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1.   Introduction and Motivation "



1.1  Light quark spectroscopy "

•  In the study of hadron spectroscopy, large amount of very precise 
data on meson physics have been and  will be collected:!
!

KLOE & KLOEII, BES, A1, A2@MAMI, CLAS, GlueX, JEF,!
COMPASS, LHCb, PANDA,…!

!
They are background for searches of new states!

!
•  Unique opportunity: !

–  Test chiral dynamics at low energy!
–  Extract fundamental parameters of the Standard Model: !

ex: light quark masses!
–  Study of beyond Standard Model Physics!

!
!
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1.2  Experimental Facilities for studying η and  η’

•  S!
!

!
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Channel Expt. branching ratio Discussion

⌘! 2� (39.3 ± 0.2)% anomaly, ⌘–⌘0 mixing
⌘! 3� < 1.6 ⇥ 10�5 C violation
⌘! 4� < 2.8 ⇥ 10�4

⌘! e+e�� (6.9 ± 0.4) ⇥ 10�3 Theory input for (g � 2)µ, dark photon (BSM)
⌘! 2⇡0 < 3.5 ⇥ 10�4 P, CP violation
⌘! ⇡+⇡� < 1.3 ⇥ 10�5 P, CP violation
⌘! 3⇡0 (32.6 ± 0.2)% mu � md

⌘! ⇡+⇡�⇡0 (22.7 ± 0.3)% mu � md, CP violation
⌘! ⇡0� < 9 ⇥ 10�5 C violation, angular momentum nonconservation
⌘! ⇡0e+e� < 7.5 ⇥ 10�6 C violation
⌘! ⇡0�� (2.7 ± 0.5) ⇥ 10�4 �PT at O(p6), leptophobic B boson (BSM)
⌘! 2⇡0� < 5 ⇥ 10�4 C, CP violation
⌘! ⇡+⇡�� (4.22 ± 0.08)% chiral anomaly, C violation
⌘! 2⇡0e+e�

⌘! ⇡+⇡�e+e� (2.68 ± 0.11) ⇥ 10�4 CP violation
⌘! 3⇡0� < 6 ⇥ 10�5 C, CP violation
⌘! ⇡+⇡�⇡0� < 5 ⇥ 10�4

⌘! 4⇡0 < 6.9 ⇥ 10�7 P, CP violation

⌘0 ! 2� (2.20 ± 0.08)% chiral anomaly
⌘0 ! 3� < 1.0 ⇥ 10�4 C, CP violation
⌘0 ! e+e�� < 9 ⇥ 10�4 �PT, dark photon (BSM)
⌘0 ! 2⇡0 < 4 ⇥ 10�4 P, CP violation
⌘0 ! ⇡+⇡� < 1.8 ⇥ 10�5 P, CP violation
⌘0 ! 3⇡0 (2.14 ± 0.20)% mu � md

⌘0 ! ⇡+⇡�⇡0 (3.8 ± 0.4) ⇥ 10�3 mu � md, CP violation
⌘0 ! ⌘⇡+⇡� (42.6 ± 0.7)% R�PT, anomaly, ⌘ � ⌘0 mixing
⌘0 ! ⌘⇡0⇡0 (22.8 ± 0.8)% R�PT, anomaly, ⌘ � ⌘0 mixing
⌘0 ! ⇡0e+e� < 1.4 ⇥ 10�3 C violation
⌘0 ! ⇡+⇡�e+e� (2.4+1.3

�1.0) ⇥ 10�3 P, CP violation
⌘0 ! ⇡0�� < 8 ⇥ 10�4 �PT, leptophobic B boson (BSM)
⌘0 ! ⌘e+e� < 2.4 ⇥ 10�3 C violation

Table 1: Summary of ⌘ and ⌘0 meson decays. [BK: references? what numbers are taken from where, updated, checked?]

thresholds. On the other hand, there have been several on-going and new ⌘(0) programs developed at Je↵erson Lab
(JLab), where ⌘(0)s will be produced using an electron or photon beam with energies up to ⇠ 12 GeV. The energies
of the decay particles will be much higher than the detection thresholds, which will o↵er experimental data sets with
significantly di↵erent systematics compared to the experiments at other facilities. The recently developed JLab Eta
Factory (JEF) experiment [16] aims to measure various ⌘ and ⌘0 decays with emphasis on rare neutral modes, with
about a factor of two orders of magnitude improvement in background compared to all other existing or planned ex-
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1.3  Study of η and  η’ physics "
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PDG’18 !
Gan, Kubis, E.P., Tulin !

in progress!

  Mη = 547.862(17) MeV



Channel Expt. branching ratio Discussion

⌘! 2� (39.3 ± 0.2)% anomaly, ⌘–⌘0 mixing
⌘! 3� < 1.6 ⇥ 10�5 C violation
⌘! 4� < 2.8 ⇥ 10�4

⌘! e+e�� (6.9 ± 0.4) ⇥ 10�3 Theory input for (g � 2)µ, dark photon (BSM)
⌘! 2⇡0 < 3.5 ⇥ 10�4 P, CP violation
⌘! ⇡+⇡� < 1.3 ⇥ 10�5 P, CP violation
⌘! 3⇡0 (32.6 ± 0.2)% mu � md

⌘! ⇡+⇡�⇡0 (22.7 ± 0.3)% mu � md, CP violation
⌘! ⇡0� < 9 ⇥ 10�5 C violation, angular momentum nonconservation
⌘! ⇡0e+e� < 7.5 ⇥ 10�6 C violation
⌘! ⇡0�� (2.7 ± 0.5) ⇥ 10�4 �PT at O(p6), leptophobic B boson (BSM)
⌘! 2⇡0� < 5 ⇥ 10�4 C, CP violation
⌘! ⇡+⇡�� (4.22 ± 0.08)% chiral anomaly, C violation
⌘! 2⇡0e+e�

⌘! ⇡+⇡�e+e� (2.68 ± 0.11) ⇥ 10�4 CP violation
⌘! 3⇡0� < 6 ⇥ 10�5 C, CP violation
⌘! ⇡+⇡�⇡0� < 5 ⇥ 10�4

⌘! 4⇡0 < 6.9 ⇥ 10�7 P, CP violation

⌘0 ! 2� (2.20 ± 0.08)% chiral anomaly
⌘0 ! 3� < 1.0 ⇥ 10�4 C, CP violation
⌘0 ! e+e�� < 9 ⇥ 10�4 �PT, dark photon (BSM)
⌘0 ! 2⇡0 < 4 ⇥ 10�4 P, CP violation
⌘0 ! ⇡+⇡� < 1.8 ⇥ 10�5 P, CP violation
⌘0 ! 3⇡0 (2.14 ± 0.20)% mu � md

⌘0 ! ⇡+⇡�⇡0 (3.8 ± 0.4) ⇥ 10�3 mu � md, CP violation
⌘0 ! ⌘⇡+⇡� (42.6 ± 0.7)% R�PT, anomaly, ⌘ � ⌘0 mixing
⌘0 ! ⌘⇡0⇡0 (22.8 ± 0.8)% R�PT, anomaly, ⌘ � ⌘0 mixing
⌘0 ! ⇡0e+e� < 1.4 ⇥ 10�3 C violation
⌘0 ! ⇡+⇡�e+e� (2.4+1.3

�1.0) ⇥ 10�3 P, CP violation
⌘0 ! ⇡0�� < 8 ⇥ 10�4 �PT, leptophobic B boson (BSM)
⌘0 ! ⌘e+e� < 2.4 ⇥ 10�3 C violation

Table 1: Summary of ⌘ and ⌘0 meson decays. [BK: references? what numbers are taken from where, updated, checked?]

thresholds. On the other hand, there have been several on-going and new ⌘(0) programs developed at Je↵erson Lab
(JLab), where ⌘(0)s will be produced using an electron or photon beam with energies up to ⇠ 12 GeV. The energies
of the decay particles will be much higher than the detection thresholds, which will o↵er experimental data sets with
significantly di↵erent systematics compared to the experiments at other facilities. The recently developed JLab Eta
Factory (JEF) experiment [16] aims to measure various ⌘ and ⌘0 decays with emphasis on rare neutral modes, with
about a factor of two orders of magnitude improvement in background compared to all other existing or planned ex-
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1.3  Study of η and  η’ physics "
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Channel Expt. branching ratio Discussion

⌘! 2� (39.3 ± 0.2)% anomaly, ⌘–⌘0 mixing
⌘! 3� < 1.6 ⇥ 10�5 C violation
⌘! 4� < 2.8 ⇥ 10�4

⌘! e+e�� (6.9 ± 0.4) ⇥ 10�3 Theory input for (g � 2)µ, dark photon (BSM)
⌘! 2⇡0 < 3.5 ⇥ 10�4 P, CP violation
⌘! ⇡+⇡� < 1.3 ⇥ 10�5 P, CP violation
⌘! 3⇡0 (32.6 ± 0.2)% mu � md

⌘! ⇡+⇡�⇡0 (22.7 ± 0.3)% mu � md, CP violation
⌘! ⇡0� < 9 ⇥ 10�5 [? ] C violation, angular momentum nonconservation
⌘! ⇡0e+e� < 7.5 ⇥ 10�6 [? ] C violation
⌘! ⇡0�� (2.7 ± 0.5) ⇥ 10�4 �PT at O(p6), leptophobic B boson (BSM)
⌘! 2⇡0� < 5 ⇥ 10�4 C, CP violation
⌘! ⇡+⇡�� (4.22 ± 0.08)% chiral anomaly, C violation
⌘! 2⇡0e+e�

⌘! ⇡+⇡�e+e� (2.68 ± 0.11) ⇥ 10�4 CP violation
⌘! 3⇡0� < 6 ⇥ 10�5 C, CP violation
⌘! ⇡+⇡�⇡0� < 5 ⇥ 10�4

⌘! 4⇡0 < 6.9 ⇥ 10�7 P, CP violation

⌘0 ! 2� (2.20 ± 0.08)% chiral anomaly
⌘0 ! 3� < 1.0 ⇥ 10�4 C, CP violation
⌘0 ! e+e�� < 9 ⇥ 10�4 �PT, dark photon (BSM)
⌘0 ! 2⇡0 < 4 ⇥ 10�4 P, CP violation
⌘0 ! ⇡+⇡� < 1.8 ⇥ 10�5 P, CP violation
⌘0 ! 3⇡0 (2.14 ± 0.20)% mu � md

⌘0 ! ⇡+⇡�⇡0 (3.8 ± 0.4) ⇥ 10�3 mu � md, CP violation
⌘0 ! ⌘⇡+⇡� (42.6 ± 0.7)% R�PT, anomaly, ⌘ � ⌘0 mixing
⌘0 ! ⌘⇡0⇡0 (22.8 ± 0.8)% R�PT, anomaly, ⌘ � ⌘0 mixing
⌘0 ! ⇡0e+e� < 1.4 ⇥ 10�3 C violation
⌘0 ! ⇡+⇡�e+e� (2.4+1.3

�1.0) ⇥ 10�3 P, CP violation
⌘0 ! ⇡0�� < 8 ⇥ 10�4 �PT, leptophobic B boson (BSM)
⌘0 ! ⌘e+e� < 2.4 ⇥ 10�3 C violation

Table 1: Summary of ⌘ and ⌘0 meson decays. [BK: references? what numbers are taken from where, updated, checked?]

a hydrogen or deuterium pellet target near the threshold. The formation of mesons is tagged by detecting the forward
boosted protons or helium ions. About 1.2 ⇥ 107 ⌘ events have been collected from the pd ! ⌘ +3 He reaction at
1 GeV [? ]. At the MAMI electron accelerator facility, the Crystal Ball/TAPS experiment [? ] uses a real-photon beam
derived from the production of bremsstrahlung radiation o↵ a 1.6 GeV electron beam passing through a thin radiator
and tagged with the Glasgow tagging spectrometer. The ⌘ and ⌘0 mesons were produced from the �p ! ⌘/⌘0p reac-
tion near threshold. About 2.5 ⇥ 108 ⌘ were collected [? ]. An extension of the physics program to the ⌘0 is planned.

3

PDG’19 !
Gan, Kubis, E. P., Tulin !

in progress!  Mη ' = 957.78(6) MeV



1.3  Study of η and  η’ physics "
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Channel Expt. branching ratio Discussion

⌘! 2� (39.3 ± 0.2)% anomaly, ⌘–⌘0 mixing
⌘! 3� < 1.6 ⇥ 10�5 C violation
⌘! 4� < 2.8 ⇥ 10�4

⌘! e+e�� (6.9 ± 0.4) ⇥ 10�3 Theory input for (g � 2)µ, dark photon (BSM)
⌘! 2⇡0 < 3.5 ⇥ 10�4 P, CP violation
⌘! ⇡+⇡� < 1.3 ⇥ 10�5 P, CP violation
⌘! 3⇡0 (32.6 ± 0.2)% mu � md

⌘! ⇡+⇡�⇡0 (22.7 ± 0.3)% mu � md, CP violation
⌘! ⇡0� < 9 ⇥ 10�5 [? ] C violation, angular momentum nonconservation
⌘! ⇡0e+e� < 7.5 ⇥ 10�6 [? ] C violation
⌘! ⇡0�� (2.7 ± 0.5) ⇥ 10�4 �PT at O(p6), leptophobic B boson (BSM)
⌘! 2⇡0� < 5 ⇥ 10�4 C, CP violation
⌘! ⇡+⇡�� (4.22 ± 0.08)% chiral anomaly, C violation
⌘! 2⇡0e+e�

⌘! ⇡+⇡�e+e� (2.68 ± 0.11) ⇥ 10�4 CP violation
⌘! 3⇡0� < 6 ⇥ 10�5 C, CP violation
⌘! ⇡+⇡�⇡0� < 5 ⇥ 10�4

⌘! 4⇡0 < 6.9 ⇥ 10�7 P, CP violation

⌘0 ! 2� (2.20 ± 0.08)% chiral anomaly
⌘0 ! 3� < 1.0 ⇥ 10�4 C, CP violation
⌘0 ! e+e�� < 9 ⇥ 10�4 �PT, dark photon (BSM)
⌘0 ! 2⇡0 < 4 ⇥ 10�4 P, CP violation
⌘0 ! ⇡+⇡� < 1.8 ⇥ 10�5 P, CP violation
⌘0 ! 3⇡0 (2.14 ± 0.20)% mu � md

⌘0 ! ⇡+⇡�⇡0 (3.8 ± 0.4) ⇥ 10�3 mu � md, CP violation
⌘0 ! ⌘⇡+⇡� (42.6 ± 0.7)% R�PT, anomaly, ⌘ � ⌘0 mixing
⌘0 ! ⌘⇡0⇡0 (22.8 ± 0.8)% R�PT, anomaly, ⌘ � ⌘0 mixing
⌘0 ! ⇡0e+e� < 1.4 ⇥ 10�3 C violation
⌘0 ! ⇡+⇡�e+e� (2.4+1.3

�1.0) ⇥ 10�3 P, CP violation
⌘0 ! ⇡0�� < 8 ⇥ 10�4 �PT, leptophobic B boson (BSM)
⌘0 ! ⌘e+e� < 2.4 ⇥ 10�3 C violation

Table 1: Summary of ⌘ and ⌘0 meson decays. [BK: references? what numbers are taken from where, updated, checked?]

a hydrogen or deuterium pellet target near the threshold. The formation of mesons is tagged by detecting the forward
boosted protons or helium ions. About 1.2 ⇥ 107 ⌘ events have been collected from the pd ! ⌘ +3 He reaction at
1 GeV [? ]. At the MAMI electron accelerator facility, the Crystal Ball/TAPS experiment [? ] uses a real-photon beam
derived from the production of bremsstrahlung radiation o↵ a 1.6 GeV electron beam passing through a thin radiator
and tagged with the Glasgow tagging spectrometer. The ⌘ and ⌘0 mesons were produced from the �p ! ⌘/⌘0p reac-
tion near threshold. About 2.5 ⇥ 108 ⌘ were collected [? ]. An extension of the physics program to the ⌘0 is planned.

3

PDG’19 !
Gan, Kubis, E.P., Tulin !

in progress!



1.4  Analytical methods for light quark spectroscopy "

•  In the study of hadron spectroscopy, large amount of very precise 
data on meson physics have been and  will be collected:!
!

KLOE & KLOE-II, BES, A1, A2@MAMI, CLAS, GlueX, JEF,!
COMPASS, LHCb, PANDA,…!

!
They are background for searches of new states!

!
!
!
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Effective Field Theory 
Analyticity+Unitarity 
Dispersion Relations 
Regge Theory, Models 

Experimental data 
GlueX, CLAS12, JEF, 
COMPASS, BES, LHCb 
Lattice 

Fundamental parameters 
Resonances, new states 

Insight on QCD Dynamics 
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1.4  Light Meson Decays

!
•  If E > 1 GeV: ChPT not valid anymore to 

describe dynamics of the processes               !

                  Resonances appear : !
     For ππ:  I=1: ρ(770),  ρ(1450), ρ(1700), …,!

    Especially true for φ  (Mφ=1020 MeV)
�
�
�

•  Use Isobar model to !
describe the data  !
       Improve to include FSI!
!

•  Build an amplitude with !
physical properties:!
à Analyticity, Unitarity !
     and Crossing Symmetry:!
          Dispersion Relations!
!

à Chiral constraints at LE !
!

à Regge behavior at HE!

!
!
!

!

11!Emilie Passemar"



2.  η → 3π   and light quark mass extraction "

In collaboration with G. Colangelo, S. Lanz !
         and H. Leutwyler (ITP-Bern)!

!

   Phys. Rev. Lett. 118 (2017) no.2, 022001 !
  Eur.Phys.J. C78 (2018) no.11, 947!



2.1   Definitions"

•  η decay: η→ π+ π- π0 !

!
!
!

•  Mandelstam variables!
!

       only two independent variables!
!
!

•  3 body decay         Dalitz plot !
!
!
!
!

Expansion around X=Y=0 !
!
!

!
!
     !
!
!

  
s = p

π + + p
π −( )2

, ( )0 2
,t p p

π π−= + ( )0

2
u p p

π π += +

0
2 2 2

02 3s t u M M M sη π π ++ + = + + ≡

( ) ( )040 42 ( , , )out i p p p p A s t uη π π ππ π π η π δ + −
+ − = − − −

Dalitz plot measurements

Dalitz plot variables

X
-1 0 1

Y

-1

0

1

1 X =
√
3

2mηQc
(u − t)

Y = 3
2mηQc

(

(mη −mπ0)2 − s
)

−1

Qc = mη − 2mπ+ −mπ0

Z = X2 + Y 2

Stefan Lanz (Lund University) η → 3π and quark masses Chiral Dynamics 2012 14

13"Emilie Passemar"

θS

A(s, t,u)
2
= N 1+ aY + bY 2 + dX 2 + fY 3 + ...( )

  
X = 3

T+ −T−

Qc

= 3
2MηQc

u − t( )

Y =
3T0
Qc

−1 = 3
2MηQc

Mη −Mπ 0( )2 − s⎛
⎝

⎞
⎠ −1

02cQ M M Mη π π+≡ − −



2.1   Why is it interesting to study η → 3π? "

•  Decay forbidden by isospin symmetry !
!
!
!

!

•          effects are small         Sutherland’66, Bell & Sutherland’68 !
       Baur, Kambor, Wyler’96, Ditsche, Kubis, Meissner’09 !

!
!

•  Decay rate measures the size of isospin breaking (mu − md) in the SM: !
!

              Unique access to (mu− md) !
!

     !

!
!

  A = mu − md( ) A1 +α em A2

emα

( )2
u d

IB
m m

uu dd
−

= − −L→QCDL

14"Emilie Passemar"



2.2   Quark mass ratio"

•  In the following, extraction of Q  from η → π+ π- π0 !

!
!
!
!
!

•  Aim: Compute M(s,t,u) with the best accuracy!
!

!
!
!
!
!

!
!
!
!

!

!
!
                       !
!
!

!
!

     !

!
!

Γ
η→π +π −π 0 =

1
Q4

MK
4

Mπ
4

MK
2 −Mπ

2( )2

6912π 3Fπ
4Mη

3 ds
smin

smax∫ du M (s, t,u)
2

u− ( s)

u+ ( s)

∫

15"Emilie Passemar"

Determined from experiment!
!

Determined from:!
•  Dispersive calculation!
•  ChPT !
!

Fit to !
Dalitz distr.!
!

  
Q2 ≡

ms
2 − m̂2

md
2 − mu

2

⎡

⎣
⎢

⎤

⎦
⎥

   
m ≡

md + mu

2
⎡

⎣
⎢

⎤

⎦
⎥



2.3   Computation of the amplitude"

•  What do we know? !
!

!
!

•  Compute the amplitude using ChPT : the effective theory that describe 
dynamics of the Goldstone bosons (kaons, pions, eta) at low energy!
!
!
!

•  Goldstone bosons interact weakly at low energy and!
Expansion organized in external momenta and quark masses   !

 !
!
!
!
!
!

!

!
!
!
!
!

!
!
!
!

!

!
!
                       !
!
!

!
!

     !

!
!

16"

   mu , md ≪ ms < ΛQCD

 Weinberg’s power counting rule!

  p << ΛH = 4πFπ ~ 1 GeV
   
Leff =  Ld

d≥2
∑  , Ld =  O pd( )  , p ≡ q, mq{ }



2.3   Computation of the amplitude"

•  What do we know? !

•  Compute the amplitude using ChPT :!
!
!
!
!
!
The Chiral series has convergence problems!

!

!
!
!
!
!

!
!
!
!

!

!
!
                       !
!
!

!
!

     !

!
!

17"Emilie Passemar"

 
Γη→3π = 66 + 94 + ... + ...( )eV = 300 ±12( )eV

LO ! NLO ! NNLO !

LO: !
NLO: !
!NNLO: !PDG’16 !

Osborn, Wallace’70 !

Gasser & Leutwyler’85 !

 Bijnens & Ghorbani’07!

Anisovich & Leutwyler’96 !

s = u !



•  Decay amplitude !

!
!

!
!

!
!

!

!
!

!
!

!

!

!
!

     !

!
!

2.4   Neutral Channel : η→ π0 π0 π0 "

2

3 1 2A Zη π α→Γ ∝ ∝ + with !
23

1

32 1
3

i

i n

T
Z

Q=

⎛ ⎞
= −⎜ ⎟

⎝ ⎠
∑

  α  0.015

α = −0.0315 ± 0.0015

03nQ M Mη π
≡ −

 Important discrepancy between !
ChPT and experiment! !

Help of a dispersive treatment? !
!

PDG’16 !
!
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2.5   Dispersive treatment"

•  The Chiral series has convergence problems  !
!

Large ππ  final state interactions !

!

!

!
!
!
!
!

!
!
!
!

!

!
!
                       !
!
!

!
!

     !

!
!

19"

 Roiesnel & Truong’81!

−
η



2.5   Dispersive treatment"

•  The Chiral series has convergence problems  !
!

Large ππ  final state interactions !

!
!

•  Dispersive treatment : !
–  analyticity, unitarity and crossing symmetry !
–  Take into account all the rescattering effects!

!

!

!
!
!
!
!

!
!
!
!

!

!
!
                       !
!
!

!
!

     !

!
!
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2.6   Why a new dispersive analysis?"

!

•  Several new ingredients: !
–  New inputs available: extraction ππ phase shifts has improved !

!
!
!

!
–  New experimental programs, precise Dalitz plot measurements!
!
!
!
!
!
–  Many improvements needed in view of very precise data: inclusion of !

‒  Electromagnetic effects (O(e2m)) !
!

‒  Isospin breaking effects!
!
!
!
!
!

!

!

Ditsche, Kubis, Meissner’09!

21"Emilie Passemar"

Kaminsky et al’01, Garcia-Martin et al’09!

Ananthanarayan et al’01, Colangelo et al’01 !
Descotes-Genon et al’01 !

CBall-Brookhaven, CLAS, GlueX (JLab), KLOE I-II (Frascati) !
!

TAPS/CBall-MAMI (Mainz), WASA-Celsius (Uppsala), WASA-Cosy (Juelich) !

BES III (Beijing) !
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2.7  Method

•  S-channel partial wave decomposition !
!
!
!
!
!

!
•  One truncates the partial wave expansion :         Isobar approximation !

!
!
!
!
!
!
!
!
!
!
!
!
! !
!
!

!
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Improve to include final !
states interactions!

Emilie Passemar"

3 BWs (ρ+, ρ−, ρ0) + background term!

A�(s, t) =
1X

J

(2J + 1)dJ�,0(✓s)AJ(s)
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2.7  Method

•  S-channel partial wave decomposition !
!
!
!
!

!
•  One truncates the partial wave expansion :         Isobar approximation !

!
!
!
!
!
!
!
!
!
!
!
! !
!
!

•   Use a Khuri-Treiman approach or dispersive approach !
        Restore 3 body unitarity and take into account the final state interactions    !

             in a systematic way!
!
!

!
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•  Decomposition of the amplitude as a function of isospin states !

!
!

Ø         isospin I rescattering in two particles !
Ø  Amplitude in terms of S and P waves        exact up to NNLO (O(p6))!
Ø  Main two body rescattering corrections inside MI!
!

!
!

!

!
!

     !

!
!

( ) ( )0 1 1 2 2 2
2( , , ) ( ) ( ) ( ) ( ) ( ) ( )
3

M s t u M s s u M t s t M u M t M u M s= + − + − + + −

IM
Fuchs, Sazdjian & Stern’93 !

Anisovich & Leutwyler’96 !

Emilie Passemar" 24"

2.8  Representation of the amplitude"



•  Decomposition of the amplitude as a function of isospin states !

!
!

!
!

•  Unitarity relation: !

!

!
!

     !

!
!

  
M (s, t,u) = M0

0(s) + s − u( )M1
1(t) + s − t( )M1

1(u) + M0
2(t) + M0

2(u) − 2
3

M0
2(s)

Emilie Passemar" 25"

2.8  Representation of the amplitude"
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Discontinuity relations

Consider(J=1(only
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ππ
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π
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Discontinuity relations
Consider(J=1(only

π

π
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π

V DiscF (s) = t⇤(s) ⇢(s)F (s)

⇡⇡ ! ⇡⇡
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Energy

d 1
,1
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>
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Roy analysis 2011  R. Garcia-Martin at.al. 

inpu
t

Roy analysis !
Colangelo et al.’01!

   
disc Mℓ

I (s)⎡⎣ ⎤⎦ = ρ(s)tℓ
*(s) Mℓ

I (s) + M̂ℓ
I (s)( )

right-hand cut ! left-hand cut !

From unitarity to integral equation

Unitarity relation for F(s):
discF(s) = 2i

{

F(s)
︸︷︷︸

right-hand cut

+ F̂(s)
︸︷︷︸

left-hand cut

}

× θ(s− 4M2
π)× sin δ11(s) e

−iδ11(s)

• inhomogeneities F̂(s): angular averages over the F(s)

F(s) = aΩ(s)

{

1 +
s

π

∫ ∞

4M2
π

ds′

s′
sin δ11(s

′)F̂(s′)

|Ω(s′)|(s′ − s− iϵ)

}

F̂(s) =
3

2

∫ 1

−1

dz (1− z2)F
(

t(s, z)
)

Khuri, Treiman 1960
Aitchison 1977

Anisovich, Leutwyler 1998

F(s) = +++ ...

B. Kubis, Precision tools in hadron physics for Dalitz plot studies – p. 12

Unitarity

9

π

ππ

π

π
Vinput

π

π

π

Vinput

Disc aJ(s) = t⇤J(s) ⇢(s)

✓
aJ(s) +

Z +1

�1

d cos ✓

2

...aJ(t)

◆

A�(s, t, u) = "µ⌫↵�✏
µ
�p

⌫
⇡+p↵⇡�p

�
⇡0F(s, t, u)

F(s, t, u) = F(s) + F(t) + F(u)

2.4  ω/φ  → 3π	

•  Simple system: restricted to odd partial waves  
        P wave interactions only (neglecting F- and higher)  

•  Amplitude: 

 
 
 

•  F(s) function of one variable with only a right-hand cut 
 

•  Unitarity relation: 

•  Relation of dispersion to reconstruct the amplitude everywhere: 
 
 
 
 
 
 
 
 
 

ω(s): conformal map of inelastic contributions: 
        Coefficients ai play the role of improved  
        subtraction constants in alternative approaches:  
        e.g, Niecknig, Kubis, Schneider‘12 

•    
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ω/φ→3π

10
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⇣
F (s) + F̂ (s)

⌘

F̂ (s) = 3
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Khuri, Treiman 1960 "
Aitchison 1977

Unitarity relation for the p-wave F(s):

A(s, t) =
J
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J

(2J + 1) dJ1,0(✓s) fJ(s) +
J
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J

(2J + 1) dJ1,0(✓t) fJ(t) +
J
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J

(2J + 1) dJ1,0(✓u) fJ(u)

dispersive#relation

Danilkin et al., JPAC’15  

  
F(s) = Ω(s) ds'

π
4 Mπ

2

si

∫
Disc F(s)

Ω*(s') s'− s − iε( ) + aiω
i (s)

i=0

N

∑
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

Integral(equation:

w(s)(is(the(conformal$map$of$ 
$$$$$$$$$$$$$$$$inelastic$contributions  

15

Dispersion relation

!(s) =

p
si �

p
si � s

p
si +

p
si � s

G(s) =

Z 1

s⇡

ds0

⇡

DiscG(s0)

s0 � s
=

Z si

s⇡

ds0

⇡

DiscG(s0)

s0 � s
+

1X

i=0

ai !
i(s)

Yndurain 2002#
s⇡ si

s w

Integral(equation:

w(s)(is(the(conformal$map$of$ 
$$$$$$$$$$$$$$$$inelastic$contributions  

15

Dispersion relation

!(s) =

p
si �

p
si � s

p
si +

p
si � s

G(s) =

Z 1

s⇡

ds0

⇡

DiscG(s0)

s0 � s
=

Z si

s⇡

ds0

⇡

DiscG(s0)

s0 � s
+

1X

i=0

ai !
i(s)

Yndurain 2002#
s⇡ si

s w

Yndurain’02 



•  Decomposition of the amplitude as a function of isospin states !

!
!
!

•  Unitarity relation: !

!
!
!

•  Relation of dispersion to reconstruct the amplitude everywhere:!

•  PI(s) determined from a fit to NLO ChPT + experimental Dalitz plot!
!
!

!

!

!
!

     !

!
!
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2( , , ) ( ) ( ) ( ) ( ) ( ) ( )
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2.8  Representation of the amplitude"

   
disc Mℓ

I (s)⎡⎣ ⎤⎦ = ρ(s)tℓ
*(s) Mℓ

I (s) + M̂ℓ
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Omnès function !
!

  

Ω I (s) = exp
s
π

ds'
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s'(s'− s − iε )
4 Mπ
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⎥
⎥

Gasser & Rusetsky’18 !



2.9  η → 3π  Dalitz plot"

•  In the charged channel: experimental data from WASA, KLOE, BESIII!

•  New data expected from CLAS and GlueX with very different systematics!

!

!
!
!
!
!

Emilie Passemar" 27 !
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FIG. 7: (Color online) The experimental background
subtracted Dalitz plot distribution represented by the
two dimensional histogram with 371 bins. Only bins
used for the Dalitz parameter fits are shown. The

physical border is indicated by the red line.

TABLE V: Summary of the systematic errors for the
asymmetries.

syst. error (⇥105) �ALR �AQ �AS

EGmin ±1 ±0 ±4

BkgSub ±5 ±3 ±16

✓+� , ✓�� cut +2
�0

+0
�2

+2
�0

�te cut +49
�92

+48
�22

+ 7
�15

�te ��t⇡ cut +0
�2

+3
�0

+0
�1

✓⇤�� cut + 1
�57

+3
�4

+0
�8

MM +0
�4

+0
�1

+1
�2

ECL ±9 ±0 ±25

TOTAL + 50
�109

+48
�23

+31
�35

These results confirm the tension with the theoretical
calculations on the b parameter, and also the need for
the f parameter. In comparison to the previous mea-
surements shown in Tab. I, the present results are the
most precise and the first including the g parameter.
The improvement over KLOE(08) analysis comes from
four times larger statistics and improvement in the sys-
tematic uncertainties which are in some cases reduced
by factor 2 � 3. The major improvement in the system-
atic uncertainties comes from the analysis of the e↵ect of
the Event classification with an unbiased prescaled data
sample.

The final values of the charge asymmetries are all con-

X
1− 0.5− 0 0.5 1

   
 

i
N

5000

10000

15000

20000

25000

FIG. 8: (Color online) The experimental background
subtracted Dalitz plot data, Ni, (points with errors),

compared to set #4 fit results (red lines connecting bins
with the same Y value). The row with lowest Ni values

corresponds to the highest Y value (Y = +0.75).

Entries  371
Mean   0.01405
RMS    0.9723

ir
3− 2− 1− 0 1 2 30
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20
Entries  371
Mean   0.01405
RMS    0.9723

FIG. 9: (Color online) Distribution of the normalized
residuals, ri, for fit #4.

KLOE’16 !
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⎞
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•  The amplitude along the line s = u : !

!

2.10  Results: Amplitude for η→ π+ π- π0 decays "
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Intro mu − md η → 3π and Q η → 3π disp. Summary iso-breaking Fits to data

Momentum dependence
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•  The amplitude along the line t = u : !

!

2.10  Results: Amplitude for η→ π+ π- π0 decays "
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•  The amplitude squared in the neutral channel is !

2.11  Z distribution for η→ π0 π0 π0 decays "

The agreement is excellent between !
our prediction and the data!!

Emilie Passemar" 30"



2.12  Comparison of results for α

Emilie Passemar"

Intro mu − md η → 3π and Q η → 3π disp. Summary iso-breaking Fits to data

Dalitz plot in the neutral channel: value of α

Comparison with other determinations:

-0.06 -0.04 -0.02 0.00 0.02 0.04 0.06
α

ChPT O(p4)

ChPT O(p6)

Kambor et al.

Kampf et al.

NREFT, Schneider et al.

JPAC, Guo et al.

KT-elastic, AM

KT-coupled, AM

Dispersive, fit to charged KLOE

GAMS-2000 (1984)

Crystal Barrel@LEAR (1998)

Crystal Ball@BNL (2001)

SND (2001)

WASA@CELSIUS (2007)

WASA@COSY (2008)

Crystal Ball@MAMI-B (2009)

Crystal Ball@MAMI-C (2009)

KLOE (2010)

PDG average

31" α = −0.0302 ± 0.0011



2.13  Quark mass ratio"

32"

  Q = 22.1 ± 0.7

•  No systematics taken into account         collaboration with experimentalists!

20 21 22 23 24

Q

χPT O(p4) (Gasser, Leutwyler’85)

η → 3π

χPT O(p6) (Bijnens, Ghorbani’07)

dispersive (Anisovich et al.’96)

dispersive (Kambor et al.’96)

dispersive (Kampf et al.’11)

disp, single-channel (Albaladejo et al.’17)

disp, coupled-channel (Albaladejo et al.’17)

dispersive (Guo et al., JPAC’15’17)

dispersive (Colangelo et al.’18)

Weinberg’77

kaon mass splitting

Kastner, Neufeld’08

Nf = 2

lattice, FLAG’19

Nf = 2 + 1

Nf = 2 + 1 + 1



!
!
!
!
!
!

•  Smaller values for Q        smaller values for ms/md and mu/md than LO ChPT !
!

!

2.14  Light quark masses"

33"

  Q = 22.1 ± 0.7
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= 0.44 ± 0.03
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= 27.30(34)  FLAG 2016
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2.14  Light quark masses"
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2.15  Prospects"

Emilie Passemar" 35 !

•  Uncertainties in the quark mass ratio (rough attempt)!

!
!
!
!
          !

!

!
!
!

!

      3. What is the physics impact  !→3π measurement? 
 

!   A clean probe for quark mass ratio: 
 

"  decays through isospin violation: 
"        is small  
"  Amplitude: 

! Uncertainties in quark mass ratio (E. Passemar, talk at AFCI workshop ) 

  

 
 

13 

Q2 =
ms
2 −
m2

md
2 −mu

2

αem

A = (mu −md )A1 +αemA2

Γη→3πDalitz  

m̂ =
mu +md

2

Can be investigated and reduced at !
future facilities!



2.5  η → 3π and light quark masses"
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 H. Leutwyler!

51 

Experimental Measurements of !�3π  

Exp. 3π0 

Events 
(106) 

π+ π- π0 

Events 
(106) 

Total world data 
(include prel. WASA 

and prel. KLOE) 

6.5 6.0 

GlueX+PrimEx-η
+JEF 

20 19.6 

$  Existing data from the low energy 
    facilities are sensitive to the detection  
    threshold effects 
  
$  JEF at high energy has uniform detection  
      efficiency over Dalitz phase space 

$  JEF will offer large statistics and improved 
systematics 

KLOE 
JHEP 0805 (2008) 0066 

JEF 
x 

y 

From L. Gan !



3.  η’ →  ηππ  and chiral dynamics"

In collaboration with !
S. Gonzalez-Solis (Indiana University)!
Eur. Phys. J. C78 (2018) no.9, 758 !

!
!



3.1   Why is it interesting to study η’ → ηππ? "

•  Main decay channel of the η′: !

!
!
!
!

•  Precise meaurements became available: recent results on !
–  neutral channel by A2 collaboration : 1.2 x 105 events!
–  neutral and charged channel by BESIII collaboration: 351 016 events!
!

!
!
!
!
!
!
!

!
             !

!
!
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 BR(η '→ηπ 0π 0 ) = 22.8(8)%  BR(η '→ηπ +π − ) = 42.6(7)%and !

PDG’19 !

A(s, t,u)
2
= N 1+ aY + bY 2 + dX 2 + fY 3 + ...( )

  
s = pη ' − pη( )2

,
  
t = pη ' − p

π +( )2
,

  
u = pη ' − p

π −( )2

Expansion around X=Y=0 !

and the other one moves in opposite direction of the ÷ (blue diamond). At m

2

fi÷ ≥ 0.54
GeV2, the allowed range of m

2

fifi values is large and reaches energies close to the region
of influence of the ‡ meson. When m

2

fifi ≥ 0.16 GeV2, the ÷ is at rest and the two pions
move back-to-back (green triangle). We can anticipate that the region around this point
will contain the largest number of events of the Dalitz plot decay distribution. Finally, at
the fi÷ threshold, m

2

fifi ≥ 0.12 GeV2, the ÷ and one pion move in one direction with equal
velocities and the other pion in the opposite direction (orange square).

The Dalitz plot parametrisation for ÷

Õ æ ÷fifi decays is obtained by expanding the
squared of the decay amplitude in powers of X and Y around the center of the Dalitz plot

�(X, Y ) = |M(X, Y )|2 = |N |2
5
1 + aY + bY

2 + cX + dX

2 + · · ·
6

, (2.12)

where a, b, c and d are the real-valued Dalitz parameters and N is an overall normalization4.

ÊÊ

‡‡

ÚÚ

ÏÏ

0.08 0.10 0.12 0.14 0.16

0.45

0.50

0.55

0.60

0.65

0.70

mpp2 @GeV2D

m
ph2
@Ge

V
2 D

p
p hÊ

Ï Ê

‡

Ú Ê

p
p

h

h
p p

p
h

p

ÊÊ

ÚÚ

‡‡

ÏÏ

-1.0 -0.5 0.0 0.5 1.0 1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

X

Y

Ê pp h

Ï p Ê
p

h

‡ p
h p

Ú p Ê p
h

Figure 1: Boundary of the Dalitz plot for ÷

Õ æ ÷fifi in terms of the invariant masses m

2

fifi

and m

2

fi÷ (left) and in terms of the Dalitz variables X and Y (right).

Table 1 contains the current state-of-the-art Dalitz-plot parameters extracted from
measurements together with their theoretical estimates. We can see large discrepancies

4An alternative parameterization would be the so-called linear expansion

|M(X, Y )|2 = |N |2 !|1 + –Y |2 + cX + dX2 + · · · "
, (2.13)

where – is complex. A comparison with the parameterization of Eq. (2.12) gives a = 2Re(–) and b =
Re(–)2 + Im(–)2. The two parameterizations are equivalent if b > a2/4.
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3.1   Why is it interesting to study η’ → ηππ? "

•  Main decay channel of the η′: !

!
!
!
!
!

•  Precise meaurements became available: recent results on !
–  neutral channel by A2 collaboration : 1.2 x 105 events!
–  Neutral and charged channel by BESIII collaboration: 351 016 events!
!

!
!
!
!
!

•  Studying this decay allows !
–  to test any of the extensions of ChPT e.g. resonance chiral 

theory, Large-NC U(3) ChPT etc !
–  to study the effects of the ππ and πη final-state interactions!

             !

!
!
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3.2   Theoretical Framework "

•  U(3) ChPT with resonances at one-loop !
!

!
!
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Structure of the decay amplitude

⌘′ → ⌘⇡⇡: Scalar Resonance and loop contributions
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Introduction: framework and motivation

Large-NC U(3) ChPT

Axial Anomaly is absent; ⌘
1

as the ninth Goldstone boson

Degrees of freedom: ⇡±,0, K±, K0, ¯K0 and the ⌘ and ⌘′

Kaiser and Leutwyler, EPJC 17, 623 (2000)
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Structure of the decay amplitude
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Final-state interaction through !
the N/D unitarization method !
!

Introduction: framework and motivation

Large-NC U(3) ChPT

Axial Anomaly is absent; ⌘
1

as the ninth Goldstone boson

Degrees of freedom: ⇡±,0, K±, K0, ¯K0 and the ⌘ and ⌘′
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3.2   Theoretical Framework "

•  Unitarity relations!

!
!
•  A dispersive analysis also exists by Isken et al.’17 but here we include 

D waves as well as kaon loops!

!
!
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Fits to experimental data Unitarization of the ChPT amplitude
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Research achievements: ⌘′ → ⌘⇡⇡ decays
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Research achievements: ⌘′ → ⌘⇡⇡ decays

Results

⇒
ChPT Dalitz slope parameters Final-state interactions
a[Y ] = −0.095(6)
b[Y 2] = 0.005(1)
d[X2] = −0.037(5)

a[Y ] = −0.073(7)(5)
b[Y 2] = −0.052(1)(2)
d[X2] = −0.052(8)(5)

Eur. Phys. J. C78 (2018) no.9, 758

We are willing to provide our parametrization to the interested
experimental groups e.g. GlueX, BESIII etc.

S.Gonzàlez-Solís Theory postdoc position at JLab 25 january 2019 13 / 23
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Fits to experimental data Unitarization of the ChPT amplitude

Dalitz Plot Parameters
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Fits to experimental data Unitarization of the ChPT amplitude

The role of the D-wave ⇡⇡ FSI

Parameter Analysis I
Fit 1 (with D-wave) Fit 1 (w/o D-wave)

MS 1017(68)(24) 996(66)(25)
cd 30.4(4.8)(9) 23.3(3.5)(1.5)
cm = cd = cd
c̃d 17.6(2.8)(5) 13.5(2.0)(9)
c̃m = c̃d = c̃d
a⇡⇡ 0.76(61)(6) 2.01(1.61)(71)
�2

dof

1.12 1.24
a[Y ] −0.074(7)(8) −0.091(9)(4)
b[Y 2] −0.049(1)(2) −0.013(1)(5)
c[X] 0 0
d[X2] −0.047(8)(4) −0.031(6)(3)

03

[Y 3] 0.001 0.001

21

[Y X2] −0.004 −0.001

22

[Y 2X2] 0.001 0.0004

�M(X,Y )
Full

�2��M(X,Y )
D−wave=0�2

Sergi Gonzàlez-Solís (Indiana U.) APS workshop 2019 11 april 2019 22 / 41



3.5   Prospects"

!
!

47"Emilie Passemar"

•  Comparison to BESIII data !

!
!
!
!
!
!
!
!
!
!

•  Simultaneous fit by experimental collaborations to the neutral and charged 
channels etc!

!
!
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Figure 11: Di�erential decay rate distribution for ÷

Õ æ ÷fi

0

fi

0 divided by the phase-space,
both individually normalized, associated to the resulting parameters of Fit 1 of table 3 as
compared with the BESIII experimental data [46].

consider all possible sources of isospin breaking. In our framework, isospin breaking e�ects
mostly a�ect the Dalitz variables X and Y if the charged pion mass is used in Eqs. (2.9)
and (2.10). In Ref. [40] relations between the Dalitz parameters in the charged and the
neutral decay modes have been derived:

a

n = a

c + Á

iso

(ac + 2b

c) , b

n = b

c(1 + 2Á

iso

) , d

n = d

c

A
Q

n

Q

c

B
2

, (6.30)

where the superscripts c and n denote the associated parameters in the charged and neutral
systems, respectively, and with Á

iso

≥ 4.7% [40]. Following this prescription, our estimates
for the Dalitz parameters in the charged channel reads

a = ≠0.065(7)
stat

(8)
syst

, b = ≠0.048(1)
stat

(2)
syst

, d = ≠0.045(7)
stat

(5)
syst

. (6.31)

Comparing the above results with the most recent experimental determination of these
parameters in the charged system released by BESIII in 2017 [46], a = ≠0.056(4)

stat

(3)
syst

, b =
≠0.049(6)

stat

(6)
syst

, d = ≠0.063(4)
stat

(4)
syst

, we observe that our prediction for b is in ex-
cellent agreement while a and d are found to be 1‡ and 2‡ away, respectively.
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4.   Conclusion and Outlook "



4.1  Conclusion "

Emilie Passemar" 49 !

•  Light Meson component very important for spectroscopy!
!

•  Knowing conventional modes important for studies of background for 
looking for exotics!
!
!

•  Study of fundamental properties of QCD: !
–  Extraction of fundamental parameters of the SM, !

         e.g. light quark masses!
–  Study of chiral dynamics!

!

•  To studies meson modes with the best precision: Development of 
amplitude analysis techniques consistent with analyticity, unitarity, crossing 
symmetry         dispersion relations allow to take into account all 
rescattering effects being as model independent as possible combined with 
ChPT          Provide parametrization for experimental studies!

!

•  In this talk, illustration with η → 3π  and extraction of the light quark masses 
and η' →  ηππ

•  Other illustrations in the talks of A. Pilloni and P. Masjuan!



4.2  Outlook: "

Emilie Passemar" 50 !

•  Apply dispersion relations + (R)ChPT to other modes in the light meson 
sector!

-  ω/φ → 3π, πγ : Niecknig, Kubis, Schneider‘12, !
        Danilkin et al. JPAC’15,’16 !

!
-  φ → ηπγ: Moussallam, Shekhovtsova in progress!

 !
-  η' →  3π:   Isken, Kubis and Stoffer in progress

-  etc…!



5.   Back-up "



Experimental Facilities and Role of JLab 12"

Emilie Passemar" 52 !

!

!
!
!

!

M. J. Amaryan et al. !
CLAS Analysis Proposal, (2014)!



η’ → ηππ  at leading order  "
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!

!
!
!

!

Structure of the decay amplitude

⌘′ → ⌘⇡⇡: Leading order

ChPT Lagrangian at O(p2)
Lp2 = F 2

⇡

4

�uµuµ� + F 2

⇡

4

��+� + F 2

⇡

3

m2

1

ln

2

detu

Expanding in powers of �

Lp2 = 1

2

�@µ�@µ
�� + 1

12f2
�(�(@µ�) − (@µ�)�) (�(@µ

�) − (@µ
�)�)�

+B0 �−�M�

2� + (1�6f2)�M�

4�� +O ��

6

f4
�

= MLO
⌘′→⌘⇡⇡ = M2

⇡

6F 2
⇡
�
2

√
2 cos 2✓ − sin 2✓�⌘0

⇡

⇡

⌘

⇒

�→
no contribution

BR(⌘′ → ⌘⇡+⇡−) BR(⌘′ → ⌘⇡0⇡0)
Leading Order 1.1% 0.6%

PDG 2018 42.6(7) 22.8(8)%
Reason for this difference: amplitude is chirally suppressed (vanishes when M2

⇡ → 0)
Higher order effects? ● Resonances exchanges (a

0

, f
0

,�) ● ⇡⇡, ⇡⌘ final state interactions
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Unitarity in η’ → ηππ"
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!

!
!
!

!

Fits to experimental data Unitarization of the ChPT amplitude

Unitarity

Unitarity relation

ImM⌘′→⌘⇡⇡ = 1

2

�
n
(2⇡)4 �4 (p⌘ + p1 + p2 − pn)T ∗n→⌘⇡⇡M⌘′→n

⌘0

⌘,⇡

⇡,⇡

⇡, ⌘

. . . ⌘0

⇡ , ⌘

⌘ ,⇡

⇡ ⌘0

⌘

⇡

⇡

not included
Two-particle unitarity relation for the partial-wave decay amplitude

Im

�m00

⌘′→⌘⇡⇡(s)� = �⇡(s) �t00⇡⇡→⇡⇡(s)�∗m00

⌘′→⌘⇡⇡(s) × ✓(s − 4m2

⇡) ,
Im

�m02

⌘′→⌘⇡⇡(s)� = �⇡(s) �t02⇡⇡→⇡⇡(s)�∗m02

⌘′→⌘⇡⇡(s) × ✓(s − 4m2

⇡) ,
Im

�m10

⌘′→⌘⇡⇡(t)� = �1�2(t,m2

⇡,m
2

⌘)
t

�t10⇡⌘→⇡⌘(t)�∗ ×m10

⌘′→⌘⇡⇡(t)✓(t − (m⇡ +m⌘)2) ,
Im

�m10

⌘′→⌘⇡⇡(u)� = �1�2(u,m2

⇡,m
2

⌘)
u

�t10⇡⌘→⇡⌘(u)�∗ ×m10

⌘′→⌘⇡⇡(u)✓(u − (m⇡ +m⌘)2) ,
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N/D unitarisation in η’ → ηππ"
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!

!
!
!

!

Fits to experimental data Unitarization of the ChPT amplitude

N/D unitarisation method applied to ⌘′ → ⌘⇡⇡

Amplitude at one-loop in Large-NC U(3) ChPT with resonances

M⌘′→⌘⇡⇡(s) =⌘0

⇡

⇡

⌘

⌘0

⇡

⇡

⌘

S8, S1

s-channel

⌘0

⇡

⇡

⌘

a0

t,u-channel

⌘0

⇡

⇡

⌘

a0

t,u-channel

⌘0

⌘

⇡

⇡

⇡ ,K , ⌘ , ⌘ , ⌘0

⇡ ,K ⌘ , ⌘0 , ⌘0

s-channel

⌘0

⇡

⌘

⇡

K , ⌘ , ⌘0

K ,⇡ ,⇡

t,u-channels

(1)

N�D representation ofM⌘′→⌘⇡⇡(s)
mIJ

⌘′→⌘⇡⇡(s) = [1 +N IJ
⇡⇡(s)g⇡⇡(s)]−1RIJ

⌘′→⌘⇡⇡(s)
N IJ

⇡⇡→⇡⇡(s) = + ⌘0

⇡

⇡

⌘

S8, S1

s-channel

+ ,

RIJ
⌘′→⌘⇡⇡(s) = ⌘0

⇡

⇡

⌘

⌘0

⇡

⇡

⌘

S8, S1

s-channel

⌘0

⇡

⇡

⌘

a0

t,u-channel

⌘0

⇡

⌘

⇡

K , ⌘ , ⌘0

K ,⇡ ,⇡

t,u-channels

,

g⇡⇡(s) = a⇡⇡(µ) − ● ● = 1

16⇡2

�a⇡⇡(µ) + log

m2

⇡
µ2

− �(s) log

�(s)−1
�(s)+1� ,
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ηπ  phase shift extraction from η’ → ηππ"
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!

!
!
!

!

Fits to experimental data Unitarization of the ChPT amplitude

⇡⌘ phase shift within the phase space

0.70 0.72 0.74 0.76 0.78 0.80 0.820

1

2

3

4

5

6

mp0 h HGeVL

dp
h
@De

gr
ee
D
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