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Weak mixing angle: 
global survey of 

sin2θW determinations

Z = cos ✓WW3 � sin ✓WB

A = sin ✓WW3 + cos ✓WB

sin2 ✓W =
g0

2

g2 + g02
= 1� M2

W

M2
Z



compute sin2θW from α, GF and MZ 

then measure sin2θW and MW

➡ doubly over-constrained system at sub-‰ precision

δMW ~ 15 MeV ↔ δsin2θW ~ 0.00029 but complementary

key test of EW symmetry breaking sector

comparisons of different measurements, scales, and initial or 
final states provide window to physics beyond the SM

➡ global analysis

Why pushing sin2θW?
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tuning in on the Z resonance
- FB and LR asymmetries in e+e– annihilation near s = MZ2

- FB asymmetries in pp (pp̅) Drell-Yan around mll = MZ

sin2θW(0): approaches
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ν scattering PVES

leptonic vμ – e– e– – e–

DIS heavy nuclei (NuTeV) deuteron (PVDIS, SoLID)

elastic CEvNS (COHERENT) proton, 12C (Qweak, P2)

APV heavy alkali atoms and ions isotope ratios (Mainz)



tuning in on the Z resonance
- FB and LR asymmetries in e+e– annihilation near s = MZ2

- FB asymmetries in pp (pp̅) Drell-Yan around mll = MZ

sin2θW(0): approaches

�5

ν scattering PVES

leptonic vμ – e– e– – e–

DIS heavy nuclei (NuTeV) deuteron (PVDIS, SoLID)

elastic CEvNS (COHERENT) proton, 12C (Qweak, P2)

APV heavy alkali atoms and ions isotope ratios (Mainz)



tuning in on the Z resonance
- FB and LR asymmetries in e+e– annihilation near s = MZ2

- FB asymmetries in pp (pp̅) Drell-Yan around mll = MZ

sin2θW(0): approaches

�5

ν scattering PVES

leptonic vμ – e– e– – e–

DIS heavy nuclei (NuTeV) deuteron (PVDIS, SoLID)

elastic CEvNS (COHERENT) proton, 12C (Qweak, P2)

APV heavy alkali atoms and ions isotope ratios (Mainz)

 very recent first measurements 



Z
e

25.04.2019  6

e

γ



Fußzeile anpassen über das Menü EINFÜGEN > Kopf- und Fußzeile

Weak mixing angle: complementarity

• MW ↔  sin2θW ↔ GF: high precision tests of electroweak symmetry 

breaking (doubly over-constrained after Higgs discovery) 

• Z pole ↔ low energy: new physics in loops (Z couplings) ↔	at 

tree level (e.g. Z′ bosons or new operators) 

• high ↔ low energy: running weak mixing angle 

• 12C & APV (single) ↔  p & APV (ratios): low energy running, S ↔ T 

• all: cross-check of systematic and theoretical uncertainty 

estimates (keeps everyone honest)
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MH – mt
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ΓZ, σhad, Rl, Rq (1σ)
Z pole asymmetries (1σ)
MW (1σ)
direct mt (1σ)
direct MH
all except direct MH (90%)

indirect mt:  
176.4 ± 1.8 GeV  
(2.0 σ high)

indirect MH:  
90+17–15 GeV  
(1.9 σ low)

incl. theory error:

indirect MH:  
91+18–16 GeV  
(1.8 σ low)
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Effective couplings
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S and T
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S 0.02 ± 0.07

T 0.06 ± 0.06

∆χ2 – 4.2

MKK ≳ 3.2 TeV in warped extra dimension models 

MV ≳ 4 TeV in minimal composite Higgs models Freitas & JE, PDG (2018)
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Z-Zʹ mixing: modification of Z vector coupling

oblique parameters: STU (also need MW and ΓZ)

new amplitudes: off- versus on-Z pole measurements (e.g. Zʹ)

dark Z: renormalization group evolution (running)
�16

sin2θW beyond the SM
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sin2θW measurements

0.23149 ± 0.00013

0.23153 ± 0.00004
global fit
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LHC:
0.23131 ± 0.00033

LEP & SLC:
0.23153 ± 0.00016

average direct
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average direct

indirect

(incl. correlated theory errors) 

80.379 ± 0.012 GeV

80.357 ± 0.006 GeV



Theoretical uncertainties: 
correlations in 

precision observables



need full 1-loop QED under experiment-specific conditions

box diagrams (γZ-box)

enhanced 2-loop electroweak  
(γWW-double box)

running mixing angle  
(see later)

unknown neutron distribution  
(neutron skin)

Theory issues in PVES
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loop factors including enhancement factors such as  
NC = NF = 3 or sin–2θW ≈ mt2∕MW2 ≈ 4 amount to 

0.020 (QED)

0.116 (QCD)

0.032 (CC)

0.029 (NC) 

parametrized by 

∆SZ = ±0.0034 (may be combined with ∆αhad),  

∆T = ±0.0073 (t-b doublet) 

∆U = SW–SZ = ±0.0051

assuming ∆SZ, ∆T and ∆U to be sufficiently different (uncorrelated) induces 
theory correlations between different observables Schott & JE, PPNP 106 (2019)

Theory issues for W & Z self-energies
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Vacuum polarizations in 
global fits:  

α(MZ)  sin2θW(0)  gμ–2  mb,c



Dispersive approach: integral over σ(e+e– → hadrons) and τ-decay data

α–1(MZ) = 128.947 ± 0.012 Davier et al., EPJC 77 (2017)

α–1(MZ) = 128.958 ± 0.016 Jegerlehner, arXiv:1711.06089

α–1(MZ) = 128.946 ± 0.015 Keshavarzi et al., PRD 97 (2018)

α–1(MZ) = 128.949 ± 0.010 Ferro-Hernández & JE, JHEP 03 (2018)

This value is converted from the M̅S ̅scheme and uses both e+e– 
annihilation and τ decay spectral functions 
Davier et al., EPJC 77 (2017)

PQCD for √s > 2 GeV (using m̅c & m̅b)

(anti)correlation with gµ – 2 at two (three) loop order and with sin2θW(0)

α(MZ)
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gµ – 2
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This work

550 600 650 700

(ahvpµ )udconn · 1010
50 52 54 56

(ahvpµ )s · 1010
10 11 12 13 14 15

(ahvpµ )c · 1010

FIG. 10: Compilation of lattice results for the connected contributions to ahvpµ from individual
charm, strange and light quarks (left to right). In the rightmost panel, the full results, includ-
ing (where available) the contributions from quark-disconnected diagrams and corrections due to
isospin-breaking, are compared to the phenomenological determination of Ref. [55], represented by
the red vertical band. Our result is compared to the calculations labelled FNAL-HPQCD-MILC19
[56–58], PACS19 [59], ETMC19 [54, 60, 61], RBC/UKQCD18 [39], BMW17 [38], as well as our
previous calculation in two-flavour QCD [20] (Mainz/CLS 17).

V. DISCUSSION AND COMPARISON

In this paper we have presented a calculation of the hadronic vacuum polarization con-
tribution to aµ based on gauge ensembles with Nf = 2+1 flavours of O(a) improved Wilson
quarks. Our final result is

ahvpµ = (720.0± 12.4stat ± 9.9syst) · 10�10, (33)

where the first error is statistical, and the second is an estimate of the total systematic
uncertainty, which also accounts for the fact that the corrections due to isospin breaking
have not been included. We thus find that the overall error of our determination is 2.2%. In
Fig. 10 we compare our results to those of several other recent lattice calculations [20, 38,
39, 54, 58, 59]. While our estimate is at the higher end of lattice results, we note that the
direct di↵erence with the result based on dispersion theory of Ref. [55] is 26.6± 16.0, which
amounts to ⇠ 1.7 standard deviations and may signal a slight tension.

There are several ways in which our result can be improved without relying on the obvious
strategy of adding more ensembles and increasing the overall statistics. First, we have seen
in section III B that the use of detailed spectroscopy information in the isovector channel
is a huge advantage, as it nearly halves the statistical uncertainty in the estimate for ahvp,lµ

on ensemble D200. This is the result of either constructing the vector correlator from the
energies and overlaps determined via the GEVP or of using this information in the improved
bounding method. Extending these calculations to more ensembles – in particular those with
physical and near-physical pion masses – will boost the statistical accuracy and reliability
significantly.

Second, we have pointed out that it is advantageous to split the correlator into isovector
and isoscalar components according to Eq. (4) rather than focussing on separating the

Mainz/CLS 19 (Nf  = 3)

(aµhvp)c = (14.6 ± 0.5theory ± 0.2mc ± 0.1αs)×10–10   (aµhvp)b = 0.3×10–10

Lattice gauge theory: A. Gérardin et al., arXiv:1904.03120

Luo & JE, PRL 87 (2001)PQCD:



sin2θW(0) and Δα(MZ)
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J
H
E
P
0
3
(
2
0
1
8
)
1
9
6

Energy range λ1 λ2 λ3 λ4

m̄t ≤ µ 9
20

289
80

14
55

9
20

MW ≤ µ < m̄t
21
44

625
176

6
11

3
22

m̄b ≤ µ < MW
21
44

15
22

51
440

3
22

mτ ≤ µ < m̄b
9
20

3
5

2
19

1
5

m̄c ≤ µ < mτ
9
20

2
5

7
80

1
5

m̄s ≤ µ < m̄c
1
2

1
2

5
36 0

m̄d ≤ µ < m̄s
9
20

2
5

13
110

1
20

m̄u ≤ µ < m̄d
3
8

1
4

3
40 0

mµ ≤ µ < m̄u
1
4 0 0 0

me ≤ µ < mµ
1
4 0 0 0

Table 2. Coefficients entering the higher order RGE for the weak mixing angle.

with nq the number of active quarks and N c
i = 3 the color factor for quarks. For leptons

one substitutes N c
i = 1 and α̂s = 0, while Ki = 1 for bosons.

We can relate the RGE of α̂ to that of sin2 θ̂W since both, the γZ mixing tensor

Π̂γZ and the photon vacuum polarization function Π̂γγ are pure vector-current correlators.

Including higher order corrections, the RGE for the Z boson vector coupling to fermion f ,

v̂f = Tf − 2Qf sin
2 θ̂W , where Tf is the third component of weak isospin of fermion f , is

then

µ2 dv̂f
dµ2

=
α̂Qf

24π

[
∑

i

Kiγiv̂iQi + 12σ

(
∑

q

Qq

)(
∑

q

v̂q

)]
. (2.4)

Eqs. (2.1) and (2.4) can be used [2] to obtain

ŝ2(µ) = ŝ2(µ0)
α̂(µ)

α̂(µ0)
+ λ1

[
1− α̂(µ)

α̂(µ0)

]
+

+
α̂(µ)

π

[
λ2

3
ln

µ2

µ2
0

+
3λ3

4
ln

α̂(µ)

α̂(µ0)
+ σ̃(µ0)− σ̃(µ)

]
, (2.5)

where the λi are known [2] constants given in table 2 and the explicit Ki dependence has

disappeared. The σ̃ terms,

σ̃(µ) =
λ4

33− 2nq

5

36

[
(11− 24ζ3)

α̂2
s(µ)

π2
+ b

α̂3
s(µ)

π3

]
, (2.6)

– 4 –

J
H
E
P
0
3
(
2
0
1
8
)
1
9
6

boson γi fermion γi

real scalar 1 chiral fermion 4

complex scalar 2 Majorana fermion 4

massless gauge boson −22 Dirac fermion 8

Table 1. RGE contributions of different particle types, where the minus sign is indicative for the
asymptotic freedom in non-Abelian gauge theories.

contains a brief discussion of various calculations of α(MZ)). Section 4 describes the

calculation of the singlet contribution to the weak mixing angle, with some details given in

appendix B. In section 5 the flavor separation (contributions of light and strange quarks)

is addressed and threshold masses are calculated. In section 6 theoretical uncertainties are

discussed in detail, and section 7 offers our final results and conclusions.

2 Renormalization group evolution

In an approximation in which all fermions are either massless and active or infinitely heavy

and decoupled, the RGE for the electromagnetic coupling in the MS scheme [24], α̂, can be

written in the form [2],

µ2 dα̂

dµ2
=

α̂2

π

⎡

⎣ 1

24

∑

i

KiγiQ
2
i + σ

(
∑

q

Qq

)2
⎤

⎦ , (2.1)

where the sum is over all active particles in the relevant energy range. The Qi are the

electric charges, while the γi are constants depending on the field type and shown in

table 1. The Ki and σ contain higher-order corrections and are given by [25],

Ki = N c
i

{
1 +

3

4
Q2

i
α̂

π
+

α̂s

π
+

α̂2
s

π2

[
125

48
− 11

72
nq

]

+
α̂3
s

π3

[
10487

1728
+

55

18
ζ3 − nq

(
707

864
+

55

54
ζ3

)
− 77

3888
n2
q

]

+
α̂4
s

4π4

[
2665349

41472
+

182335

864
ζ3 −

605

16
ζ4 −

31375

288
ζ5

−nq

(
11785

648
+

58625

864
ζ3 −

715

48
ζ4 −

13325

432
ζ5

)

−n2
q

(
4729

31104
− 3163

1296
ζ3 +

55

72
ζ4

)
+ n3

q

(
107

15552
+

1

108
ζ3

)]}
, (2.2)

and,

σ =
α̂3
s

π3

[
55

216
− 5

9
ζ3

]
+

α̂4
s

π4

[
11065

3456
− 34775

3456
ζ3 +

55

32
ζ4 +

3875

864
ζ5

− nq

(
275

1728
− 205

576
ζ3 +

5

48
ζ4 +

25

144
ζ5

)]
, (2.3)

– 3 –

coupled system of differential equations Ramsey-Musolf & JE, PRD 72 (2005)

Δα(MZ)had errors in sin2θW(0) = κ(0) sin2θW(MZ) add since  
MZ2 ∝ gZ2(MZ) v2 ∝ [α∕s2W c2W](MZ) GF–1



sin2θW(0): result
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source uncertainty in sin2θW(0)

∆α(3)(2 GeV) 1.2×10–5

flavor separation 1.0×10–5

isospin breaking 0.7×10–5

singlet contribution 0.3×10–5

PQCD 0.6×10–5

Total 1.8×10–5

➡ sin2θW(0) = 0.23861 ± 0.00005Z-pole ± 0.00002theory ± 0.00001αs               
Ferro-Hernández & JE, JHEP 03 (2018); Freitas & JE, PDG (2018)

errors from mc and mb negligible, because… 



derived from another set 
of dispersion integrals

input: electronic widths  
of J/ψ and ψ(2S) 

continuum contribution  
from self-consistency  
between sum rules

m̅c(m̅c) = 1272 ± 8 + 2616 [α̅s(MZ) – 0.1182] MeV 
Masjuan, Spiesberger & JE, EPJC 77 (2017)

m̅c(m̅c)
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Fit Results
Performed with package GAPP

(Global Analysis of Particle Properties)



Standard global fit
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MH 125.14 ± 0.15 GeV

MZ 91.1884 ± 0.0020 GeV

m̅b(m̅b) 4.180 ± 0.021 GeV

∆αhad(3)(2 GeV) (59.0 ± 0.5)×10–4

m̅t(m̅t) 163.28 ± 0.44 GeV 1.00 –0.13 –0.28

m̅c(m̅c) 1.275 ± 0.009 GeV –0.13 1.00 0.45

αS(MZ) 0.1187 ± 0.0016 –0.28 0.45 1.00

other correlations small                             Freitas & JE, PDG 2018



∆ρ0 = GF ∑i Ci∕(8√2π2) ∆mi2

where ∆mi2 ≥ (m1 – m2)2

despite appearance there is decoupling  
(see-saw type suppression of ∆mi2)

ρ0 = 1.00039 ± 0.00019 (2.0 σ)

(16 GeV)2 ≤ ∑i Ci∕3 ∆mi2 ≤ (48 GeV)2 @ 90% CL

Y = 0 Higgs triplet VEVs v3 strongly disfavored (ρ0 < 1)

consistent with |Y| = 1 Higgs triplets if v3 ~ 0.01 v2

ρ0 fit
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LHC & low-energy experiments approaching LEP precision in sin2θW

new players: 

coherent ν-scattering

ultra-high precision PVES

APV isotope ratios

at ultra-high precision not only theoretical uncertainties are relevant, 
but also their correlations (hard to estimate)

example: vacuum polarization uncertainties enter correlated in an 
increasing number of quantities

Conclusions and outlook
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Backups



mc
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α(MZ) and sin2θW(0): can use PQCD for 
heavy quark contribution if masses are 
known.

g–2: c quark contribution to muon g–2 
similar to γ×γ;  ± 70 MeV uncertainty in 
mc  induces an error of ± 1.6 × 10−10 
comparable to the projected errors for 
the FNAL and J-PARC experiments.

Yukawa coupling – mass relation (in 
single Higgs doublet SM): Δmb = ± 9 
MeV and Δmc = ± 8 MeV to match 
precision from HiggsBRs @ FCC-ee

QCD sum rule: mc = 1272 ± 8 MeV 
Masjuan, Spiesberger & JE, EPJC 77 (2017)  
(expect about twice the error for mb)



mt measurements
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central 
value

statistical 
error

systematic 
error

total 
errorTevatron 174.30 0.35 0.54 0.64

ATLAS 172.51 0.27 0.42 0.50
CMS 172.43 0.13 0.46 0.48

CMS Run 2 172.25 0.08 0.62 0.63
grand average 172.74 0.11 0.31 0.33

mt = 172.74 ± 0.25uncorr. ± 0.21corr. ± 0.32QCD GeV = 172.74 ± 0.46 GeV

somewhat larger shifts and smaller errors conceivable in the future                                   
Butenschoen et al., PRL 117 (2016); Andreassen & Schwartz, JHEP 10 (2017)                                

2.8 σ discrepancy between lepton + jet channels from DØ and CMS Run 2 

indirectly from EW fit: mt = 176.4 ± 1.8 GeV (2 σ) Freitas & JE (PDG 2018)

JE, EPJC 75 (2015)



only experimental input: electronic widths of J/ψ and ψ(2S) 

continuum contribution from                                                
self-consistency between sum rules

include ℳ0 →  
stronger (milder) sensitivity  
to continuum (mc)

quark-hadron duality needed 
only in finite region (not locally)

m̅c(m̅c) = 1272 ± 8 + 2616 [α̅s(MZ) – 0.1182] MeV 
Masjuan, Spiesberger & JE, EPJC 77 (2017)

Features of our approach
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use of result for α(2 GeV) also needs isolation of strange contribution ∆sα

left column assignment assumes OZI rule

expect right column to originate mostly from strange current (ms > mu,d)

quantify expectation using averaged ∆s(gμ–2) from lattices as Bayesian prior 
RBC/UKQCD, JHEP 04 (2016); HPQCD, PRD 89 (2014)

∆sα(1.8 GeV) = (7.09 ± 0.32)×10–4 (threshold mass m̅s = 342 MeV ≈ m̅sdisc)

sin2θW(0): flavor separation
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strange quark external current ambiguous external current

Φ KK̅ (non – Φ)

KK̅π [almost saturated by Φ(1680)] KK̅2π,   KK̅3π

ηΦ KK̅η,   KK̅ω



use of result for α(2 GeV) needs singlet piece isolation ∆disc α(2 GeV)

then ∆disc s2̅ = (s2̅ ± 1∕20) ∆disc α(2 GeV) = (– 6 ± 3)×10–6

step function ⇒ singlet threshold mass m̅sdisc ≈ 350 MeV

sin2θW(0): singlet separation
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Figure 1. Examples of a connected (top) and a disconnected (bottom) Feynman diagram.

and bottom quark vector-current correlators amount to about 9 × 10−6 and −9 × 10−6,

respectively. Taking these as conservative bounds on the unknown higher-order terms and

combining them in quadrature results in an estimated truncation error of ±1.3×10−5 in α̂.

The matching conditions of ŝ2 and α̂ can also be related [2],

sin2 θ̂W (m̂f )
− =

α̂(m̂f )−

α̂(m̂f )+
sin2 θ̂W (m̂f )

+ +
QiTi

2Q2
i

[
1−

α̂(m̂f )−

α̂(m̂f )+

]
. (2.9)

Applying the numerical analysis of the previous paragraph to eq. (2.9), we find 2.4× 10−6

and −1.4× 10−6, respectively, and we estimate a truncation error related to the matching

of about ±3× 10−6 in ŝ2.

For completeness we recall that integrating out the W± bosons induces the one-loop

matching condition [2, 28],
1

α̂+
=

1

α̂− +
1

6π
. (2.10)

For ŝ2 this implies

sin2 θ̂W (MW )+ = 1− α̂(MW )+

α̂(MW )−
cos2 θ̂W (MW )−. (2.11)

3 Implementation of experimental input

The perturbative treatment of the previous section cannot be applied at hadronic energy

scales and experimental input is required. This is usually taken from R(s), i.e., the cross

section σ(e+e− → hadrons) normalized to σ(e+e− → µ+µ−). Additional information on

R(s) is encoded in hadronic τ decay spectral functions [32]. The traditional method to
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The matching conditions of ŝ2 and α̂ can also be related [2],
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Applying the numerical analysis of the previous paragraph to eq. (2.9), we find 2.4× 10−6

and −1.4× 10−6, respectively, and we estimate a truncation error related to the matching
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For completeness we recall that integrating out the W± bosons induces the one-loop
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For ŝ2 this implies
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3 Implementation of experimental input

The perturbative treatment of the previous section cannot be applied at hadronic energy

scales and experimental input is required. This is usually taken from R(s), i.e., the cross

section σ(e+e− → hadrons) normalized to σ(e+e− → µ+µ−). Additional information on

R(s) is encoded in hadronic τ decay spectral functions [32]. The traditional method to

– 6 –

J
H
E
P
0
3
(
2
0
1
8
)
1
9
6

Figure 2. Scale dependence of the singlet contribution to ∆α (solid line) and its step function
approximation (dashed line).

in the perturbative regime. Also shown in figure 2 is the step function approximation of

∆discα(q), with the step defined as the value of q where it reaches half of its asymptotic

value in eq. (4.10). We interpret this as the value where the strange quark decouples from

singlet diagrams, so that m̄disc
s ∼ 350MeV. Our central value of m̄s to be derived in the next

section, m̄s = 342MeV, is numerically very close to this providing evidence for m̄disc
s ≈ m̄s.

Eq. (4.9) and eq. (4.10) refer to quantities in the MS and on-shell schemes, respectively,

and in general these may differ. However, since we are working here in the three quark

theory and the sum of the charges of three light quarks vanishes, the change of schemes is

trivial. We can therefore use eq. (4.10) in eq. (4.9) and obtain,

∆discŝ
2 = (−0.6± 0.3)× 10−5, (4.11)

where the uncertainty combines the errors from eq. (4.9) and the one induced by the lattice

calculation [23].

5 Flavor separation

In this section we perform a flavor separation of the contributions of up-type from down-

type quarks, or — given that up and down quarks are linked by the approximate strong

isospin symmetry — a separation of s from u and d quarks. Our strategy consists of

first using exclusively the experimental electro-production data as tabulated in ref. [16] to

constrain the contribution ∆sα of the strange quark to ∆α. We then exploit the lattice

gauge theory results in refs. [18, 19] to confirm and refine the purely data driven analysis.

Then we introduce the threshold mass m̄q of a quark q as the value of the ’t Hooft scale

where the QCD contribution to the corresponding decoupling relation becomes trivial. m̄c

and m̄b are treated in perturbation theory, while for u, d, and s quarks we derive bounds

using phenomenological and theoretical constraints.
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Ferro-Hernández & JE, JHEP 03 (2018)
adapted from lattice gμ–2 calculation

RBC/UKQCD, PRL 116 (2016)



S parameter rules out QCD-like technicolor models

S also constrains extra degenerate fermion families:

➡ NF = 2.75 ± 0.14 (assuming T = U = 0)

compare with Nν = 2.991 ± 0.007 from ΓZ

S fit

�38



STU fit

�39

S 0.02 ± 0.10 1.00 0.92 –0.66

T 0.07 ± 0.12 0.92 1.00 –0.86

U 0.00 ± 0.09 –0.66 –0.86 1.00

sin2θW(MZ) 0.23113 ± 0.00014

αS(MZ) 0.1189 ± 0.0016

MKK ≳ 3.2 TeV in warped extra dimension models 

MV ≳ 4 TeV in minimal composite Higgs models Freitas & JE (PDG 2018)


