 It is useful to define 

u - d = u - (f?Z, + mb - w) = -(??l, + k,) - (mb + kb), 

kz.0 = -Tb.,(U + w>, rasb = ma b , /cm, + mb>- 
(4.4) 

W is the binding energy and k,,, is a kinetic energy operator (for example, in the 
limit of zero binding, ka,b = p2j2m,,, + O(p4/m3)). 

In terms of these quantities, Eq. (4.1) becomes 

[( =a - Pwz 
- ka =, * P - @ma + k,h, 

This equation is satisfied if we take 

1 1 
wa- zrn,+k, %‘P, %=- 2mbfkb ab’P9 

and if #A satisfies the following “Pauli” relativistic two-body equation: 

1 1 
aa * p 2m, i- k, aa’P+ab*P 2mb+kb ab - p + u + w] $.,& = 0. (4.7) 

We emphasize that the solutions to (4.7) are also exact solutions to the Breit 
equation (see also footnote 14). If we drop spin-orbit and other relativistic terms, 
Eq. (4.7) reduces to the two-body SchrSdinger equation in the CM frame: 

(p2/2mr + U + W 4.~ = 0, (4.7’) 

where mr = mamo/(ma + mb). 

I5 For example, g in Eq. (2.16) can be the zeroth component of a four-vector interaction, such 
as the instantaneous Coulomb interaction g,(k) = ysoygo/k2. 

I8 For example, ,yll = x~+ @ x8+, xl0 = a(~~+ @ xa- + x*- @ ,y,,f), etc., where o,,x,* = &xa*, 
ti.*~+6h*) = 1. 
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moment vanishes [22]. The light-cone formalism also properly incorporatesWigner boosts.

Thus this model of composite systems can serve as a useful theoretical laboratory to

interrelate hadronic properties and check the consistency of formulae proposed for the

study of hadron substructure.

7. Spin and orbital angular momentum composition of light-cone wavefunctions

In general the light-cone wavefunctions satisfy conservation of the z projection of

angular momentum:

J z =
n∑

i=1
sz
i +

n−1∑

j=1
lzj . (62)

The sum over sz
i represents the contribution of the intrinsic spins of the n Fock state

constituents. The sum over orbital angular momenta lzj = −i
(
k1j

∂
∂k2j

− k2j
∂

∂k1j

)
derives from

the n−1 relative momenta. This excludes the contribution to the orbital angularmomentum
due to the motion of the center of mass, which is not an intrinsic property of the hadron.

We can see how the angular momentum sum rule Eq. (62) is satisfied for the

wavefunctions Eqs. (20) and (23) of the QED model system of two-particle Fock states.

In Table 1 we list the fermion constituent’s light-cone spin projection sz
f = 1

2
λf, the boson

constituent spin projection sz
b = λb, and the relative orbital angular momentum lz for each

contributing configuration of the QED model system wavefunction.

Table 1 is derived by calculating the matrix elements of the light-cone helicity operator

γ +γ 5 [29] and the relative orbital angular momentum operator−i
(
k1 ∂

∂k2
− k2 ∂

∂k1

)
[16,30,

31] in the light-cone representation. Each configuration satisfies the spin sum rule: J z =
sz
f + sz

b + lz.

For a better understanding of Table 1, we look at the non-relativistic and ultra-relativistic

limits. At the non-relativistic limit, the transversal motions of the constituent can be

neglected and we have only the | + 1
2
⟩ → | − 1

2
+ 1⟩ configuration which is the non-

relativistic quantum state for the spin-half system composed of a fermion and a spin-1

boson constituents. The fermion constituent has spin projection in the opposite direction

to the spin J z of the whole system. However, for ultra-relativistic binding in which the

transversal motions of the constituents are large compared to the fermion masses, the

Table 1

Spin decomposition of the J z = + 1
2
electron

Configuration Fermion spin sz
f

Boson spin sz
b

Orbital ang. mom. lz

∣∣+ 1
2

〉
→

∣∣+ 1
2

+ 1
〉

+ 1
2

+1 −1
∣∣+ 1

2

〉
→

∣∣− 1
2

+ 1
〉

− 1
2

+1 0
∣∣+ 1

2

〉
→

∣∣+ 1
2

− 1
〉

+ 1
2

−1 +1

Conserved 
LF Fock state by Fock State
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n-1 orbital angular momenta

Angular Momentum on the Light-Front

Gluon orbital angular momentum defined in physical lc gauge

Orbital Angular Momentum is a property of LFWFS

LC gauge

Nonzero Anomalous Moment  -->   
Nonzero  quark orbital angular momentum!

A+=0
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T
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Figure 1: Pictorial representation of the fragmentation amplitude Tn[(1 2 . . .n)λ0 → 1λ1 , 2λ2 , . . . , nλn] for a single
off-shell initial gluon. Variables λ0, . . . , λn denote the polarization of the gluons. The initial gluon (1 . . .n) fragments
into n final state gluons 1, . . . , n. The vertical dashed line indicates that for this part of the diagram one needs to take
an energy denominator, i.e. the leftmost gluon is in an intermediate state. The other energy denominators which are
taken for the intermediate states inside the blob are implicit and are not shown in the picture.

state, for the example depicted in Fig. 1 it could be the initial state of the total graph to which the subgraph in Fig. 1
is attached. In the LFPT [6, 30, 31, 32, 33] one has to evaluate the energy denominators for each of the intermediate
states for the process. The energy denominator for say j intermediate gluons is defined as the difference between the
light-front energies of the final and intermediate state in question

D j =
∑

out
El −

j
∑

i=1
Ei . (1)

where

Ei(l) ≡ k−i(l) =
k2i(l)
k+i(l)
, (2)

are the light-front energies and the first sum represents a sum over the energies of all final state gluons present in the
fragmentation function. Furthermore, one has to sum over all possible vertex orderings. The fragmentation function
shown in example in Fig. 1 would thus be given schematically by the expression

Tn ∼
∑

vertex orderings
gn−1Πn−1j=1

Vj

z jD j
, (3)

where Vj are the vertices and z j and D j are the corresponding fractional momenta and denominators for all the
intermediate states. Note the important fact that for the fragmentation function depicted in Fig. 1 the first gluon is
not really an initial state. As mentioned above, it is understood that the fragmentation function is only a subgraph,
attached via this gluon to a bigger graph. Therefore, the leftmost gluon is in fact an intermediate state for which the
energy denominator, denoted by the dashed line, has to be taken into account. The rightmost gluons are the final
on-shell particles, and the energy denominator is not included there. Finally, one needs to sum over all the vertex
orderings in the light-front time. The results derived in [13] and in the following sections are for the color ordered
multi-gluon amplitudes. Hence, we focus only on the kinematical parts of the subamplitudes.

The fragmentation function for a special choice of the helicities was evaluated exactly in [13]. The explicit results
for the transition +→ + · · ·+ reads

Tn[(12 . . .n)+ → 1+, 2+, . . . , n+] = (−ig)n−1
(

z1...n
z1 . . . zn

)3/2 1
vn n−1vn−1 n−2 . . . v21

, (4)

where the variables vi j were defined as

vi j ≡
(k j
z j
−
ki
zi

)

, vi j ≡ ϵ(−) · vi j , (5)

and ϵ(−) will be defined shortly. It is well known [3, 30, 31] that on the light-front the Poincaré group can be decom-
posed onto a subgroup which contains the Galilean-like nonrelativistic dynamics in 2-dimensions. The ’+’ compo-
nents of the momenta can be interpreted as the ’masses’. In this case the variable (5) can be interpreted as a relative

3

transverse light-front velocity of the two gluons. The same variable is present when evaluating the energy denomina-
tors of different intermediate states. The above variable is closely related to the variables used in the framework of
helicity amplitudes, see [34].

For a given pair of momenta ki and k j we have the result

⟨i j⟩ = √ziz j ϵ(−) ·
(ki
zi
−
k j
z j

)

=
√ziz j ϵ(−) · vi j , [i j] = √ziz j ϵ(+) ·

(ki
zi
−
k j
z j

)

=
√ziz j ϵ(+) · vi j , (6)

where the variables ⟨i j⟩ and [i j] are defined by

⟨i j⟩ = ⟨i − | j+⟩ , [i j] = ⟨i + | j−⟩ , (7)

and where chiral projections of the spinors for massless particles are defined as

|i±⟩ = ψ±(ki) =
1
2
(1 ± γ5)ψ(ki) , ⟨±i| = ψ±(ki) , (8)

for a given momentum ki. Above, we have also introduced the polarization four-vector of the gluon with four-
momentum k

ϵ(±) = ϵ
(±)
⊥ +

2ϵ(±) · k
η · k

η , (9)

where ϵ(±)⊥ = (0, 0, ϵ(±)), and the transverse vector is defined by ϵ(±) = ∓ 1√
2
(1,±i). Vector η is related to the choice of

the light-cone gauge, η ·A = 0, where η µ = (0, 2, 0) in the light-front coordinates. It is interesting that in the light-front
formalism the variables ⟨i j⟩ appear naturally in the vertices and in the energy denominators.

The fragmentation functions introduced above possess an important property which will be widely utilized in
this paper. Namely, it was demonstrated in [13] that the fragmentation functions factorize after the summation over
all the light-front time orderings. This property can then be used to write down the explicit recursion formula for the
fragmentation functions. That is to say, the fragmentation into n+1 gluons which is denoted by Tn+1[(1, 2, . . . , n+1)→
1, 2, . . . , n + 1] can be represented as the product of two lower fragmentation functions Ti[(1 . . . i) → 1, . . . , i ] and
Tn+1−i[(i + 1 . . . n + 1)→ i + 1, . . . , n + 1]. Finally, one needs to sum over the splitting combinations. This procedure
is schematically expressed in Fig. 2 and, to be precise, the expression which reflects the factorization reads

Tn+1[(12 . . .n + 1)→ 1, 2, . . . , n + 1] = −
2ig
Dn+1

n
∑

i=1

⎧

⎪

⎪

⎨

⎪

⎪

⎩

v∗(1...i)(i+1...n+1)
√

ξ(1...i)(i+1...n+1)

× Ti[(1 . . . i)→ 1, . . . , i ] Tn+1−i[(i + 1 . . .n + 1)→ i + 1, . . . , n + 1]
⎫

⎪

⎪

⎬

⎪

⎪

⎭

. (10)

Σi

k(1...i)

k(i+1...n+1)

ki+1
ki+2

kn+1

T

k1
k2

ki

T

V3

k(12...n+1)Tn+1 =

Figure 2: Pictorial representation of the factorization property represented in Eq. (10), a light-front analog of the
Berends-Giele recursion relations [22]. The helicities of the outgoing gluons are chosen to be the same in this partic-
ular case. The dashed vertical line indicates the energy denominator Dn+1.

The energy denominator Dn+1 in the above equation has been defined as

Dn+1 =
k21
z1
+
k22
z2
+ . . . +

k2n
zn
−
k21...n
z1...n

, (11)
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T++(0) need to be computed in the light-cone formalism. By calculating the ++

component of Eq. (12), we find

〈

P + q, ↑
∣∣∣∣∣
T++(0)

2(P+)2

∣∣∣∣∣P, ↑
〉

= A(q2) , (13)

〈

P + q, ↑
∣∣∣∣∣
T++(0)

2(P+)2

∣∣∣∣∣P, ↓
〉

= −(q1 − iq2)
B(q2)

2M
. (14)

The A(q2) and B(q2) form factors Eqs. (13) and (14) are similar to the F1(q2)

and F2(q2) form factors Eqs. (5) and (6) with an additional factor of the light-cone

momentum fraction x = k+/P+ of the struck constituent in the integrand. The B(q2)

form factor is obtained from the non-forward spin-flip amplitude. The value of B(0)

is obtained in the q2 → 0 limit. The angular momentum projection of a state is given

by

〈
J i
〉

=
1

2
ϵijk

∫
d3x

〈
T 0kxj − T 0jxk

〉
= A(0)

〈
Li
〉

+ [A(0) + B(0)] u(P )
1

2
σiu(P ) .

(15)

This result is derived using a wave packet description of the state. The ⟨Li⟩ term

is the orbital angular momentum of the center of mass motion with respect to an

arbitrary origin and can be dropped. The coefficient of the ⟨Li⟩ term must be 1;

A(0) = 1 also follows when we evaluate the four-momentum expectation value ⟨P µ⟩.

Thus the total intrinsic angular momentum Jz of a nucleon can be identified with the

values of the form factors A(q2) and B(q2) at q2 = 0 :

⟨Jz⟩ =
〈

1

2
σz
〉

[A(0) + B(0)] . (16)

One can define individual quark and gluon contributions to the total angular

momentum from the matrix elements of the energy momentum tensor [9]. However,

this definition is only formal; Aq,g(0) can be interpreted as the light-cone momentum

fraction carried by the quarks or gluons ⟨xq,g⟩ . The contributions from Bq,g(0) to Jz

cancel in the sum. In fact, we shall show that the contributions to B(0) vanish when

summed over the constituents of each individual Fock state.

10

where q2 = −2P · q = −q⃗2
⊥ is 4-momentum square transferred by the photon.

The Pauli form factor and the anomalous magnetic moment κ = e
2M F2(0) can

then be calculated from the expression

− (q1 − iq2)
F2(q2)

2M
=
∑

a

∫ d2k⃗⊥dx

16π3

∑

j

ej ψ
↑∗
a (xi, k⃗

′
⊥i,λi)ψ

↓
a(xi, k⃗⊥i,λi) , (9)

where the summation is over all contributing Fock states a and struck constituent

charges ej. The arguments of the final-state light-cone wavefunction are [1, 2]

k⃗′
⊥i = k⃗⊥i + (1− xi)q⃗⊥ (10)

for the struck constituent and

k⃗′
⊥i = k⃗⊥i − xiq⃗⊥ (11)

for each spectator. Notice that the magnetic moment must be calculated from the

spin-flip non-forward matrix element of the current. It is not given by a diagonal

forward matrix element [21]. In the ultra-relativistic limit where the radius of the

system is small compared to its Compton scale 1/M , the anomalous magnetic moment
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Gravitational Form Factors
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