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Spirit of the talk: Mean Field at the limits

Mean Field is probably the most genuine Nuclear Structure concept. 
Intimately linked to the collective behavior of nuclei, it is expected to 
emerge as a useful tool when the number of nucleons increases. 

On the other hand, Nuclear Field Theory (NFT) is the systematic 
perturbative procedure for improving the  zero order Mean Field  
description towards the exact description of nuclei, by incorporating higher 
and higher order many body effects.

In this talk we explore how  things are going in the region of very light, 
one valence  neutron N=7 isotones (from Z=3 to Z=6), and find that 
very good description of low-energy spectra and associated reaction 
processes is attainable as far as the NFT procedure is pursued up to third 
order terms.



It will be shown that  a consistent description of 

O spectra, 
O one neutron transfer absolute dσ/dEdΩ 
O dipole transitions and 
O isotopic rms charge radius change

It is obtained by including 

+ up to “3p-2h” configurations, and

+ coupling to the single-particle continuum.

It will be stressed that antisymmetrization (Pauli principle) between the valence neutron and 
core, plays a crucial role. 

By incorporating coupling to the single-particle continuum, a common framework for the 
study of structure and reactions, based on the Nuclear Field Theory emerges. 
A formulation in terms of  Generalized Coupled Channels allows for the proper inclusion 
of Pauli principle.
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WS potential

V=-51+-33(N-Z)/A
                   (MeV)
a=0.67fm

R=1.27A1/3 fm

Vls=0.44V



N=7 isotnes, from stability valley to drip line
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No spherical mean field
can reproduce it
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   HOW TO IMPROVE SIMPLE (SPHERICAL STATIC) ZERO 
ORDER MEAN FIELD DESCRIPTION?

Include quadrupole deformed mean field potential
 
  +Static/rigid and strong coupling limt  (A.Macchiavelli)

  +Static/rigid and weak coupling (F.Nunes; A. Moro)

  +Dynamic and weak/medium  coupling (This work,Esbensen&Sagawa)



   HOW TO IMPROVE SIMPLE ZERO ORDER MEAN FIELD 
DESCRIPTION?

Nuclear Fierld Theory (NFT)  

shows how to construct an EXACT solution of the many body problem, for a 
given two body force,  in terms of a rapidly convergent series expansion 
for each observable, similar to the Feynman's QED  diagrams expansion, and 
based on the use of realistic (coherent-collective) core excitations 
rather than independent 1p-1h, 2p-2h,... configurations, that is in the 
dynamical mean field response rather than in the static (zero 
order) one.

1. Fermions:  Neutron moving in a HF mean field
2. Bosons:   Core realistic excited states; RPA Vibrational like
3. Fermion-Boson vertex: Microscopically evaluated from RPA and HF
4. Expansion parameter: inverse of effective degeneracy,  Ω.

Empirical NFT: fix Fermions, Vibrations and Vertex from experiment 
in order to give a unified description of “ALL(ll)” data of “ALL” nuclei



H=H sp+H coll+H PVC

H sp=−d /d r⃗ ℏ
2 /2μ(r)d /d r⃗+V (r)+V ls(r)

H coll=∑λμν
ℏωλ ,ν [Γλμ ,ν

+. Γλμ , ν+1/2]

H PVC=∑
λμ ν

δV λ ν(r)Y λμ( r̂ )[Γλμ ,ν
+.
+(−1)μΓλμ ,ν ]

whereδV λ ν(r)≈−rdV /drβλ ,ν

μ(r)=μ0−
0.2M

1+exp(r−R)/a
;μ0=

A
(A+1)

M

PVC: Vibrational Core (even-even) + One particle (neutron)

Where λμ is the excited core angular momentum and z-projection, ν labels the different  
states with the same λμ. For the collective states the form factor in PVC is the semiclassic one.

Dynamic
deformed
nucleus

?
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 Coupled channels equations. 

(
H p−eF Ξa ,bλ f (r ) 0 Ξa , c λ f (r)
Ξa , bλ f (r ) H p−eF+ℏω Ξa , bλ f (r ) 0

0 Ξa ,bλ f (r ) (H p−eF) −Ξa , cλ f (r )
Ξa , c λ f (r) 0 −Ξa , cλ f (r ) (H p−eF )−ℏω

)(
ua
x

ub
C

−va
y

−vc
D)=Ẽ(

ua
x

ub
C

−va
y

−vc
D)

ua
x
(r )=∑i

xai Rai
WS
(r ); eai>eF

ub
C (r )=∑i

Cbi Rbi
WS (r );ebi>eF

vc
D(r)=∑i

Dci Rci
WS (r );eci<eF

va
y(r )=∑i

yaiRai
WS(r ) ;eai<eF

GSC lead to
 auxiliary
Coupled Channels

Ψ jama
=[ψ j ama

x +[ψ jb
C⋅Γλ

+.] jama ]ΦGS

but if

ΨGS=[1+ε[ψ ja , occ
−1

[ψ jb
x
⋅Γλ

+.
] ja ]]J=0ΦGS

HF

a new termcan / must be added

Ψ j ama
=[ψ jama

x
+[ψb

C
⋅Γλ

+.
] jama−ψ j ama

y
−[ψc

D
⋅Γλ ] j ama+...]ΦGS

Creation of a neutron in an
“occupied” level ja level 
may/will give a non nule 
contribution

Creation of a neutron in 
an
“occupied” level jc 
levels + 
phonon anihilation 
may/will give a non 
nule contribution

particle x phonon 
(vibrational 
quanta) 
configuration.

e
cut

=100MeV



V0=-72MeV  ; R=2.14fm    ; a= 0.72
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Waves/Transfer form factors 
(see also PRC89,014333(2016),Lay et al.)



Charge Radii

Δ<r2>1/2

11Be-10Be
=0.11 fm -->  0.28 fm (exp. 0.27fm) 

B
bare

(E1)=0.29 e2 fm2  --->0.11 e2 fm2  (exp.0.10 e2 fm2)

Dipole transition



DWBA; Optical potential: Koening-Delaroche/Han et al.

Theor.: PRL119,082501(2017)      10Be(d,p)11Be

Data: Schmitt, PRC88,064612(2013); Winfield,NPA683,48(2001)



      110+-20       ///             160             ///               300

Three FWHM's (keV)

9Be(t,p)11Be:                                      10Be(d,p)11Be:
NP36(1962)1;                                      points:PRC88(2013)04612
PRC42(1990)167



N=7 isotones results

Odd Z Even Z



Bare mean field potential for N=7 isotones

V
WS

=-82+-54(N-Z)/A MeV

a = 0.75 fm; R
WS

=0.99A1/3 fm

V
LS

=0.0082V
WS

New simple parametrization:
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(K. Heyde, The Nuclear Shell Model)
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d(9Li,p)10Li  @  E
lab

 100MeV ; θ
CM

 [5.5º,16º]

Data: Cavallaro et al.  PRL118:012701, 2017

Theor.: ArXiV1812.01761; see also A.Moro PLB793,13(2019)



d(9Li,p)10Li  @  E
lab

 21MeV ; θ
CM

 [98º,134º]

Data: Jeppesen et al.  PLB 642:449, 2006

Theor.: ArXiV1812.01761; 
see also A.Moro PLB793,13(2019),S.Orrigo PLB633,469(2006)



We plan to produce an universal bare mean field
to be used together with quadrupole (eventually also octupole)
coupling (as generalisation of the classical B&M static one)
that can be applied to the whole mass table from A about 10
and from proton to neutron dripline in the unified study of 
low lying spectroscopic observables.

Results in the Sn isotopes region already exist. 

A QRPA based protocol for calculating realistic 
quadrupole properties exists. 
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Charge Radii
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Another standard strategy is mixing more complex configurations, 
including 1p-1h, 2p-2h,... core excitations. 
For example for the 1/2+

+...

The amplitudes are obtained diagonalizing the nuclear many body hamiltonian , in a  
more or less extended basis. But this method is rather slowly convergent. 

α |2s1/2 x Core(gs)> + β |1d5/2 x Core(exc.1)> + γ |1d5/2 x Core(exc.2)> +...



B&M I





H Ψa= ẼΨa

      partial waves analisys for J= j a(1/2+ for example)

Ψa=[ψa
x+[ψb

C⋅Γλ
+.] ja+...]ΦGS

A

ψa
x=(Ra

x(r)/ r )Θ j ama

[ψb
C⋅Φλ ] j a=(Rb

C (r)/r)[Θ j b
⋅Γλ

+.] ja

ΦGS
A : core ground state( J π=0+)

[[−ℏ
2/2μ d 2/d r2+V a(r)] Ξa ,bλ (−βλ rdV /dr )

Ξa , bλ (−βλ rdV /dr) [−ℏ
2
/2μ d 2

/d r2
+V b(r )+ℏω]][

Ra
x (r)

Rb
C
(r )]=Ẽ [Ra

x(r )

Rb
C
(r)]

with Ξa , bλ=〈Θ jama∑μ
Y λμ [Γλμ

+.+(−1)μΓλμ ][Θ jb
⋅Φλ] jama〉∼〈 jb ,1 /2 ;λ 0∣ ja ,1 /2〉

PVC: Vibrational Core (even-even) + One particle (neutron)

Standard
Coupled
Channels
Equations

particle x 
phonon 
(vibrational 
quanta) 
configuration.

Radial wave 
functions and 
energy 
to be 
determined



∑
λ

1/2 ℏωλ

This is the zero point motion associated to the normal modes in the harmonic 
approximation. Its theoretical value depends on the used model for calculating the 

frequencies w_L. In fact the GSC energy can be calculated as (c.f. Ring&Schuck)  

Ecorr=∑
λ , ν

1/2ℏωλ , ν
RPA−1/2ℏωλ ,ν

HF

This is a negative energy indicating that the RPA Ground State is more bound than 
the HF one,

 What in turn means that in the core GS time by time fluctuations happen around 
the HF (zero order core GS) (c.f. Bohr&Mottelson Vol.II)

p-h + phonon “virtual” excitations
with respect to the HF GS.

Core GS is not simply the HF (zero order) lower levels filled state
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The neutron proton interaction

An additional J
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(lj)
n
 dependent neutron potential 

to be added to the bare potential; 
(finally for simplicity the form factor is taken 

the same that for the bare potential)

Proton frozen on the 1p
3/2

orbital

a=0.5 and 

δV
J_np(lj)_n

(r
n
) = F'

WS0
 WSff(r

n
)(1-a+a σ

n
. σ

p
)

J_np(lj)_n

F'
WS0

 (1-a+a σ
n
. σ

p
)

J_np=1(p1/2)_n
  = -2MeV

Heyde, Shell Model book



 Single-particle energy correction due to GSC Pauli 
rearrangement 

 The presence of a new neutron (scattering- or bound-like) inhibits some of these 
correlations, producing an energy modification of the core state...

δ E=
(−hai ,bk ,λ√(2ja+1))

2

0−(Eai+Ebk+ℏωλ)
<0

−
δ E

2ja+1
>0

ja,ma

(−1)
(−hai , bk ,λ√2ja+1)

2
〈(( ja1 , ja2)J=0, ja3 ; ja∣( ja1 , ja3) J=0, j a2 ; j a)〉

E ai−(2 Eai+E bk+ℏωλ)

.=
(hai , bk ,λ)

2

(Eai+E bk+ℏωλ)

 The contribution of a given p-h configuration to the GS Correlation Energy is 
(B&MII)

This is the meaning/value of the NFT self energy diagram (B&MII, eq.6.225)

ni,la,ja

nk,lb,jb

ni,la,ja,ma

nk,lb,jb ni,la,ja,ma
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 Including higher orders 

(H p(r)−eF )uai
x
(r)+∫dr ' [∑bk

Ξa , bλ
2 ubk

x
(r ' )ubk

x
(r ) f (r ' ) f (r )

Ẽ ai−(Ẽ bk+ℏωλ)
+∑

ck

Ξa , bλ
2 v ck

x
(r ' )v ck

x
(r) f (r ' ) f (r)

Ẽ ai+( Ẽ ck+ℏωλ) ]uaix (r ' )
. = Ẽ aiuai

x
(r )

These equations must be solved iteratively

This is the non-crossing phonon aproximation to the many phonons full solution.
It excludes the vertex correction diagrams, that should be incorporated independently

1st 3rd2ndRainbow
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Transfer form factors







Taking care of the Pauli principle.1st part

Ra
x(r)=∫dr ' [δ(r−r ' )− ∑

k∈occ.

Rak (r)Rak (r ' )]Ra
x (r ' )=∫ dr ' [δ(r−r ' )−P (r , r ' )]Ra

x (r ' )

Similarly for  
The CC equation becomes non-local (integro-differential): must be solved in R2 

Project out the occupied waves in HF GS 

Rb
C

[[−ℏ
2/2μ d 2/d r2+V a(r)] Ξa ,bλ (−βλ rdV /dr )

Ξa , bλ (−βλ rdV /dr) [−ℏ
2
/2μ d 2

/d r2
+V b(r )+ℏω]][

Ra
x (r)

Rb
C
(r )]=Ẽ [Ra

x(r )

Rb
C
(r)]

1s1/2

1p3/2

1p1/2

2s1/2
1d5/2

lj discretized continuum



Ra
x (r)=∑

i=1

N

xai Rai
WS (r) i∈non−occ. Rb

C (r)=∑
i=1

N

C bi Rbi
WS(r) i∈non−occ.

[[−ℏ
2 /2μ d 2/d r2+V a (r)] Ξa , bλ(−βλ rdV /dr)

Ξa , bλ(−βλ rdV /dr ) [−ℏ2/2μ d 2/d r2+V b(r )+ℏω]][
Ra
x(r )

Rb
C (r )]= Ẽ[Ra

x (r)

Rb
C (r)]

(
ea1 0 ... ha1, b1λ ha1 ,b2 λ ...
0 ea2 ... ha2 , b1 λ ha2 ,b2 λ ...

ha1 , b1λ ha2 , b1λ ... eb1+ℏω 0...
ha1 , b2λ ha2 , b2 λ ... 0 eb2+ℏω ...

)(
xa1
xa2 ...
Cb1
C b2 ...
)= Ẽ(

xa1
xa2 ...
C b1
Cb2 ...
)

Taking care of the Pauli principle.1st part

Alternative method: Expand using only non-occupied waves 

hai ,bj λ=Ξa ,bλβλ∫ Rai
WS
(r)(−rdV /dr )Rbj

WS
(r)dr

1s1/2
1p3/2

1p1/2
2s1/2
1d5/2

lj 
discretized 
continuum

FULL HAMILTONIAN MATRIX  (Block-Arrowhead, energy independent, matrix), where



Ra
x
(r )=∑i

xai Rai
WS
(r) i∈non−occ.

Rb
C
(r )=∑i

CbiRbi
WS
(r ) i∈non−occ.

(
ea1 0... ha1 ,b1 λ ha1 , b2 λ ...
0 ea2 ... ha2 ,b1 λ ha2 ,b2 λ ...

ha1 ,b1 λ ha2 ,b1λ ... eb1+ℏω 0...
ha1 ,b2 λ ha2 ,b2λ ... 0 eb2+ℏω...

)(
xa1
xa2 ...
C b1
C b2 ...
)= Ẽ(

xa1
xa2 ...
C b1
C b2 ...
)

Energy dependent Self-energy

(ea1+Σ11( Ẽ ) Σ12( Ẽ )...

Σ21( Ẽ ) ea2+Σ22( Ẽ ) ...)(
xa1
xa2 ...)=Ẽ(

xa1
xa2 ...)

Σij( Ẽ )=∑
bk

hai , bk ,λ haj , bk ,λ
Ẽ−(E bk+ℏωλ)

ai

aj

bk λ
hai , bkλ=Ξa , bλβλ∫ Rai

WS
(r)(−rdV /dr )Rbk

WS
(r)dr

To be noted that this Feynman To be noted that this Feynman 
Diagram contains all the Diagram contains all the 
richness of the CC equation, richness of the CC equation, 
and in fact it is completely and in fact it is completely 
equivalent to it, eventual equivalent to it, eventual 
open inelastic channels included.open inelastic channels included.

Where the so called basic vertex is

Projecting
onto the
single-particle
basis

SINGLE-PARTICLE HAMILTONIAN MATRIX (energy dependent), where

ea1+Σ11(Ẽ )= Ẽ

Often, for bound states, a 1 s-p state 
approximation is used 

In this approximation  the radial dependence
 is blocked. Only the amplitudes are determined



 Optical Potential as the 
r,r'-E-dependent Self-energy 

( H p−eF Ξa ,bλ f (r )
Ξa , bλ f (r ) H p−eF+ℏω)(

Ra
x

Rb
C)=Ẽ(Ra

x

Rb
C)

Ra
x(r )=∑i

xai Rai
WS (r ); Eai>0

Cbk=
∑ai

xai h(ai , bk λ)

Ẽ−(E bk+ℏωλ)
=
Ξa ,b λ∫ dr ' Rbk

WS (r ' )δρ(r ' )Rai
x (r ' )

Ẽ−(E bk+ℏωλ)

(H p (r )−eF)Rai
x
(r)+∫dr ' ∑

bk>0

Ξa ,bλ
2 Rbk

WS
(r ' )Rbk

WS
(r)δρ(r ' )δρ(r)

Ẽ−(Ebk+ℏωλ−iη)
Rai
x
(r ' )=Ẽ Rai

x
(r)

Microscopic optical potentials  for  high enough E's

hai , bkλ=Ξa , bλβλ∫ Rai
WS
(r)(−rdV /dr )Rbk

WS
(r)dr

Rb
C (r)=∑k

C bk Rbk
WS (r)=∑k

Rbk
WS (r)

Ξa ,bλ∫dr ' Rbk
WS
(r ' )δρ(r ' )Rai

x
(r ' )

Ẽ−(E bk+ℏωλ)
; Ebk>0

..obtained by means of the standard algebraic manipulations:



∑
λ

1/2 ℏωλ

This is the zero point motion associated to the normal modes in the harmonic 
approximation. Its theoretical value depends on the used model for calculating the 

frequencies w_L. In fact the GSC energy can be calculated as (c.f. Ring&Schuck)  

Ecorr=∑
λ , ν

1/2ℏωλ , ν
RPA−1/2ℏωλ ,ν

HF

This is a negative energy indicating that the RPA Ground State is more bound than 
the HF one, what in turn is due to the Correlations Included in the RPA 
(c.f. Bohr&Mottelson Vol.II)

p-h + phonon “virtual” excitations
with respect to the HF GS.



 Matrix elements due to GSC Pauli rearrangement 

 The presence of a new neutron (scattering- or bound-like) inhibits some of these 
correlations, producing an energy modification of the core state...

δ E=
(−hai , bk ,λ√(2ja+1))

2

0−(E ai+Ebk+ℏωλ)
<0

−
δE

2ja+1
>0

ja,ma

(−1)
(−hai , bk ,λ√2ja+1)

2
〈(( ja1 , ja2)J=0, ja3 ; ja∣( ja1 , ja3) J=0, j a2 ; j a)〉

E ai−(2 Eai+E bk+ℏωλ)

.=
(hai , bk ,λ)

2

(Eai+E bk+ℏωλ)

 The contribution of a given p-h configuration to the GS Correlation Energy is 
(B&MII)

This is the meaning/value of the NFT self energy diagram (B&MII, eq.6.225)

ni,la,ja

nk,lb,jb

ni,la,ja,ma

nk,lb,jb ni,la,ja,ma



 Meaning of the auxiliary GSCPR channel. 

(
H p−eF Ξa ,b λ f (r ) Ξa ,c λ f (r )
Ξa , bλ f (r ) H p−eF+ℏω 0
Ξa ,c λ f (r ) 0 (H p−eF)−ℏω

)(
ua
x

ub
C

−vc
D)= Ẽ(

ua
x

ub
C

−vc
D)

ua
x
(r )=∑i

xai Rai
WS
(r ); eai>eF

ub
C
(r )=∑i

Cbi Rbi
WS
(r );ebi>eF

vc
D
(r)=∑i

Dci Rci
WS
(r );eci<eF

GSC Pauli rearr.:
An auxiliary
Coupled Channel !

Ψ jama=[ψ jama
x
+[ψ jb

C
⋅Γλ

+.
] jama ]ΦGS

but if

ΨGS=[1+ε[ψ ja
x ⋅[ψ jc

−1⋅Γλ
+.] ja ]]J=0ΦGS

HF

a new termcan / must be added

Ψa=[ψa
x
+[ψb

C
⋅Γλ

+.
] ja−[ψc

D
⋅Γλ] ja+... ]ΦGS

with the hole− phononanihilator

[ψc
D⋅Γλ ] j a=(vc

D(r)/ r)[Θ jc
⋅Φλ

−1 ] ja ,

vc
D(r)=∑i

Dci Rci
WS (r); eci<eF

p-h + phonon 
“virtual”excitations
with respect to the HF GS.

Creation of a neutron in an
“occupied” level jc levels + 
phonon anihilation 
may/will give a non nule 
contribution



H=H coll+H sp+H PVC

H coll=∑λμ ν
ℏωλ , ν[Γλμ , ν

+.
Γλμ ,ν+1 /2]

H sp=−ℏ
2/2μd 2/d r⃗ 2+V (r)+V ls(r)

H PVC=∑
λμ ν

δV λ ν(r)Y λμ( r̂)[Γλμ ,ν
+. +(−1)μΓλμ ,ν ]

δV λ ν(r )≈−rdV /drβλ ,ν

H Ψa= ẼΨa

partial.waves analisys
Ψa=[ψa

x+[ψb
C⋅Γλ

+.] ja+...]Φ fbGS
A

ψa
x=(Ra

x(r)/r)Θ j ama

[ψb
C
⋅Φλ] j a=(Rb

C
(r)/r )[Θ jb

⋅Γλ
+.
] ja

Φ fbGS
A : fermion⋅bosonGS ' s

[[−ℏ
2/2μ d 2/d r2+V a(r)] Ξa ,bλ (−βλ rdV /dr)

Ξa , bλ (−βλ rdV /dr ) [−ℏ
2
/2μ d 2

/d r2
+V b(r )+ℏω]][

Ra
x (r)

Rb
C
(r )]=Ẽ [Ra

x(r )

Rb
C
(r)]

with Ξa , bλ=〈Θ jama∑μ
Y λμ [Γλμ

+.+(−1)μΓλμ ][Θ jb
⋅Φλ] jama〉∼〈 jb ,1/2 ;λ 0∣ ja ,1 /2〉

1.Here the zero point energy                            is assigned to the GS.  Later we will discuss a more 
dynamical  role of this term

2. In HPVC only linear terms are/must be included. Higher orders will be discussed later.

3.The core is supposed to be closed shell. Open shell (superfluid) cores will be discussed later.

4. (n,d) and (n,t) channels will be discussed later

∑
λ

1/2ℏωλ

PVC: Vibrational Core (even-even) + One particle (neutron)

Standard
Coupled
Channels
Equations



RESULTADOS poner lo del PRL



Treatment of the neutron-proton interaction.

 simple but quantitative treatment of the effects related to the presence of the odd 
proton in 12 B, that can be directly extrapolated to case of 10 Li.

The lowest states observed in the energy spectrum of the odd-odd

nucleus 12B are two doublets with angular momentum and parity (1+; 2+) and

(1-; 2-) which can be naturally interpreted as arising from the coupling of the

odd proton lying on the 1p3=2 orbital with the odd neutron lying on the 1p1=2

(1p3=2  1p1=2 ) or on the 2s1=2 (1p3=2  2s1=2 ) weakly bound orbitals.

The doublets display a similar energy splitting equal to approximately

0.95 MeV. The 1+ and the 2- states lie lowest in the two multiplets. The relative

position of the centroids of the (1+; 2+) (Ecent = 0:59 MeV) and (1-; 2-)

doublets (Ecent = 2:02) in 12B indicates a dierence in the position of the 1p1=2

or on the 2s1=2 neutron states equal to ps = -1.43 MeV, to be compared with

with the value ps = -3.09 MeV associated with the relative position of the

States 1/2- (g.s.) and 1/2+ (3.09 MeV) in 13C.

To calculate these splitting use has been made of the schematic twobody

interaction Vnp = F0(~r1 � ~r2)(1 � + 1 2), originally introduced

in order to interpret Nordheim's rule for the spin of the ground state of oddodd

nuclei [3, 4, 5]. The magnitude of the splittings within each (p3=2) 

(nlj) multiplet is determined in rst order by the diagonal matrix element

5

of Vnp in the neutron-proton wavefunction, and the relative ordering of the

levels is determined by the parameter . For values of the parameter, 0:5,

one reproduces the experimental ordering of the states in 12B within the two

doublets (the states 1+ and 2� are the lowest ones).

The action of the two-body interaction we have adopted is in general

dierent, according to whether the neutron and proton levels involved are of

hole- or of particle-character. In the case of one-hole and one-particle states,

the shift caused by the spin-independent part changes sign, while the 1 2

part does not change. However, the ordering within the (p3=2) (2s1=2) and

(1p3=2) (1p1=2) doublets in 10Li is predicted to be the same as within the

(1p�1

3=2) (2s1=2) and (1p�1

3=2) (1p1=2) doublets in 12B. In fact ,the 1p1=2

and 2s1=2 states can be considered as particles or as holes (one particle in a

two-level orbital), and for symmetry the contributions of the spin-independent

part does not produce any splitting, but only a level shift which is taken into

account by the mean eld. As a consequence, the splittings caused by these

interaction are expected to be the same, apart from the dierence arising from

the dierent radial form factors. This is a very peculiar characteristic of the

multiplets based on s1=2 or p1=2 orbitals. In general the situation is dierent ,

as for example in the case of the multiplets based on the 1d5=2 orbital, which

are predicted to show inverted splittings in 10Li and 12B.

For a more quantitative calculation, the interaction should be diagonalized

in a space of good total angular momentum J generated by all the possible

6

combinations of the odd proton and the odd neutron orbitals that may couple to

J. We will make two simplifying assumptions. Our rst approximation will be

to freeze the proton in the 1p3=2 orbital, which is justied due to its large binding

energy. Our second approximation will be to neglect the mixing between

dierent multiplets, an approximation which is justied by their relatively large

energy separation. In particular, we will not mix the 2� state produced by

coupling the proton with the neutron moving in the 2s1=2 orbital, with the 2�

states obtained from the coupling with the neutron moving in the 1d5=2 or in the

1d3=2 orbitals. With these two approximations, the problem becomes equivalent

to a J(lj)-dependent one-body problem. The neutron wavefunction may be

obtained solving the Schr odinger equation adding a � J(lj)-dependent potential

given by VJ(lj) = F0jp3=2 (r)j2 < (1+a+a1 2) >J(lj) to the bare potential

used to t the centroid, making use of the radial proton wave function p3=2 (r).

For simplicity we have substituted the radial form factor p3=2 (r) by

a Wood Saxon potential having the same geometry as the bare potential used

to t the centroid, determining its depth so as to reproduce the experimental

value of the position of the 1� level, leading to V1(p1=2) = -2.6 MeV. The depth

of the potentials used for the other J(lj) states have been scaled according to

the value of < (1 + a + a1 2) >J(lj). We have adopted the same procedure

in the case of 10Li, but starting from the bare WS potential with parameters

extrapolated from those determined in 13C and 11Be. The comparison with the

data of the reaction discussed in the main text favours somewhat smaller values

of V1(p1=2). We have adopted V1(p1=2) = -1.8 MeV which leads to rather good

7

ts both in in 13C and 11Be.





                                 Why? What for?

NFT has been mostly used in the study of  the structure  of 
well bound nuclei:

Single-particle and multiplet states: Hamamoto Phys.Rep.(73), 
                                   Mahaux,Bortignon, Broglia and Dasso, Phys.Rep.(85) 
Density distribution: F.B. and Broglia, PLB(85)
Width of the Giant Resonances: Colo', Bortignon and Broglia, NPA(87)
Superfluidity properties: Idini et al.,PRC(2012,2015)



Studies of the structure of nuclei close to the neutron drip line 

like     11-Li, 11-Be and 12-Be  led us naturally to the need of 
including the continuum in  the model basis for describing 
ground state and bound excited states properties (Barranco et 
a.,EPJ(2001) (nicely confirmed in 11-Li by the Tanihata et al. (p,t) data) 
(Potel et al. PRL(2010))

The study of resonant states is now under development,

the formal connection with scattering and reaction 
processes has appeared naturally.

These formal advances find simple expression in the Coupled 
Channels formalism. (Parallel developments have been pursuid by 
Mizuyama et. al. and by Blanchon et al.  in terms of  microspical optical 
potentials; connections will be established) 

Using NFT as the (exact!) starting point allows in principle the exact 
treatment of some interesting aspects of the reaction side, as the 
antisymmetrization in n-N reactions.



Summary/Message

Small nuclei mean field/PVC based description 
must consider several levels of correlations, 
but still a useful tool, in order to give a global 
description of low energy spectroscopy data.

Nice laboratories for many body physics.

















  Proj. X

  Proj. X

  Proj. X

lj

lj

lj

l'j'

l''j''

A+1--> A (gs)

A+1 →  A* (vib.)

A → A+1 (J=j'')

  Proj. X

lj

A--> A+1(J=j)

TRANSFER FORM FACTORS









There are Ground State Correlations apart from
a particle-hole plus a surface vibration (a correlated p-h)

In fact: 2 holes plus a (correlated) 2 particles-state (pair addition)
     and 2 particles plus a (correlated) 2 holes-state (pair removal)

 (n,nn) channel: Coupling to pair modes



 (n,nn) channel: Coupling to pair modes

Σij( Ẽ)=∑
ck

Occ. g ai , ck ,λ g aj , ck ,λ
Ẽ−(E ck+E2n (λ))

+ ∑
bk

Nonocc. g ai , bk ,λ g aj ,bk ,λ
Ẽ+(E bk+E−2n(λ))

ai

aj

bk λ

nj,ja,ma

ni,ja,ma

Σij( Ẽ)= ∑
bk

Nonocc. hai , bk ,λ haj , bk ,λ
Ẽ−(E bk+ℏωλ)

+∑
ck

Occ. hai , ck ,λ haj , ck ,λ
Ẽ+(Eck+ℏωλ)

Cbk=
Ξa , bλ∫ dr ' Rbk

WS (r ' ) f (r ' )uai
x (r ' )

Ẽ ai−(Ebk+ℏωλ)

D ck=
−Ξa ,b λ∫ dr ' Rck

WS
(r ' ) f (r ' )uai

x
(r ' )

Ẽ ai+(Eck+ℏωλ)

C ck=
Ξa , bλ∫dr ' RckWS (r ' )g (r ' )uaix (r ' )

Ẽ ai−(Eck+E 2n (λ))

Dbk=
−Ξa , bλ∫dr ' Rbk

WS
(r ' ) g (r ' )uai

x
(r ' )

Ẽ ai+(Ebk+E−2n (λ))

Dineutron is not stable, but...



 ...(n,np) channel: Coupling to T=0 pairs 

C ck=
Ξa ,bλ∫dr ' Rck πWS (r ' )gλT=0(r ' )uai

x (r ' )

Ẽai−(Eck π+Enp(λ))

Dbk=
−Ξa , bλ∫dr ' Rbk π

WS
(r ' )gλ

T=0
(r ' )uai

x
(r ' )

Ẽ ai+(Ebk π+E−np(λ))

Ψa=[ψa
x
+∑

λ

[ψcπ
C −1
⋅Φnp λ ] ja−[ψb

D
⋅Φλ] ja+... ]ΦGS

with

[ψcπ
C −1⋅Φnp λ] ja=(vc

C (r)/ r)[Θ jb
⋅Φnp λ ] ja ,

vc
C
(r)=∑i

C ci Rci π
WS
(r ) ;eciπ<eF

ΦnpL is the deuteron-mode wave with angular momentum L (up to 8 @ 1MeV),
scattering ones included!!...(n,d) can be calculated

n

n

n

p

n

n

p-1

n-1n-1 p-1 p



 ...(n,np) channel: Coupling to T=0 pairs 

Note: The T=0 pair correlations continue
to be a Nuclear Structure challenge.

The direct connection to reaction processes
opens new windows for experimentally
studying it.

One notable difference with T=1 pairing
is the low energy GSC viability, which for
T=1 is always perfect, while for T=0, due
 to the asymmetry between proton and neutron
mean field, is much more dificult. 

At higher energies instead the strongest n-p
interaction favours the T=0 channel



  (n,t) channel

nn

n
n
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p

p

p

The interaction between the T=0 pair and
the incoming neutron will lead to bound
structures (tritium) whose scattering waves
can be analyzed to obtain the transfer amplitudes



  (p,t) channel
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p
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n
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The interaction between the T=1 pair and
the incoming proton will lead to bound
structures (tritium) whose scattering waves
can be analyzed to obtain the transfer amplitudes



(p,t) using 2nd order DWBA

Phys.Scripta (2016)



THANK YOU











Lay's Waves...





 Optical Potential as the 
r,r'-E-dependentSelf-energy 

 (c.f. Idini and Mizuyama)

(
H p−eF Ξa ,b λ f (r ) Ξa ,c λ f (r )
Ξa , bλ f (r ) H p−eF+ℏω 0
Ξa ,c λ f (r ) 0 (H p−eF)−ℏω

)(
ua
x

ub
C

−vc
D)= Ẽ(

ua
x

ub
C

−vc
D)

ua
x
(r)=∑i

xaiRai
WS
(r) ;E ai>0

ub
C
( r)=∑i

CbiRbi
WS
(r) ; Ebi>0

vc
D(r )=∑

i
Dci Rci

WS (r) ; E ci<0

Cbk=
Ξa , bλ∫dr ' RbkWS (r ' ) f (r ' )uaix (r ' )

Ẽ−(Ebk+ℏωλ)

Dck=
−Ξa ,b λ∫ dr ' Rck

WS
(r ' ) f (r ' )uai

x
(r ' )

Ẽ+(E ck+ℏωλ)

(H p(r)−eF )uai
x
(r)+∫dr ' [∑bk>0

Ξa , bλ
2 Rbk

WS
(r ' )Rbk

WS
(r) f (r ' ) f (r)

Ẽ−(Ebk+ℏωλ)
+∑
ck<0

Ξa , bλ
2 Rck

WS
(r ' )Rck

WS
(r) f (r ' ) f (r)

Ẽ+(Eck+ℏωλ) ]uaix (r ' )
. = Ẽ uai

x
(r )Microscopic optical potentials



 In HPVC only linear terms are/must be  included. 
Higher orders will be discussed here.

Cbk=
Ξa , bλ∫dr ' RbkWS(r ' ) f (r ' )uaix (r ' )

Ẽ ai−(Ebk+ℏωλ)
→

Ξa , bλ∫dr ' ubkx (r ' ) f (r ' )uaix (r ' )
Ẽ ai−( Ẽbk+ℏωλ)

( Ẽbk( part.)>0)

Dck=
−Ξa ,b λ∫ dr ' Rck

WS
(r ' ) f (r ' )uai

x
(r ' )

Ẽai+(Eck+ℏωλ)
→ −

Ξa , c λ∫dr ' vck
x
(r ' ) f (r ' )uai

x
(r ' )

Ẽ ai+( Ẽck+ℏωλ)
( Ẽck (hole )>0)

(H p(r)−eF )uai
x
(r)+∫dr ' [∑bk

Ξa , bλ
2 ubk

x
(r ' )ubk

x
(r ) f (r ' ) f (r )

Ẽ ai−(Ẽ bk+ℏωλ)
+∑

ck

Ξa , bλ
2 v ck

x
(r ' )v ck

x
(r) f (r ' ) f (r)

Ẽ ai+( Ẽ ck+ℏωλ) ]uaix (r ' )
. = Ẽ aiuai

x
(r )These equations must be solved iteratively  or

Making a good ansatz for the final solution->experimental info:

Empirical Renormalization

This is the non-crossing phonon aproximation to the many phonons full solution.
It excludes the vertex correction diagrams, that should be incorporated independently



MIZU'S

Mizuyama and Ogata, PRC86,041603(2012)
Mizuyama, Colo' and Vigezzi PRC86,034318(2012)









There are Ground State Correlations apart from
a particle-hole plus a surface vibration (a correlated p-h)

In fact: 2 holes plus a (correlated) 2 particles-state (pair addition)
     and 2 particles plus a (correlated) 2 holes-state (pair removal)

 (n,nn) channel: Coupling to pair modes



 (n,nn) channel: Coupling to pair modes

Σij( Ẽ)=∑
ck

Occ. g ai , ck ,λ g aj , ck ,λ
Ẽ−(E ck+E2n (λ))

+ ∑
bk

Nonocc. g ai , bk ,λ g aj ,bk ,λ
Ẽ+(E bk+E−2n(λ))

ai

aj

bk λ

nj,ja,ma

ni,ja,ma

Σij( Ẽ)= ∑
bk

Nonocc. hai , bk ,λ haj , bk ,λ
Ẽ−(E bk+ℏωλ)

+∑
ck

Occ. hai , ck ,λ haj , ck ,λ
Ẽ+(Eck+ℏωλ)

Cbk=
Ξa , bλ∫ dr ' Rbk

WS (r ' ) f (r ' )uai
x (r ' )

Ẽ ai−(Ebk+ℏωλ)

D ck=
−Ξa ,b λ∫ dr ' Rck

WS
(r ' ) f (r ' )uai

x
(r ' )

Ẽ ai+(Eck+ℏωλ)

C ck=
Ξa , bλ∫dr ' RckWS (r ' )g (r ' )uaix (r ' )

Ẽ ai−(Eck+E 2n (λ))

Dbk=
−Ξa , bλ∫dr ' Rbk

WS
(r ' ) g (r ' )uai

x
(r ' )

Ẽ ai+(Ebk+E−2n (λ))

No open channels since dineutron is not stable, but...



 ...(n,np) channel: Coupling to T=0 pairs 

C ck=
Ξa ,bλ∫dr ' Rck πWS (r ' )gλT=0(r ' )uai

x (r ' )

Ẽai−(Eck π+Enp(λ))

Dbk=
−Ξa , bλ∫dr ' Rbk π

WS
(r ' )gλ

T=0
(r ' )uai

x
(r ' )

Ẽ ai+(Ebk π+E−np(λ))

Ψa=[ψa
x
+∑

λ

[ψcπ
C −1
⋅Φnp λ ] ja−[ψb

D
⋅Φλ] ja+... ]ΦGS

with

[ψcπ
C −1⋅Φnp λ] ja=(vc

C (r)/ r)[Θ jb
⋅Φnp λ ] ja ,

vc
C
(r)=∑i

C ci Rci π
WS
(r ) ;eciπ<eF

ΦnpL is the deuteron-mode wave with angular momentum L (up to 8 @ 1MeV),
scattering ones included!!
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n-1n-1 p-1 p



 ...(n,np) channel: Coupling to T=0 pairs 

Note: The T=0 pair correlations continue
to be a Nuclear Structure challenge.

The direct connection to reaction processes
opens new windows for experimentally
studying it.

One notable difference with T=1 pairing
is the low energy GSC viability, which for
T=1 is always perfect, while for T=0, due
 to the asymmetry between proton and neutron
mean field, is much more dificult. 

At higher energies instead the strongest n-p
interaction favours the T=0 channel



  (n,t) channel
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The interaction between the T=0 pair and
the incoming neutron will lead to bound
structures (tritium) whose scattering waves
can be analyzed to obtain the transfer amplitudes



  (p,t) channel
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The interaction between the T=1 pair and
the incoming proton will lead to bound
structures (tritium) whose scattering waves
can be analyzed to obtain the transfer amplitudes



(p,t) using 2nd order DWBA

Phys.Scripta (2016)



...and beyond

Totally especulative:

Heavy ions collisions....  TDHF...   TDNFT



Open shell (superfluid) nucleii.1 Spinor CC equations 

(
H p−eF Ξa ,bλ f (r ) Ξa ,cλ f (r )
Ξa ,bλ f (r) H p−eF+ℏω 0
Ξa , cλ f (r ) 0 (H p−eF )−ℏω

)(
ua
x

ub
C

−vc
D)= Ẽ(

ua
x

ub
C

−vc
D)

(
−(H p−eF ) −Ξa ,bλ f (r ) Ξa , cλ f (r )
−Ξa ,bλ f (r ) −(H p−eF)+ℏω 0
Ξa ,cλ f (r ) 0 −(H p−eF )−ℏω

)(
va
x

vb
C

−uc
D)=Ẽ(

va
x

vb
C

−uc
D)

Particles

Holes

Ξa ,bλ f (r )(ua
x

va
x)+∑k (Ebk+ℏω)(Cbk 0

0 −Cbk)(
ubk
vbk)=Ẽ∑k (

Cbk 0
0 −Cbk)(

ubk
vbk)

Ξa , bλ f (r )(ua
x

va
x)+∑k (E ck+ℏω)( 0 −Dck

−Dck 0 )(uckvck)= Ẽ∑k (
0 −Dck

−Dck 0 )(uckvck)

(H p−eF 0
0 −(H p−eF ))(

ua
x

va
x)+Ξa ,b λ f (r )∑k (Cbk 0

0 −Cbk)(
ubk
vbk)+Ξa , cλ f (r )∑k (

0 −Dck
−Dck 0 )(uckvck)= Ẽ(

ua
x

va
x)

Using the Pair-Spin notation, these six equation can be written as



  Open shell (superfluid) cores 2. Adding pairing field

(H p−e F Δ(r )
Δ(r ) −(H p−eF ))(

ua
x
(r )

va
x
(r ))+∑b Ξa ,bλ f (r )∑k ( Cbk −Dbk

−Dbk −Cbk)(
ubk (r )
vbk (r ))= Ẽ(

ua
x
(r )

va
x
(r ))

Ξa , bλ f (r )(ua
x
(r )

va
x
(r ))+∑k (Ebk+ℏω)( C bk −Dbk

−Dbk −C bk)(
ubk(r )
vbk (r ))= Ẽ∑k (

Cbk −Dbk
−Dbk −C bk)(

ubk (r )
vbk(r))

Cbk=
Ξa ,bλ

Ẽ ai−(Ebk+ℏωλ)
〈(ubk (r ) ,−vbk(r)) f (r)(uai

x
(r )

vai
x
(r ))〉

Dbk=
−Ξa ,bλ

Ẽ ai+(Ebk+ℏωλ)
〈(vbk (r ) , ubk (r )) f (r )(uai

x
(r )

vai
x
(r ))〉



 Open shell (superfluid) cores 3. Self-energy

∫dr '((H p(r , r ' )−eF Δ(r , r ')
Δ(r , r ' ) −(H p(r , r ' )−eF))+(

Σa
11
(r , r ' ; Ẽ) Σa

12
(r , r ' ; Ẽ )

Σa
21(r ,r ' ; Ẽ) Σa

22(r , r ' ; Ẽ)))(ua
x
(r ')

va
x(r ' ))= Ẽ(ua

x
(r)

va
x(r ))

Σa
11(r , r ' ; Ẽ)=∑

bk

Ξa ,b λ
2 f (r) f (r ' )[ ubk (r)ubk (r ' )Ẽ−(Ebk+ℏωλ)

+
vbk (r)vbk (r ' )

Ẽ+(Ebk+ℏωλ)]
Σa

12(r , r ' ; Ẽ)=∑
bk

Ξa ,b λ
2 f (r) f (r ' )[−ubk (r)vbk (r ')Ẽ−(Ebk+ℏωλ)

+
v bk(r )ubk (r ')

Ẽ+(Ebk+ℏωλ)]
Σa

21(r , r ' ; Ẽ)=∑
bk

Ξa ,b λ
2 f (r) f (r ' )[−vbk (r)ubk (r ' )Ẽ−(Ebk+ℏωλ)

+
ubk (r)vbk (r ' )

Ẽ+(Ebk+ℏωλ)]
Σa

22
(r , r ' ; Ẽ)=∑

bk

Ξa ,b λ
2 f (r) f (r ' )[ vbk (r)vbk (r ' )Ẽ−(Ebk+ℏωλ)

+
ubk (r)ubk (r ' )

Ẽ+(Ebk+ℏωλ)]

c.f. Van der Sluys et al. NPA551.



 Open shell (superfluid) cores 4. Self-energy
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 Tadpole, Triangle, Multiplet-C and Butterfly Diagrams

 Part.-Phon.-Int.: Triangle, Multiplet-C and Butterfly Diagrams



 Tadpole, Triangle, Multiplet-C and Butterfly Diagrams

= (ADMIXd)*(ADMIXs)(-2ω)



 Part.-Phon.-Vertex and Two-Phonon Energy  Butterfly Diagrams
QRPA estimate (using up1/2=vp1/2=1/sqrt(2); vp3/2=sqrt(3)up3/2=sqrt(3/4)

+ + = 0.78

+

EBUTT= 2 x (0.9MeV + 0.4MeV) = 2.6MeV

βBUTT=(-0.15-0.7)β0=-0.22β0βBUTT=(-0.15-0.7)β0=-0.22β0

βBUTT=(-0.19-0.9)β0=-0.28β0 (without square)

EBUTT= 2 x (1.1MeV + 0.5MeV) = 3.2MeV (without square)



radius

λ

1/2+

bk

1/2+

X∑
i=1

Z

e r i
2



 B(E1)

M(E1) X

1/2-

1/2+

M(E1) XM(E1) X

d5/2+

M(E1) X

1/2+

1/2-

d5/2+

p3/2-



E

0
1/2+

ss1/2x2+

1d5/2sp.res.

1p1/2

virtual

dd5/2x2+

1p3/2 x 2+

j

b

SELF.

EFermi

5/2+

Strong GSC's

Large β's

p3/2 p1/2

λ=2

 MAIN PVC EFFECTS

Polarizability

           Experimentally 
SS1/2: 0.9|s1/2>+0.4|d5/2X2+>

2+

 
= h(s1/2;d5/2,2+)

s1/2

d5/2

ss1/2

pp1/2

dd5/2

α β

α 

β



 MAIN PVC EFFECTS



H=H c+H p+H PVC

H c=∑λμ ν
ℏωλ ,ν [Γλμ ,ν

+.
Γλμ ,ν+1/2]

H p=−ℏ
2/2μd 2/d r⃗ 2+V (r)+V ls(r)

H PVC=−rdV /dr∑λμ ν
Y λμ( r̂)βλ ,ν[Γλμ ,ν

+. +(−1)μΓλμ ,ν ]

H Ψa= ẼΨa

partial.waves analisys
Ψa=[ψa

x+[ψb
C⋅Φλ] ja+...]ΦGS

A

ψa
x=(Ra

x(r)/ r)Θ jama

[ψb
C
⋅Φλ ] j a=(Rb

C
(r)/r )[Θ jb

⋅Φλ] ja

[[−ℏ
2
/2μ d 2

/d r2
+V a(r)] Ξa ,bλ (−βλ rdV /dr )

Ξa , bλ(−βλ rdV /dr ) [−ℏ
2
/2μ d 2

/d r2
+V b(r )+ℏω]][

Ra
x
(r )

Rb
C
(r )]=Ẽ [Ra

x
(r)

Rb
C
(r)]

with Ξa , bλ=〈Θ jama∑λμ
Y λμ [Γλμ

+.
+(−1)μΓλμ ][Θ jb

⋅Φλ ] jama〉∼〈 jb ,1 /2 ;λ 0∣ ja ,1 /2〉

  Other comments:

1- For r>10fm we have Bessel functions for positive E's → Phase shifts (S-matrix) may be extracted
    and thus cross sections (differential or integrated) 
2.The theory input are as usual: V(r), Vls(r), the beta's and  the hw's.
3. We aim to use a unique V(r) and Vls(r) functions: independent of lj, of E, local (non locality will be
    discussed)

PVC/NFT: Vibrational Core (even-even) + One particle (neutron)

Standard
Coupled
Channels
Equations



 Matrix elements due to GSC Pauli rearrangement. 2 

(
H p−eF Ξa ,b λ f (r ) Ξa ,c λ f (r )
Ξa , bλ f (r ) H p−eF+ℏω 0
Ξa ,c λ f (r ) 0 (H p−eF)−ℏω

)(
ua
x

ub
C

−vc
D)= Ẽ(

ua
x

ub
C

−vc
D)

Σij( Ẽ)= ∑
bk

Non occ. hai , bk ,λ haj , bk ,λ
Ẽ−(E bk+ℏωλ)

+∑
ck

Occ. hai , ck ,λ haj , ck ,λ
Ẽ+(Eck+ℏωλ)

(
ea1−eF 0... ha1 , b1λ ha1 ,b2λ ... −ha1 , c1λ −ha1 , c2λ ...

0 ea2−eF... ha2 , b1λ ha2 , b2λ... −ha2 , c1λ −ha2 , c2λ ...
ha1 , b1λ ha2 , b1λ ... eb1−eF+ℏω 0... 0 0...
ha1 , b2λ ha2 , b2λ ... 0 eb2−eF+ℏω ... 0 0...
−ha1 , c1 λ −ha2 ,c1 λ ... 0 0 ec1−eF−ℏω 0 ...
−ha1 , c2 λ −ha2 , c2λ ...... 0 0 0 ec2−eF−ℏω ...

)(
xa1
xa2 ...
Cb1
Cb2...
Dc1
Dc2 ...
)=Ẽ(

xa1
xa2 ...
Cb1
Cb2...
Dc1
Dc2 ...
)

ua
x(r )=∑i

xaiRai
WS (r) ; eai>eF

ub
C
(r)=∑i

Cbi Rbi
WS
(r );ebi>eF

vc
D
(r)=∑i

Dci Rci
WS
(r ); eci<eF

GSC Pauli rearr.:
An additional
Coupled Channel

A similar matrix appears for hole-like states

!

nj,ja,ma

ni,ja,ma

ai

aj

bk λ +
ck

(*)E<0 solutions belong
 to the A-1 system



 In HPVC only linear terms are/must be  included. 
Higher orders will be discussed here.

Cbk=
Ξa , bλ∫dr ' RbkWS(r ' ) f (r ' )uaix (r ' )

Ẽ ai−(Ebk+ℏωλ)
→

Ξa , bλ∫dr ' ubkx (r ' ) f (r ' )uaix (r ' )
Ẽ ai−( Ẽbk+ℏωλ)

( Ẽbk( part.)>0)

Dck=
−Ξa ,b λ∫ dr ' Rck

WS
(r ' ) f (r ' )uai

x
(r ' )

Ẽai+(Eck+ℏωλ)
→ −

Ξa , c λ∫dr ' vck
x
(r ' ) f (r ' )uai

x
(r ' )

Ẽ ai+( Ẽck+ℏωλ)
( Ẽck (hole )>0)

(H p(r)−eF )uai
x
(r)+∫dr ' [∑bk

Ξa , bλ
2 ubk

x
(r ' )ubk

x
(r ) f (r ' ) f (r )

Ẽ ai−(Ẽ bk+ℏωλ)
+∑

ck

Ξa , bλ
2 v ck

x
(r ' )v ck

x
(r) f (r ' ) f (r)

Ẽ ai+( Ẽ ck+ℏωλ) ]uaix (r ' )
. = Ẽ aiuai

x
(r )These equations must be solved iteratively  or

Making a good ansatz for the final solution->experimental info:

Empirical Renormalization

This is the non-crossing phonon aproximation to the many phonons full solution.
It excludes the vertex correction diagrams, that should be incorporated independently



 The phonon's calculation will be discused here



 The butterfly diagram in the TLM (two level model), after NPA260,1(76)

e
m=-j,...,j;2Ω=2j+1

m=-j,...,j; 2Ω=2j+1
ω=ε−2VΩ

X= Λ
ε−ℏω

=
1

√2Ω

Λ=V √2Ω

−2×2×2Ω×Λ4

(2ω−ε−ω)2(2ω−2ε)
=+2V∑

m=1

2Ω

. + + p-h conjug.  =
mm mm

c.f. NPA260 eqs-(28a&35)

Blocked TDA: 

one less jump , occupied by the other phonon :δ 2Ω=−1 → δΩ=−1/2

change for the one phonon energy : δω=
d ω
dΩ

×δΩ=−2VδΩ=+V

finally the change for the two phonon state : 2×δω=+2V

 TDA: 



 Part.-Phon.-Vertex and Two-Phonon Energy  Butterfly Diagrams
QRPA estimate (using up1/2=vp1/2=1/sqrt(2); vp3/2=sqrt(3)up3/2=sqrt(3/4)

+ + = 0.7

+ EBUTT= 2 x (1.35MeV) = 2.7MeV

ΒBUTT=0.7 β0

βBUTT=0.65β0 (without square)

EBUTT= 2 x (1.50MeV) = 3.00MeV (without square)



 Part.-Phon.-Int.: Butterfly Diagrams; sx2+

+

= (ADMIXs)(EBUTT)      =  0.2 * (2.7MeV)                  = +540keV

=   -2 * (0.3 β0*Vsd*β0*Vsd) /(Deno)=
      -0.6*ADMIXs*Deno=-0.56 ADMIXs (e_s-e_d -hw)
                                                                         = 636keV

The factor of 2 is for the two internal affected verteces

d

s

s

s

s

d

+1.20MeV



 Part.-Phon.-Int.: Butterfly Diagrams: dx2+

+

= (ADMIXd)(EBUTT)      =  0.5 * (2.70MeV)                  = +1350keV

=   -2 * (0.3 β0*Vsd*β0*Vsd) /(Deno)=
      -0.6*ADMIXd*Deno=-0.56 ADMIXd (e_d-e_ds -hw)
                                                                         = 780keV

The factor of 2 is for the two internal affected verteces

d,s

d

d

d

d

+2.13MeV

d,s



The C-diagram

.=ϕ1

(V (s ; 2d)×V (s ; d2))
(es+ℏω−ed 2ℏω)

×〈(2 5/2)1/2 2 ;5/2∣2(5/2 2)1/2 ;5/2〉

with

ϕ1=(−1)1 / 2+2−5 /2
=+1 ; V (s ;2d )×V (s ; d2)=V (s ;2d)2(−1)1 /2+2−5 /2

=+V (s ; 2d)2

〈(2 5/2)1/2 2 ;5/2∣2(5 /2 2)1/2 ;5/2〉=√(2 x1/2+1)(2 x1 /2+1)(−1)2+5 /2+2+5 /2{2 5/2 1/2
2 5/2 1/2}=2/30

(e s+ℏω−ed−2 ℏω)≈−5.2MeV ; since
V 2
(s ; 2d )

5.22
≈0.17 →

V 2
(s ;2d)

−5.2MeV
≈−1.0MeV

thus the diagramis−2/30MeV=−0.066MeV

s1/2 2

s1/2

2

2

d5/2



 Tadpole

This is an energy independent diagram. 
Its effect can be incorpored in static 
mean fields. The monopole part of V' is totally
democratic and thus leads to a democratic
(state independent correction), which is included
in our common empirical mean filed.
 
Being the phonon of
Quadrupole type (and thus of p1/2,p3/2^-1
nature), the quadrupole component of V'
acts only in the nlj= 1p1/2, and thus with large
Pauli inhibition. 

In any case the tadpole is a small part of....  

V'

nlj



Charge Radii

〈r 2〉11Be=(〈r 2〉10Be+(〈r
2〉1s1 /2

1 / 2

11 )
2

)×S2+(1−S 2)×(〈r 2〉10Be(1+ 2
4π
βπ

2)+(〈r
2〉d5 / 2coll

1 / 2

11 )
2

)=.

〈r 2〉10Be+( 〈r
2〉1s1/2

1 /2

11 )
2

×S2+(1−S 2)×(( 〈r
2〉d5 /2 coll

1 /2

11 )
2

+〈r 2〉10Be

2
4π
βπ

2)
(2.47)2=(2.36)2+(7.10 /11)2×S 2+(1−S2)×(2.362 2/4πβ2+(3/11)2)

6.10=5.57+0.42 S 2
+(1−S 2

)(0.89β2
+0.07)

with β=1.2 6.10=5.57+0.42 S2
+(1−S 2

)1.35→ S2
=0.88

with S2
=0.83 6.10=5.57+0.35+0.17×(0.89β2

+0.07)→β=1.06



 Tadpole^n

V'

nlj

These are diagrams belonging to the 
Rainbow series, effectively included 
in the diagonalization.

+
0+ 2+

+
0+ 2+



 Triangle

... the triangle is a small part of....  

V'

nlj

+
0+ 2+

...which are  vertex corrections,
included in our effective vertices
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