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✔ the nuclear many-body problem is effectively mapped onto a one-body 
problem without explicitly involving internucleon interactions 

✔ the exact density functional is approximated with powers and gradients of 
ground state densities and currents   

✔ universal density functionals can be extended from relatively light systems to 
superheavy nuclei and from the valley of stability to the particle drip line 

✔ the coupling parameters of the EDF are fine-tuned to empirical data  

Universal theory framework: Energy Density Functionals 

✔ covariant EDFs – built from densities and currents bilinear in the Dirac spinor 
field of the nucleon   



Basic implementation: self-consistent mean-field method  
•  produces energy surfaces as functions of intrinsic deformation 

parameters 

•  includes static correlations: deformations and pairing 
•  does not include collective correlations originating from symmetry 

restoration and quantum fluctuations around mean-field minima 

The constrained self-consistent mean field method produces semi-classical  
energy surfaces as functions of intrinsic deformation parameters.

→ include static correlations: deformations & pairing 
→ do not include dynamic (collective) correlations that arise from symmetry 
restoration and quantum fluctuations around mean-field minima



Beyond mean-field correlations: Collective Hamiltonian

... nuclear excitations determined by quadrupole vibrational and rotational 
degrees of freedom 

The entire dynamics of the collective Hamiltonian is governed by the seven 
functions of the intrinsic deformations β and γ: the collective potential, the three 
mass parameters: Bββ, Bβγ, Bγγ, and the three moments of inertia Ik.  

… collective eigenfunction: 

Collective Hamiltonian

... nuclear excitations determined by quadrupole 
vibrational and rotational degrees of freedom:
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The dynamics of the collective Hamiltonian is determined by: the self-consistent collective potential, 
the three mass parameters: Bββ, Bβγ, Bγγ, and the three moments of inertia Ik, functions of the intrinsic 
deformations β and γ.

Phys. Rev. C 79, 034303 (2009). 

Prog. Part. Nucl. Phys. 66, 519 (2011). 
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MK(⌦)… collective eigenfunction:

Prog. Part. Nucl. Phys. 66, 519 (2011). 
Phys. Rev. C 79, 034303 (2009). 



✔ an intuitive interpretation of mean-field results in 
terms of intrinsic shapes and single-particle states 

✔ the full model space of 
occupied states can be used; no 
distinction between core and 
valence nucleons, no need for 
effective charges! 
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✔ an intuitive interpretation of mean-field results in 
terms of intrinsic shapes and single-particle states

✔ the full model space of occupied 
states can be used; no distinction 
between core and valence nucleons, 
no need for effective charges!

Prog. Part. Nucl. Phys. 66, 519 (2011). 



Global analysis of quadrupole shape invariants
Phys. Rev. C 95, 054321 (2017) 

•  Systematic analysis of characteristic signatures of coexisting 
shapes in different mass regions 

•  Calculation includes 621 even-even nuclei with Z,N>10 and for 
which 21

+ state has been determined in experiment 

•  The difference between βeff cos(3γeff) for the two lowest 0+      
states is large  

•  The excitation energy of 02
+ is low in comparison to the           

excitation energy of the 21
+ state  

Following criteria for shape coexistence have been used: 

Deformation parameters 

•  Calculated by using the quadrupole shape invariants 



Global analysis of quadrupole shape invariants
Phys. Rev. C 95, 054321 (2017) 
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Test of the 5DCHM quality: GLOBAL ANALYSIS OF QUADRUPOLE SHAPE . . . PHYSICAL REVIEW C 95, 054321 (2017)

FIG. 1. Theoretical excitation energies of the states 2+
1 , 4+

1 , 0+
2 , 2+

2 , and 2+
3 and the B(E2; 0+

1 → 2+
1 ) values (in units of e2b2) in even-even

nuclei, compared to the corresponding experimental values [26].

the aim is not to compute properties of individual shape-
coexisting nuclei, but to indicate mass regions that display
structure properties associated with the phenomenon of shape
coexistence. Based on the results obtained in the present
analysis, we discuss the occurrence of shape coexistence in
different regions of the table of nuclides.

(i) Nuclei in the vicinity of Z ∼ 50 and Z ∼ 82.
The coexistence of low-lying spherical and intruder
deformed shapes has been extensively studied and
demonstrated by numerous experiments in Sn, Cd,
Te, Pb, Hg, and Po isotopes [1,6–8,29–33]. Shape
coexistence in these regions can also be related
to triaxiality, but the number of possible triaxial
shape-coexisting nuclei is not large.

(ii) Z ∼ 64 and N ∼ 90 nuclei. The primary interest in
this region is the rapid onset of deformation in the
transition from N = 86 to N = 92 [14,16,34]. The
issue of shape coexistence here is somewhat subtle
because there are no obvious differences in band
energy spacing or B(E2) values. Moreover, the 0+

2
states are found at relatively high energies because of
strong mixing between the two lowest K = 0 bands.

(iii) Z ∼ 64 and N ∼ 76 nuclei. Medium-deformed tri-
axial ground states coexisting with highly deformed

prolate excited state are predicted in this region.
Furthermore, it is found that triaxial ground states
originate from the interaction between proton multi-
particle and neutron multihole states, and the prolate
excited states are built on a deformed neutron
shell gap with β ∼ 0.4. This result is consistent
with that obtained using the Gongy D1S effective
interaction [27,28]. New measurements of spectro-
scopic properties are suggested in this mass region,
especially for the nuclei 134Nd, 136,138Sm, 140,142Gd,
and 142,144Dy.

(iv) Z ∼ 40 and N ∼ 60 nuclei. The structure of nuclei in
this mass region is characterized by a sudden onset of
deformation in the transition from N = 58 to N =
60, as demonstrated by the dramatic change in the
isotope shifts δ⟨r2⟩ and two-neutron separation ener-
gies S2n. These changes occur because of the crossing
between coexisting structures, that is, highly de-
formed prolate and spherical configurations [1]. Nu-
merous measurements of spectroscopic quadrupole
moments, B(E2) values, E0 transitions, and two-
nucleon and α-cluster transfer data, have revealed
the onset of shape coexistence in Sr, Zr, and Mo
isotopes [1,35–43], while data for static and dynamic
quadrupole moments show that shape coexistence

054321-3
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FIG. 2. Absolute differences between the calculated βeff cos 3γeff

(a) and βeff (b) values for the two lowest 0+ states of 621 even-even
nuclei.

still persists in Ru and Pd isotopes [1,10,44–46].
Our calculation also indicates that heavier Ru and
Pd isotopes exhibit shape-coexisting structures, with
triaxiality playing an important role [46,47].

FIG. 3. The calculated ratios between the excitation energies of
the states 0+

2 and 2+
1 for 621 even-even nuclei.

(v) Z ∼ 40 and N ∼ 70 nuclei. These nuclei are very
neutron-rich and only limited spectroscopic informa-
tion is available. Recently the first measurement of
low-lying states in the neutron-rich 110Zr and 112Mo
was performed via in-beam γ -ray spectroscopy.
Low-lying 2+

1 states observed at excitation energies
of 185(11) and 235(7) keV, respectively, as well
as R42 values ∼3, indicate that both nuclei are
well deformed [48]. The present study has also
shown that 110Zr does not exhibit a stabilizing
shell effect corresponding to the harmonic oscillator
magic numbers Z = 40 and N = 70, thus pointing
to possible shape coexistence in this mass region.
We note that the present self-consistent mean-field
calculation predicts a spherical global minimum in
110Zr, similar to other recent mean-field results [49].
The deformed ground state is obtained by taking into
account dynamical, beyond mean-field correlations.

(vi) Z ∼ 34 and N ∼ 40 nuclei. The manifestation of
shape coexistence in this region can be attributed
to three shell gaps in the Nilsson level diagram: a
weakly deformed shell gap at Z = 34, a spherical
subshell closure at N = 40, and a highly deformed
prolate shell gap at N = 38 [50,51]. Detailed dis-
cussions of spectroscopic properties can be found
in Refs. [1,12,42,52,53] and references therein. We
note that, according to Fig. 2(a), the Z ∼ 40 and
N ∼ 40 nuclei also display shape-coexisting struc-
tures, similar to predictions in Refs. [54,55]. How-
ever, the 0+

2 excitation energies in these nuclei are
rather high (cf. Fig. 3) and, therefore, additional mea-
surements are necessary to clarify these structures.

(vii) Z ∼ 28 nuclei. Shape coexistence is observed in
nuclei with N ∼ 28, 40, and 50 [56–62], which is
consistent with our predictions.

(viii) (N,Z) ∼ (20,12), (28, 14), and (40, 24) nuclei. The
so-called “islands of inversion” have attracted con-
siderable interest in the past 2 decades. These studies
have been summarized in Refs. [1,63]. The term
island of inversion refers to the fact that 2p-2h states
are located below 0p-0h closed-shell states. This
implies inversions of states and results in phenomena
that basically do not differ from well-known struc-
tures characterized by shape coexistence. The results
obtained in the present study are generally consistent
with measurement except for the N = 20 isotones,
for which the N = 20 shell closure calculated with
the functional PC-PK1 is simply too strong.

(ix) N ≈ Z light nuclei. Our predictions are consistent
with the nuclei listed in Table III of Ref. [1],
especially for the 40Ca region.

(x) N,Z < 20 nuclei. The occurrence of shape coex-
istence is predicted in many nuclei in this region
due to a rather large effect of quadrupole deforma-
tion [27,64].

IV. SUMMARY

In summary, we have performed a systematic calcula-
tion of quadrupole shape invariants for the two lowest 0+
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Pd isotopes exhibit shape-coexisting structures, with
triaxiality playing an important role [46,47].
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neutron-rich and only limited spectroscopic informa-
tion is available. Recently the first measurement of
low-lying states in the neutron-rich 110Zr and 112Mo
was performed via in-beam γ -ray spectroscopy.
Low-lying 2+

1 states observed at excitation energies
of 185(11) and 235(7) keV, respectively, as well
as R42 values ∼3, indicate that both nuclei are
well deformed [48]. The present study has also
shown that 110Zr does not exhibit a stabilizing
shell effect corresponding to the harmonic oscillator
magic numbers Z = 40 and N = 70, thus pointing
to possible shape coexistence in this mass region.
We note that the present self-consistent mean-field
calculation predicts a spherical global minimum in
110Zr, similar to other recent mean-field results [49].
The deformed ground state is obtained by taking into
account dynamical, beyond mean-field correlations.

(vi) Z ∼ 34 and N ∼ 40 nuclei. The manifestation of
shape coexistence in this region can be attributed
to three shell gaps in the Nilsson level diagram: a
weakly deformed shell gap at Z = 34, a spherical
subshell closure at N = 40, and a highly deformed
prolate shell gap at N = 38 [50,51]. Detailed dis-
cussions of spectroscopic properties can be found
in Refs. [1,12,42,52,53] and references therein. We
note that, according to Fig. 2(a), the Z ∼ 40 and
N ∼ 40 nuclei also display shape-coexisting struc-
tures, similar to predictions in Refs. [54,55]. How-
ever, the 0+

2 excitation energies in these nuclei are
rather high (cf. Fig. 3) and, therefore, additional mea-
surements are necessary to clarify these structures.

(vii) Z ∼ 28 nuclei. Shape coexistence is observed in
nuclei with N ∼ 28, 40, and 50 [56–62], which is
consistent with our predictions.

(viii) (N,Z) ∼ (20,12), (28, 14), and (40, 24) nuclei. The
so-called “islands of inversion” have attracted con-
siderable interest in the past 2 decades. These studies
have been summarized in Refs. [1,63]. The term
island of inversion refers to the fact that 2p-2h states
are located below 0p-0h closed-shell states. This
implies inversions of states and results in phenomena
that basically do not differ from well-known struc-
tures characterized by shape coexistence. The results
obtained in the present study are generally consistent
with measurement except for the N = 20 isotones,
for which the N = 20 shell closure calculated with
the functional PC-PK1 is simply too strong.

(ix) N ≈ Z light nuclei. Our predictions are consistent
with the nuclei listed in Table III of Ref. [1],
especially for the 40Ca region.

(x) N,Z < 20 nuclei. The occurrence of shape coex-
istence is predicted in many nuclei in this region
due to a rather large effect of quadrupole deforma-
tion [27,64].

IV. SUMMARY

In summary, we have performed a systematic calcula-
tion of quadrupole shape invariants for the two lowest 0+
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•  Z≈64 and N≈76: medium deformed  
triaxial ground state coexisting with 
highly deformed prolate excited      
state 



Coexisting shapes in neutron-deficient Nd and Sm isotopes
Phys. Rev. C 98, 054308 (2018) 



Coexisting shapes in neutron-deficient Nd and Sm isotopes

0.0 0.1 0.2
-13

-12

-11

-10

-9

0 20 40 60 -0.2 -0.1 0.0

S
in

gl
e 

pa
rti

cl
e 

en
er

gy
 (M

eV
)

β

134Nd

γ (deg)

β=0.25

β

Neutron

2d3/2

1h11/2

3s1/2

0.0 0.1 0.2
-8

-6

-4

-2

0 20 40 60 -0.2 -0.1 0.0

S
in

gl
e 

pa
rti

cl
e 

en
er

gy
 (M

eV
)

β

Proton

134Nd

1g7/2

2d5/2

γ (deg)

β=0.25

β

-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6
-12

-11

-10

-9

-8

-0.4 -0.2 0.0 0.2 0.4 0.6
-8

-6

-4

-2

S
in

gl
e-

pa
rti

cl
e 

en
er

gy
 (M

eV
)

β

Neutron Proton

2d3/2
1h11/2

82
2d5/2

1g7/2

β

134Nd
50

Phys. Rev. C 98, 054308 (2018) 



Coexisting shapes in neutron-deficient Nd and Sm isotopes
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Linear response in deformed nuclei
Preliminary results 

FINITE AMPLITUDE METHOD APPLIED TO THE GIANT . . . PHYSICAL REVIEW C 93, 034329 (2016)

the formalism necessary in this work. First, we assume an
external time-dependent field, inducing a polarization on the
HFB ground state. This external field is

F̂(t) = η[F̂e−iωt + F̂†eiωt ],

F̂ = 1
2

!

µν

"
F 20

µν(aνaµ)† + F 02
µνaνaµ

#
, (6)

where a†
µ and aν are the quasiparticle creation and annihilation

operators, respectively, and η is an infinitesimal real parameter.
In this article, F̂ is assumed to be independent of ω, and
restricted to have the form of the one-body operator. That is,

F̂ =
!

kl

fklc
†
kcl, (7)

where c
†
k and cl are the original particle creation and annihila-

tion operators. The expressions of F 20
µν and F 02

µν in terms of the
Bogoliubov transformation can be found, e.g., in Refs. [5,28].

Time evolution of quasiparticles is described by the time-
dependent HFB equation,

i
∂

∂t
aµ(t) = [Ĥ(t) + F̂(t),aµ(t)], (8)

where the deviation from the static HFB solution is represented
as

aµ(t) = eiEµt [aµ + δaµ(t)],

δaµ(t) = η
!

ν

a†
ν[Xνµ(ω)e−iωt + Y ∗

νµ(ω)eiωt ]. (9)

The quantities needed to obtain the multipole transition
strength are the FAM amplitudes, Xνµ(ω) and Yνµ(ω), at the
excitation energy ω. Since the external field induces density
oscillations atop of the static HFB density, the self-consistent
Hamiltonian also contains an induced oscillation: Ĥ(t) =
ĤHFB + δĤ(t), where

δĤ(t) = η[δĤe−iωt + δĤ†eiωt ],

δĤ = 1
2

!

µν

"
δH 20

µν(ω)(aνaµ)† + δH 02
µν(ω)aνaµ

#
. (10)

Solving Eq. (8) up to the first order in η yields the so-called
FAM equations

[Eµ + Eν − ω]Xµν(ω) + δH 20
µν(ω) = −F 20

µν,

[Eµ + Eν + ω]Yµν(ω) + δH 02
µν(ω) = −F 02

µν . (11)

It is worthwhile to note that, by using the expressions of
δH 20

µν(ω) and δH 02
µν(ω) in terms of Xµν(ω) and Yµν(ω), one

can transform Eq. (11) into the matrix form of
$%

A B
B∗ A∗

&
− ω

%
1 0
0 −1

&'%
X(ω)
Y (ω)

&
= −

%
F 20

F 02

&
, (12)

where A and B are the well-known QRPA matrices [5]. Notice
that Eq. (12) yields the standard matrix form of QRPA when the
external field is set to zero. The solution of Eq. (12), however,
would require us to compute the QRPA matrices A and B
which generally have large dimensions, leading to a substantial
CPU time requirement. The essential trick of the FAM-QRPA

is to keep Eq. (11) and to solve the FAM amplitudes iteratively
with respect to the response of the self-consistent Hamiltonian.
This allows us to circumvent the large numerical cost of matrix
QRPA.

The response of the self-consistent Hamiltonian, δH 20
µν(ω)

and δH 02
µν(ω), can be expressed in terms of the induced fields,

δH 20
µν(ω) = {U †δh(ω)V ∗ − V †δh(ω)T U ∗

−V †δ&(ω)∗V ∗ + U †δ&(ω)U ∗}µν,

δH 02
µν(ω) = {UT δh(ω)T V − V T δh(ω)U

−V T δ&(ω)V + UT δ&(ω)∗U}µν . (13)

with the well-known HFB matrices U and V . Originally the
induced FAM-QRPA fields, δh, δ&, and δ&, were calculated
by applying numerical functional derivatives. In Ref. [47], on
the other hand, these fields were obtained through explicit
linearization of the Hamiltonian, in order not to mix the
densities with different magnetic quantum numbers K . Thanks
to this explicit linearization, the infinitesimal parameter η is
no longer needed, and the induced fields can be formulated
in a manner similar to the HFB fields. That is, δh(ω) =
h′[ρf ,κf ,κf ], δ&(ω) = &′[ρf ,κf ], and δ&(ω) = &′[ρf ,κf ],
where h′ and &′ are the linearized fields with respect to
perturbed densities. These densities can be expressed as

ρf (ω) = +UX(ω)V T + V ∗Y (ω)T U †,

ρf (ω) = +V ∗X(ω)†U † + UY (ω)∗V T ,

κf (ω) = −UX(ω)T UT − V ∗Y (ω)V †,

κf (ω) = −V ∗X(ω)∗V † − UY (ω)†UT . (14)

The procedures that provide h and & for the HFB solution
can be also utilized for the linearized fields, h′ and &′, with
a minor modification. For an iterative solution of the FAM
amplitudes, the Broyden method was utilized to obtain a rapid
convergence [48,49].

By using the FAM-QRPA amplitudes obtained through
the iteration, the multipole transition strength distribution is
expressed as

dB(F̂ ; ω)
dω

≡
!

i>0

|⟨i | F̂ | 0⟩|2δ(ω − )i)

= − 1
π

Im S(F̂ ; ω), (15)

where i > 0 denotes the summation over the states with
positive QRPA energies )i > 0, and the response function
is given by S(F̂ ; ω) = tr[fρf ] [28,47]. In order to prevent the
FAM-QRPA strength from diverging at ω = )i , we employ
a small imaginary part in the energy, ω → ωγ = ω + iγ ,
corresponding to a Lorentzian smearing of , = 2γ [28]. The
explicit formulation of this smeared strength can be found in
Ref. [38]:

S(F̂ ; ωγ ) = −
!

i>0

(
|⟨i | F̂ | 0⟩|2

)i − ω − iγ
+ |⟨0 | F̂ | i⟩|2

)i + ω + iγ

)

. (16)
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•  Implementation of the finite amplitude method for axially 
symmetric nuclei 

•  Alternative to the matrix formulation of the QRPA 
•  Avoids calculating the matrix elements of the residual 

interaction and diagonalizing large QRPA matrices 
•  Requires only moderate modifications of the existing ground 

state solvers 
•  The only cutoff is the size of the oscillator basis 
•  Enables large-scale calculations of the response function 



Linear response in deformed nuclei
Preliminary results 

•  Isovector dipole strength in 
144Sm, 148Sm and 152Sm 



Some other recent applications...

✔ level of accuracy (rms deviation of experimental masses) of covariant 
EDFs is still below the state-of-the-art non-relativistic HFB mass models:  
additional terms should be included in the EDF – e.g. improving the effective 
mass   

✔ quantification of theoretical uncertainties within the EDF framework   
J. Phys. G. 42, 034008 (2015) 

✔ is it possible to systematically reduce the number of parameters defining 
the EDF? èmanifold boundary approximation method    

Phys. Rev. C 95, 054304 (2017) 
Phys. Rev. C 94, 024333 (2016) 

✔ Description of fission dynamics (fission barriers, paths and lifetimes;  
induced fission dynamics)  

Phys. Rev. C 99, 014618 (2019) 
Phys. Rev. C 96, 024319 (2017) 
Phys. Rev. C 93, 044315 (2016) 
Phys. Rev. C 89, 064315 (2015) 

Work in progress 



Summary 

✔ NEDFs provide an economic, global and accurate microscopic approach to 
nuclear structure that can be extended from relatively light systems to superheavy 
nuclei, and from the valley of β-stability to the particle drip-lines.  

✔ NEDF-based structure models that take into account collective correlations → 
microscopic description of low-energy observables: excitation spectra, transition 
rates, changes in masses, isotope and isomer shifts, related to shell evolution with 
nuclear deformation, angular momentum, and number of nucleons.  

Collaborators 

✔ UniZg: Dario Vretenar, Nils, Paar, Kosuke Nomura, Tomohiro Oishi, Antonio 
Bjelcic, Luka Gulin, Giacomo Accorto 

✔ PKU, CAS, Southwest University: Jie Meng, Shan-Gui Zhou, 
Zhipan Li, Jie Zhao 

✔ NEDF-based models are applicable to large-scale calculations  



Funding 

This work was supported by the QuantiXLie Centre of Excellence, 
a project co-financed by the Croatian Government and 
European Union through the European Regional Development 
Fund - the Competitiveness and Cohesion Operational Program  
(Grant KK.01.1.1.01.0004). 

For more information please visit:  
http://bela.phy.hr/quantixlie/hr/ 

https://strukturnifondovi.hr/ 
 

The sole responsibility for the content of this presentation lies with 
the Faculty of Science, University of Zagreb. It does not necessarily 

reflect the opinion of the European Union. 

Co-financed by the European Union through the Eurpoean Regional Development Fund


