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Motivations

New space-like proposal for HLO

e At present, the leading hadronic contribution a,H° is computed
via the time-like formula:
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which involves Achad(t), the hadronic contribution to the running of
« in the space-like region. It can be extracted from scattering data!
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What we know :: Anatomy of NLO

& Born matrix-element

doro

& Real Radiation
tree-level matrix elements ——

R
donLo

& 1-loop matrix elements

s
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& Subtractions and MC-integration M



What we need :: Anatomy of NNLO

& Double-real Radiation
tree-level matrix elements

~RR
dUNNLO

& Single-real Radiation

1-loop matrix elements ——————

~RV
dUNNLO

M GOSAM

Recent improvements
for QED/EW corrections
Chiesa Greiner Tramontano

& Virtual 2-loop matrix element

~VV
dUNNLO

M this talk!




What we need :: Anatomy of NNLO

& Double-real Radiation
tree-level matrix elements

dUNNLO

& Single-real Radiation
1-loop matrix elements ——————

dUNNLO

& Virtual 2-loop matrix element

dUNNLO

@GN e / dUNNLo ‘|‘/ dUNNLo ‘|‘/ dUNNLo
A,y Slips oy o

& Subtractions and MC-integration?
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UonE @ 1- and 2-loop
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Amplitudes Decomposition:
the algebraic way

a=axl + ayj + azk

&Basis: {i j k3

&Scalar product/Projection:
to extract the components



Amplitudes Decomposition:
the algebraic way

Master functions

*:quﬁ

coefficients



Dimensionally Regulated Integrals l



Graph Topology & Integrals

o e:#legs::p@', (221776)7
ﬁ fI#IOOpSZZ q; (Z’:L,,,’f;
15 n = # denominators :: D; (1 =1,...,n);

N = # scalar products (of types ¢; - p; and ¢; - q; ) N =/{e—1)+

n = # reducible scalar products (expressed in terms of denominators);

m = # irreducible scalar products =N —n = S; (1=1,...,m)



Graph Topology & Integrals

o e:#legs::p@', (221776)7
ﬁ —#loops g0 (0 —li =l
15 n = # denominators :: D; (1 =1,...,n);
N = # scalar products (of types ¢; - p; and ¢; - ¢; ) N={fe—-1)+ A

n = # reducible scalar products (expressed in terms of denominators);

m = # irreducible scalar products =N —n = S; (i=1,...,m)




Graph Topology & Integrals

e—itlleps ., oz — 1 el

i loops g (0 — i =l
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Associated Integrals ::

d dd
Fndm X,y E/ fnmxay 3 / E/dQ1... qe
7 ( ) q1-.-qp 7 ( ) q1-.-qe (2m)4 (2m)

Sflylsgnm -
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Integration-by-parts Identities (IBPs)

Tkachov; Chetyrkin Tkachov; Laporta;

0
/ —(’U'LL fn,m(X7Y)) =0 ; V=4dq1,.--.-54p, P1y---5sPe—1-
q1..-qyp

V(n,m), Nigp = # of IBP relations = ¢(/ +e — 1)

Relations between integrals associated to the same topology (or subtopologies)

= @i R

Vi — Ayt I Ay

public codes :: AIR; Reduze2; FIRE; LiteRed;
private codes :: ... many authors ... Laporta, Sturm ...



Master Integrals (Mls)

Independent set of integrals M,L-[d], d] /
q

They form a basis for the integrals of the corresponding topology.

Two special cases

Two types of integrals generated from the master integrands

e Polynomial insertion: / P(qi-pj,qi - qj) mi(X,¥) = Z Qi m F#%(X, y) 1Br Z c; Mi[d]
q1...q9e n,m )

e [xternal-leg derivatives: pHiM[d] = / 119#i mi(X,y) = Zﬁnm F (%,y) = Z C; M
7 ap,u k ) apét ) n,m )




/Q Basis :: Master Functions

i j

ay

® Tree level >/< §\< Knownl

b, - % Known!

® Higher Loops ﬂ ﬂ Vé
ﬁ L ?Unknown?

® One Loop



Differential Equations for Master Integrals

ijﬂéﬁ — A(d, ) jﬂé

kinematic variable space-time
(s,t,u, masses) dimensions




Differential Equations for Master Integrals

Kotikov; Remiddi;

Gehrmann Remiddi

Argeri Bonciani Ferroglia Remiddi P.M.

Henn; Henn Smirnov

Lee; Papadopoulos;

Argeri diVita Mirabella Schlenk Schubert Tancredi P.M.
diVita Schubert Yundin P.M.

0 1 0
2 = Z * Remiddi Tancredi; Primo Tancredi
P op? {p ) p} 5o {p p}

Papadopoulos Frellesvig

Zheng
D 9 9 9 9 i
[ @ )i ) ot o @
0P2 p2/ P1,p apl,,u D2,u 8p2,,u DPi,p 8p2,,u D2, 8p1,,u pQ/’
P = p1 + p2,
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0 gy 0 0 1, O o o S
) s g s )
i {pz/‘\m} [ 4 Ip1,u - Ip3,u ol Ip2,u (Prp + Pa.) Ops & Opi i dpan, pz/‘\m

In general, n MIs obey a(system of 1st ODE)

a. M = A(d, ) MU




Two-Loop Integrals for Mu-E Scattering l



Feynman diagrams @ 2-loop
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Feynman diagrams @ 2-loop
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& Planar Integrals :: Family-1



Feynman diagrams @ 2-loop
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& Planar Integrals :: Family-1

& Planar Integrals :: Family-2



Feynman diagrams @ 2-loop

(62526 >EN“< >§Z<
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& Planar Integrals :: Family-1

& massless electron

& Planar Integrals :: Family-2

& massive muon
& Non-Planar Integrals



M I S for Fam i IY'1 Passera Primo Schubert & P.M. (2017)

P3 P2 P3 Pz%r’s p2 pP3 P2 ; ;P3 PZ; ;Ps Pz% P3 P2 P3 P2 p3
P4 P1 Pa P11

Ps P1 Pa p1 Pa P P4 P4 P4 P4 P4 P4 P4 P1 P4 P1

4

EZ"-" P2 Ps Pzgps P> P3 P> P3 Pz: : | ~P P .P p3 Pz (ko P3 P2

Ps P1 Pa p1 P4 P1 P4 P P4 P1 P4 P4 P4 P4 P4 p1 p4 P1

25 30

: :Ps Pz: :Ps Pz: :Ps Pzz {Ps P2 P3 P2 Pz tee) p3 PZ: :P3 Pz: (kr+po)? :Ps Pz: (ka=p1)® :Ps

Pa P1 P4 p1 Pa P4 Pa P4 Pa P4 P p4 P P4 P P4 P g

Tar

@ A different set of Mls already known Bonciani Ferroglia Gehrmann vonManteuffel

& We recomputed them with an alternative/simpler way

&31 Mls
&alphabet: 8 rational letters

&solution: GPL’s

& numerical checks using GiNac vs SecDec



M I S f()r Fam i IY'Z Passera Primo Schubert & P.M. (2017)

P3 : :Ps pszs pz}im sz[ps P2 P3

P4 P1 Pa P1 P4 P1 Pa P1 P4 P1 Pa
Ta Ts Ts

P3 P>§P3 Pz%s P2 P3 P2 P3 P2

P4 P1 Pa P1 P4 P1 Pa P4 P4 P1 Pa
Tio Ti Ti2

P2 P3 P2 P3 P2 P3 P2 P3

P1 P4 P1 Pa P1 P4 P1 P4
Tie Tiz Tis

P2 >< ><’ P3 P2 P3 Pz; :Ps Pz; :Ps

Pa P1 P4 1 4] P4 P1 P4 P1 Pa
7-22 7—23 7-24

P3 P2~_tkr+p2’ _P3 Pa-lki-pif*-m’_ps3

&42 Mls
@alphabet: 9 rational letters

& solution: GPLs

& numerical checks using GiNac vs SecDec



44 Mls for non-planar diagrams

DiVita Laporta Primo Schubert & P.M. (2018)

RO

Pa P2 Pa P2 Pa P2

Tos
P3 P1 (k2+P1) P3 P2 :?3 P2 (ka+p1)? :’

P4 Pz P4 P1 Pa P1

Tar

32 33 34 36

P3 P2 (k2+p1)2 P3 P2(k1+P1+P2);P3 Pz(k2+P1+P2);P3 P2 3 P2 (k1+P4)2 P3

\ \
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&44 Mls @@

&alphabet: 12 rational letters $
& solution: GPL's

& numerical checks using GiNac vs inHouse code



Quantum Mechanics

@Schroedinger Eq’n (eps-linear Hamiltonian)
ih 0| W (1)) = H(e, t)|V()) , H (e, t) = Hy(t) + eHq(t)

& Interaction Picture
H; ;(t) = B'(t) Hi(t) B(t)

& Matrix Transform
2 t

ih 0;B(t) = Ho(t)B(t) B(t)=¢ * Jio dTHo(7)

;@Schroedinger Eq’n (canonical form)

ih Oy |W(t)) = e Hy 1(t)| V(1))



Y . e ;
Argeri, Di Vita, Mirabella,
Magnus Expansion Schlenk, Schubert, Tancedi, PM. (2014

& System of 1st ODE
e )Y (), Y(zg) =Y. A(x) non-commutative

& Magnus’ series :: Matrix Exponential

Y (z) = @20 Y (zg) = @) ¥y,

Q(:C) AP i Qn(flj) Qy(x) = %[c: dry /g: dro [A(11), A(72)]
o Ou(a) = 5 [ an [ dn [ dm [An), [A(m), A + [Alr), [A(m), ()]
Bl i Tterated Integrals
itk o (generalized polylogs) ]
Chen
Ylx)i= Yo+ Y : Goncharov
( ) ¥ n;l n( ) Remiddi Vermaseren

Gehrmann Remiddi
Bonciani Remiddi P.M.

a5 Tn—1 3 F 3
Y, (z) = / T / dry, A(T)A(Ta) - Alry) voliinga WelnZug
z 0o Duhr Gangl Rhodes



Argeri, Di Vita, Mirabella,
Schlenk, Schubert, Tancredi, PM. (2014)

® Quantum Mechanics ® Feynman Integrals
& Time-evolution in Perturbation Theory & Kinematic-evolution in Dimensional Regularization
@perturbation parameter: € @space—time dimensional parameter: € = (4-d)/2
& Linear Hamiltonian in € & Linear system in €
& Unitary transform & non-Unitary Magnus transform
@Schroedinger Equation @System of Differential Equations
in the interaction picture (e-factorization) in canonical form (g-factorization) pHenn (2013)
@solution: Dyson series @solution: Dyson/Magnus series

WEL - @

& Feynman integrals can be determined from differential equations that looks like
gauge transformations

boundary term
(simpler integral)



Argeri, Di Vita, Mirabella,
Schlenk, Schubert, Tancredi, PM. (2014)

® pre-Canonical form
Linear-eps Matrix

O:f(e,x) = A(e,x) f(e,x) A(e,x) = Ap(x) + €Aq(x)

® change of basis :: Magnus #1
fle,2) = Bo(x) gle;x) ,  Bo(w) = "0l 9, By(a) = Ao(w) Bo(x)

® Canonical form yenn 2013)

Opg(e, x) = eAq(z)g(e, ) Aj(z) = By *(z)A1(z)Bo()

® Solution :: Magnus #2 (or Dyson)

9(67 Qj‘) — Bl (67 33)90(6) , Bl (67 Qj‘) = GQ[GAl](xaxO)

@Feynman integrals can be determined from differential equations that looks like
gauge transformations



® Kinematic variables t _(1-y?

® eps-linear basis Or f(z,y,¢€) = (Am(x,y) + eAn(iB,y)) f(z,y,¢€)

ay f(m,y,e) o (AQO('rvy) ol €A21($7y)> f(fl?,y,é)

® canonical form: Magnus #1

® Total Differential dg(z,y,¢) = € dA(z,y) g9(z,y,¢) , dA = Aydz + Aydy
dLog-form

dA = Z Mi dlog N5
=il:

Alphabet

Constant
matrices



Canonical systems and Iterated Integrals ..o

® Canonical system of DE dl = e dA T FLA — Z M; dlog n; F=(z1, 200
—

® Solution as path-ordered exponential

I(e, T) :Pexp{e/dA}I(e,fg), Pexp{e/dA} :]1+e/dA+e2/dAdA+e3/dAdAdA...,
Y v v v v

® Path invariance e WRE=R e () = (), (R, o, Y @), ¥(0) = Zoramclia NS

® Taylor expansion and Dyson/Magnus series
I(e, ) = I'D(Z) + e IV(@) + 21D () + . ..

1@(2) =19 (z,) + / dA T (Z) + / dA dA1O(z),

v v

10(2) =10)(z) + / dA 1P (), + / dA dA 1D () + / dA dA dATO(z,),

o v Y

19 (2) = 1% (&) + /

dA 18 (7)) + / dA dAT1®) (7)) + / dA dA dA TV (7o) + / dA dA dA dATO)(g).
Y g v I8¢

® Chen’s Iterated integral

/dA a4 C’i[zz]--.,h = / dlogn;, ...dlogn;, = / NG vl (G o i ) — i log n;(v(t)) .
g i 4!

0<t1<...<tp<1 dt

k times

® a special case :: Goncharov’s polylogs

T
1
G(Wp; ) = G(wy, Wp—1;T) = /0 dtt s Ei = o) G(0p;x) = EIOgn(x), e ) — B AC Wy o ) = e le(wn_l;x).



P3
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P3

P2

:: Family-1

Ex

P4

P

P4

P1

® Total Differential

dlog(1 — y)

+ M3 dlog(1 — x)
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Il == ) = F Wl

(

dA = M; dlog(x) + My dlog(1 + x
+ My dlog(y) + M5 dlog

dLog-form

)

e ry

(

+ My dlog(z + y) + Mg dlog

+ Mg dlog (1 —y(1 —x —vy))
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Ex :: Boundary conditions

P2 P3
F<S> = >< — F &regular @ s = 0
P P4

&trivial conditions !
of f-shell leg

el F(O)ZPZP

massless leg



Ex :: Boundary conditions

P2 P3

k(s) =

@regular@s=0

P1 Pa &trivial conditions !

1
*0

— [(0)

® Auxiliary system of differential equation for:

dA = My dlogx + M_; dlog(x + 1)

UF O S0 0 )0 070 =05 F0TE 0L DR
(S RO OB RO s = ORI A0 S B
DEROE= ORS00 07 05=2 = 0RO S RS

M= [000 4.0°0°0.0 0 =L RS0 SR U
W00 OO 0 008 S0 FORENOF S
(DRSO (S ) 0 0580 0N 50 8R 0 R0
o-+-1o001%1 1 3 UEC SRR S ) (1410
0-1-1001%1-132 1 20 0 -1 -30-4



Ex :: Boundary conditions

P2 Ps
F<S> — >< — F &regular @ s =0
P4 Pa &trivial conditions !

® Auxiliary system of differential equation for:

& lar @ Pi=0
5y ol E i E @regula I
I<p1) I<O> & non-trivial b.c. conditions !



XE . Family-1 e MI s

P2 P3
\ / 4 -
k k
= E I3 (s ) @
k=0
P P4
(0) _ 4
I3O (:U,y) - T3
1 7 3
Ig(,o)(:c,y)= 5 OL=1, x] = 610}, y] +3G[(1), Y]
(2) 1172 4
I, (x,y) = S+ 6l-11, ] (4G[{0},y]—8G[{l},y])—gG[{—l, -1}, x] - G[{0, 0}, y] +2G[{0, 1}, y] +2G[{1, 0}, y] -4 G[{1, 1}, y]
1(3)(56 y)z i [—EG[{—l} x]+ZG[{O} y]—EG[{l} y]+iG[{—£} x| |+
30\ 9 ’ 6 ’ 3 ’ 3 y’’
G[{-y}, x] (-26G[{1, 0}, y] +4G[{1, 1}, y])+
1
G[{-=},x] (26[{0, 0}, y] -4G[{0, 1}, y] -2G[{1, 0}, y] +4G[{1, 1}, y]) +
y

G[{_l}; X] <4G[{Oa 0}; y]_SG[{O, l}) YJ—SG[{l, O}) Y] +16G[{la l}’ y]>+
1
Gl{1},y] (166[{—1,—1},x1—46[{— ,—1},x}—46[{—y,—1},x1)+

y
1
G[{0}, y] (—86[{—1, -1}, x] +2G[{-=, -1}, x| +2G[{-y, -1}, x]
Yy
1

EG[{_]-’ _l, _l}’ X] +4G[{_l, O’ - }’ X] _26[{0, l’ O}’ yj +
3

4G[{0, 1,1},y]-2G[{1,0,0},y]+4G[{1,0,1},y]+4G[{1,1,0},Vy]-

8G[{1,1,1},y]+4G[{-—, -1, -1}, x| —2G[{—£, 0, -1}, x| +
y

1
y

29 Zeta[3]
3

4G[{-y, -1, -1}, x] -2G[{-y, 0, -1}, X] +
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P2 Ps
\ /

Ex :: Family-1

4
S 2w
0

k=
P P4
1(4)(a;,y): 126((0, 0, 1}, y] ~6G[{0, 1, 0}, y] +126[(0, 1, 1}, y] ~10G[{L,
206[(1,0,1),y] +12G[{1, 1,0}, y] ~24G[{1, 1,1}, y])+
4051 1t GI{1}, Y] (86[{—5,—1,—1}, x]-a6[{-T, -1, 1), x] c46[{- T, -y
- " y y oy y
7200 1
GI{-1, -1}, x] (~16G[(0, 0}, y] +32G[{0, 1}, y] +32G[{1, 0}, y] -64G[(1, 1}, y]) 8GLL-Y, =1, ~13, x] +46[{-y, =, =1}, x| =461 {-y, -y, -1}, x]
1 1 1 1 101 L
G[{0, 0}, y] |2G[{-=, - =}, x| +4G[{-y, -1}, x] -2G[{-y, - =}, x| | + (0}, y] (—46[{—7 1, -1}, x] +26[{- =, - =, -1}, x] -26[{-—, -
y y y y y y y
14 2 1
2(6[{71},x] ——G[{O},y]+—8G[{l},y})— G[{—y,—l,—l},XJ—2G[{—y,—;,—1},X}+ZGH Y, -y, -1},
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Summary ...

™ Feasibility of Two-Loop QED Corrections analytically

& Master Integrals via Differential Equations + Magnus Series

& Amplitude decomposition via Adaptive Integrand Decomposition (AID)
Mu-e scattering :: a first example of 2-loop automation for massive amplitudes

& Progress with hadronic corrections Facl (2018)

...Outlook

@Building the 2-loop amplitude (Form Factors and AID)

+ Fael Passera (to appear)

& Analytic continuation and Numerical Evaluation of 2-loop Mls

& The 1-Loop amplitude and 2-loop renorm. counterterms (GoSam, AID)
@Implementing a Subtraction Scheme for NNLO (hinc sunt leones)

& MonteCarlo Integration

™ Progress in Mu-e Scattering @ 2-loop QED
==> benefit for e+ e- —> Mu+ Mu- @ 2-loop QED
==> benefit forpp —>tT @ 2-loop QCD
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