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Shell model

Realistic force is applicable 
in a straightforward way 

Hartree-Fock method

Difficult to find  
exact Kohn-Sham potential  

S. Weinberg, Phys. A 96, 327 (1979). 
R. Machleidt and D. Entem, Phys. Rep. 503, 1 (2011). 

Example of realistic shell model (RSM)
  Shell model with chiral effective field theory 
→ Many-body force on an equal footing 

Shell model and density functional theory
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In Fig. 2, we show the single-particle energies (SPEs) of
the neutron d5=2, s1=2 and d3=2 orbitals at subshell closures
N ¼ 8, 14, 16, and 20. The evolution of the SPEs is due to
interactions as neutrons are added. For the SPEs based on
NN forces in Fig. 2(a), the d3=2 orbital decreases rapidly as
neutrons occupy the d5=2 orbital, and remains well bound
from N ¼ 14 on. This leads to bound oxygen isotopes out
to N ¼ 20 and puts the neutron drip line incorrectly at 28O.
This result appears to depend only weakly on the renor-
malization method or the NN interaction used. We dem-
onstrate this by showing SPEs calculated in the G matrix
formalism [10], which sums particle-particle ladders, and
based on low-momentum interactions Vlow k [11] obtained
from chiral NN interactions at next-to-next-to-next-to-
leading order (N3LO) [12] using the renormalization
group. Both calculations include core polarization effects
perturbatively [including diagram Fig. 3(d) with the !
replaced by a nucleon and all other second-order diagrams]
and start from empirical SPEs [13] in 17O. The empirical
SPEs contain effects from the core and its excitations,
including effects due to 3N forces.

We next show in Fig. 2(b) the SPEs obtained from the
phenomenological forces SDPF-M [13] and USD-B [14]
that have been fit to reproduce experimental binding en-

ergies and spectra. This shows a striking difference com-
pared to Fig. 2(a): As neutrons occupy the d5=2 orbital, with
N evolving from 8 to 14, the d3=2 orbital remains almost at
the same energy and is not well bound out to N ¼ 20. The
dominant differences between Figs. 2(a) and 2(b) can be
traced to the two-body monopole components, which de-
termine the average interaction between two orbitals. The
monopole components of a general two-body interaction V
are given by an angular average over all possible orienta-
tions of the two nucleons in orbitals lj and l0j0 [15],

Vmono
j;j0 ¼

X

m;m0
hjmj0m0jVjjmj0m0i=

X

m;m0
1; (1)

where the sum over magnetic quantum numbers m and m0

can be restricted by antisymmetry (see [16,17] for details).
The SPE of the orbital j is effectively shifted by Vmono

j;j0

multiplied by the occupation number of the orbital j0. This
leads to the change in the SPE and determines shell struc-
ture and the location of the drip line [16–19].
The comparison of Figs. 2(a) and 2(b) suggests that the

monopole interaction between the d3=2 and d5=2 orbitals
obtained from NN theories is too attractive, and that the
oxygen anomaly can be solved by additional repulsive
contributions to the two-neutron monopole components,
which approximately cancel the average NN attraction on
the d3=2 orbital. With extensive studies based on NN
forces, it is unlikely that such a distinct property would
have been missed, and it has been argued that 3N forces
may be important for the monopole components [20].
Next, we show that 3N forces among two valence neu-

trons and one nucleon in the 16O core give rise to repulsive
monopole interactions between the valence neutrons.
While the contributions of the FM 3N force to other
quantities can be different, the shell-model configurations
composed of valence neutrons probe the long-range parts
of 3N forces. The repulsive nature of this 3N mechanism
can be understood based on the Pauli exclusion principle.
Figure 3(a) depicts the leading contribution to NN forces
due to the excitation of a !, induced by the exchange of
pions with another nucleon. Because this is a second-order
perturbation, its contribution to the energy and to the two-
neutron monopole components has to be attractive. This is
part of the attractive d3=2 " d5=2 monopole component
obtained from NN forces.
In nuclei, the process of Fig. 3(a) leads to a change of the

SPE of the j, m orbital due to the excitation of a core
nucleon to a !, as illustrated in Fig. 3(b) where the initial
valence neutron is virtually excited to another j0,m0 orbital.
As discussed, this lowers the energy of the j, m orbital
and thus increases its binding. However, in nuclei this
process is forbidden by the Pauli exclusion principle, if
another neutron occupies the same orbital j0, m0, as shown
in Fig. 3(c). The corresponding contribution must then be
subtracted from the SPE change due to Fig. 3(b). This is
taken into account by the inclusion of the exchange dia-
gram, Fig. 3(d), where the neutrons in the intermediate
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FIG. 2 (color online). Single-particle energies of the neutron
d5=2, s1=2 and d3=2 orbitals measured from the energy of 16O as a
function of neutron number N. (a) SPEs calculated from a G
matrix and from low-momentum interactions Vlow k. (b) SPEs
obtained from the phenomenological forces SDPF-M [13] and
USD-B [14]. (c),(d) SPEs including contributions from 3N
forces due to ! excitations and chiral EFT 3N interactions at
N2LO [25]. The changes due to 3N forces based on ! excitations
are highlighted by the shaded areas.
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  The 3NF accounts for  
the oxygen dripline (24O). 

3NF contribution to RSM
  RSM Hamiltonian needs to be revised  

due to 3-nucleon force (3NF). 
A. P. Zuker, Phys. Rev. Lett. 90, 042502 (2003).	

cf.) Oxygen dripline and 3NF 

Fujita-Miyazawa 3NF

Repulsive contribution to 
monopole Hamiltonian 

J. Fujita and H. Miyazawa,  
Prog. Theor. Phys. 17, 360 (1957). 

Specifically
Monopole Hamiltonian
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Shell evolution on fp-shell and RSM
THREE-NUCLEON FORCES AND SPECTROSCOPY OF . . . PHYSICAL REVIEW C 90, 024312 (2014)
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FIG. 4. (Color online) Calculated ground-state energies of calcium isotopes in (a) pf shell and (b) pfg9/2 shell compared with experimental
data (solid points) and AME2012 extrapolated values (open circles) [59]. Calculations are performed in the extended pfg9/2 valence space and
based on NN forces only, NN + 3N forces with empirical SPEs, and NN + 3N forces with calculated (MBPT) SPEs.

This takes into account the effects of the additional orbitals
nonperturbatively, so that the general strategy is to make the
valence space for diagonalization as large as possible and
include the contributions beyond the valence space in MBPT,
which converges better for larger valence spaces.

In this work, we perform calculations in both the 0f7/2,
1p3/2, 0f5/2, 1p1/2 valence space (pf shell) and the extended
space including the 0g9/2 orbit (pfg9/2 valence space), in
both cases on top of a 40Ca core. We take two approaches
with respect to SPEs: in all pf -shell calculations we use the
empirical GXPF1A SPEs, while for the pfg9/2 space we either
use the GXPF1A values (setting g9/2 = −1.0 MeV), or the
MBPT SPEs calculated consistently, as shown in Table I. The
shell model codes ANTOINE [19,56] and NATHAN [19] have
been used throughout this work.

The pfg9/2 space consists of orbitals beyond one-major
harmonic-oscillator shell, which means that the center-of-mass
(c.m.) motion of the valence nucleons will not factorize
in general. Following Refs. [57,58], we have investigated
possible c.m. contamination in our calculations by adding
a c.m. Hamiltonian, βHc.m., with β = 0.5, to our original
Hamiltonian. This has a modest impact on excitation spectra,
where states can be affected up to ∼200 keV. This difference
can be understood because the nonzero c.m. two-body matrix
elements are also relevant matrix elements of the MBPT
calculation, and a clear separation between these two effects
is difficult. Similarly, we find non-negligible ⟨Hc.m.⟩ values,
which point to possible c.m. admixture and/or non-negligible
occupancies of the g9/2 orbital.

There are several directions in progress to investigate
this further in both the pfg9/2 and sdf7/2p3/2 [30] spaces.
We will carry out a nonperturbative Okubo–Lee–Suzuki–
Okamoto transformation [60,61] into the standard one-major-
shell space, which is free of c.m. spurious states. This will
keep the treatment of the orbitals within the extended space
nonperturbative, while treating the MBPT configurations
perturbatively. We will also apply the IMSRG [37] to extended

valence spaces, tailoring the evolution so that the cross-shell
matrix elements have small values: ⟨Hc.m.⟩ → 0. Finally, we
will explore different valence spaces, choosing the core of
the calculations so that the c.m. factorizes. For instance, for
the neutron-rich calcium isotopes a 48Ca core can be used.
Here, we follow the calculations of ground-state energies of
Refs. [9,10,32] and present results for the spectra for the same
interactions.

III. RESULTS

A. Ground-state energies

The calculated ground-state energies for calcium isotopes
are shown for both the pf and pfg9/2 shells in Fig. 4.
These are the same as for the predictions of the neutron-rich
51–54Ca reported in Refs. [9,10]. They update the results of
Ref. [28], where 3N forces where included only to first order
in MBPT. The repulsive effect of normal-ordered 3N forces
[28,29] is evident in both valence spaces, and there is only a
small difference between the calculations with empirical and
calculated (MBPT) SPEs, which reflects the similar values
shown in Table I.

While the pf and pfg9/2 spaces give similar absolute
ground-state energies, detailed comparisons to recent experi-
mental two-neutron separation energies [9,10] and three-point
mass differences [9,32] highlight the good agreement found
with the pfg9/2-shell results. Beyond 60Ca, the ground-state
energies evolve very flatly with A, which makes a precise
prediction of the dripline difficult. Moreover, for masses
beyond 54Ca, CC calculations indicate that continuum degrees
of freedom play an important role in lowering the 1d5/2 and
2s1/2 orbitals, which are not included in our calculations.
As a result these orbitals may become degenerate with 0g9/2
near 60Ca, and further lowering of the ground-state energies
beyond 60Ca is expected [33]. Therefore, to explore reliably the
neutron-rich region towards the dripline, continuum degrees
of freedom and larger valence spaces are necessary.
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FIG. 7. (Color online) Excitation energies of bound excited states
in 48Ca compared with experiment [62] and phenomenological
interactions (labels are as in Fig. 6).

physics necessary to reproduce the spectrum is not adequately
captured; the excited states are too compressed and with
incorrect ordering. It is only in the NN + 3N calculations
in the extended pfg9/2 space that we observe a reasonable
description of the 49Ca spectrum.

The ground state in 49Ca is dominated by the single-particle
configuration of a p3/2 particle on top of 48Ca. Therefore, the
first excited 1/2−

1 state, predicted in very good agreement with
experiment, reflects the effective p3/2-p1/2 gap for this nucleus.
Also the location of the lowest 7/2−

1 state is in reasonable
agreement with the tentatively assigned experimental level
(it lies some 500 keV lower), and with predictions from
the phenomenological interactions. This state is dominated
by a 2p-1h(f7/2)−1(p3/2)2 configuration on top of 48Ca and
therefore reflects the effective f7/2-p3/2 gap plus correlations
discussed for the closure of 48Ca.
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FIG. 8. (Color online) Excitation energies of bound excited states
in 49Ca compared with experiment [18,62] and phenomenological
interactions (labels are as in Fig. 6).
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FIG. 9. (Color online) Excitation energies of bound excited states
in 50Ca compared with experiment [18,62] and phenomenological
interactions (labels are as in Fig. 6).

However, in our calculations we observe that the 5/2−
1 state

is quite low compared with experiment and the phenomenolog-
ical interactions. This is indicative of a small effective p3/2-f5/2
gap in this region. We also note that the spin of the fourth
excited state has not been experimentally identified, but that
our calculations, as in phenomenology, predict it as a 7/2−

state.

4. 50Ca

In Fig. 9 we see that, for 50Ca, the location of the first
excited 2+

1 state is overpredicted in all MBPT calculations by
∼500 keV. The 0+ ground state and the 2+

1 state are dominated
by (p3/2)2 configurations. Therefore, the increased 2+

1 energy
is related to the low excited 0+ state found in 48Ca.

Although most of the experimental spin and parity as-
signments are tentative, in our calculations with NN + 3N
forces in the pfg9/2 space, the remaining states are compatible
with experiment and comparable to the results with the
phenomenological interactions. In particular, the large 2 MeV
gap between the 2+

1 and 2+
2 states is not reproduced in our

other MBPT calculations. The location of the lowest 1+
1

state differs significantly in the three calculations, which are
otherwise consistent with the data, with the MBPT prediction
being 1 MeV and 500 keV above the GXPF1A and KB3G
predictions, respectively. A reliable assignment of the spin of
the third excited state in 50Ca at 3.53 MeV is needed to identify
this state and test the theoretical calculations.

5. 51Ca

In 51Ca there is no definite experimental information on the
spins of the excited states, only tentative assignments based
largely on inferences from phenomenological interactions
[14,17]. Therefore, we show in Fig. 10 only our NN + 3N
calculation in the extended pfg9/2 space and compare with
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3NF contribution to monopole Hamiltonian?
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This work
  We focus on the monopole contribution induced by the chiral N2LO 3NF. 
→ Shell evolution in fp-shell nuclei. 

  We develop our own code for 3-body matrix elements (MEs) for RSM inputs. 
→ Benchmark test for p-shell nuclei. 

Shell evolution on fp-shell and RSM
  A crucial role played by 3NF (Chiral N2LO) for Ca isotopes. 

Motivation | RSM and 3NF	 
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FIG. 4. (Color online) Calculated ground-state energies of calcium isotopes in (a) pf shell and (b) pfg9/2 shell compared with experimental
data (solid points) and AME2012 extrapolated values (open circles) [59]. Calculations are performed in the extended pfg9/2 valence space and
based on NN forces only, NN + 3N forces with empirical SPEs, and NN + 3N forces with calculated (MBPT) SPEs.

This takes into account the effects of the additional orbitals
nonperturbatively, so that the general strategy is to make the
valence space for diagonalization as large as possible and
include the contributions beyond the valence space in MBPT,
which converges better for larger valence spaces.

In this work, we perform calculations in both the 0f7/2,
1p3/2, 0f5/2, 1p1/2 valence space (pf shell) and the extended
space including the 0g9/2 orbit (pfg9/2 valence space), in
both cases on top of a 40Ca core. We take two approaches
with respect to SPEs: in all pf -shell calculations we use the
empirical GXPF1A SPEs, while for the pfg9/2 space we either
use the GXPF1A values (setting g9/2 = −1.0 MeV), or the
MBPT SPEs calculated consistently, as shown in Table I. The
shell model codes ANTOINE [19,56] and NATHAN [19] have
been used throughout this work.

The pfg9/2 space consists of orbitals beyond one-major
harmonic-oscillator shell, which means that the center-of-mass
(c.m.) motion of the valence nucleons will not factorize
in general. Following Refs. [57,58], we have investigated
possible c.m. contamination in our calculations by adding
a c.m. Hamiltonian, βHc.m., with β = 0.5, to our original
Hamiltonian. This has a modest impact on excitation spectra,
where states can be affected up to ∼200 keV. This difference
can be understood because the nonzero c.m. two-body matrix
elements are also relevant matrix elements of the MBPT
calculation, and a clear separation between these two effects
is difficult. Similarly, we find non-negligible ⟨Hc.m.⟩ values,
which point to possible c.m. admixture and/or non-negligible
occupancies of the g9/2 orbital.

There are several directions in progress to investigate
this further in both the pfg9/2 and sdf7/2p3/2 [30] spaces.
We will carry out a nonperturbative Okubo–Lee–Suzuki–
Okamoto transformation [60,61] into the standard one-major-
shell space, which is free of c.m. spurious states. This will
keep the treatment of the orbitals within the extended space
nonperturbative, while treating the MBPT configurations
perturbatively. We will also apply the IMSRG [37] to extended

valence spaces, tailoring the evolution so that the cross-shell
matrix elements have small values: ⟨Hc.m.⟩ → 0. Finally, we
will explore different valence spaces, choosing the core of
the calculations so that the c.m. factorizes. For instance, for
the neutron-rich calcium isotopes a 48Ca core can be used.
Here, we follow the calculations of ground-state energies of
Refs. [9,10,32] and present results for the spectra for the same
interactions.

III. RESULTS

A. Ground-state energies

The calculated ground-state energies for calcium isotopes
are shown for both the pf and pfg9/2 shells in Fig. 4.
These are the same as for the predictions of the neutron-rich
51–54Ca reported in Refs. [9,10]. They update the results of
Ref. [28], where 3N forces where included only to first order
in MBPT. The repulsive effect of normal-ordered 3N forces
[28,29] is evident in both valence spaces, and there is only a
small difference between the calculations with empirical and
calculated (MBPT) SPEs, which reflects the similar values
shown in Table I.

While the pf and pfg9/2 spaces give similar absolute
ground-state energies, detailed comparisons to recent experi-
mental two-neutron separation energies [9,10] and three-point
mass differences [9,32] highlight the good agreement found
with the pfg9/2-shell results. Beyond 60Ca, the ground-state
energies evolve very flatly with A, which makes a precise
prediction of the dripline difficult. Moreover, for masses
beyond 54Ca, CC calculations indicate that continuum degrees
of freedom play an important role in lowering the 1d5/2 and
2s1/2 orbitals, which are not included in our calculations.
As a result these orbitals may become degenerate with 0g9/2
near 60Ca, and further lowering of the ground-state energies
beyond 60Ca is expected [33]. Therefore, to explore reliably the
neutron-rich region towards the dripline, continuum degrees
of freedom and larger valence spaces are necessary.
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FIG. 7. (Color online) Excitation energies of bound excited states
in 48Ca compared with experiment [62] and phenomenological
interactions (labels are as in Fig. 6).

physics necessary to reproduce the spectrum is not adequately
captured; the excited states are too compressed and with
incorrect ordering. It is only in the NN + 3N calculations
in the extended pfg9/2 space that we observe a reasonable
description of the 49Ca spectrum.

The ground state in 49Ca is dominated by the single-particle
configuration of a p3/2 particle on top of 48Ca. Therefore, the
first excited 1/2−

1 state, predicted in very good agreement with
experiment, reflects the effective p3/2-p1/2 gap for this nucleus.
Also the location of the lowest 7/2−

1 state is in reasonable
agreement with the tentatively assigned experimental level
(it lies some 500 keV lower), and with predictions from
the phenomenological interactions. This state is dominated
by a 2p-1h(f7/2)−1(p3/2)2 configuration on top of 48Ca and
therefore reflects the effective f7/2-p3/2 gap plus correlations
discussed for the closure of 48Ca.
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FIG. 9. (Color online) Excitation energies of bound excited states
in 50Ca compared with experiment [18,62] and phenomenological
interactions (labels are as in Fig. 6).

However, in our calculations we observe that the 5/2−
1 state

is quite low compared with experiment and the phenomenolog-
ical interactions. This is indicative of a small effective p3/2-f5/2
gap in this region. We also note that the spin of the fourth
excited state has not been experimentally identified, but that
our calculations, as in phenomenology, predict it as a 7/2−

state.

4. 50Ca

In Fig. 9 we see that, for 50Ca, the location of the first
excited 2+

1 state is overpredicted in all MBPT calculations by
∼500 keV. The 0+ ground state and the 2+

1 state are dominated
by (p3/2)2 configurations. Therefore, the increased 2+

1 energy
is related to the low excited 0+ state found in 48Ca.

Although most of the experimental spin and parity as-
signments are tentative, in our calculations with NN + 3N
forces in the pfg9/2 space, the remaining states are compatible
with experiment and comparable to the results with the
phenomenological interactions. In particular, the large 2 MeV
gap between the 2+

1 and 2+
2 states is not reproduced in our

other MBPT calculations. The location of the lowest 1+
1

state differs significantly in the three calculations, which are
otherwise consistent with the data, with the MBPT prediction
being 1 MeV and 500 keV above the GXPF1A and KB3G
predictions, respectively. A reliable assignment of the spin of
the third excited state in 50Ca at 3.53 MeV is needed to identify
this state and test the theoretical calculations.

5. 51Ca

In 51Ca there is no definite experimental information on the
spins of the excited states, only tentative assignments based
largely on inferences from phenomenological interactions
[14,17]. Therefore, we show in Fig. 10 only our NN + 3N
calculation in the extended pfg9/2 space and compare with
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3-body ME with nonlocal regulator
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Our new formalism 

  Triple-fold multipole expansion for 2π term.
T. Fukui et al., Phys. Rev. C 98, 04430 (2018).	

Pioneering works 

P. Navrátil, Few-Body Syst. 41, 117 (2007).	

P. Navrátil et al., Phys. Rev. C 61, 044001 (2000).	

 A. Nogga et al., Phys. Rev. C 73 , 064002 (2006). 
  Center-of-mass separation 
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cD and cE terms 
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Chiral N2LO 3NF

S. Weinberg, Phys. Lett. B 295, 114 (1992). 
U. van Kolck, Phys. Rev. C 49, 2932 (1994).	
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Low-energy constants
2NF: N3LO 
3NF: N2LO P. Navrátil et al., Phys. Rev. Lett. 99, 042501 (2007).	

D. R. Entem and R. Machleidt, Phys. Rev. C 68, 041001(R) (2003).	
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Many-body perturbation theory

2NF: Up to 3rd-order folded-diagram expansion 
3NF: Up to 1st-order (normal-order approx.) 
L. Coraggio et al., Ann. Phys. 327, 2125 (2012).	

(1) Effective Hamiltonian         involving  
      Q-space effect. 
(2) Theoretical single-particle energies and  
      2-body MEs. 
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Comparison with ab initio no-core shell model (NCSM)

P. Navrátil et al.,  
Phys. Rev. Lett. 99, 042501 (2007).	

NCSM

  RSM and NCSM agree 
with each other  
for low-lying states. 
 

  Significant 3NF effect 
can be seen. 
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Satisfactory consequences→
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Ground-state energies

7 

  At maximum  
~ 1 MeV discrepancy 

  Higher-order 3NF contribution 
may be necessary. 
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=  Evolved single-particle energy 

= "a + "b + v(�=0)
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Better closure properties→



fp-shell nuclei | Calculated SPEs	 

Proton (41Sc) Neutron (41Ca) 

  2NF only must not work.  
→ Always we adopt the 2NF + 3NF SPEs. 

3

Our approach to the derivation of H
e↵

is the time-
dependent perturbation theory [26, 30, 31]. Namely, H

e↵

is expressed through the Kuo-Lee-Ratcli↵ (KLR) folded-
diagram expansion in terms of the vertex function Q̂-box,
which is composed of irreducible valence-linked diagrams
[32, 33]. We include in the Q̂-box one- and two-body
Goldstone diagrams through third order in H2NF

1

and up
to first order in H3NF

1

. We stress that the input chiral
2NF and 3NF have not been modified by way of any
renormalization procedures, and the perturbative prop-
erties of the Q̂-box from N3LO 2NF potential have been
discussed in Ref. [31]. The folded-diagram series is then
summed up to all orders using the Lee-Suzuki iteration
method [34].

It is worth pointing out that, owing to the presence of
the �U term in H2NF

1

, U -insertion diagrams arise in the
Q̂-box, and they are responsible for getting rid of the ~!
dependence introduced by the auxiliary potential U [31].

The H
e↵

derived for one-valence nucleon systems con-
tains only one-body contributions and provides the SP
energies for the SM calculation, while the two-body ma-
trix elements are obtained from H

e↵

derived from the
two-valence nucleon systems once the theoretical SP en-
ergies are subtracted from its diagonal matrix elements.

We have derived two H
e↵

s; one has been obtained cal-
culating Q̂-box diagrams with 2NF vertices only, dubbed
as H2NF

e↵

. The other, indicated as H3NF

e↵

, has been
built up including also H3NF

1

first-order contributions
in the collection of Q̂-box diagrams (see Fig. 3 in Ref.
[19]). In the Supplemental Material [35] the TBMEs of
H2NF

e↵

, H3NF

e↵

can be found, while the proton and neutron
SP energies calculated with respect to 0f

7/2

orbital - ✏
⇡

and ✏
⌫

respectively - are reported in Table I.

TABLE I: Theoretical proton and neutron SP energies (in
MeV) from H2NF

e↵ and H3NF
e↵ .

H2NF
e↵ H3NF

e↵

✏
⇡

✏
⌫

✏
⇡

✏
⌫

0f7/2 0.0 0.0 0.0 0.0
0f5/2 4.2 5.1 5.5 7.4
1p3/2 0.0 0.5 1.6 2.8
1p1/2 1.0 2.0 2.9 4.9

In order to accomplish our goal to investigate the shell
evolution of spectroscopic properties of fp nuclei, we have
performed a multipole decomposition of H2NF

e↵

and H3NF

e↵

[36, 37], focussing our interest on their monopole compo-
nents. It is worth recalling that the angular-momentum-
averaged monopole component of the shell-model Hamil-
tonian is defined as follows:

hi, j|Hmon

e↵

|i, ji = ✏
i

+ ✏
j

+

P
J

(2J + 1)hi, j|V
e↵

|i, ji
JP

J

(2J + 1)
=

= ✏
i

+ ✏
j

+ V mon

ij

, (2)

where V
e↵

is the two-body component of H
e↵

, i and j
indicate the quantum numbers of the SP states, and the
✏
i

are the SP energies. Consequently, we have also stud-
ied the evolution of the proton and neutron ESPEs as a
function of the valence nucleons, that are defined as:

ESPE(j) = ✏
j

+
X

j

0

V mon

jj

0 n
j

0 , (3)

where the sum runs over the model-space levels j0, n
j

being the number of particles in the level j.

III. RESULTS

A. Monopole components of the e↵ective SM
Hamiltonians

Before we start our discussion about the characteristics
of the monopole component of H2NF

e↵

and H3NF

e↵

, it is
worth coming back to the calculated SP energies of both
e↵ective Hamiltonians, which can be found in Fig. 1 as
single-particle spectra of 41Sc and 41Ca. We do not show
in this figure any experimental counterparts, because the
experimental information about the spectroscopic factors
of both nuclei is rather scanty, and consequently we have
no clear indications on the SP nature of the observed
low-energy levels [38].
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FIG. 1: Calculated SP spectra of 41Sc and 41Ca, as obtained
fromH2NF
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e↵ . They represent the proton and neutron

SP energies, respectively, employed in our calculations.

From the inspection of Fig. 1, we observe that H2NF

e↵

does not provide enough spin-orbit splitting between the
0f

7/2

, 0f
5/2

orbitals in both 41Sc and 41Ca. Moreover,
the 0f

7/2

and 1p
3/2

orbitals are not well-separated and,
consequently, it can be inferred that calculations with
H2NF

e↵

might not be able to describe the shell closure that
is observed at Z,N = 28. On the other hand, the contri-
bution coming from the 3NF is able to heal this defect of
the SM Hamiltonian, and in the SP spectrum of H3NF

e↵

the 0f
7/2

orbital is lowered enough with respect to the
1p

3/2

, 1p
1/2

, 0f
5/2

orbitals to lay the foundation of a bet-
ter shell closure at N,Z =28.
Actually, a shell closure cannot be guaranteed only by

the SP energy spacings, since the TBMEs of H
e↵

play a
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0f

7/2

, 0f
5/2

orbitals in both 41Sc and 41Ca. Moreover,
the 0f

7/2

and 1p
3/2

orbitals are not well-separated and,
consequently, it can be inferred that calculations with
H2NF

e↵

might not be able to describe the shell closure that
is observed at Z,N = 28. On the other hand, the contri-
bution coming from the 3NF is able to heal this defect of
the SM Hamiltonian, and in the SP spectrum of H3NF

e↵

the 0f
7/2

orbital is lowered enough with respect to the
1p

3/2

, 1p
1/2

, 0f
5/2

orbitals to lay the foundation of a bet-
ter shell closure at N,Z =28.
Actually, a shell closure cannot be guaranteed only by

the SP energy spacings, since the TBMEs of H
e↵

play a

2NF only 2NF + 3NF

Focus only on  
monopole component

10 
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  Even 2NF reasonably accounts for 
experimental behavior of  
2n-separation energies S2n  
and closure properties. 
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Ca isotopes

22 24 26 28 30
N

0

1

2

3

4

2+
ex

ci
ta

tio
n 

en
er

gy
 (M

eV
)

22 24 26 28 30 32 34
N

5

10

15

20

S 2
n
(M
eV
)

Exp
2NF
2NF + 3NF

0

1

2

3

4

5

E
 (M

eV
)

Exp 2BF + 3BF

4
+
3
+

2
+

1.6

0
+

18

0
+

2
+

8

2.7

48Ca

4
+
3
+

B(E2)  
[e2fm4] 



  Even 2NF reasonably accounts for 
experimental behavior of  
2n-separation energies S2n  
and closure properties. 

 

  The 3NF monopole component  
is small except for 48Ca. 
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  2NF fails and 3NF plays an important 
role to explain experimental data.  
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Ni isotopes
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Ni isotopes

  2NF fails and 3NF plays an important 
role to explain experimental data.  

 

  The 3NF monopole component is 
essentially improves the calculations. 

Why opposite from Ca? 

22 24 26 28 30
N

20

25

30

35

S 2
n
(M
eV
)

20 22 24 26 28 30
N

0

1

2

3

4

2+
ex

ci
ta

tio
n 

en
er

gy
 (M

eV
) Exp

2NF
2NF + 3NF
2NF + 3NF monopole

0

1

2

3

4

5

E
 (M

eV
)

Exp 2BF + 3BF

4
+
0
+

2
+

0
+

99

0
+

2
+

77

56Ni

4
+

0
+

B(E2)  
[e2fm4] 



13 

ESPEs relevant for Ca isotopes
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< 1 MeV

  Very small difference from 2NF to 2NF + 3NF. 

fp-shell nuclei | Monopole properties	 
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ESPEs relevant for Ni isotopes

  Drastic evolution of ESPEs due to 3NF. 
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Y. Z. Ma et al., arXiv:1812.03284. ESPEs relevant for Ni isotopes

  Drastic evolution of ESPEs due to 3NF. 
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40Ca 42Ca 44Ca 46Ca 48Ca
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48Ni 50Ni 52Ni 54Ni 56Ni

N=20 28 
Z=20 

28 

Similar results for other fp-shell nuclei. 
→ Well described 
         monopole component 
         ESPE 
         shell closure
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Chiral N2LO 3NF for shell model 3-body MEs with nonlocal regulator
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Benchmark test for p-shell

→ Our RSM calculations with 3NF  
    are satisfactorily comparable to  
    the ab initio results.

0

1

2

3

E
 (M

eV
)

3
+

ExpRSM

1+

NCSM

6Li

-1

0

1

2

3

4

E
 (M

eV
)

3
+

ExpRSM

1+

NCSM

1+

0
+

2
+

10B

22 24 26 28
N

0

1

2

3

4

5

2+
ex

ci
ta

tio
n 

en
er

gy
 (M

eV
)

Calcium isotopes

22 24 26 28
N

0

1

2

3

4

5

2+
ex

ci
ta

tio
n 

en
er

gy
 (M

eV
)

Calcium isotopes

0

5

10

Neutron ESPE f7/2
f5/2
p3/2
p1/2

20 22 24 26 28
N

-4

-2

0

2

4E
SP

E
 (M

eV
)

Proton ESPE f7/2
f5/2
p3/2
p1/2

Monopole properties of fp-shell

→ The 3NF-induced monopole  
    Hamiltonian is essential to explain  
    the measured shell evolution.

Y. Z. Ma et al., arXiv:1812.03284. T. Fukui et al., Phys. Rev. C 98, 04430 (2018).	
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Extension of theoretical framework

Study of neutrinoless double β decay
RSM calculations with chiral 3NF  
for 76Ge, 82Se, 130Te, 136Xe, etc.

  Contribution of the g9/2 orbit
  Beyond 1st-order contribution

3NF in open quantum system
Gamow shell model calculations with chiral 3NF.

…

13 diagrams for 2nd-order one-body term


