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After a huge experimental and theoretical effort, we have finally detected GWs

From September 2015, five (maybe six) coalescences BH-BH and one NS-NS 
have been observed by the LIGO & Virgo interferometers (see Gemme’s talk)

opening a new window to the Universe:
for the first time, we can observe the strong-field, large-curvature regime of gravity

In this regime, new fundamental physics questions can be addressed, such as:

   How does gravity behave in the strong-field regime?

In this talk I will focus on these questions, discussing
 why they are important and how GWs can help us addressing them.

   How does matter behave at supranuclear densities?

GWs can also help addressing other, equally important, questions
about astrophysical processes and phenomena,

which will not be discussed here (see Brocato’s talk)
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 1)  How does gravity behave in the strong-field regime?

Gravity, the weakest of fundamental interactions, has been observed for centuries,
in which General Relativity (GR) has passed several tests with flying colors:

Started when GR was first formulated, one century ago (perihelion precession, light deflection, 
gravitational redshift), solar system tests became more and more accurate, up to the measurement 
of Shapiro delay from Cassini spacecraft in 2002 with an accuracy ~105

..............................................................
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According to general relativity, photons are deflected and delayed
by the curvature of space-time produced by any mass1–3. The
bending and delay are proportional to g 1 1, where the par-
ameter g is unity in general relativity but zero in the newtonian
model of gravity. The quantity g 2 1 measures the degree to
which gravity is not a purely geometric effect and is affected by
other fields; such fields may have strongly influenced the early
Universe, but would have now weakened so as to produce tiny—
but still detectable—effects. Several experiments have confirmed
to an accuracy of,0.1% the predictions for the deflection4,5 and
delay6 of photons produced by the Sun. Here we report a
measurement of the frequency shift of radio photons to and
from the Cassini spacecraft as they passed near the Sun. Our
result, g 5 1 1 (2.1 6 2.3) 3 1025, agrees with the predictions
of standard general relativity with a sensitivity that approaches
the level at which, theoretically, deviations are expected in some
cosmological models7,8.
Testing theories of gravity in the Solar System and with binary

pulsars has been pursued for a long time1,2, yet general relativity has
survived whereas most of its alternatives have been disproved. In
particular, the other main test—the anomalous advance of the
pericentre of an orbiting body, such as Mercury around the Sun—
has been found in agreement with Einstein’s prediction, with a
similar accuracy ,0.1%. In the past 20 yr there has been no
appreciable improvement. With the Cassini mission, this barrier
has now been largely overcome as far as g is concerned, but no
violations of general relativity have been detected.
The increase Dt produced by the gravitational field of the Sun

(withmassMS and radiusRS) in the time taken for light to travel the

round trip between the ground antenna and the spacecraft, at
distances r1 and r2 respectively from the Sun, is1:

Dt ¼ 2ð1þ gÞGMS

c3
ln

4r1r2
b2

! "
ð1Þ

where G is the gravitational constant, b (,, r1, r2) the impact
parameter and c the velocity of light. The motion of the spacecraft
and Earth produces a change in b and Dt, equivalent to a change in
distance, and hence a change in relative radial velocity. The
corresponding fractional frequency (y gr ¼ Dn/n) shift for a two-
way radio signal is9:

ygr ¼
dDt

dt
¼22ð1þ gÞGMS

c3b

db
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b
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For a spacecraft much farther away from the Sun than the Earth,
db/dt is not very different from the Earth’s velocity vE ¼ 30 km s21.
In the Cassini solar conjunction the peak value of ygr is 6 £ 10210.
The Cassini experiment, exploiting the new observable ygr (refs 9,
10), was carried out between 6 June to 7 July 2002, when the
spacecraft was on its way to Saturn, around the time of a solar
conjunction (Fig. 1). The gravitational signal and the tracking
passes that provided useful data are shown in Fig. 2.

The main reason why the Doppler method has not been applied
before is the overwhelming noise contribution due to the solar
corona. The Cassini mission has overcome this hindrance with: (1)
high-frequency carrier waves in the Ka-band, in addition to the
X-band for standard operation; and (2) a multi-frequency link in
which three different phases are measured at the ground station11,12.
Two carriers at 7,175MHz (X-band) and 34,316MHz (Ka-band)
are transmitted from the ground; whereas, in addition to the
downlink carriers at 8,425MHz and 32,028MHz locked on board
to the X and the Ka signals respectively, a nearby Ka-band downlink
carrier coherent with the X-band uplink is also transmitted back.
This novel radio configuration uses dedicated and advanced instru-
mentation, both on board the spacecraft and at the ground antenna,
and allows a full cancellation of the solar plasma noise (see
Supplementary Fig. S1 for details)13–15. The resulting measurement
errors are four orders of magnitude smaller than the relativistic
signal in equation (2).

The new ground station DSS25 at the NASADeep Space Network
complex in Goldstone, California, has performed admirably, par-

Figure 1 Geometry of the 2002 Cassini solar conjunction. The graph shows Cassini’s
motion in the sky relative to the Sun, as a function of days from the 2002 solar

conjunction; coordinates are in solar radii. The conjunction—at which the spacecraft (at a

geocentric distance of 8.43 AU), the Sun and the Earth were almost aligned, in this order—
occurred on 21 June 2002, with a minimum impact parameter b min ¼ 1.6 R S, and no

occultation.

Figure 2 The gravitational signal. The two-way relativistic frequency shift y gr due to the
Sun and the available 18 passages, each lasting about 8 h, is shown. Unfortunately, no

data could be acquired for three days just before conjunction owing to a failure of the

ground transmitter; moreover, the tracking data acquired near closest approach were

particularly noisy. A much larger plasma noise was detected in some passes after

conjunction, and it was fully removed by the multi-link technique. Remarkably, during this

time period, SOHO observations revealed large coronal mass ejections traversing the

radio beam.

letters to nature

NATURE | VOL 425 | 25 SEPTEMBER 2003 | www.nature.com/nature374 © 2003        Nature  Publishing Group

Bertotti et al., Nature ’03

  Solar system tests    
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• PSR 1913+16:   
inspiral, and decrease of orbital period, 
due to energy loss through GW emission
(first indirect proof of the existence of GWs)

Weisberg et al.,  ‘10

– 14 –

Fig. 2.— Orbital decay caused by the loss of energy by gravitational radiation. The parabola

depicts the expected shift of periastron time relative to an unchanging orbit, according to

general relativity. Data points represent our measurements, with error bars mostly too small

to see.

• PSR J1738+0333 (and J0348+0432):
NS-WD systems, best to constrain parameter 
space of scalar-tensor gravity

12 Freire, Wex, Esposito-Farèse, Verbiest et al.

The last contribution to Ṗ xs
b comes from a possible

contribution to the orbital change by a varying gravita-

tional constant (Ṗ Ġ
b in eq. (8)). In the worst case, ṖD

b

and Ṗ Ġ
b could both be large (in violation of GR) but just

happen to cancel each other in the PSR J1738+0333 sys-
tem because of different signs. To disentangle these effects
there are two methods. First, one can use the best cur-
rent limits from tests in the Solar System, notably Lunar
Laser Ranging (LLR), which yields Ġ/G = (−0.7 ± 3.8) ×
10−13 yr−1 (Hofmann, Müller & Biskupek 2010), and obtain
for PSR J1738+0333 a (conservative) upper limit of

Ṗ Ġ
b = −2

Ġ
G
Pb = (+0.14± 0.74) fs s−1, (13)

(Damour, Gibbons & Taylor 1988; Damour & Taylor 1991).

Therefore, ṖD
b = Ṗ xs

b − Ṗ Ġ
b = 1.9+3.8

−3.7 fs s
−1, which yields, for

a typical sensitivity sp = 0.15

κD = (−0.8± 1.6) × 10−4 , (14)

a limit that is a factor of eight more stringent than the limit
from PSR J1012+5307 (Lazaridis et al. 2009).

The second method, developed in Lazaridis et al.
(2009), combines two binary pulsar systems with different
orbital periods. The method is based on the fact that a wide
orbit is more sensitive to a change in the gravitational con-
stant but less affected by the emission of dipolar GWs, in
comparison to a more compact orbit. If we combine the Ṗ xs

b

of PSR J1738+0333 with that of a binary pulsar with a
longer orbital period we obtain a simultaneous test for κD

and Ġ.
When calculating Ṗ Ġ

b for a combined limit on κD and
Ġ based on two binary pulsars, we need to account for mass
variations in compact stars as a result of a changing gravita-
tional constant. Otherwise our limit on Ġ will be too tight
(Nordtvedt 1990). As a first approximation, that only ac-
counts for the influence of the local value of G, we can use
eq. (18) in Nordtvedt (1990):

Ṗ Ġ
b = −2

Ġ
G

!

1−
2q + 3
2q + 2

sp −
3q + 2
2q + 2

sc

"

Pb . (15)

As in eq. (12), the contribution from the sensitivity of
the white-dwarf companion, sc, can be neglected. For
PSR J1738+0333, the correction factor due to the sensitiv-
ities (i.e., the parenthesis on the right hand side of eq (15))
is about 0.85.

As in Lazaridis et al. (2009), we use the Ṗ xs
b of

PSR J0437−4715 (Deller et al. 2008; Verbiest et al. 2008)
to complement our Ṗ xs

b measurement (see eq. (7)).
PSR J0437−4715 has a slightly higher mass than
PSR J1738+0333, and we will account for this in the sensi-
tivity by having sp scale proportional to the mass, as sug-
gested by eq. (B.3) of Damour & Esposito-Farèse (1992).
The joint probability density function for Ġ/G and κD is
displayed in Fig. 6. At the origin of coordinates, GR is well
within the inner 68% contour and close to the peak of prob-
ability density, i.e., it is consistent with the experimental
results from these two binaries. Marginalizing this probabil-
ity distribution function, we obtain

Ġ/G = (−0.6± 1.6) × 10−12 yr−1

= (−0.009 ± 0.022)H0, (16)

κD = (−0.3± 2.0) × 10−4, (17)
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Figure 7. Solar-system and binary pulsar 1-σ constraints on the
matter-scalar coupling constants α0 and β0. Note that a log-
arithmic scale is used for the vertical axis |α0|, i.e., that GR
(α0 = β0 = 0) is sent at an infinite distance down this axis.
LLR stands for lunar laser ranging, Cassini for the measure-
ment of a Shapiro time-delay variation in the Solar System, and
SEP for tests of the strong equivalence principle using a set
of neutron star-white dwarf low-eccentricity binaries (see text).
The allowed region is shaded, and it includes general relativity.
PSR J1738+0333 is the most constraining binary pulsar, although
the Cassini bound is still better for a finite range of quadratic cou-
pling β0.

where H0 is Hubble’s constant (Riess et al. 2009) and
the uncertainties are 1-σ. The Ṗ xs

b measurement of
PSR J0437−4715 is mostly responsible for the limit on
Ġ/G, and it has therefore not improved since Lazaridis et al.
(2009). The Ṗ xs

b measurement of PSR J1738+0333 is mostly
responsible for the limit on κD, which has improved by a fac-
tor of ∼ 6 since Lazaridis et al. (2009). Although the limit
on Ġ/G derived from binary pulsar experiments is one order
of magnitude less restrictive than that derived from LLR, it
is of interest because it represents an independent test.

The analysis presented in this section is restricted to
gravity theories that do not develop nonperturbative strong-
field effects in neutron stars. This assumption is well justi-
fied for PSR J1738+0333, since such effects do not seem to
exist in other binary pulsars with similar masses, or even
with a higher mass like in the case of PSR J1012+5307
(Lazaridis et al. 2009). Even when non-perturbative effects
do develop, we will show below that the higher-order correc-
tions entering eq. (12) do not change the conclusions quali-
tatively.

c⃝ 0000 RAS, MNRAS 000, 000–000

Freire et al.,  ‘12

• PSR J0737-3039 (discovered here in Cagliari by 
Burgay, Possenti, D’Amico et al.):
double pulsar, “the most relativistic” system,
provides strong tests of GR

Kramer et al.,  ‘06

Fig. 1
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  Binary pulsar tests  

 1)  How does gravity behave in the strong-field regime?

Gravity, the weakest of fundamental interactions, has been observed for centuries,
in which General Relativity (GR) has passed several tests with flying colors:

  Solar system tests    



Credits: Pani, ‘15

There is no fundamental reason to believe that gravity behaves in the same way in strong-field regime!
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  Binary pulsar tests  

 1)  How does gravity behave in the strong-field regime?

Gravity, the weakest of fundamental interactions, has been observed for centuries,
in which General Relativity (GR) has passed several tests with flying colors:

  Solar system tests    

Problem: these tests mostly probed the weak-field, small-curvature regime of gravity!  

Theoretical issues  (unification with the quantum world, singularities and other weird features of GR)

Observational issues (dark matter & energy)
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 1)  How does gravity behave in the strong-field regime?

The strength of gravity can be parametrized 
either by gravitational potential ε=GM/r or by 

spacetime curvature 𝜉=GM/r3

GWs are the perfect probe of the 
strong-field, large-curvature regime of gravity:

• only generated in strong-field processes
• sensitive to generation and propagation, 

        which give complementary information
• do not interact when travelling

‘15

3G

/Virgo
EXTP
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 1)  How does gravity behave in the strong-field regime?

One can follow either a bottom-up or a top-down approach.

PPN (parametrized post-Newtonian) expansion  (Eddington ’22; Nordtvedt ’68; Will ’71) 

     PN expansion of the spacetime metric of e.g. 2-body system is extended including free parameters.
    e.g.:  ds2 = �

✓
1� 2

M

r
+ 2�

M2

r2
+ . . .

◆
dt2 +

✓
1 + 2�

M

r
+ . . .

◆
(dr2 + r2d✓2 + r2 sin2 ✓d�2)

In GR β=0, 𝛾=1.  Appropriate framework for solar system tests

PPK (parametrized post-Keplerian) expansion (Damour & Taylor ’92 )
    motion of compact binary characterized by Keplerian and post-Keplerian    
    parameters.  Appropriate framework for binary pulsar tests:

Kramer et al.,  ‘06

The Confrontation between General Relativity and Experiment 69

ability to maintain and transfer atomic time accurately using GPS, the observers can keep track of
pulse time-of-arrival with an accuracy of 13 µs, despite extended gaps between observing sessions
(including a several-year gap in the middle 1990s for an upgrade of the Arecibo radio telescope).
The pulsar has experienced only one small “glitch” in its pulse period, in May 2003.

Three factors made this system an arena where relativistic celestial mechanics must be used:
the relatively large size of relativistic e↵ects [vorbit ⇡ (m/r)1/2 ⇡ 10�3], a factor of 10 larger than
the corresponding values for solar-system orbits; the short orbital period, allowing secular e↵ects
to build up rapidly; and the cleanliness of the system, allowing accurate determinations of small
e↵ects. Because the orbital separation is large compared to the neutron stars’ compact size, tidal
e↵ects can be ignored. Just as Newtonian gravity is used as a tool for measuring astrophysi-
cal parameters of ordinary binary systems, so GR is used as a tool for measuring astrophysical
parameters in the binary pulsar.

The observational parameters that are obtained from a least-squares solution of the arrival-time
data fall into three groups:

1. non-orbital parameters, such as the pulsar period and its rate of change (defined at a given
epoch), and the position of the pulsar on the sky;

2. five “Keplerian” parameters, most closely related to those appropriate for standard Newto-
nian binary systems, such as the eccentricity e, the orbital period Pb, and the semi-major
axis of the pulsar projected along the line of sight, ap sin i; and

3. five “post-Keplerian” parameters.

The five post-Keplerian parameters are: h!̇i, the average rate of periastron advance; �0, the am-
plitude of delays in arrival of pulses caused by the varying e↵ects of the gravitational redshift and
time dilation as the pulsar moves in its elliptical orbit at varying distances from the companion
and with varying speeds; Ṗb, the rate of change of orbital period, caused predominantly by grav-
itational radiation damping; and r and s = sin i, respectively the “range” and “shape” of the
Shapiro time delay of the pulsar signal as it propagates through the curved spacetime region near
the companion, where i is the angle of inclination of the orbit relative to the plane of the sky. An
additional 14 relativistic parameters are measurable in principle [119].

In GR, the five post-Keplerian parameters can be related to the masses of the two bodies and
to measured Keplerian parameters by the equations (TEGP 12.1, 14.6 (a) [420])

h!̇i = 6⇡fb(2⇡mfb)2/3(1� e2)�1,

�0 = e(2⇡fb)
�1(2⇡mfb)

2/3m2

m

⇣

1 +
m2

m

⌘

,

Ṗb = �192⇡

5
(2⇡Mfb)

5/3F (e),

r = m2,

s = sin i,

(108)

where m1 and m2 denote the pulsar and companion masses, respectively. The formula for h!̇i
ignores possible non-relativistic contributions to the periastron shift, such as tidally or rotationally
induced e↵ects caused by the companion (for discussion of these e↵ects, see TEGP 12.1 (c) [420]).
The formula for Ṗb includes only quadrupole gravitational radiation; it ignores other sources of
energy loss, such as tidal dissipation (TEGP 12.1 (f) [420]). Notice that, by virtue of Kepler’s third
law, (2⇡fb)2 = m/a3, (2⇡mfb)2/3 = m/a ⇠ ✏, thus the first two post-Keplerian parameters can
be seen as O(✏), or 1PN corrections to the underlying variable, while the third is an O(✏5/2), or
2.5PN correction. The current observed values for the Keplerian and post-Keplerian parameters
are shown in Table 7. The parameters r and s are not separately measurable with interesting

Living Reviews in Relativity

http://www.livingreviews.org/lrr-2014-4

Fig. 1
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perhielion precession:
time dilation:

period decrease (inspiralling): 
Shapiro delay:

Bottom-up approach: 

• choose the phenomenology to be studied, and the quantities most appropriate to describe it

• devise a parametrization of these quantities 

• typically, each parameter is associated to the violation/modification of some GR property

• compute observables in terms of the parameters

• perform observations/experiments, setting bounds to the parameters

Testing GR with GWs & with astrophysical observations      (e.g. Berti et al. CQG ’15, arXiv:1501.7274 )
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 1)  How does gravity behave in the strong-field regime?

One can follow either a bottom-up or a top-down approach.

PPE (parametrized post-Einstenian) expansion ( Yunes & Pretorius ‘09 )
    GW compact binary waveform  is directly parametrized: 

h(f) = A

GR

(f)(1 + ↵x

a)ei GR(f)+i�xb

PPF (parametrized post-Friedmannian) expansion ( Hu & Sawitcki ‘07 )
    cosmological quantities & equations are parametrized

ppE paramters: 
      α,β (=0 inGR): amplitude of modification;   

      a,b: PN order     x=(2𝜋Mf)2/3

mapping:   (α,β,a,b) <=> specific theories

15
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FIG. 4. (Color online) 90%-confidence constraints on the ppE
parameter |�| at nth PN order. The green crosses represent
the bounds reported in [5, 19] through a Bayesian analysis
of event GW150914, mapped to constraints on �. The red
(magenta) dots and line represent bounds from GW150914
(GW151226) estimated with a Fisher analysis, using the IM-
RPhenom waveform (without spin precession) and a fit to the
aLIGO spectral noise density. The constraints obtained with
a Fisher analysis agree very well with the Bayesian constraint
reported in [5, 19]. The blue dotted line shows projected
constraints predicted in 2011 by [142] for a system similar
to GW151226. The dashed black line is a rough estimate
on the constraints that the double binary pulsar PSR J0737-
3039 [127–129] can place on the ppE � parameter [188], while
the cyan star refers to the bound on � at 1PN from the per-
ihelion precession of Mercury [150]. Binary pulsar observa-
tions can constrain negative PN order deviations better than
aLIGO, while aLIGO does better than binary pulsar obser-
vations at higher PN order, as first calculated in [188]. How-
ever, note also that binary pulsar and Solar System bounds
cannot be directly compared to GW ones as the binary pul-
sar (Solar System) one corresponds to the extreme case of no
conservative (no dissipative) corrections. Moreover, stronger
constraints on � for these latter tests do not necessarily mean
stronger constraints on modifications to GR for BH merg-
ers, as � depends not only on theoretical coupling parameters
but also on system parameters, and in certain theories (like
EdGB gravity), non-GR corrections are suppressed in stars
compared to BHs.

Figure 4 shows that GW151226 places stronger con-
straints on � than GW150914 [2, 5] especially at neg-
ative PN orders. This is because GW151226 consists
of a BH binary with lower total mass than GW150914,
and thus, (i) the velocity of the binary constituents at a
fixed frequency (e.g. f ⇠ 50Hz) is smaller and (ii) the
observed frequency range is larger than for GW150914.
The first fact makes the negative-PN-order, ppE correc-
tion terms in the phase and the total number of GW
cycles in band larger than for GW150914. This, to-
gether with the second point above, make � less degen-
erate with other binary parameters, leading to stronger
constraints. Regarding corrections at high positive PN

orders, point (i) results in a deterioration of the con-
straints, while point (ii) strengthens them compared to
GW150914 [2, 5]. Taken together then these oppos-
ing e↵ects lead to similar bounds at positive PN or-
ders for GW150914 and GW151226. We also calculated
the bounds on � by combining those of GW150914 and
GW151226 using Eq. (4.12d) in [76] and found that such
a combined bound is almost indistinguishable from that
of GW151226 alone (the improvement reaches at most
⇠ 30% at n ⇠ 0PN). This finding is consistent with a
similar analysis performed by the LVC [5].
Our analysis and the study of the LVC in [5, 19] di↵er

in many ways, and yet, the two yield similar constraints
on �. The main di↵erences between these studies are
that the former (latter) uses

(i) a Fisher (Bayesian) analysis,

(ii) non-precessing (precessing) waveform templates,

(iii) a fit for the noise curve (the real data),

(iv) a simulated waveform injection compatible with the
real signal (the real signal), and

(v) includes only statistical (both statistical and sys-
tematic) errors.

Probably, di↵erences (i)–(iii) do not have a large impact
on the � constraints for the following reasons. The dif-
ference in statistical errors between Fisher and Bayesian
studies scales as O(1/SNR2) [185, 196], which is only
⇠ O(0.2%) (O(0.6%)) given the SNR of GW150914
(GW151226). Precession for both events was too small
to be measurable by the LVC [2, 4, 5, 136]. The real noise
spectral density contains many spikes, but these are very
thin, and thus, for the same SNR, they a↵ect constraints
on � by only a few percent (see Appendix C)16. We do
not include any specific noise realization in our Fisher
analysis, since (i) such a noise realization only shifts the
posterior distribution without a↵ecting its spread [137],
and (ii) the uncertainties in parameters averaged over
di↵erent noise realizations are the same as those with
zero noise injection [198]. On the other hand, di↵erences
(iv) and (v) are probably more important. For exam-
ple, in our Fisher analysis we set the spin magnitudes
of the injection to zero, but the posteriors found by the
LVC [4] are quite wide, and a di↵erent choice of spin mag-
nitude can a↵ect our Fisher estimates by a factor of ⇠ 2.
Even using the Bayesian analysis of [4], the mapping be-
tween ��i and � [see Eqs. (10) and (11)] depends on the
posterior distribution of other parameters, and di↵erent
choices can also a↵ect constraints on � at high PN or-
der by a factor of ⇠ 2. As another example, consider
the systematic errors on the GW150914 measurement of
��i (or �) reported in [5, 19], i.e. the distance from the
peak of the posterior to zero; these systematic errors are

16 See the related work by [197], which shows that the e↵ect of non-
Gaussianity in the noise on parameter estimation is negligible.

(Yunes et al., PRD ‘16)

Testing GR with GWs & with astrophysical observations      (e.g. Berti et al. CQG ’15 arXiv:1501.7274 )

Bottom-up approach: 

• choose the phenomenology to be studied, and the quantities most appropriate to describe it

• devise a parametrization of these quantities 

• typically, each parameter is associated to the violation/modification of some GR property

• compute observables in terms of the parameters

• perform observations/experiments, setting bounds to the parameters



Giornata Informativa sul progetto Einstein Telescope        Università di Cagliari & INFN       18/6/2018

Testing General Relativity 15

Higher dimensionsHigher dimensions

Lovelock
theorem

Lovelock
theorem

WEP violationsWEP violations

Diff-invar. violationsDiff-invar. violationsExtra fieldsExtra fields

Nondynamical fieldsNondynamical fields Lorentz-violationsLorentz-violations

Einstein-Aether
Horava-Lifshitz

n-DBI

Palatini f(R)
Eddington-Born-Infeld

dRGT theory
Massive bimetric 

gravity

Scalars

Scalar-tensor, Metric f(R)
Horndeski, galileons

Quadratic gravity, n-DBI

Vectors

Einstein-Aether
Horava-Lifshitz

Tensors

TeVeS
Bimetric gravity

Dynamical fields
(SEP violations)

Dynamical fields
(SEP violations) Massive gravityMassive gravity

Figure 2.1. This diagram illustrates how Lovelock’s theorem serves as a guide to classify modified
theories of gravity. Each yellow box represents a class of modified theories of gravity that arises from
violating one of the assumptions underlying the theorem. A theory can, in general, belong to multiple
classes. See Table 1 for a more precise classification.

2. Extensions of general relativity: motivation and overview

2.1. A compass to navigate the modified-gravity atlas

There are countless inequivalent ways to modify GR, many of them leading to theories
that can be designed to agree with current observations. Cosmological observations
and fundamental physics considerations suggest that GR must be modified at very
low and/or very high energies. Experimental searches for beyond-GR physics are a
particularly active and well motivated area of research, so it is natural to look for a
guiding principle: if we were to find experimental hints of modifications of GR, which
of the assumptions underlying Einstein’s theory should be abandoned?

Such a guiding principle can be found by examining the building blocks of
Einstein’s theory. Lovelock’s theorem [191, 192] (the generalization of a theorem due
to Cartan [193]) is particularly useful in this context. In simple terms, the theorem
states that GR emerges as the unique theory of gravity under specific assumptions.
More precisely, it can be articulated as follows:

In four spacetime dimensions the only divergence-free symmetric rank-2
tensor constructed solely from the metric gµ⌫ and its derivatives up to second
differential order, and preserving diffeomorphism invariance, is the Einstein

Berti et al., 2015

There are several ways to modify GR…   

Top-down approach: 
• consider GR modifications, possibly inspired by fundamental physics considerations

• work out observational consequences of these modifications 
        (they typically depend on parameters describing the amplitude of the modification)

• compare with observations, setting bounds on the parameters

Remarks:
- in most cases we are looking to tiny modifications (parameters small due to existing data)
- often difficult to disentangle from poorly known “standard” physics effects (BHs better than NSs)
- best (when possible)  would be to find new effects (smoking-guns),  

 1)  How does gravity behave in the strong-field regime?



(Abbot et al., Testing of GR with GW150914, PRL ’16)

Current tests (see Gemme’s talk):

space, the coefficients pi are evaluated for the local
physical parameters (masses, spins) and multiplied by
factors ð1þ δp̂iÞ. When using such waveforms as tem-
plates, the parameters that are allowed to vary freely are
then the ones that are also present in the GR waveforms
(masses, spins, sky position, orientation, distance, and a
reference time and phase), together with one or more of the
δp̂i’s; the pi’s themselves are calculated using their GR
expressions in terms of masses and spins. In this para-
metrization, GR is uniquely defined as the locus in the
parameter space where all of the testing parameters δp̂i are
zero. In summary, our battery of testing parameters consists
of (i) the early-inspiral stage: fδφ̂0; δφ̂1; δφ̂2; δφ̂3;
δφ̂4; δφ̂5l; δφ̂6; δφ̂6l; δφ̂7g, (ii) the intermediate regime:
fδβ̂2; δβ̂3g, and (iii) the merger-ringdown regime:
fδα̂2; δα̂3; δα̂4g. (Unlike Ref. [41], we explicitly include
the logarithmic terms δφ̂5l and δφ̂6l. We also include the
0.5 PN parameter δφ̂1; since φ1 is zero in GR, we define
δφ̂1 to be an absolute shift rather than a fractional
deformation.) We do not consider parameters that are
degenerate with either the reference time or the reference
phase. For our analysis, we explore two scenarios: a single-
parameter analysis in which only one of the testing

parameters is allowed to vary freely (in addition to masses,
spins, etc.), while the remaining ones are fixed to their GR
value, that is zero, and a multiple-parameter analysis in
which all of the parameters in one of the three sets
enumerated above are allowed to vary simultaneously.
The rationale behind our choices of single- and multiple-

parameter analyses comes from the following consider-
ations. In most known alternative theories of gravity
[13,14,88], the corrections to GR extend to all PN orders
even if, in most cases, they have been computed only at
leading PN order. Considering that GW150914 is an
inspiral-merger-ringdown signal sweeping through the
detector between 20 and 300 Hz, we expect to see signal
deviations from GR at all PN orders. The single-parameter
analysis corresponds to minimally extended models that
can capture deviations from GR that occur predominantly,
but not only, at a specific PN order. Nevertheless, should a
deviation be measurably present at multiple PN orders, we
expect the single-parameter analyses to also capture these.
In the multiple-parameter analysis, the correlations among
the parameters are very significant. In other words, a shift in
one of the testing parameters can always be compensated
for by a change of the opposite sign in another parameter
and still return the same overall GW phase. Thus, it is not
surprising that the multiple-parameter case provides a much
more conservative statement on the agreement between
GW150914 and GR. We defer to future studies the
identification of optimally determined directions in the
δp̂i space by performing a singular value decomposition
along the lines suggested in Ref. [89].
For each set of testing parameters, we perform a separate

LALINFERENCE analysis, where, in concert with the full set
of GR parameters [3], we also explore the posterior
distributions for the specified set of testing parameters.
Since our testing parameters are purely phenomenological
(except the parameters that govern the PN early-inspiral
stage), we choose their prior probability distributions to be
uniform and wide enough to encompass the full posterior
probability density function in the single-parameter case.
Specifically, we set δφ̂i ∈ ½−20; 20%; δβ̂i ∈ ½−3; 3%;
δα̂i ∈ ½−5; 5%. In all cases, we obtain estimates of the
physical parameters—e.g., masses and spins—that are in
agreement with those reported in Ref. [3].
In Fig. 6 we show the 90% upper bounds on deviations in

the (known) PNparameters, δφ̂iwith i ¼ 0;…; 7 (except for
i ¼ 5, which is degenerate with the reference phase), when
varying the testing parameters one at the time, keeping the
other parameters fixed to the GR value. As an illustration,
following Ref. [87], we also show in Fig. 6 the bounds
obtained from themeasured orbital-period derivative _Porb of
the double pulsar J0737-3039 [12]. Also, for the latter,
bounds are computed by allowing for possible violations of
GR at different powers of frequency, one at a time. Not
surprisingly, since in binary pulsars the orbital period
changes at essentially a constant rate, the corresponding

FIG. 6. 90% upper bounds on the fractional variations of the
known PN coefficients with respect to their GR values. The
orange squares are the 90% upper bounds obtained from
the single-parameter analysis of GW150914. As a comparison,
the blue triangles show the 90% upper bounds extrapolated
exclusively from the measured orbital-period derivative _Porb of
the double pulsar J0737-3039 [12,87], here, too, allowing for
possible GR violations at different powers of frequency, one at a
time. The GW phase deduced from an almost constant _Porb
cannot provide significant information as the PN order is
increased, so we show the bounds for the latter only up to
1PN order. We do not report on the deviation of the 2.5 PN
coefficient, which is unmeasurable because it is degenerate with
the reference phase. We also do not report on the deviations of the
logarithmic terms in the PN series at 2.5 PN and 3 PN order,
which can be found in Table I and in Fig. 7.
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Test of the PN coefficients:

comparing the signal with extended PN model of inspiral and late-inspiral, 
we set strict upper bounds on the PN coefficients modifications.
This is a test of several possible deviations.

- Inspiral and merger

Most of the information of GW150914, GW151226, GW170104, GW170608,
GW170814, GW170817 has been extracted from the inspiral and the merger 

propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]

M ¼ ðm1m2Þ3=5

ðm1 þm2Þ1=5
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where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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- Inspiral and merger

Current tests (see Gemme’s talk):

Test of the PN coefficients:

comparing the signal with extended PN model of inspiral and late-inspiral, 
we set strict upper bounds on the PN coefficients modifications.
This is a test of several possible deviations.
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FIG. 4. (Color online) 90%-confidence constraints on the ppE
parameter |�| at nth PN order. The green crosses represent
the bounds reported in [5, 19] through a Bayesian analysis
of event GW150914, mapped to constraints on �. The red
(magenta) dots and line represent bounds from GW150914
(GW151226) estimated with a Fisher analysis, using the IM-
RPhenom waveform (without spin precession) and a fit to the
aLIGO spectral noise density. The constraints obtained with
a Fisher analysis agree very well with the Bayesian constraint
reported in [5, 19]. The blue dotted line shows projected
constraints predicted in 2011 by [142] for a system similar
to GW151226. The dashed black line is a rough estimate
on the constraints that the double binary pulsar PSR J0737-
3039 [127–129] can place on the ppE � parameter [188], while
the cyan star refers to the bound on � at 1PN from the per-
ihelion precession of Mercury [150]. Binary pulsar observa-
tions can constrain negative PN order deviations better than
aLIGO, while aLIGO does better than binary pulsar obser-
vations at higher PN order, as first calculated in [188]. How-
ever, note also that binary pulsar and Solar System bounds
cannot be directly compared to GW ones as the binary pul-
sar (Solar System) one corresponds to the extreme case of no
conservative (no dissipative) corrections. Moreover, stronger
constraints on � for these latter tests do not necessarily mean
stronger constraints on modifications to GR for BH merg-
ers, as � depends not only on theoretical coupling parameters
but also on system parameters, and in certain theories (like
EdGB gravity), non-GR corrections are suppressed in stars
compared to BHs.

Figure 4 shows that GW151226 places stronger con-
straints on � than GW150914 [2, 5] especially at neg-
ative PN orders. This is because GW151226 consists
of a BH binary with lower total mass than GW150914,
and thus, (i) the velocity of the binary constituents at a
fixed frequency (e.g. f ⇠ 50Hz) is smaller and (ii) the
observed frequency range is larger than for GW150914.
The first fact makes the negative-PN-order, ppE correc-
tion terms in the phase and the total number of GW
cycles in band larger than for GW150914. This, to-
gether with the second point above, make � less degen-
erate with other binary parameters, leading to stronger
constraints. Regarding corrections at high positive PN

orders, point (i) results in a deterioration of the con-
straints, while point (ii) strengthens them compared to
GW150914 [2, 5]. Taken together then these oppos-
ing e↵ects lead to similar bounds at positive PN or-
ders for GW150914 and GW151226. We also calculated
the bounds on � by combining those of GW150914 and
GW151226 using Eq. (4.12d) in [76] and found that such
a combined bound is almost indistinguishable from that
of GW151226 alone (the improvement reaches at most
⇠ 30% at n ⇠ 0PN). This finding is consistent with a
similar analysis performed by the LVC [5].
Our analysis and the study of the LVC in [5, 19] di↵er

in many ways, and yet, the two yield similar constraints
on �. The main di↵erences between these studies are
that the former (latter) uses

(i) a Fisher (Bayesian) analysis,

(ii) non-precessing (precessing) waveform templates,

(iii) a fit for the noise curve (the real data),

(iv) a simulated waveform injection compatible with the
real signal (the real signal), and

(v) includes only statistical (both statistical and sys-
tematic) errors.

Probably, di↵erences (i)–(iii) do not have a large impact
on the � constraints for the following reasons. The dif-
ference in statistical errors between Fisher and Bayesian
studies scales as O(1/SNR2) [185, 196], which is only
⇠ O(0.2%) (O(0.6%)) given the SNR of GW150914
(GW151226). Precession for both events was too small
to be measurable by the LVC [2, 4, 5, 136]. The real noise
spectral density contains many spikes, but these are very
thin, and thus, for the same SNR, they a↵ect constraints
on � by only a few percent (see Appendix C)16. We do
not include any specific noise realization in our Fisher
analysis, since (i) such a noise realization only shifts the
posterior distribution without a↵ecting its spread [137],
and (ii) the uncertainties in parameters averaged over
di↵erent noise realizations are the same as those with
zero noise injection [198]. On the other hand, di↵erences
(iv) and (v) are probably more important. For exam-
ple, in our Fisher analysis we set the spin magnitudes
of the injection to zero, but the posteriors found by the
LVC [4] are quite wide, and a di↵erent choice of spin mag-
nitude can a↵ect our Fisher estimates by a factor of ⇠ 2.
Even using the Bayesian analysis of [4], the mapping be-
tween ��i and � [see Eqs. (10) and (11)] depends on the
posterior distribution of other parameters, and di↵erent
choices can also a↵ect constraints on � at high PN or-
der by a factor of ⇠ 2. As another example, consider
the systematic errors on the GW150914 measurement of
��i (or �) reported in [5, 19], i.e. the distance from the
peak of the posterior to zero; these systematic errors are

16 See the related work by [197], which shows that the e↵ect of non-
Gaussianity in the noise on parameter estimation is negligible.

(Yunes et al., PRD ‘16)

As mentioned, it has been extended through the ppE approach.

(Abbot et al., Testing GR with GW150914, PRL ’16)

Test of dispersion relation (and thus of graviton mass):

if mg≠0, E2 = p2c2 +m2
gc
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two hypotheses to be logBGR
scalar ¼ 1.3" 0.5when using the

PSD from the breathing mode analysis and logBGR
scalar ¼

−0.2" 0.5 when using the PSD from the GR analysis. In
both cases, the log Bayes factors do not significantly favor
one model over the other. The only notable difference is in
the reconstructed sky locations; the latter reflects the
different response of the detector network to the tensor
components compared to the purely scalar mode.
We reiterate that this test is only meant to illustrate the

difficulty in distinguishing between GR and non-GR
polarization states on the basis of GW150914 data alone.
Furthermore, the results are not in contradiction with the
comprehensive parameter estimation studies of GW150914
[3], which model only the transverse-traceless GR polar-
izations. Finally, we note that in the weakly dynamical
regime, binary pulsars [12] do provide evidence in favor of
GR, in that they would have a different decay rate if scalar
radiation were to dominate. To directly study the polari-
zation content of gravitational radiation from the strong-
field dynamics, a larger network including detectors with
different orientations, such as Advanced Virgo [102],
KAGRA [103], and LIGO-India [104], will be required,
at least in the context of unmodeled GW-signal
reconstruction.
Outlook.—The observation of GW150914 has given us

the opportunity to perform quantitative tests of the genu-
inely strong-field dynamics of GR. We investigated the
nature of GW150914 by performing a series of tests
devised to detect inconsistencies with the predictions of
GR. With the exception of the graviton Compton wave-
length and the test for the presence of a non-GR
polarization, we did not perform any studies aimed at

constraining parameters that might arise from specific
alternative theories [13,14,88], such as Einstein-æther
theory [105] and dynamical Chern-Simons theory [106],
or from compact-object binaries composed of exotic
objects such as boson stars [107] and gravastars [108].
Studies of this kind are not yet possible since we lack
predictions for what the inspiral-merger-ringdown GW
signal should look like in those cases. We hope that the
observation of GW150914 will boost the development of
such models in the near future.
In future work we will also attempt to measure more than

one damped sinusoid from the data after GW150914’s
peak, thus extracting the QNMs and inferring the final
black hole’s mass and spin. We will thus be able to test the
no-hair theorem [68,69] and the second law of black-hole
dynamics [72,73]. However, signals louder than
GW150914 might be needed to achieve these goals. GR
predicts the existence of only two transverse polarizations
for GWs. We plan to investigate whether an extended
detector network will allow the measurement of non-
transverse components [13] in further GW signals.
The constraints provided by GW150914 on deviations

from GR are unprecedented due to the nature of the source,
but they do not reach high precision for some types of
deviation, particularly those affecting the inspiral regime. A
much higher SNR and longer signals are necessary for
more stringent tests. However, it is not clear up to which
SNR our parametrized waveform models are still a faithful
representation of solutions of Einstein’s equations.
Furthermore, to extract specific physical effects we need
waveform models that are expressed in terms of relevant
parameters. We hope that others, encouraged by
GW150914, will make further efforts to develop reliable,
physically relevant, and computationally fast waveform
models. More stringent bounds can be obtained by com-
bining results from multiple GW observations
[60,85,86,99]. Given the rate of coalescence of binary
black holes as inferred in Ref. [109], we are looking
forward to the upcoming joint observing runs of LIGO
and Virgo.
The detection of GW150914 ushers in a new era in the

field of experimental tests of GR. The first result of this era
is that, within the limits set by our sensitivity, all of the tests
performed on GW150914 provided no evidence of dis-
agreement with the predictions of GR.
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FIG. 8. Cumulative posterior probability distribution for λg (the
black curve) and exclusion regions for the graviton Compton
wavelength λg from GW150914. The shaded areas show ex-
clusion regions from the double-pulsar observations (turquoise),
the static Solar System bound (orange), and the 90% (crimson)
region from GW150914.
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We get lg>1013km and then mg< 10-22eV/c2

Test of polarization: GW170814 detected by LIGO & Virgo, 
     purely tensor polarization favored wrt scalar/vector ones 
     (Abbot et al., PRL ‘17)

Most of the information of GW150914, GW151226, GW170104, GW170608,
GW170814, GW170817 has been extracted from the inspiral and the merger 

propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]

M ¼ ðm1m2Þ3=5
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where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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- Inspiral and merger

Most of the information of GW150914, GW151226, GW170104, GW170608,
GW170814, GW170817 has been extracted from the inspiral and the merger 

propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]
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where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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Bounds on more general deviations of radiated flux (due to extra dimensions, 
violations of Lorentz invariance, time-varying G due to extra fields, etc.)
Bounds on modification of GW propagation (graviton mass, dispersion relation, etc.)

Late inspiral and merger probe regime currently unconstrained by binary pulsars!

Bounds on violations of the strong equivalence principle

• Theoretical challenge: we need numerical relativity simulations  in modified gravity theories!

• Experimental challenge: we need much larger signal-to-noise ratio (3G detectors!)

Future tests: (e.g. Barausse et al., PRL ’16;  Yunes et al., PRD ’16):

Bounds on dipole emission, predicted by several GR modifications 
(can be activated in late inspiral, thus escaping binary pulsar bounds)

2

gravitating bodies or in regimes of weak gravitational
fields (like on Earth or in the solar system), modifica-
tions to the dynamics are excluded to high confidence
by particle-physics and gravitational experiments [20].
However, if the additional fields do not couple to mat-
ter at tree level, then their e↵ect on the motion will be
suppressed, i.e the “weak” equivalence principle – the
universality of free fall in weak-gravity regimes – will be
satisfied, and these experimental tests will be passed.

The motion of strongly-gravitating bodies, such as neu-
tron stars (NSs) and BHs, can more easily deviate from
the GR expectation in modified gravity theories. In-
deed, an e↵ective coupling between the extra fields and
matter, even if suppressed at tree level, typically re-
appears at higher perturbative orders. This is because
the extra fields generally couple non-minimally to the
metric, which in turn is coupled to matter via gravity.
Therefore, when gravity is strong, the non-minimal cou-
pling causes the emergence of (e↵ective) fifth forces and
energy-momentum exchanges between matter and the ex-
tra fields, thus leading to deviations from the universality
of free fall [21, 22]. These are referred to as violations of
the “strong” equivalence principle, or the “Nördtvedt ef-
fect” (especially when referring to accelerations).

A modification of the motion of strongly-gravitating
bodies will leave an imprint in the GWs these bodies
emit. In GR, GW emission is predominantly quadrupo-
lar, as monopole and dipole emission are forbidden by
the conservation of the matter stress-energy tensor. In
modified gravity, however, the matter stress-energy ten-
sor is generally not conserved due to the Nördtvedt ef-
fect, thus allowing monopole and dipole emission [20].
Dipole radiation, in particular, is the dominant e↵ect for
quasi-circular binary systems, although its actual pres-
ence and magnitude generally depend on the nature of
the binary components and the modified theory of grav-
ity in question. In addition to dipole radiation, conserva-
tive modifications to the dynamics (e.g. to the binary’s
binding energy/Hamiltonian) may also be present, but
they are typically subdominant as they enter at higher
post-Newtonian (PN) order1 [23–25].

Let us sketch how dipole radiation comes about by con-
sidering one of the simplest GR extensions. In “scalar-
tensor” (ST) theories of the Fierz, Jordan, Brans and
Dicke (FJBD) type [26–28], the gravitational interaction
is mediated by the usual spin-2 metric field and by a
gravitational scalar field. The latter has a standard ki-
netic term in the action (up to a field redefinition), is
minimally coupled to matter, and directly coupled to the

1 In the PN approximation, the field equations are solved pertur-
batively in the ratio (v/c), v being the binary relative velocity.
Terms suppressed by (v/c)2n relative to the leading order are
said to be of nPN order.

Ricci scalar. Because of the standard kinetic term, the
scalar obeys the Klein-Gordon equation, with a source
(due to the coupling to the Ricci scalar in the action)
that depends on the matter stress-energy. Therefore, the
scalar is not excited in globally vacuum spacetimes, and
can only be non-constant because of non-trivial boundary
or initial conditions (e.g. if the scalar field is not initially
uniform, in which case it undergoes a transient evolu-
tion before settling to a constant [29], or if cosmological
or non-asymptotically-flat boundary conditions are im-
posed [30, 31]). Therefore, BH spacetimes (isolated or
binary) generally do not excite a scalar field (i.e. are said
to have “no hair”) and do not emit dipole radiation in
these theories [32, 33].
Nevertheless, FJBD-like ST theories predict that

dipole emission should be present in binaries involving
at least one NS. This has been historically very impor-
tant, because binary pulsar observations constrain pos-
sible deviations of the orbital period decay away from
the GR prediction to high accuracy. For example, the
double binary pulsar PSR J0737-3039 [34, 35] constrains
� ⌘ |(Ṗ /P )

nonGR

� (Ṗ /P )
GR

|/(Ṗ /P )
GR

. 10�2 [36–
38], while the binary pulsar J1141-6545 [39] constrains
� . 6 ⇥ 10�4. These observations place very stringent
constraints on several gravitational theories, including
FJBD-like ST ones.
One can easily derive a precise bound on gravita-

tional dipole emission with binary pulsar observations by
parametrizing a dipole flux correction to the GW power
as

Ė
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GR
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where Ė
GR

is the GR GW flux (given at leading or-
der by the quadrupole formula), m and r

12

are the bi-
nary’s total mass and orbital separation, and B is a
theory-dependent parameter that regulates the strength
of the dipole term (e.g. in FJBD-like ST theories, B =
5(�↵)2/96, where�↵ is the di↵erence between the scalar
charges of the two bodies [33, 40]). Dipole emission is
enhanced (relative to quadrupolar emission) by a fac-
tor (Gm/r

12

c2)�1, i.e. it is a -1PN e↵ect that domi-
nates over the GR prediction at large separations (or low
frequencies). Since Ṗ /P = �(3/2)Ė

GW

/|E
b

|, E
b

being
the Newtonian binding energy of the binary, one obtains
� = |Ė

GW

/Ė
GR

� 1| = |B|(Gm/r
12

c2)�1 . 10�2. This
leads to the approximate bound |B| . 6⇥10�8 with PSR
0737-3039 [38] and |B| . 2⇥10�9 with PSR J1141–6545.
Similar bounds follow from other binary pulsar observa-
tions.

These bounds place stringent constraints on several
theories that predict dipole GW emission in the inspi-
ral of binaries involving at least one NS, e.g. numer-
ous FJBD-like ST theories (especially those that pre-
dict spontaneous scalarization for isolated NSs [40–43]),

(-1)-PN effect! relevant in early  inspiral    →

Giornata Informativa sul progetto Einstein Telescope        Università di Cagliari & INFN       18/6/2018

Testing General Relativity with Gravitational Waves

better with LISA, best with multi-band LISA-3G  analysis



- Ringdown:

propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]

M ¼ ðm1m2Þ3=5

ðm1 þm2Þ1=5
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where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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Caution: only late ringdown really containts the QNMs, 
at the beginning it is determined by background (see later)

signal emitted by the final BH, 
strongly excited from the violent merger process,
which rapidly settles down to a stationary configuration,
oscillating and emitting GW at its proper (damped) oscillation frequencies:
the quasi-normal modes of the BH.

4

[11] actually computed the discrete eigenfrequencies of these modes and clar-
ified their nature. Quoting Chandrasekhar from its book The Mathematical
Theory of Black Holes [12]:
“.. we may expect on general grounds that any initial perturbation will,
during its last stages, decay in a manner characteristic of the black hole
and independently of the original cause. In other words, we may expect that
during the very last stages, the black hole will emit gravitational waves with
frequencies and rates of damping, characteristic of itself, in the manner of
a bell sounding its last dying pure note. These considerations underlie the
formulation of the concept of the quasi-normal modes of a black hole.”

A Schwarzschild black hole is characterized by only one parameter, its
mass M ; consequently, the QNM frequencies depend only on M . In Table 1
we show the values of the complex characteristic frequencies of the first four
QNMs of a Schwarzschild black hole, respectively for ℓ = 2 and ℓ = 3.
In order to find the true pulsation frequency, ν, and the damping time, τ ,

Table 1 The lowest QNM frequencies of a Schwarzschild black hole for ℓ = 2
and ℓ = 3. They are the same both for the polar and for the axial perturbations,
i.e. the two potential barriers (2) and (3) are isospectral.

Mω0 + iMωi Mω0 + iMωi

ℓ = 2 0.3737+i0.0890 ℓ = 3 0.5994+i0.0927
0.3467+i0.2739 0.5826+i0.2813
0.3011+i0.4783 0.5517+i0.4791
0.2515+i0.7051 0.5120+i0.6903

from the values given in Table 1, we proceed as follows. Let us assume that
the black hole mass is M = nM⊙, (M⊙ = 1.48 · 105 cm); converting to
physical unities we find

ν =
c

2πn · M⊙(Mω0)
=

32.26

n
(Mω0) kHz, τ =

nM⊙

(Mωi)c
=

n · 0.4937 · 10−5

(Mωi)
s.

(6)
Using these expressions we can check whether a gravitational signal emitted
by an oscillating black hole falls within the bandwidth of the ground based
interferometers Virgo/LIGO or within that of the space based interferometer
LISA. Virgo/LIGO bandwidth extends over a range of frequencies which
goes from about 10-40 Hz, up to few kHz. Thus, these detectors will be able
to detect the signal emitted by an oscillating black hole (if it is sufficiently
strong) with mass ranging within

10 M⊙ ∼< M ∼< 103 M⊙,

corresponding to the frequency range ν ∈ [12 Hz, 1.2 kHz]; LISA will be
sensitive to the frequency region ν ∈ [10−4, 10−1] Hz, and will see oscillating
black holes with mass

1.2 · 105 M⊙ ∼< M ∼< 1.2 · 108 M⊙.

Current tests (see Gemme’s talk):

9

FIG. 4. Top panel: 90% credible regions in the joint posterior distri-
butions for the mass Mf and dimensionless spin af of the final com-
pact object as determined from the inspiral (dark violet, dashed) and
post-inspiral (violet, dot-dashed) signals, and from a full inspiral–
merger–ringdown analysis (black). Bottom panel: Posterior distri-
butions for the parameters �Mf /Mf and �af /af that describe the
fractional di↵erence in the estimates of the final mass and spin from
inspiral and post-inspiral signals. The contour shows the 90% con-
fidence region. The plus symbol indicates the expected GR value
(0, 0).

representation to have support between 20 and 132 Hz, and
⇠ 16 if we truncate it to have support between 132 and 1,024
Hz. Finally, we compare these two estimates of the final Mf
and dimensionless spin a f , and compare them also against
the estimate performed using full inspiral–merger–ringdown
waveforms. In all cases, we average the posteriors obtained
with the EOBNR and IMRPhenom waveform models, follow-
ing the procedure outlined in Ref. [3]. Technical details about
the implementation of this test can be found in Ref. [61].

This test is similar in spirit to the �2 GW search statis-
tic [2, 62], which divides the model waveform into frequency
bands and checks that the SNR accumulates as expected
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FIG. 5. 90% credible regions in the joint posterior distributions for
the damped-sinusoid parameters f0 and ⌧ (see main text), assuming
start times t0 = tM +1, 3, 5, 6.5 ms, where tM is the merger time of the
MAP waveform for GW150914. The black solid line shows the 90%
credible region for the frequency and decay time of the ` = 2, m = 2,
n = 0 (i.e., the least damped) QNM, as derived from the posterior
distributions of the remnant mass and spin parameters.

across those bands. Large matched-filter SNR values which
are accompanied by large �2 statistic are very likely due ei-
ther to noise glitches, or to a mismatch between the signal
and the model matched-filter waveform. Conversely, reduced-
�2 values near unity indicate that the data are consistent with
waveform plus the expected detector noise. Thus, large �2

values are a warning that some parts of the waveform are fit
much worse than others, and thus the candidates may be due
to instrument glitches that are very loud, but do not resem-
ble binary-inspiral signals. However, �2 tests are performed
by comparing the data with a single theoretical waveform,
while in this case we allow the inspiral and post-inspiral par-
tial waveforms to select di↵erent physical parameters. Thus,
this test should be sensitive to subtler deviations from the pre-
dictions of GR.

In Fig. 4 we summarize our findings. The top panel shows
the posterior distributions of Mf and a f estimated from the in-
spiral and post-inspiral signals, and from the entire inspiral–
merger–ringdown waveform. The plot confirms the expected
behavior: the inspiral and post-inspiral 90% confidence re-
gions (defined by the isoprobability contours that enclose 90%
of the posterior) have a significant region of overlap. As a
sanity check (which strictly speaking is not part of the test
of GR that is being performed) we also produced the 90%
confidence region computed with the full inspiral-merger-
ringdown waveform; it lies comfortably within this overlap.
We have verified that these conclusions are not a↵ected by the
specific formula [40, 60, 63] used to predict Mf and a f , nor
by the choice of f end insp

GW within ±50 Hz.
To assess the significance of our findings more quantita-

tively, we define parameters �Mf /Mf and �a f /a f that de-
scribe the fractional di↵erence between the two estimates of

GW150914 had SNR~25 in the entire signal
but only SNR~7 in the ringdown,

so only weak test has been possible:

- final M obtained from inspiral+merger, matching NR
- computed the corresponding QNM frequency (f~251Hz)
- consistency check between this value and the signal
   (they are indeed consistent with more than 90% confidence)

(Abbot et al., Testing GR with GW150914, PRL ’16)
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propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]

M ¼ ðm1m2Þ3=5
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where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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• sensible to strong-curvature corrections
• sensible to the most dynamical content of the theory
• carry the imprint of the underlying gravity theory

         (caution: only late ringdown contains actual QNMs)

We still know very few about BH QNMs in modified gravity theories.
It should be important to:
- derive QNMs of stationary BHs in different modified gravity theories
- find how to extract information from data
- possibly, find a parametrization of the mode shifts

QNMs are a great probe of strong gravity:

Problems for future tests: 

We do not expect do detect a strong enough ringdown signal soon 
- interesting proposal: stacking several detections
- better with 3G detector 

BH spectroscopy!
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In recent years QNM of static BHs have been determined in a large class of modified gravity theories

General pattern: (Cardoso & Gualtieri PRD ’09; Molina et al., PRD’10, 16,Salcedo et al., PRD. ’16):

• new classes of modes in the GW spectrum, due to coupling to extra fields

• a (small) shift in the modes predicted by GR

The new classes of modes is likely to be poorly excited in BH coalescences.

The shift in the “old” modes could be detectable, if SNR is large enough.

7

TABLE I. Numerical value of the coefficients Rj and Ij for the expansions in the small coupling limit, c.f. (27) for the axial QNMs. The
geodesic coefficients are computed from the exact analytical solution for small ⇣ limit, while the QNM frequencies coefficients are obtained
through a polynomial fit with the data.

j l = 2 l = 3 geod.

Rj

1 0 0 0
2 1.002⇥ 10�3 1.173⇥ 10�2 1.257⇥ 10�2

3 1.906⇥ 10�3 5.035⇥ 10�3 6.872⇥ 10�3

4 1.131⇥ 10�3 1.353⇥ 10�2 5.537⇥ 10�3

Ij

1 0 0 0
2 �5.174⇥ 10�3 �4.774⇥ 10�3 �5.267⇥ 10�3

3 5.766⇥ 10�3 7.590⇥ 10�4 �7.184⇥ 10�3

4 �7.091⇥ 10�3 �3.282⇥ 10�3 �7.822⇥ 10�3
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FIG. 2. Real (left) and imaginary (right) parts of the polar quasinormal modes for l = 2, for the gravitational- and scalar-led modes, as
functions of the coupling ⇣, normalized by the Schwarzschild-limit quantities. The insets show a close-up in order to see the comparison for
small values of ⇣.

TABLE II. Numerical value of the coefficients Rj and Ij for the polar
gravitational-led and scalar-led modes.

j polar, grav. l = 2 polar, scalar l = 2

Rj

1 0 �1.408⇥ 10�2

2 �3.135⇥ 10�2 1.127⇥ 10�1

3 �9.674⇥ 10�2 �1.462⇥ 10�1

4 2.375⇥ 10�1 5.334⇥ 10�1

Ij

1 0 5.580⇥ 10�2

2 4.371⇥ 10�2 �6.780⇥ 10�2

3 1.794⇥ 10�1 1.042⇥ 10�1

4 �2.947⇥ 10�1 �2.868⇥ 101

j polar, grav. l = 3 polar, scalar l = 3

Rj

1 0 �6.361⇥ 10�3

2 �9.911⇥ 10�2 1.442⇥ 10�1

3 �4.907⇥ 10�2 1.168⇥ 10�1

4 9.286⇥ 10�2 �1.803⇥ 10�1

Ij

1 0 2.906⇥ 10�3

2 7.710⇥ 10�2 �5.670⇥ 10�2

3 1.399⇥ 10�1 �1.445⇥ 10�1

4 �3.450⇥ 10�1 2.105⇥ 10�1

bations drastically changes the dynamics of the perturbations.
Likewise, there is no reason to expect that the behavior of
scalar-led perturbations is well captured by the geodesic cor-

respondence, at least for small values of l.
Due to the coupling between the dilaton and gravitational

perturbations, there are also nontrivial l = 0, 1 scalar-led
modes for EDGB BHs. These reduce to their respective scalar
modes in the Schwarzschild spacetime when ⇣ ! 0. The re-
sults at finite coupling follow the trend of higher multipoles.

D. Mode stability

From the above results, it is clear that the fundamental
QNMs of an EDGB BH change at most by a few percents
relative to the Schwarzschild case. As a consequence, these
modes are stable for any value of ⇣ in the domain of existence
of static EDGB BHs. We have investigated this issue also for
higher multipoles (l � 2) and our numerical search has found
no unstable modes in the entire parameter space. This strongly
indicates that static EDGB BHs are linearly mode stable, just
like Schwarzschild BHs.

IV. RADIAL PLUNGE

In this section, by using the procedures depicted in
Sec. II D, we discuss the gravitational and dilaton radiation

At leading order,  the mode shift is O(ζ)
where ζ is the coupling parameter 

of the theory

First, preliminary results:  
           bound on the coupling parameter of the order of 

     In order to measure this shift, we would need at least  an SNR
    ρ~100, which can only be obtained with 3G detectors.  
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on the dimensionful EDGB coupling5:

↵1/2 . 11

✓
50

⇢

◆1/4 ✓
M

10M�

◆
km , (36)

where the prefactor changes by less than 10% depending on
the final BH spin. This result is in agreement with the simple
estimates derived in Ref. [57]. As a consequence, our analysis
also confirms that in most cases modified-gravity effects can
be distinguished from environmental effects [57].

Future GW detectors will greatly increase the signal-to-
noise ratio, a large value of which is necessary to perform
ringdown tests of the Kerr metric [58]. The signal-to-noise
ratio of a ringdown waveform scales approximately (among
its dependence on other quantities not shown here) as ⇢ ⇠
M3/2/Sn(f)

1/2 [10], where M is the final BH mass and
Sn(f) is the detector noise power spectral density at a given
frequency f . The best sensitivity of the future Voyager [59]
and Einstein Telescope [60] detectors will be respectively
roughly a factor of 10 and a factor of 100 better than in the
first aLIGO observing run (O1) at the same optimal frequency
f ⇠ 102 Hz [58]. Thus, the Einstein Telescope with an op-
timal design can achieve a signal-to-noise ratio of roughly
⇢ ⇡ 100 for the ringdown signal of a GW150914-like event.
From Eqs. (36) and (35), this would translate into the bound
↵1/2 . 8

⇣
M

10M�

⌘
km and ⇣ . 0.4. As expected, lighter BHs

would provide a significantly more stringent constraint on ↵,
although their ringdown frequency might not fall into the op-
timal frequency range for ground-based detectors. Due to the
small exponent of ⇢ in Eq. (36), even an increase of ⇢ of one
order of magnitude will not provide a significantly more strin-
gent constraint on the EDGB coupling. A stronger constraint
may be set if future observations detect a light BH with a very
large signal-to-noise ratio.

Given this scenario, electromagnetic observations of accret-
ing BHs (like the one discussed in Ref. [55]) might provide
more stringent constraints in the future, although the latter
are affected by astrophysical systematics that are absent in the
ringdown case.

Our estimates in the case of spinning BHs rely on the
geodesic analogy for QNMs, which we verified only for axial
modes in the static case and for Kerr BHs with any spin [8].
It would be interesting to compute the modes of slowly-
rotating EDGB BHs (e.g. by adapting the methods discussed
in Ref. [37]) and to check the geodesic approximation in the
spinning case. This computation will be required to place pre-
cise constraints on the EDGB coupling through future detec-
tions of BH ringing with high signal-to-noise ratio.

Another interesting extension of our work concerns the
scalar waves emitted during the coalescence. Although the
luminosity in scalar waves is significant, this radiation may

5 Since one of the parameters of our Fisher-matrix analysis is ⇣ = ↵/M2,
propagation of errors implies a relative uncertainty �↵/↵ = �⇣/⇣ +
2�M/M . However, in the large-⇢ limit the term �M/M is negligible
because it scales as 1/⇢, compared to the 1/

p
⇢ behavior of the error on ⇣

[cf. Eq. (35)]. Therefore, in this limit �↵ . �⇣M2.

be possibly detected only if the dilaton is coupled to matter.
Such coupling is presumably small and would not give rise to
any effects in the detectors. Nonetheless, if the dilaton-matter
coupling is non-negligible, the scalar radiation might be in-
vestigated through the same techniques developed to study the
scalar emission in scalar-tensor theories, e.g. by using a net-
work of ground-based detectors [61].
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Appendix A: Spherically symmetric BHs in EDGB

1. Spherically symmetric BHs

The Ansatz for the static EDGB BH is given in terms of the
functions A(r) and B(r) for the line element (7), in addition
to the function �0(r) for the dilaton field.

At spatial infinity r = 1, the dilaton vanishes and we re-
cover the metric of a flat space-time. Asymptotically the func-
tions present the following behavior:

A ⇠ 1� 2M

r
+O(r�3), (A1)

B ⇠ 1� 2M

r
+

Q2

4r2
+O(r�3), (A2)

�0 ⇠ �1 +
Q

r
+

MQ

r2
+O(r�3), (A3)

where M is the ADM mass of the BH and Q is the “charge”
of the scalar field6. At the BH horizon r = rh, we find that

6 Note, however, that this is not an independent parameter, and therefore
should be considered as a secondary hair [14].
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- and after the ringdown… echos?
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Did we really detect a BH?

Several models of semiclassical & quantum gravity predict
•   horizonless compact objects (e.g. fuzzballs) (Mathur et al., 2007-2017) 

•  new physics at the horizon scale (e.g. fireballs) (Polcinsky et al., Giddings et al., 2012-2016)

Different effects (even Planck-scale modifications!) 
on the BH-BH waveform:

tidal heating, tidal deformation
(Cardoso et al. ’17, Sennet et al., ’17, Maselli et al. ’18)

(Cardoso & Pani Nat. Astr. ‘17)

3

FIG. 1. Schematic classification of dark compact objects. Their compactness is expressed as the di↵erence between the object
radius r0 and the Schwarzschild radius rg. Objects in the same category have similar dynamical properties on a timescale
⌧ ⇠ rg

c | log ✏|. The upper axis refers to the time, as measured by distant observers, that light from the photosphere takes to
reach the surface r0. Numbers refer to an object of 60M� and scale linearly with it mass.
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FIG. 2. Ringdown waveforms from black holes (black line)
and ClePhOs (red line). We consider objects of 60M�. For
ClePhOs, there is a reflective surface at r0 = rg(1 + ✏), ✏ =
10�11. The amplitude of the GW signal (proportional to the
relative strain of the interferometer’s arm induced by the GW)
is normalized to its peak value. The initial data describes a
quadrupolar Gaussian wavepacket of axial GWs. The inset
shows a zoom-in version of the waveform at late times. Note
that each subsequent echo has a smaller frequency content.

These are the (quasi)normal modes of the system. The
structure of GW signals at late times is therefore ex-
pected to be relatively simple. This is shown in Fig. 2,
which refers to the scattering of a Gaussian pulse o↵ a

BH. The pulse crosses the photosphere, and excites its
modes. The ringdown signal, a fraction of which trav-
els to outside observers, is to a very good level described
by its lowest modes, Eq. (4). The fraction of the GWs
that leaks from the barrier inwards travels down to the
horizon and that’s the last one hears of it.
Contrast the previous description with the dynamical

response of a ClePhO. The initial evolution of the pho-
tosphere modes still holds, by causality. Thus, up to
timescales of the order ⇠ rg

c | log ✏| (the roundtrip time of
radiation between the photosphere and the surface) the
signal is identical to that of BHs [10, 11]. At later times,
however, the pulse traveling inwards is bound to interact
with the object. This pulse is semi-trapped between the
object and the photosphere. Upon each interaction, a
fraction exits to outside observers, giving rise to a series
of echoes of ever-decreasing amplitude. Repeated reflec-
tions occur in a characteristic echo delay time [10, 11],

⌧
echo

⇠ 2rg
c

| log ✏| . (5)

This logarithmic dependence is crucial to make echoes
observable even with only Planckian corrections near the
horizon, when ✏ ⇠ 10�40. Although, at very late times,
the fundamental modes of a ClePhO have low frequen-
cies, the main burst is typically generated at the pho-
tosphere and has therefore a frequency content of the
same order as the BH modes (4). The initial signal is
of high frequency and a substantial component is able to
cross the potential barrier. Thus, observers see a series
of echoes whose amplitude is getting smaller and whose
frequency content is also going down (see Fig. 2).

The most promising is post-ringdown emission:
these “exotic compact objects” would have

the same ringdown signal as BHs,
followed by “echoes” at late time.

(Ferrari & Kokkotas ’00, Cardoso et al., ’16, Cardoso & Pani Nat. Astr. ‘17)

Problems: limitation in templates, controversial results
(Abedi et al. ’17, Conklin et al. ’17, Ashton et al., ’17, Westerwek et al. ‘17)

Remark: even “classical physics” effects may lead to echos
e.g. exotic matter (Pani & Ferrari, ‘18)

Planck scale within reach!

Testing General Relativity with Gravitational Waves
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 2)  How does matter behave at supranuclear densities?

Inside a NS

⇢0 ' 2.67⇥ 1014g cm�3

Lattimer & Prakash, 2007 
Caplan & Horowitz 2017
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Inside a NS

⇢0 ' 2.67⇥ 1014g cm�3

Lattimer & Prakash, 2007 
Caplan & Horowitz 2017

Neutron star structure

Which is the equation of state (EOS) p(ε) of matter in the inner core of neutron stars?
Extreme conditions (ε≳1015 g/cm3, ν~1kHz, B~1010-15G) 
• can not be reproduced in lab,
• are a challenge for the the theory (nonperturbative regime of QCD)



The radius so far

Ozel et al., 2016
[1÷ 2]M�Observed masses 

Radius  measured with  
[13-15]% of accuracy

Difficult to model emission 
processes (magnetic fields, 
atmosphere…)

We could look for a cleaner 
framework

Astrophysical observations are useful 
to constrain the EoS

but only GWs can give a definite answer! 
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 2)  How does matter behave at supranuclear densities?

Which is the equation of state (EOS) p(ε) of matter in the inner core of neutron stars?
Extreme conditions (ε≳1015 g/cm3, ν~1kHz, B~1010-15G) 
• can not be reproduced in lab,
• are a challenge for the the theory (nonperturbative regime of QCD)

Credits: D. Page

Even the particle content is not clear:
Hadrons?  Hyperons? Meson condensates?

Deconfined quark matter?

Demorest et al., ‘13
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Neutron Star EOS from Gravitational Waves
NS-NS coalescence is a primary source

for ground-based interferometers LIGO/Virgo 

Credits: AEI

During the early inspiral phase the NSs behave
 as point particles, but in the late inspiral they are 

deformed by tidal interaction.
Tidal deformation carry the imprint of the NS 

structure, and it affects GW emission!

Relativistic theory of tidal deformations: 
 (Flanagan & Hinderer PRD ’08; Hinderer ApJ ’08; Binnington & Poisson PRD ’09; Damour & Nagar PRD ’09)

Main idea: in the timescale of orbital motion, << proper oscillations
tidal deformations can be treated as stationary

=> multipole moments proportional to moments of the exterior tidal field.

The proportionality constants are the Love numbers, which characterize
the deformatility properties of the star and strongly depend on the NS EoS.

Most important is the quadrupolar tidal deformation:

Qij = �2

3
k2R

5Eij = ��2Eij

Quadrupole tensor
Tidal tensor

Tidal deformability
l=2 electric tidal

Love number
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Tidal deformation affects the PN waveform of late inspiral through λ2

hPN (x) = A(x)ei[�P P (x)+�T (x)]

x = (�mf)2/3 m + m1 + m2 � = m1m2/m2 M = m�3/5

A(x) =

�
5

24

M5/6

�2/3d
f�7/6

�
1 + �1x + �2x

2 + . . .
�

�PP (x) = 2�ftc � �c +
3

128�x5/2

�
1 + �2x + �3x

3/2 + �4x
2 + . . .

�

�T (x) = � 117�̃

8�m5
x5/2

�
1 + �̃2x + �̃3x

3/2 + . . .
�

�̃ =
m1 + 12m2

26m2

=

( formally 5PN, but λ~R5 => λ/m5~(R/m)5>>1 )

Neutron Star EOS from Gravitational Waves
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the posterior for ⇤̃, goes to zero in the limit ⇤̃ ! 0. To
avoid the misinterpretation that there is no evidence for
⇤̃ = 0, we reweight the posterior for ⇤̃ by dividing by the
prior used, e↵ectively imposing a flat prior in ⇤̃. In prac-
tice, this is done by dividing a histogram of the posterior
by a histogram of the prior. The resulting histogram is
then resampled and smoothed with kernel density esti-
mation. We have verified the validity of the reweighting
procedure by comparing the results to runs where we fix
⇤

2

= 0 and use a flat prior in ⇤̃. This di↵ers from the
reweighting procedure only in the small, next-to-leading-
order tidal e↵ect.

After reweighting there is still some support at ⇤̃ = 0.
For the high-spin prior, we can only place a 90% upper
limit on the tidal parameter, shown in Fig. 11 and listed
in Tables II and IV. For the TaylorF2 model, this 90% up-
per limit can be directly compared to the value reported
in [3]. We note, however, that due to a bookkeeping error
the value reported in [3] should have been 800 instead of
700. Our improved value of 730 is ⇠ 10% less than this
corrected value. As with the ⇤

1

–⇤
2

posterior (Fig. 10),
the three models with the NRTidal prescription predict
90% upper limits that are consistent with each other and
less than the TaylorF2 results by ⇠ 10%. For the low-
spin prior, we can now place a two-sided 90% highest
posterior density (HPD) credible interval on ⇤̃ that does
not contain ⇤̃ = 0. This 90% HPD interval is the smallest
interval that contains 90% of the probability.

The PDFs for the NRTidal waveform models are bi-
modal. The secondary peak’s origin is the subject of
further investigation, but it may result from a specific
noise realization, as similar results have been seen with
injected waveforms with simulated Gaussian noise (see
Fig. 4 of [135]).

In Fig. 11 we also show posteriors of ⇤̃ (gray PDFs)
predicted by the same EOSs as in Fig. 10, evaluated us-
ing the masses m

1

and m
2

sampled from the posterior.
The sharp cuto↵ to the right of each EOS posterior cor-
responds to the equal mass ratio boundary. Again, as in
Fig. 10, the EOSs MS1, MS1b, and H4 lie outside the
90% credible upper limit, and are therefore disfavored.

The di↵erences between the high-spin prior and low-
spin prior can be better understood from the joint pos-
terior for ⇤̃ and the mass ratio q. Figure 12 shows these
posteriors for the PhenomPNRT model without reweight-
ing by the prior. For mass ratios near q = 1, the two
posteriors are similar. However, the high-spin prior al-
lows for a larger range of mass ratios, and for smaller
values of q there is more support for small values of ⇤̃.
If we restrict the mass ratio to q >⇠ 0.5, or equivalently
m

2

>⇠ 1 M�, we find that there is less support for small
values of ⇤̃, and the two posteriors for ⇤̃ are nearly iden-
tical.

To verify that we have reliably measured the tidal
parameters, we supplement the four waveforms used in
this paper with two time-domain EOB waveform models:
SEOBNRv4T [75, 136] and TEOBResumS [74]. SEOB-
NRv4T includes dynamical tides and the e↵ects of the
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FIG. 11. PDFs of the combined tidal parameter ⇤̃ for the
high-spin (top) and low-spin (bottom) priors. Unlike in Fig. 6,
the PDFs have been reweighted by dividing by the origi-
nal prior for ⇤̃ (also shown). The 90% HPD credible in-
tervals are represented by vertical lines for each of the four
waveform models: TaylorF2, PhenomDNRT, SEOBNRT, and
PhenomPNRT. For the high-spin prior, the lower limit on
the credible interval is ⇤̃ = 0. The seven gray PDFs are
those for the seven representative EOSs using the masses es-
timated with the PhenomPNRT model. Their normalization
constants have been rescaled to fit in the figure. For these
EOSs, a 1.36M� NS has a radius of 10.4 km (WFF1), 11.3 km
(APR4), 11.7 km (SLy), 12.4 km (MPA1), 14.0 km (H4),
14.5 km (MS1b), and 14.9 km (MS1).

spin-induced quadrupole moment. TEOBResumS incor-
porates a gravitational-self-force re-summed tidal poten-
tial and the spin-induced quadrupole moment. Both
models are compatible with state-of-the-art BNS numer-
ical simulations up to merger [77, 137].

Unfortunately, these waveform models are too expen-
sive to be used for parameter estimation with LALIn-
ference. We therefore use the parallelized, but less
validated parameter estimation code RapidPE [78, 79].
This code uses a di↵erent procedure from the standard
LALInference code for generating posterior samples
and allows for parameter estimation with significantly
more expensive waveform models. For each point in the
intrinsic parameter space, RapidPE marginalizes over
the extrinsic parameters with Monte Carlo integration.

GW170817 allowed to set  constraints on the tidal deformability 
and, indirectly, on the NS radius (see Gemme’s talk)
thus providing valuable information on the NS EOS!

Abbot et al. ‘17

However, comparison with a set of tabulated EOS is not enough.
To overcome our limited theoretical understanding 

we would need several NS-NS detections 
with much higher signal-to-noise ratio

(note that tidal interaction sets in at late inspiral, 
poorly observed in GW170817)

This would only be possible with an instrument
more sensitive at high frequencies,

i.e. a 3G detector such as ET

Abbot et al. ‘17
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FIG. 3. Marginalized posterior for the mass m and areal radius R of each binary component using EOS-insensitive relations (left panel)
and a parametrized EOS where we impose a lower limit on the maximum mass of 1.97M� (right panel). The top blue (bottom orange)
posterior corresponds to the heavier (lighter) NS. Example mass-radius curves for selected EOSs are overplotted in grey. The lines in
the top left denote the Schwarzschild BH (R = 2m) and Buchdahl (R = 9m/4) limits. In the one-dimensional plots, solid lines are
used for the posteriors, while dashed lines are used for the corresponding parameter priors. Dotted vertical lines are used for the bounds
of the 90% credible intervals.

ence [63] arrives at a similar conclusion using our ⇤̃ < 800
constraint [5] (though see [52] for an amended ⇤̃ bound)
and the observation that ⇤̃ is almost insensitive to the bi-
nary mass ratio [99]. Our improved estimate of ⇤1.4 =
190+390

�120, and R1 = 10.8+2.0
�1.7 km and R2 = 10.7+2.1

�1.5 km
for the EOS-insensitive-relation analysis is roughly consis-
tent with these estimates (see for example Fig. 1 of [62]
and [58]). If we additionally enforce the heaviest ob-
served pulsar to be supported by placing direct constraints
on the EOS parameter space, we get further improvement
in the radius measurement, with R1 = 11.9+1.4

�1.4 km and
R2 = 11.9+1.4

�1.4 km.

A recent analysis of the GW170817 data was performed
in De et al. [53] using the TaylorF2 model, imposing that
the two NSs have the same radii which, under the addi-
tional assumption that ⇤ / C�6 (an alternative to the ⇤–
C relation used here [104]), directly relates the two tidal
deformabilities as ⇤1 = q6⇤2. De et al. constrain the
common NS radius to a 90% credible interval 8.7 km <
R̂ < 14.1 km, corresponding to a width of 5.4 km, which
is wider than the uncertainties on radii presented in this pa-
per by a factor of about two. There are differences in sev-
eral details of the set-up of the two analyses (most notably,
frequency range, data calibration, the noise PSD estima-
tion, waveform model, parameter priors, assumed relations
between radii and ⇤s and treatment of corresponding un-
certainties), each of which may be responsible for part of

the observed discrepancies. The analysis of De et al. re-
produces the initial tidal deformability results of Abbott
et al. [5], but improvements detailed in [52] and used in this
work improved our tidal constraints by ⇠ 10-20%. Here,
in contrast to De et al, we found that enforcing a common
EOS additionally restricts the recovered tidal parameters,
as shown in Fig 1. We note, however, that while our re-
sulting posteriors for the two NS radii are similar to each
other, a fraction of the posterior samples gives pairs with
significantly different NS radii, up to |R1 � R2| ⇠ 2 km.
Therefore, the De et al. analysis makes considerably dif-
ferent assumptions when enforcing a common EOS than
us.

Our results, and specifically the lower radius limit,
do not constitute observational proof of tidal effects in
GW170817, as our analysis has explicitly assumed that the
coalescing bodies were NSs both in terms of their spins
and tidal deformabilities. In particular, the spins are re-
stricted to small values typical for galactic NSs in binaries,
and the tidal deformabilites are calculated consistently as-
suming a common typical NS EoS. Moreover, the ⇤–C
map diverges as ⇤ approaches zero (BH), and therefore
the lower bounds obtained for the radii do not imply lower
bounds on the tidal deformabilities. Meanwhile, the analy-
sis of [52] assumes independent tidal parameters and finds
a lower bound on ⇤̃ only under the small-spin assumption
but not if spins larger than 0.05 are allowed.

The detection of GW170817 has opened new avenues in

Neutron Star EOS from Gravitational Waves

This would allow an inverse problem approach:
(Lindblom ’92, Abdelsalhin et al. ’18)

every measurement of (M,R) or (M,λ)
can be translated in a couple (p,ε)

thus reconstructing the EOS profile
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(Lindblom ’92)


