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PART I: Introduction

• What is Dark Matter?
• What is Dark Energy?
• What caused our Universe to become dominated  by 

matter and not anti-matter?
• What are the properties of neutrinos?
• Do protons decay?
• What do gravitational waves tell us about General 

Relativity and Cosmology?

form: “European Astroparticle Physics Strategy 2017-2026”
www.appec.org

Cosmology Particle Physics/ / Astronomy

http://www.appec.org
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“Science, my lad, is made up of mistakes, but they are 
  mistakes which it is useful to make, because they lead little by
  little to the truth.” 

Jules Verne, A journey to the center of the Earth

Astro-particle
Physics
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• Very early Universe
• Early Universe
• Late Universe
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The very early Universe: Inflation

Initial patch of space
R ~ 30 cm
Causally connected, homogeneous
T ~ 10     K

Exponential stretching of all 
distance scales (the energy density of the
Universe must  be dominated 
by vacuum energy)

Inflation

Our Universe today

R ~ 10   m18
Smooth,
flat,
uniform T ~ 3 K

27

Inflation is nowadays a well-established paradigm, able to explain 
the properties of the Universe at large scales and the generation of 
the primordial density fluctuations seeding structure formation. 
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The very early Universe: Inflation

The nature (and true dynamics) of the inflaton field remains 
unknown and its role could be played by any particle physics 
candidate able to imitate a slowly-moving scalar condensate.

Inflation is nowadays a well-established paradigm, able to explain 
the properties of the Universe at large scales and the generation of 
the primordial density fluctuations seeding structure formation. 

Simplest parametrization in terms of a slowly-moving scalar field 
(inflaton)
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The Higgs as the inflaton

𝒮 = ∫ d4x −g [ M̄2
Pl

2
ℛ + ξℛH†H + ℒSM]

The Higgs field itself could be responsible for inflation if a 
minimalistic, and at the same time compelling, non-minimal 
coupling to gravity is added to the Standard Model action. 

The value of this coupling can be fixed by the normalization of the 
spectrum of primordial density perturbations, leaving a theory 
with no free parameters.
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The Higgs as the inflatonV(h) =
λM̄4

Pl

4ξ2 (1 − e−2 |a | h/M̄Pl)
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• The role of the inflaton in the SM of particle 
physics (or beyond it) is an interesting open 
question

• The SM Higgs boson is still a viable option

• Are there distinctive features ?
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Primordial black holes from Higgs inflation?
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if Mt ∼ 171 GeV
critical Higgs inflation

J. Ezquiaga, J. Garcia-Bellido, E. Ruiz Morales, arXiv:1705.04861
F. Bezrukov, M. Pauly, J. Rubio, arXiv:1706.05007
I. Masina, arXiv:1805.02160
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4

R ⇠ 1/aH. The mass fraction �(M) of the universe
which ends up into PBHs at the time of formation tM is

�(M) =

Z 1

�c

d�p
2⇡ ��

e��2/2�2
� ' ��

�c

p
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e��2
c/2�

2
� ,

(16)
The total contribution of PBHs at radiation-matter
equality (teq) is obtained by integrating the fraction
�(M, teq) = a(teq)/a(tM )�(M) [9]

⌦PBH(teq) =

Z M(teq)

Mev(teq)

d lnM �(M, teq), (17)

where Mev(teq) ' 10�21M� is the lower mass which has
survived evaporation at equality and M(teq) is the hori-
zon mass at equality (which for our purposes can be taken
equal to infinity).

Fig. 3 shows the resulting mass spectrum of PBHs at
their formation time. The position of the peak in the
PBH mass spectrum is set by the mode k⇤ that exits
the Hubble radius during inflation when the Higgs zero
mode starts its classical evolution. To be on the safe
side we ask that the interesting range of PBH masses
is large enough to avoid the bounds from evaporating
PBHs by the present time. This requires the dynamics
to last about 17 e-folds before the Higgs hits the pole in
Eq. (7). Interestingly this can be achieved in the SM for
realistic values of the Higgs and top masses and ↵s: In our
numerical example we use Mh = 125.09 GeV, Mt = 172
GeV, and ↵s = 0.1184.

In our findings we have not included the fact that the
mass of the PBH is not precisely the mass contained in the
corresponding horizon volume, but in fact obeys a scaling
relation with initial perturbations [16] or the fact that the
threshold is shape-dependent [17]. Furthermore, we have
not accounted for the fact that the threshold amplitude
and the final black hole mass depend on the initial density
profile of the perturbation [18]. We estimate that the first
two e↵ects change the abundance by order unity. The
third e↵ect would require a thorough study of the spatial
correlation of density fluctuations. Nevertheless, we have
included in Fig. 3 the possible e↵ect of non-Gaussianity in
the PBH mass function. To estimate the impact of non-
Gaussianity is not an easy task, as one needs to evaluate
the second-order contribution to the comoving curvature
perturbation ⇣2. A rough estimate based on Ref. [19]
gives ⇣2 = O(1)⇣21 and therefore we include in Fig. 3 two
bands corresponding to S3 = ±1, where S3 = h�3i/�4

�

is the skewness which appears in the modification of the
arguments of the exponential in Eq. (16) via the shift
⌫2 ! ⌫2

⇥
1� S3

��
3

�
⌫ � 2� 1

⌫2

�⇤
, with ⌫ = �c/�� [20].

The shift in the final abundance is not negligible, but we
stress that there will be a set of parameters in our model
which can provide the right final abundance. We also
stress that the primordial abundance of PBHs depends in
a very sensitive way on the value of t⇤, keeping fixed all
the other parameters. This does not come as a surprise as
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FIG. 3: Spectrum of PBHs at formation generated by the
mechanism we discuss (solid red refers to S3 = 0, and dashed
lines to S3 = ±1), superimposed with the experimental con-
straints on monocromatic PBH spectra (from Ref. [21] and ref-
erences therein): in yellow, the observations of extra-galactic
�-ray background; in blue, femto-, micro- and milli- lensing
observations from Fermi, Eros, Kepler, Subaru HSC; in green,
dynamical constraints from White Dwarves and Ultra-Faint
Dwarf galaxies; in orange, constraints from the CMB.

the function �(M) is exponentially sensitive to ⌫. In this
sense the anthropic argument based on the necessity of
having DM would justify a tuned initial PBH abundance.
As a final warning, one should keep in mind that splitting
the metric into background and perturbations might be
questionable for large perturbations.

From the time of equality to now, the PBH mass distri-
bution will slide to larger masses due to merging. While
the final word can only be said through N-body simu-
lations, one can expect merging to shift the spectrum
to higher masses even by orders of magnitude [22] and
to spread the spectrum, but maintaining the abundance.
Accretion, on the other hand, increases both the masses
and the abundance of PBHs as DM. On the other side,
both merging and accretion help to render the PBHs more
long-living. To roughly account for an increase of the cur-
rent abundance by a representative factor 102 because of
accretion, we have properly set the abundance at forma-
tion time to be ⌦PBH/⌦DM ⇠ 10�2 (higher values can
be achieved). It would be certainly interesting to analyse
these issues in more detail and account for the fact that
the abundance of PBH has to be of the right magnitude
during standard Big Bang Nucleosynthesis.

Conclusions. If the scenario we have presented were
in fact realized in nature, we can highlight three points
as the most relevant. First, the SM would be capable
of explaining DM by itself (supplemented by a period of
inflation that is well motivated by other reasons). This
has a double side: the SM provides a DM candidate in
the form of PBHs and also provides the mechanism nec-
essary to create the PBH seeds during inflation via the
quantum fluctuations of the Higgs field in the unstable

MPBH ≈
M̄2

Pl

H
e2N

Primordial black holes from Higgs inflation?

?
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21 cm
n1

n0
= 3e−ΔE/Ts

High     : Mostly in the excited state
                Likely to emit 21cm photons  

Ts

Low     : Mostly in the ground state
                Likely to absorb 21cm photons  

Ts
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Triplet-to-singlet transition of the
1s level of atomic hydrogen

After decoupling (z < 1000), 
in the early Universe there is 
cosmic gas  (largely neutral, 
and made mostly of hydrogen with spin temperature     ) 
and CMB photons 

Ts
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The late Universe: 21 cm cosmologyΔT21 ∝ (1 −
TCMB

Ts )
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Ts ≫ TCMB ⇒ ΔT21 > 0

Ts ≪ TCMB ⇒ ΔT21 < 0

More emission of 21 cm photons

More absorption of 21 cm photons
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Experiment to 
Detect the 
Global 
Epoch of reionization 
Signature

ΔT21 ∝ (1 −
TCMB

Ts )
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The late Universe: 21 cm cosmologyΔT21 ≈ 21 mK xHI (1 −

TCMB

Ts ) 1 + z
10
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PART II: Particle physics from Cosmology

Experiment to 
Detect the 
Global 
Epoch of reionization 
Signature

Bowman et. al. Nature 555, 67 (2018)

ΔT21 ∝ (1 −
TCMB

Ts )
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21 cm probes new particle physics

ΔT21 ∝ (1 −
TCMB

Ts )
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The late Universe: 21 cm cosmology
PART II: Particle physics from Cosmology

21 cm probes new particle physics

ΔT21 ∝ (1 −
TCMB

Ts )
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Cool baryons (very hard!)
DM DM

H H



The late Universe: 21 cm cosmology
PART II: Particle physics from Cosmology

21 cm probes new particle physics

ΔT21 ∝ (1 −
Tγ

Ts )
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Add photons (very easy!)

Tγ > TCMB

Dark radiation converted into 
CMB photons



The late Universe: 21 cm cosmology
PART II: Particle physics from Cosmology

• We have started probing the Universe by 21cm

• 21 cm cosmological signal provides the key test for 
models with beyond SM sectors with dark 
radiation (without any tension with bounds on

           )

• Exciting detection prospects!

ΔNeff
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Planck cosmological parameters, 2018

Neutrinos ≈ 0.1 %
Photons ≈ 0.01 %

Black holes ≈ 0.005 %

Stars, stuff, … ≈ 0.4 %
Mostly intergalactic gas +

Not charged under              and     
Stable on cosmological time-scale
Not in the SM particle list

U(1)em SU(3)C
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What could dark matter be?

10−22 eV keV MeV GeV 100 TeV MPl 30 M⊙

ThermalNon-thermal Non-thermal

Classify models according to their thermal history

89 orders of magnitude of possibilities…
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10−22 eV keV MeV GeV 100 TeV MPl 30 M⊙

ThermalNon-thermal Non-thermal

Classify models according to their thermal history

Only bosons below ~1keV (-ish)
(Tremaine-Gunn bound for fermions)

What could dark matter be?
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10−22 eV keV MeV GeV 100 TeV MPl 30 M⊙

ThermalNon-thermal Non-thermal

Classify models according to their thermal history

Only bosons below ~1keV (-ish)
(Tremaine-Gunn bound for fermions)

mb ≳ 10−22 eV                         otherwise no Galaxy formation below a Jeans scale of    

What could dark matter be?

108 M⊙
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10−22 eV keV MeV GeV 100 TeV MPl 30 M⊙

ThermalNon-thermal Non-thermal

Ultra-light dark matter (ULDM)
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10−22 eV keV MeV GeV 100 TeV MPl 30 M⊙

ThermalNon-thermal Non-thermal

Interesting theoretical motivations: 
an axion-like particles from string theory
• Goldstone     of U(1) symmetry spontaneously broken at some high scale 
• 4D axions appear as zero modes of gauge fields compactified in extra dimensions
• Periodic potential generated by non-perturbative effects

ϕ

V(ϕ) = Λ4e−𝒮inst 1 − cos ( ϕ
fa )

Λ = Ms 𝒮inst =
8π2

g2
s

fa

Ultra-light dark matter (ULDM)
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10−22 eV keV MeV GeV 100 TeV MPl 30 M⊙

ThermalNon-thermal Non-thermal

Three parameters: axion mass      , axion 
decay constant    , and initial value 

ma
fa

Relic density sets by the misalignment mechanism

Ultra-light dark matter (ULDM)

θin ≡ ϕin/fa

[Energy density today is initial value, redshifted from start of oscillation]
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Ωah2 ≈ 0.1 θ2
in ( fa

1017 GeV )
2

( ma

10−22 eV )
1/2
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Ultra-light dark matter (ULDM)
10−22 eV keV MeV GeV 100 TeV MPl 30 M⊙

ThermalNon-thermal Non-thermal

Interesting phenomenology
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Ultra-light dark matter (ULDM)
10−22 eV keV MeV GeV 100 TeV MPl 30 M⊙

ThermalNon-thermal Non-thermal

A possibile solutions of the “small scales CDM 
issues”: • Cusp-core problem

• Too big to fail problem

• Missing satellites problem

[But… are they really problems? 
All of the predictions that lead to the small scale crises 
are based on dark matter-only simulations. What about baryons?]

1000’s of satellites predicted
Only dozens seen

DM profile at the center 
of DphS, no NFW peak

The observed satellites of the Milky Way 
are not massive enough to be consistent 
with predictions from CDM
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Ultra-light dark matter (ULDM)
10−22 eV keV MeV GeV 100 TeV MPl 30 M⊙

ThermalNon-thermal Non-thermal

Bounds from Ly-    forest analysis α ma ≳ 10−21 eV
B. Bozek, D. J. E. Marsh, J. Silk, and R. F. G. Wyse, arXiv:1409.3544 
V. Irsic, M. Viel, M. G. Haehnelt, J. S. Bolton, and G. D. Becker, arXiv:1703.04683
T. Kobayashi, R. Murgia, A. De Simone, V. Irsic, and M. Viel, arXiv:1708.00015

[However, the strongest Ly-α bound constraints come from the smallest and most non-
linear scales, where systematic effects are challenging…]

*

*

λ = 1216 ÅAbsorption feature by neutral hydrogen at                       at different redshifts in the spectra of distant quasars.
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Ultra-light dark matter (ULDM)
10−22 eV keV MeV GeV 100 TeV MPl 30 M⊙

ThermalNon-thermal Non-thermal

In the last ~ 5 years, numerical structure formation 
simulations with ULDM have become available. 

Figure 2: A slice of density field of ψDM simulation on various scales at zzz=== 000...111. This scaled sequence
(each of thickness 60 pc) shows how quantum interference patterns can be clearly seen everywhere from
the large-scale filaments, tangential fringes near the virial boundaries, to the granular structure inside the
haloes. Distinct solitonic cores with radius ∼ 0.3− 1.6 kpc are found within each collapsed halo. The
density shown here spans over nine orders of magnitude, from 10−1 to 108 (normalized to the cosmic mean
density). The color map scales logarithmically, with cyan corresponding to density ! 10.

graphic processing unit acceleration, improving per-
formance by almost two orders of magnitude21 (see
Supplementary Section 1 for details).

Fig. 1 demonstrates that despite the completely
different calculations employed, the pattern of fil-
aments and voids generated by a conventional N-
body particle ΛCDM simulation is remarkably in-
distinguishable from the wavelike ΛψDM for the
same linear power spectrum (see Supplementary Fig.
S2). Here Λ represents the cosmological constant.
This agreement is desirable given the success of stan-
dard ΛCDM in describing the statistics of large scale
structure. To examine the wave nature that distin-
guishes ψDM from CDM on small scales, we res-
imulate with a very high maximum resolution of
60 pc for a 2 Mpc comoving box, so that the dens-
est objects formed of " 300 pc size are well re-
solved with ∼ 103 grids. A slice through this box
is shown in Fig. 2, revealing fine interference fringes
defining long filaments, with tangential fringes near

the boundaries of virialized objects, where the de
Broglie wavelengths depend on the local velocity of
matter. An unexpected feature of our ψDM simula-
tions is the generation of prominent dense coherent
standing waves of dark matter in the center of every
gravitational bound object, forming a flat core with
a sharp boundary (Figs. 2 and 3). These dark matter
cores grow as material is accreted and are surrounded
by virialized haloes of material with fine-scale, large-
amplitude cellular interference, which continuously
fluctuates in density and velocity generating quan-
tum and turbulent pressure support against gravity.

The central density profiles of all our collapsed
cores fit well with the stable soliton solution of the
Schrödinger-Poisson equation, as shown in Fig. 3
(see also Supplementary Section 2 and Fig. S3). On
the other hand, except for the lightest halo which
has just formed and is not yet virialized, the outer
profiles of other haloes possess a steepening loga-
rithmic slope, similar to the Navarro-Frenk-White
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Figure 2: A slice of density field of ψDM simulation on various scales at zzz=== 000...111. This scaled sequence
(each of thickness 60 pc) shows how quantum interference patterns can be clearly seen everywhere from
the large-scale filaments, tangential fringes near the virial boundaries, to the granular structure inside the
haloes. Distinct solitonic cores with radius ∼ 0.3− 1.6 kpc are found within each collapsed halo. The
density shown here spans over nine orders of magnitude, from 10−1 to 108 (normalized to the cosmic mean
density). The color map scales logarithmically, with cyan corresponding to density ! 10.
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Figure 3: Radial density profiles of haloes formed
in the ψDMmodel. Dashed lines with various sym-
bols show six examples of the halo profiles normal-
ized to the cosmic mean density. All haloes are found
to possess a distinct inner core fitted extremely well
by the soliton solution (solid lines). A detailed soli-
ton fit for the largest halo is inset, where the error is
the root-mean-square scatter of density in each radial
bin. An NFW profile representing standard CDM is
also shown for comparison (black dot-dashed line,
with a very large scale radius of 10 kpc), which
fits well the profiles outside the cores. The yellow
hatched area indicates the ρ300 of the dSph satellites
around Milky Way2, 22, which is consistent with the
majority of galaxy haloes formed in the ψDM simu-
lations.

(NFW) profile23 of standard CDM. These solitonic
cores, which are gravitationally self-bound and ap-
pear as additional mass clumps superposed on the
NFW profile, are clearly distinct from the cores
formed by WDM and collisional CDM which trun-
cate the NFW cuspy inner profile at lower values and
require an external halo for confinement. The ra-
dius of the soliton scales inversely with mass, such
that the widest cores are the least massive and are
hosted by the least massive galaxies. Eighty per-
cent of the haloes in the simulation have an aver-
age density within 300 pc (defined as ρ300) in the
range 5.3× 10−3 − 6.1× 10−1 M⊙/pc3, consistent
with Milky Way satellites2, 22, and objects like these

are resilient to close interaction with massive galax-
ies. By contrast, the very lowest mass objects in our
simulation have ρ300 ∼ 4.0×10−4 M⊙/pc3, but exist
only briefly as they are vulnerable to tidal disruption
by large galaxies in our simulations.

The prominent solitonic cores uncovered in our
simulations provide an opportunity to estimate the
boson mass, mB, by comparison with observations,
particularly for dSph galaxies where dark matter
dominates. The local Fornax dSph galaxy is the best
studied case with thousands of stellar velocity mea-
surements, allowing a detailed comparison with our
soliton mass profile. We perform a Jeans analysis for
the dominant intermediate metallicity stellar popula-
tion, which exhibits a nearly uniform projected ve-
locity dispersion (σ||)24. We simultaneously repro-
duce well the radial distribution of the stars24 (Fig.
4a) and their velocity dispersion with negligible ve-
locity anisotropy, with mB = (8.1+1.6−1.7)× 10

−23 eV
and core radius rc = 0.92+0.15−0.11 kpc (see Supplemen-
tary Fig. S4). The corresponding core mass M(r ≤
rc) is≃ 9.1×107 M⊙, which is hosted by a halo with
virial mass ≃ 4× 109M⊙ in the simulations. These
results are similar to other estimates for Fornax4, 25, 26
(Fig. 4b) and consistent with other dSph galaxies
derived by a variety of means3, 25, 27 (see Supplemen-
tary Section 3 for details).

For more massive galaxies, the solitons we pre-
dict are denser and more massive, scaling approxi-
mately as Ms ∝∼M1/3

gal . So for the Milky Way (MW),
adopting a total mass of Mgal = 1012 M⊙, we ex-
pect a soliton of Ms ≃ 2× 109 M⊙, with core radius
≃ 180 pc and a potential depth corresponding to a
line-of-sight velocity dispersion σ|| ≃ 115 km/s for
test particles satisfying the virial condition with the
soliton potential. At face value this seems consis-
tent with the MW bulge velocity dispersion where a
distinctive flat peak is observed at a level of σ|| ≃
110 km/s within a projected radius ∼ 200 pc29–31.
Such cores clearly have implications for the cre-
ation of spheroids acting as an essential seed for
the prompt attraction of gas within a deepened po-
tential. Indeed, bulge stars with [Fe/H] > −1.0
are firmly established as a uniformly old population
that formed rapidly31, 32, a conclusion that standard
ΛCDM struggles to explain via extended accretion
and merging31. The implications for early spheroid
formation and compact nuclear objects in general

4

Key prediction: a solitonic core
The core is the lowest energy bound state 
solution of the Schroedinger-Poisson equations
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• Strongest theoretical motivations: The QCD 
axion solves the strong CP problem

• Periodic potential generated from non-
perturbative QCD effects

V(a) = Λ4
QCD 1 − cos ( a

fa )
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Relation between the axion mass and the 
axion decay constant

ma = 5.70 × 10−6 ( 1012 GeV
fa ) eV
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Crucial interplay 
with inflation

After the end 
of inflation
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Contributions to energy density 
from decays of strings and domain 
walls if U(1) broken after inflation. 
Potentially dominant, difficult to 
compute, and we do not know yet 
the final  answer. 

M. Gorghetto, E. Hardy, G. Villadoro, arXiv:1806.04677
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QCD axion searches
Mostly base on the 
axion coupling 
with photons

a
γ

γ
gaγγ ∼

αem

2πfa

gaγγ
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QCD axion searches
First experimental limits
on axion coupling with gluons

a

ggagg =
αs

8πfa

gagg g

Schmidt-Wellenburg (20/8)

Are we “excluding” axions where they may still exist?

C. Abel et al., arXiv:1708.06367 

dn(t) ≈ 2.4 × 10−16 CGa0

fa
cos(mat) e cm
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keV dark matter: the case of sterile neutrinos
• Sterile neutrino is a right-chiral counterpart of the left-chiral 

neutrinos of the SM (called “active” neutrinos in this context).

• Adding these particles to the SM Lagrangian makes neutrinos 
massive. Their existence provides a simple and natural explanation of 
the observed neutrino flavor oscillations. 

• These particles are SM singlet. Along with their Yukawa interaction 
with the active neutrinos (=“Dirac mass”) they can have a Majorana 
mass term.
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keV dark matter: the case of sterile neutrinos
They interact with the matter via creation of virtual active neutrino (quadratic 
mixing) and in this way they effectively participate in weak interactions.

 
At energies much below the masses of the W and Z-bosons, their interaction can
be described by the analog of the Fermi theory with the Fermi coupling constant
suppressed by the active-sterile neutrino mixing angle.

ments) (see e.g. [10] and references therein). Searches for the annihilation products of these particles
(indirect detection) are performed by PAMELA, Fermi and other high-energy cosmic missions (see e.g.
reviews [11,12]). No convincing signals has been observed so far in either ‘‘direct’’ or ‘‘indirect’’
searches.

Additionally, no hints of new physics at electroweak had turned up at the LHC or in any other
experiments. This makes alternative approaches to the DM problem ever more viable.

2. Sterile neutrino dark matter

Another viable generalization of the neutrino DM idea is given by sterile neutrino dark matter sce-
nario [13–20], see [14,15] for review. Sterile neutrino is a right-chiral counterpart of the left-chiral
neutrinos of the SM (called ‘active ’ neutrinos in this context). Adding these particles to the SM
Lagrangian makes neutrinos massive and is therefore their existence provides a simple and natural
explanation of the observed neutrino flavor oscillations. These particles are singlet leptons because
they carry no charges with respect to the Standard Model gauge groups (hence the name), and there-
fore along with their Yukawa interaction with the active neutrinos (=‘Dirac mass’) they can have a
Majorana mass term (see e.g. [16] for details). They interact with the matter via creation of virtual
active neutrino (quadratic mixing) and in this way they effectively participate in weak reactions
(see e.g. Fig. 1(a)). At energies much below the masses of the W and Z-bosons, their interaction can
be described by the analog of the Fermi theory with the Fermi coupling constant GF suppressed by
the active-sterile neutrino mixing angleh – the ratio of their Dirac to Majorana masses (Fig. 1(b)) :

h2
a ¼

X

sterile N

mDirac; a

MMajorana

!!!!

!!!!
2

ð1Þ

(this mixing can be different for different flavors a).
It was observed long ago that such particles can be produced in the Early Universe through mixing

with active neutrinos [13] and have a correct relic density for any mass [13,17-27].
The existence of sterile neutrinos is motivated by the observational phenomena beyond the Standard

Model (unlike WIMPs that are motivated first of all by the theoretical considerations of stability of the
Higgs mass against quantum corrections that could require a fine-tuning of parameters of the model).
Namely, sterile neutrinos would provide a simple and natural explanations of the neutrino flavor oscil-
lations [20-23]. However, a single sterile neutrino would be unable to explain the two observed mass
splittings between Standard Model neutrinos – at least two sterile neutrinos are needed for that.
Moreover, should sterile neutrino play the role of DM, its mixing with active neutrinos would be
too small to contribute significantly to the flavor oscillations – its life time should be very large
and, therefore, interaction strength should be too feeble [24,25]. Therefore, in order to explain dark
matter and neutrino mass (one for each SM flavor), the minimal model should contain 3 right-handed

Fig. 1. Example of interactions of sterile neutrino: decay N ! mema!ma (panel (a)) and its effective Fermi-like description (panel
(b)) and loop-mediated decay N ? c + ma (panel (c)).
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keV dark matter: the case of sterile neutrinos
To account for dark matter and neutrino masses and oscillations, three sterile 
neutrinos are needed.

Sterile neutrino dark matter can be produced in the early Universe through 
mixing with active neutrinos and have a correct relic density.

S. Dodelson, L.M. Widrow, hep-ph/9303287

The simplest possibility is the           (Neutrino Minimal Standard Model)               νSM
For a review, A. Boyarsky, O. Ruchayskiy, M. Shaposhnikov, arXiv:0901.0011

[Out-of equilibrium reactions are capable of generating the observed matter–anti- matter asymmetry of the 
Universe (baryogenesis)] 
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combination of mass and mixing angle between two black curves the necessary amount of dark matter
can be produced (given the presence of certain amount of lepton asymmetry in the plasma). If inter-
action strength is too high, too much dark matter is produced in contradiction with observations. If the
interaction strength is too low – one cannot account for 100% of dark matter with sterile neutrinos and
additional ‘‘dark’’ particles would be needed). The shaded region in the upper right corner is excluded
due to non-observation of decaying dark matter line with X-ray observatories [100,109-120]. Con-
fronting the requirement to produce the correct DM abundance with the X-ray bounds, one is able
to deduce the upper limit on the mass of sterile neutrino DM to be about 50 keV [119]. Finally, a lower
limit on the mass of DM sterile neutrino MN ! 1–2 keV comes from the analysis of the Lyman-a forest
data [34,68].7 As a result, the combination of X-ray bounds and computations of primordial abundance
shows that in the mMSM the parameter space of sterile neutrino DM is bounded on all sides.

To further advance into the allowed region of the mMSM (the simplest model, predicting sterile
neutrino DM) one has either drastically improve the statistics of observations of DM-dominated
objects (Section 2.4), or employ new technologies of detecting X-rays in space that deliver better spec-
tral resolution than existing X-ray missions (Section 2.5).

2.4. Advance with existing missions: stacking of observations

Significant improvement of sensitivity for decaying DM line with the current X-ray missions (XMM-
Newton, Chandra, Suzaku) is quite challenging. Indeed, an improvement by an order of magnitude
would require an increase of observational time by two orders of magnitude. The best existing con-
straints in X-rays are based on observations with exposure of several hundreds of ks. Therefore, one

Fig. 2. The allowed region of parameters of sterile neutrino dark matter in the mMSM (white unshaded region) confronted with
existing and projected experimental bounds. For any combination of mass and mixing angle between two black curves the
necessary amount of dark matter can be produced (given the presence of certain amount of lepton asymmetry in the plasma,
generated by two other sterile neutrinos). The blue shaded region in the upper right corner is excluded by the non-observation
of decaying DM line in X-rays [100,109-110,112,116-120]. Red regions between !5 keV and !20 keV show expected sensitivity
from a combination of a large number of archival observations (as described in Section 2.4). The gaps are due to the presence of
strong instrumental lines at certain energies (where the combination method does not provide any improvement over earlier
bounds). The lower limit of !5 keV is due to the presence of instrumental lines and absorption edge at energies 1–2.5keV and
emission of the Milky Way, dominating at lower energies. In the region below 1 keV sterile neutrino DM is ‘too light’ and is
ruled out based on ’Tremaine–Gunn’ like arguments [4] and on the Lyman-a analysis [34,68]. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)

7 Notice, that the lower bound on the mass of sterile neutrino DM, produced via non-resonant mixing (having a simple Fermi–
Dirac-like spectrum) is at tension with the upper bound on the mass, coming from X-ray observations (see e.g. [34,118] and
references therein).
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keV dark matter: the case of sterile neutrinos
Eγ = MN /2

The combination of X-ray 
bounds and computations of 
primordial abundance
shows that the parameter 
space of sterile neutrino DM 
is bounded on all sides.
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Figure 4.2: Production (left) and subsequent decay (right) of the particle NI .

the Universe (see Section 4.6.1 for the formulation of the problem). Moreover, the same parti-
cles can be responsible for both neutrino masses and matter-antimatter asymmetry generation.
HNLs with the masses ranging from O(MeV) to O(1012 GeV) provide mechanisms of generation of
matter-antimatter asymmetry, described in Sections 4.6.2–4.6.4.2 below. In particular, the suc-
cessful baryogenesis is possible when HNL have experimentally accessible masses (Sections 4.3.2.2,
4.3.2.3). This opens an exciting possibility of direct experimental resolution of these BSM puzzles
by finding HNLs experimentally. The phenomenology of neutrino oscillations provides (under cer-
tain assumptions, discussed above) the lower bound on Yukawa couplings, while the requirement
of successful baryogenesis provides an upper bound on their values.

Right-handed neutrinos can appear as a part of a wider theory, for example as a part of the
fermion representation of a gauge group in GUT theories, see Section 4.3.2.1. Interestingly HNLs
can be postulated as the only new particles beyond the Standard Model up to a very high energy
scale, providing explanations of all major observational BSM phenomena (Section 4.8 below). This
brings the questions of the complete UV theory (discussed in Section 4.8.3). The SM supplemented
by 3 HNLs, with Majorana mass terms for all of them, and all possible Yukawa couplings with the
Higgs boson and left-handed lepton doublets has an intriguing property of charge quantisation. The
Majorana mass term (4.1.2) means that the hypercharge of NI is zero and therefore hypercharges of
left lepton double and Higgs field are the same. As a result of this, the requirement of cancellation
of gauge chiral anomalies has a unique solution in terms of charges [327], quantised exactly as it is
observed. In other words, the charge quantisation may be a requirement of the self-consistency of
the theory, rather than a consequence of a larger symmetry, as in Grand Unified Theories.

4.2 Active neutrino phenomenology

Neutrino physics provides strong motivation for the existence of HNLs. Although properties of
HNLs cannot be fully fixed by data from low-energy neutrino experiments, it serves as a source of
important constraints. Therefore we review main results of neutrino theory and experiments below.

4.2.1 Three-flavour neutrino oscillations. A theoretical overview

A decade of revolutionary neutrino experiments has established that the SM neutrinos are massive
and mix like quarks do. The measurement of their tiny masses has been possible thanks to neutrino
oscillations, a quantum phenomenon first conjectured by Pontecorvo [328]. Neutrinos are produced
and detected via weak processes, therefore by definition they are produced or detected as flavour
states (ie. the states that couple to the e, µ and ⌧ leptons respectively). However, such states
of a definite flavour are superpositions of the vacuum Hamiltonian eigenstates or mass eigenstates
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4.3.2.3). This opens an exciting possibility of direct experimental resolution of these BSM puzzles
by finding HNLs experimentally. The phenomenology of neutrino oscillations provides (under cer-
tain assumptions, discussed above) the lower bound on Yukawa couplings, while the requirement
of successful baryogenesis provides an upper bound on their values.

Right-handed neutrinos can appear as a part of a wider theory, for example as a part of the
fermion representation of a gauge group in GUT theories, see Section 4.3.2.1. Interestingly HNLs
can be postulated as the only new particles beyond the Standard Model up to a very high energy
scale, providing explanations of all major observational BSM phenomena (Section 4.8 below). This
brings the questions of the complete UV theory (discussed in Section 4.8.3). The SM supplemented
by 3 HNLs, with Majorana mass terms for all of them, and all possible Yukawa couplings with the
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left lepton double and Higgs field are the same. As a result of this, the requirement of cancellation
of gauge chiral anomalies has a unique solution in terms of charges [327], quantised exactly as it is
observed. In other words, the charge quantisation may be a requirement of the self-consistency of
the theory, rather than a consequence of a larger symmetry, as in Grand Unified Theories.

4.2 Active neutrino phenomenology

Neutrino physics provides strong motivation for the existence of HNLs. Although properties of
HNLs cannot be fully fixed by data from low-energy neutrino experiments, it serves as a source of
important constraints. Therefore we review main results of neutrino theory and experiments below.

4.2.1 Three-flavour neutrino oscillations. A theoretical overview

A decade of revolutionary neutrino experiments has established that the SM neutrinos are massive
and mix like quarks do. The measurement of their tiny masses has been possible thanks to neutrino
oscillations, a quantum phenomenon first conjectured by Pontecorvo [328]. Neutrinos are produced
and detected via weak processes, therefore by definition they are produced or detected as flavour
states (ie. the states that couple to the e, µ and ⌧ leptons respectively). However, such states
of a definite flavour are superpositions of the vacuum Hamiltonian eigenstates or mass eigenstates
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Figure 4.17: Constraints on the N2,3 masses M2,3 ' M and mixing U2 = tr(✓†✓) from baryogenesis;
upper panel - normal hierarchy, lower panel - inverted hierarchy. In the region between the solid blue
“BAU” lines, the observed BAU can be generated. The regions below the solid black “seesaw” line and
dashed black “BBN” line are excluded by neutrino oscillation experiments and BBN, respectively. The
areas above the green lines of di↵erent shade are excluded by direct search experiments, as indicated in
the plot. The solid lines are exclusion plots for all choices of ⌫MSM parameters, for the dashed lines the
phases were chosen to maximize the BAU, consistent with the blue lines. The uncertainties in theoretical
computations may move the lines up or down by a factor of few ⇠ 2� 3. From [416].

⌫MSM [397] described in section 4.8 because the lightest HNL N1 is assumed to be a Dark Matter
candidate; bounds on the DM lifetime require its mixings U2

↵1 to be so feeble that it e↵ectively
decouples, and the ⌫MSM is equivalent to N = 2 as far as baryogenesis and neutrino masses are
concerned. However, in the seesaw framework N � 3 is required if the lightest neutrino turns out
to be massive.

The interpretation of experimental constraints and cosmological considerations both strongly
depend on N and the mass of the lightest neutrino [325, 706]. For instance, for N = 3 there is no
lower bound on

P
↵ U2

↵I from neutrino oscillation data if the lightest neutrino is massless. On the
other hand, if its mass is near the upper limit of 0.23 eV from cosmology [319], then there is a lower
bound U2

I > 10�10 [325], see Fig. 4.18, which is near the anticipated SHiP sensitivity. Moreover, the
range of NI parameters for which leptogenesis can be realised with MI below the electroweak scale
turns out to be very di↵erent for N = 2 and N = 3. For N = 2 the two masses masses M1 and M2

have to be quasi-degenerate in order to explain the observed BAU [707], see [681, 686] (leptogenesis
during NI decay) and [324, 397, 415, 416, 703, 704, 708] (leptogenesis during NI production).
Moreover, leptogenesis with N = 2 requires that the Yukawa coupling constants F↵I are very tiny,
making it very challenging to find the NI in existing experiments [316, 388, 416, 704]. This provides
strong motivation for SHiP. With N = 3 both of these restrictions can be overcome [709–711]; in
this case leptogenesis does not require a mass degeneracy [709], and the parameter region where the
BAU can be explained is within reach of the existing experiments LHCb and BELLE [710]. This
is illustrated in figure 4.19 for the observable U2

µ2. However, B-factories can only improve existing
bounds if the NI have masses between the D-meson and B-meson mass. Even in this mass range,
they can probably only find the NI if their mixings U2

↵I are less than two orders of magnitude below
the current bounds [710]. SHiP could probe much smaller mixings and exclude most of the viable
parameter space below the D-meson mass shown in Fig. 4.18 if the lightest neutrino is massive.
At larger masses, ATLAS and CMS [712] or future high energy colliders [383, 549, 554, 713] could
complement SHiP.

At first sight it seems surprising that leptogenesis in the case N = 3 is phenomenologically so
di↵erent from N = 2. The reason lies in the fact that leptogenesis with MI ⌧ Tsph is primarily
driven by lepton flavour violating processes, while total lepton number violation is suppressed by
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Figure 5: Thermal relic DM abundance computed taking into account tree-level scatterings (blue
curve), adding Sommerfeld corrections (red curve), and adding bound state formation (ma-
genta). We consider DM as a fermion SU(2)L triplet (left panel) and as a fermion quintuplet
(right panel). In the first case the SU(2)L-invariant approximation is not good, but it’s enough
to show that bound states have a negligible impact. In the latter case the SU(2)L-invariant
approximation is reasonably good, and adding bound states has a sizeable e↵ect.

relevant for thermal freeze-out, the bound state can be produced by �+�� co-annihilations. In
the SU(2)L-invariant computation this di↵erence arises because we have isospin as an extra
quantum number: the bound state with ` = 0 and I = 1 can be produced from an initial state
with ` = 1, I = 3. As discussed above, the SU(2)L-invariant approximation is not accurate;
nevertheless it su�ces to estimate that the bound-state contribution is negligible.

Fig. 4a compares the approximated binding energy with the one computed numerically
from the full potential of eq. (80). In SU(2)L-invariant approximation the annihilation width
is �ann = 8↵5

2M�, and the production cross section �� ! B1s1� is given by eq. (51) (with
CJ = CT =

p
2) times ↵em/3↵2 to take into account that only the photon can be emitted

(thermal masses do not kinematically block the process), given that the non-thermal masses
MW,Z are much bigger than the binding energy. Even with this rough (over)estimate, bound-
state formation a↵ects the DM relic density by a negligible amount, at the % level. Its e↵ect
is not visible in fig. 5 where we show the DM thermal abundance as function of the DM mass.

7.2 Minimal Dark Matter fermion quintuplet

We next consider the Minimal DM fermionic quintuplet [4]. The DM-DM states formed by two
quintuplets of SU(2)L decompose into the following isospin channels

5⌦ 5 = 1S � 3A � 5S � 7A � 9S. (87)
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The MiniBooNE-DM collaboration searched for vector-boson mediated production of dark matter
using the Fermilab 8 GeV Booster proton beam in a dedicated run with 1.86⇥1020 protons delivered
to a steel beam dump. The MiniBooNE detector, 490 m downstream, is sensitive to dark matter
via elastic scattering with nucleons in the detector mineral oil. Analysis methods developed for
previous MiniBooNE scattering results were employed, and several constraining data sets were
simultaneously analyzed to minimize systematic errors from neutrino flux and interaction rates. No
excess of events over background was observed, leading to a 90% confidence limit on the dark-matter
cross section parameter, Y = ✏2↵D(m�/mV )4 . 10�8, for ↵D = 0.5 and for dark-matter masses
of 0.01 < m� < 0.3 GeV in a vector portal model of dark matter. This is the best limit from a
dedicated proton beam dump search in this mass and coupling range and extends below the mass
range of direct dark matter searches. These results demonstrate a novel and powerful approach to
dark matter searches with beam dump experiments.

PACS numbers: 95.35.+d,13.15.+g

Introduction — There is strong evidence for dark mat-
ter (DM) from observations of gravitational phenomena
across a wide range of distance scales [1]. A substantial
program of experiments has evolved over the last sev-
eral decades to search for non-gravitational interactions
of DM, with yet no undisputed evidence in this sector.
Most of these experiments target DM with weak scale
masses and are less sensitive to DM with masses below a
few GeV. To complement these approaches, new search
strategies sensitive to DM with smaller masses should be
considered [2].

Fixed-target experiments using beams of protons or
electrons can expand the sensitivity to sub-GeV DM that
couples to ordinary matter via a light mediator parti-
cle [3–18]. In these experiments, DM particles may be
produced in collisions with nuclei in the fixed target, of-
ten a beam dump, and may be identified through interac-
tions with nuclei in a downstream detector. Results from
past beam dump experiments have been reanalyzed to
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p
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FIG. 1. Schematic illustration of this DM search using the
the Fermilab BNB in o↵-target mode together with the Mini-
BooNE detector. The proton beam is steered above the beryl-
lium target in o↵-target mode lowering the neutrino flux.

place limits on the parameters within this class of models.
In this Letter, we report on the first dedicated search of
this type (proposed in [6]), which employs 8 GeV protons
from the Fermilab Booster Neutrino Beam (BNB), re-
configured to reduce neutrino-induced backgrounds, com-
bined with the downstream MiniBooNE (MB) neutrino
detector (Fig. 1).
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FIG. 3. DM interactions with nucleons in the detector.

A DM particle may couple to ordinary matter through
a light mediator particle which could also control interac-
tions with Standard Model particles, allowing the correct
relic abundance in the standard thermal freeze-out sce-
nario [3–5]. A minimal dark sector model of this type
is known as vector portal DM [19, 20] and is used as a
framework for the analysis presented here. Although we
emphasize that this search is sensitive to other scenar-
ios, in this particular one, interactions of � are mediated
by a U(1) gauge boson Vµ (“dark photon”) that kinet-
ically mixes with the ordinary photon. Four unknown
parameters control the physics: DM mass m�, Vµ mass
mV , kinetic mixing ✏, and dark gauge coupling gD. For
this work, the DM particle is assumed to be a complex
scalar, which is consistent with terrestrial, astrophysical,
and cosmological constraints [5].

Two di↵erent DM production mechanisms (Fig. 2)
likely dominate for this search: 1) decay of secondary ⇡0

or ⌘ mesons and 2) proton bremsstrahlung. For both of
these processes, the production rate scales as ✏2 provided
the Vµ can decay into two on-shell DM particles with
mV > 2m�. The �, produced via one of these mech-
anisms, may be detected via interactions with nucleons
or electrons. This search is sensitive to DM-nucleon in-
teractions �N , mediated by Vµ exchange (Fig. 3) and
the scattering rate in the detector scales as ✏2↵D, where
↵D = g2D/4⇡. Combining this with the production rate
behavior yields a DM event rate that scales as ✏4↵D for
mV > 2m�.
Experiment — In the neutrino-production mode (“⌫-
mode”) configuration of the BNB, 8 GeV protons from
the Fermilab Booster are delivered to a 1.75-interaction-
length beryllium target in pulses with intensity 3 � 5 ⇥
1012 protons and 1.6 µs in duration, creating a large flux
of charged mesons, predominantly pions. A magnetic
horn surrounds the target and uses a pulsed ⇡ 1.5 T

magnetic field to guide the mesons down a 1 m radius,
50 m long cylindrical, air-filled, decay pipe that termi-
nates into a steel beam stop. The majority of mesons
decay into neutrinos (e.g. ⇡ ! µ⌫) providing a large
neutrino flux in the downstream detector [21].
For this DM search, the beamline was configured in

“o↵-target” mode with the 8 GeV protons steered o↵ of
the beryllium production target, through the powered-o↵
magnetic horn, and into the steel beam dump at the end
of the decay region. This greatly reduces the flux of neu-
trinos created via meson decay in-flight, thus lowering the
neutrino event background. This increases sensitivity to
DM produced in decays of ⇡0 and ⌘, which are produced
copiously in the beam dump.
The flux of neutrinos and associated errors in ⌫-mode

were calculated using experimental data along with a
simulation program detailed in [21]. To predict the o↵-
target flux, the simulation was updated with the addition
of various beam line components that are important only
for o↵-target running. These additional components have
negligible e↵ects in ⌫-mode as the beryllium target and
surrounding aluminum is the source of 99% of the mesons
contributing to the neutrino flux at the detector. How-
ever, in o↵-target mode, only ⇡ 30% of the mesons re-
sulting in detector neutrinos are created in the beryllium
target and surrounding aluminum, so other beam-line
materials are important. The beam parameters (direc-
tion, emittance, lateral size, etc.) used by the simulation
were measured during the run.
Charged-current quasielastic (CCQE) scattering of

muon-neutrinos produces a readily detected muon and
is the highest-rate neutrino process in the MB detector.
With the assumption that DM scattering is purely elas-
tic, the CCQE samples are free of DM-scattering events
and, since they are well-measured via the large samples
gathered in ⌫-mode running, can be used to constrain the
o↵-target neutrino flux. A sample of 956 CCQE events
from o↵-target mode were reconstructed and compared
to that predicted by the beam and detector simulations.
The beam parameters input to the simulation were then
adjusted, within their uncertainties, to reproduce that
number of events and to improve the o↵-target flux es-
timate. A set of beam simulation variations, consistent
with errors on the beam parameters and the total num-
ber of CCQE events, was created in order to determine
the error on predicted fluxes.
The resulting predicted neutrino flux for o↵-target

mode is shown in Fig. 4 along with the ratio of o↵-target
flux to that for ⌫-mode. The predicted o↵-target flux
for 0.2 < E⌫ < 3 GeV is (1.9 ± 1.1) ⇥ 10�11 ⌫ POT�1

cm�2 (“POT” is proton-on-target). The mean energy
of the o↵-target neutrino flux is 660 MeV compared to
830 MeV in ⌫-mode. The integrated o↵-target flux is
1/27 of the ⌫-mode flux and the event rate 1/48 that of
⌫-mode. The total data set reported here used 1.86⇥1020

POT collected from Nov. 2013–Sept. 2014.

A.A. Aguilar-Arevalo et a., arXiv:1702.02688
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A DM particle may couple to ordinary matter through
a light mediator particle which could also control interac-
tions with Standard Model particles, allowing the correct
relic abundance in the standard thermal freeze-out sce-
nario [3–5]. A minimal dark sector model of this type
is known as vector portal DM [19, 20] and is used as a
framework for the analysis presented here. Although we
emphasize that this search is sensitive to other scenar-
ios, in this particular one, interactions of � are mediated
by a U(1) gauge boson Vµ (“dark photon”) that kinet-
ically mixes with the ordinary photon. Four unknown
parameters control the physics: DM mass m�, Vµ mass
mV , kinetic mixing ✏, and dark gauge coupling gD. For
this work, the DM particle is assumed to be a complex
scalar, which is consistent with terrestrial, astrophysical,
and cosmological constraints [5].

Two di↵erent DM production mechanisms (Fig. 2)
likely dominate for this search: 1) decay of secondary ⇡0

or ⌘ mesons and 2) proton bremsstrahlung. For both of
these processes, the production rate scales as ✏2 provided
the Vµ can decay into two on-shell DM particles with
mV > 2m�. The �, produced via one of these mech-
anisms, may be detected via interactions with nucleons
or electrons. This search is sensitive to DM-nucleon in-
teractions �N , mediated by Vµ exchange (Fig. 3) and
the scattering rate in the detector scales as ✏2↵D, where
↵D = g2D/4⇡. Combining this with the production rate
behavior yields a DM event rate that scales as ✏4↵D for
mV > 2m�.
Experiment — In the neutrino-production mode (“⌫-
mode”) configuration of the BNB, 8 GeV protons from
the Fermilab Booster are delivered to a 1.75-interaction-
length beryllium target in pulses with intensity 3 � 5 ⇥
1012 protons and 1.6 µs in duration, creating a large flux
of charged mesons, predominantly pions. A magnetic
horn surrounds the target and uses a pulsed ⇡ 1.5 T

magnetic field to guide the mesons down a 1 m radius,
50 m long cylindrical, air-filled, decay pipe that termi-
nates into a steel beam stop. The majority of mesons
decay into neutrinos (e.g. ⇡ ! µ⌫) providing a large
neutrino flux in the downstream detector [21].
For this DM search, the beamline was configured in

“o↵-target” mode with the 8 GeV protons steered o↵ of
the beryllium production target, through the powered-o↵
magnetic horn, and into the steel beam dump at the end
of the decay region. This greatly reduces the flux of neu-
trinos created via meson decay in-flight, thus lowering the
neutrino event background. This increases sensitivity to
DM produced in decays of ⇡0 and ⌘, which are produced
copiously in the beam dump.
The flux of neutrinos and associated errors in ⌫-mode

were calculated using experimental data along with a
simulation program detailed in [21]. To predict the o↵-
target flux, the simulation was updated with the addition
of various beam line components that are important only
for o↵-target running. These additional components have
negligible e↵ects in ⌫-mode as the beryllium target and
surrounding aluminum is the source of 99% of the mesons
contributing to the neutrino flux at the detector. How-
ever, in o↵-target mode, only ⇡ 30% of the mesons re-
sulting in detector neutrinos are created in the beryllium
target and surrounding aluminum, so other beam-line
materials are important. The beam parameters (direc-
tion, emittance, lateral size, etc.) used by the simulation
were measured during the run.
Charged-current quasielastic (CCQE) scattering of

muon-neutrinos produces a readily detected muon and
is the highest-rate neutrino process in the MB detector.
With the assumption that DM scattering is purely elas-
tic, the CCQE samples are free of DM-scattering events
and, since they are well-measured via the large samples
gathered in ⌫-mode running, can be used to constrain the
o↵-target neutrino flux. A sample of 956 CCQE events
from o↵-target mode were reconstructed and compared
to that predicted by the beam and detector simulations.
The beam parameters input to the simulation were then
adjusted, within their uncertainties, to reproduce that
number of events and to improve the o↵-target flux es-
timate. A set of beam simulation variations, consistent
with errors on the beam parameters and the total num-
ber of CCQE events, was created in order to determine
the error on predicted fluxes.
The resulting predicted neutrino flux for o↵-target

mode is shown in Fig. 4 along with the ratio of o↵-target
flux to that for ⌫-mode. The predicted o↵-target flux
for 0.2 < E⌫ < 3 GeV is (1.9 ± 1.1) ⇥ 10�11 ⌫ POT�1

cm�2 (“POT” is proton-on-target). The mean energy
of the o↵-target neutrino flux is 660 MeV compared to
830 MeV in ⌫-mode. The integrated o↵-target flux is
1/27 of the ⌫-mode flux and the event rate 1/48 that of
⌫-mode. The total data set reported here used 1.86⇥1020

POT collected from Nov. 2013–Sept. 2014.



PART III: Particle physics from Astroparticle

MeV thermal dark matter

10−22 eV keV MeV GeV 100 TeV MPl 30 M⊙

ThermalNon-thermal Non-thermal

R. Pottgen (23/8) 

Simple, thermal, MeV DM

Dark photons/“dark sector” 

Simple prototype for a 
“Dark Sector”. Rich, and 
mostly new, 
phenomenology.



PART III: Particle physics from Astroparticle

Dark photon

10−22 eV keV MeV GeV 100 TeV MPl 30 M⊙

ThermalNon-thermal Non-thermal



ALPs is populated uniformly down to the Hubble scale, mH ⇠ 10

�33
eV, so that ultralight

bosonic states are allowed. It has been recently recognized that ultralight boson fields with
masses of the order of 10�21

eV are a compelling candidate for cold dark matter [3]. A similar,
albeit much wider, phenomenology arises in models of ultralight vector fields (ULVs), such as
dark photons, also a generic prediction of string theory [11]. In this scenario, a “hidden U(1)”
sector is weakly coupled to the visible Maxwell field through a kinetic mixing term.
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Figure 1. Current experimental limits on ALPs (left) and ULVs (right) in their corresponding mass-
coupling plane (adapted from [12] and [13], respectively; courtesy of J. Redondo). The red dashed
areas denote the regions that can be probed through the superradiant instability of astrophysical
BHs [14–19] (cf. [20] for an overview), as discussed in this paper. These constraints do not require a
direct coupling between dark matter and ordinary particles, and are complementary to other bounds.

Constraints on ultralight bosons. Due to their tiny mass and weak coupling, direct
searches of ultralight bosons in the lab are extremely challenging, especially for masses ⌧
10

�10
eV. The current bounds and respective experiments/observations from which they

were derived are summarized in Fig. 1. Laboratory searches inevitably require the interaction
cross section of dark-matter particles with “ordinary” matter to be sufficiently large. For
vanishingly small couplings to the Standard Model, gravity is the only interaction able to
probe new fundamental fields.

There are at least two nontrivial effects of gravity on ALPs and ULVs. The first is
the formation of self-gravitating structures such as boson stars or oscillatons [21]. These
structures can become very compact, to the point of providing a compelling alternative to
supermassive dark objects [22–25]. The second, nonperturbative, effect is the triggering of
superradiant instabilities of spinning black holes (BHs) [20]. Superradiant instabilities spin
BHs down, and can affect the dynamics of astrophysical BHs in a dramatic fashion [14, 20],
providing a portal for astrophysical tests of bosonic dark matter in the poorly explored range
below 10

�10
eV.

Superradiant instabilities of Kerr BHs and strong-gravity constraints. The super-
radiant instability of ALPs and ULVs around spinning Kerr BHs is the focus of this work.
The precise evolution or end-state of the instability for minimally coupled bosons is not fully
understood [20, 26, 27], but recent numerical simulations [28, 29] support the conclusions of
previous perturbative studies [20, 30]: the instability proceeds in a two-step process. Dur-
ing the first stage, the geometry is well described by a (vacuum) Kerr BH. This geometry

– 2 –
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Remarkable connection 
with gravitational wave physics

There are two main experimental signatures of BH superradiance

Monochromatic emission of gravitational wave 
from the scalar cloud (with frequency set by 
the scalar field mass)

• Transitions between levels

• Annihilations to gravitons

• Signals coherent, monochromatic, last hours 
to millions of years

Gravitational Wave Signals

39

We should not 
observe rapidly-
spinning black holes
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Figure 10. Exclusion regions in the BH spin-mass diagram obtained from the superradiant instability
of Kerr BHs against massive scalar fields for the most unstable m = 1, 2, 3 modes. For each axion
mass, the separatrix in the left (right) plot corresponds to an instability time scale equal to 14 yr

(50Myr). Markers are the same as those in Fig. 9.

to the Salpeter time scale defined in Eq. (3.1) for a typical efficiency ⌘ ⇡ 0.1 and Eddington
mass-accretion rate fEdd ⇡ 1.

Comparison between Fig. 9 and Fig. 10 leads to two important remarks. First, the con-
straints on ULVs are more stringent than those on ALPs, because the superradiant instability
of the former is more efficient [15, 17, 28, 44]. Furthermore, higher-m modes (previously ne-
glected for the Proca field) would allow to extend the rightmost part of each Regge gap shown
in Fig. 9. Thus, the constraints that can be derived from Fig. 9 are in fact conservative and
should be extended by including higher-m Proca modes as done in Ref. [17] in the Newtonian
limit.

4 Conclusion and discussion

We have computed, for the first time, the entire spectrum of the most unstable superradiant
modes of a Proca field around a Kerr BH. Our results confirm and extend some recent work,
showing that the instability of massive vector fields is stronger than in the scalar case. As a
consequence, the constraints on the Proca mass are more stringent than those of the scalar
mass. Our results, together with the observed stability of the inner disk of stellar-mass BH
candidates, can be used to exclude ULVs and ALPs in the mass range

mV 2 (10

�13
, 3⇥ 10

�12
) eV , (4.1)

mALP 2 (6⇥ 10

�13
, 10

�11
) eV . (4.2)

The lower limit on ALPs is less stringent because the superradiant instability is weaker,
whereas the upper limit is more stringent because of the inclusion of higher-m modes. Note
that the above bounds are necessarily less stringent than those obtained by comparing the
instability with accretion. Nonetheless, they are much more robust as based on direct obser-
vations. To the best of our knowledge, it is the first time that the observed stability of the
inner disk of BH candidates is used in the context of BH superradiance.

Statistical evidence of highly-spinning BHs provides an indirect way to constrain ul-
tralight bosons [16–19, 38] and possibly to measure their mass in case of detection [19]. In
particular, recent work shows that LISA will be able to fill the gap between stellar BHs and
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• The only exception to new physics beyond the Standard Model if 
dark matter is made out of primordial black holes.

• Old idea, but LIGO/Virgo discoveries generated new excitement 

• In order for such compact objects to form, the primordial power 
spectrum needs to be boosted by about 7 orders of magnitude above 
the value observed on large scales 
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FIG. 6: Constraints on the allowed amplitude of primordial density (curvature) perturbations P� (PR) at all scales. Here we
give the combined best measurements of the power spectrum on large scales from the CMB, large scale structure, Lyman-↵
observations and other cosmological probes [152, 153, 156]. We also plot upper limits from gamma-ray and reionisation/CMB
searches for UCMHs, and primordial black holes [43]. For ease of reference, we also show the range of possible DM kinetic
decoupling scales for some indicative WIMPs [74]; for a particle model with a kinetic decoupling scale kKD, limits do not apply
at k > kKD. Note that for modes entering the horizon during matter domination, P� (but not PR) should be multiplied by a
further factor of 0.81.

to be n . 1.17. Since large-scale observations actually
put much stronger limits on the spectral index, we have
also considered the case of n = 0.968 ± 0.012, as ob-
tained by WMAP observations, and constrained the al-
lowed additional power below some small scale ks to be at
most a factor of ⇠10–12 (assuming a step-like enhance-
ment in the spectrum). As a third example, we have
obtained quasi-model-independent limits, of the order of
PR . 10�6, on perturbation spectra that can at least
locally be well described by a power law. We would like
to stress, however, that it is intrinsically impossible to
constrain primordial density fluctuations in a completely
model-independent way; one thus has to re-derive such
limits for any particular model of, e.g., inflation which
produces a spectrum that does not fall into one of these
classes. Here, we have provided all the necessary tools to
do so.

We have mentioned that present gravitational lens-
ing data cannot be used to constrain the abundance of
UCMHs – essentially because they are simply not point-
like enough, even in view of their highly dense and con-
centrated cores. Future missions making use of the light-
curve shape in lensing events, however, are likely to probe
or constrain their existence. This would be quite remark-
able as it would allow us to put limits on the power spec-
trum without relying on the WIMP hypothesis for DM.
Most of our formalism is readily extended, or can in fact
be directly applied to, such constraints arising from grav-
itational microlensing.

Finally, we have compiled an extensive list of the most

stringent limits on PR(k) that currently exist in the lit-
erature for the whole range of accessible scales, from the
horizon size today down to scales some 23 orders of mag-
nitude smaller. Direct and indirect observations of the
matter distribution on large scales – in particular galaxy
surveys and CMB observations – constrain the power
spectrum to be PR(k) ⇠ 2 ⇥ 10�9 on scales larger than
about 1Mpc. On sub-Mpc scales, on the other hand, only
upper limits exist. From the non-observation of PBH-
related e↵ects, one can infer PR . 10�2 � 10�1 on all
scales that we consider here. UCMHs are much more
abundant and thus result in considerably stronger con-
straints, PR . 10�6, down to the smallest scale at which
DM is expected to cluster (this depends on the nature of
the DM; for typical WIMPs like neutralino DM, e.g., it
falls into the range k�max ⇠ 8⇥ 104 � 3⇥ 107 Mpc�1).

It is worth recalling that the observational evidence
for a simple, nearly Harrison-Zel’dovich spectrum of den-
sity fluctuations is obtained by probing a relatively small
range of rather large scales. The limits we have provided
here will thus be very useful in constraining any model of
e.g. inflation, or phase transitions in the early Universe,
that predicts deviations from the most simple case and
which would result in more power on small scales.

T. Bringmann, P. Scott, Y. Akrami, arXiv:1110.2484



PART III: Particle physics from Astroparticle

Primordial black holes as dark matter

10−22 eV keV MeV GeV 100 TeV MPl 30 M⊙

ThermalNon-thermal Non-thermal

The BHs LIGO detected might be astrophysical or primordial

Clear-cut tests:
Astrophysical Primordial

do not exist at z ≳ 30
M ≳ 1 M⊙
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Does LIGO rule out PBH-dark matter?
YAH, Kovetz & Kamionkowski [1709.06576] 14
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FIG. 6. Merger rate of PBH binaries if they make up all of
the dark matter, and provided PBH binaries are not signifi-
cantly perturbed between formation and merger (solid line).
Superimposed are the upper limits from LIGO given in Table
I and described in the main text.

also strongly constrains masses M  10 M�, and defer
this detailed analysis to the LIGO collaboration, updat-
ing that carried out in Ref. [39] with the S2 run. We
summarize our estimated limits in Table I.

We show these limits in Fig. 6, alongside the PBH bi-
nary merger rate if they make all of the dark matter, and
if PBH binaries are not significantly perturbed between
formation and merger. We see that the latter largely

exceeds the estimated upper limits, by 3 to 4 orders of
magnitude, depending on the mass. This indicates that
LIGO could rule out PBHs as the dominant dark mat-
ter component, and set stringent upper limits to their
abundance.

To estimate these potential limits, we solve for the
maximum PBH fraction for which the merger rate is be-
low the LIGO upper limits. Note, that the merger rate is
not linear in f , nor a simple power law through all range
of f , so these limits must be computed numerically. We
show the result in Fig. 7, alongside other existing bounds
in that mass range. We see that LIGO O1 may limit
PBHs to be no more than a percent of the dark mat-
ter for M ⇠ 10 � 300 M�. If confirmed with numerical
computations, these would become the strongest existing
bounds in that mass range.

VI. DISCUSSION AND CONCLUSIONS

NSTT [38] pointed out long ago that PBHs would
form binaries in the early Universe, as a consequence of
the chance proximity of PBH pairs, and estimated their
merger rate at the present time. Following the first de-
tection of a binary-black-hole merger [5], Sasaki et al. [9]
updated this calculation to 30 M� PBHs, and general-
ized it to an arbitrary PBH abundance. They focused on
the case where PBHs are a very subdominant fraction of
the dark matter, as was implied by the stringent CMB
spectral distortions bounds at the time [23], since then

micro-lensing wide binaries
ultra-faint dwarfs

potential limits  
from LIGO O1 run
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FIG. 7. Potential upper bounds on the fraction of dark matter
in PBHs as a function of their mass, derived in this paper (red
arrows), and assuming a narrow PBH mass function. These
bounds need to be confirmed by numerical simulations. For
comparison we also show the microlensing limits from the
EROS [21] (purple) and MACHO [20] (blue) collaborations
(see Ref. [74] for caveats and Ref. [32] for a discussion of
uncertainties), limits from wide Galactic binaries [22], ultra-
faint dwarf galaxies [25], and CMB anisotropies [24].

revised and significantly alleviated [24] (see also [33]).

In this paper, we have, first of all, made several im-
provements to the calculation of NSST, and accurately
computed the distribution of orbital parameters of PBH
binaries forming in the early Universe. Specifically,
we have computed the exact probability distribution of
initial angular momentum for a close pair torqued by
all other PBHs, and have accounted for the tidal field
of standard adiabatic density perturbations, dominant
when PBHs make a small fraction of the dark matter.

Our second and most important addition was to check
thoroughly whether the highly eccentric orbits of PBH
binaries merging today can get significantly disturbed
between formation and merger. To do so, we have esti-
mated the characteristic properties of the first non-linear
structures, and as a consequence their e↵ects on the or-
bital parameters of PBH binaries. We found that PBH
binaries merging today are essentially unscathed by tidal
torques and encounters with other PBHs. This robust-
ness stems from the fact that these binaries typically form
deep inside the radiation era and are very tight. We have
also estimated the e↵ect of baryon accretion to be much
weaker than previous estimates [43], but potentially im-
portant if unknown numerical prefactors happen to be
large.

Thirdly, we have revisited the calculation of Ref. [8]
for the merger rate of PBH binaries forming in present-
day halos through gravitational recombination. We have
explicitly accounted for the previously neglected Pois-
son fluctuations resulting from the granularity of PBH
dark matter. This shot noise greatly enhances the vari-
ance of density perturbations on small scales, and has
pronounced e↵ects on the properties of low-mass halos.
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More checks are needed 



Figure 6. Future femtolensing sensitivity to primordial black holes compared to other probes. In
particular, we compare our projected limits (blue dashed contours) to limits based on extragalactic
background photons (EG�) from PBH evaporation [13], from the non-destruction of white dwarfs
(WD) [18], from microlensing searches by Subaru HSC [4], Kepler [57], MACHO [1], EROS [2], and
OGLE [3], from the dynamics of ultra-faint dwarf galaxies [58], and from CMB distortions due to
accretion onto PBHs [59]. (Stronger CMB limits are obtained if more aggressive assumptions on
accretion by PBHs are adopted [60].) The Subaru HSC limits are cut off at M ⇠ 10

�11M� because
below that mass, the geometric optics approximation employed in ref. [4] is not valid. We also do
not include neutron star limits [15] because of their dependence on controversial assumptions about
the DM density in globular clusters. We have taken the limits shown here from the compilation in
ref. [36]. In computing our projected limits, we have assumed the redshift of all GRBs in the sample
to be zS = 1, we have used the BAND model for the GRB spectrum, and we have assumed a 5%
systematic uncertainty, uncorrelated between energy bins.

is not true that photons travel from the source to the detector along one of just two discrete
paths. In fact, when the time delay becomes comparable to the inverse photon frequency
(which for point-like lenses is equivalent to the photon wave length becoming comparable
to the Schwarzschild radius of the lens), wave optics effects become non-negligible. It is
then necessary to integrate the photon amplitude over the whole lens plane. This leads to
O(1) corrections to the interference pattern at the lower end of the photon energy spectrum.
Second, while the approximation of a point-like lens works for primordial black holes, it is
not satisfied for ultra-compact mini-halos, and even less so for NFW-like structures. We
have therefore computed femtolensing effects for generic power-law density profiles, and have
explicitly shown numerical results for the self-similar infall profile with ⇢(r) / r�9/4.

The most important correction in femtolensing of GRBs is coming from the non-negligible
size a

S

of the GRB source itself. In fact, we have argued that a GRB could only be treated
as point-like for the purpose of femtolensing if the photon emission region was smaller than
a
S

⇠ 10

8 cm. And while estimates for the size of the emission region can vary by a few
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“…pronaque cum spectent animalia cetera terram,
      os homini sublime dedit 
      caelumque videre iussit 
      et erectos ad sidera tollere vultus.”

Ovidio, Metamorphoses I

“…whereas other animals look grovelling at the ground,
     to man he gave an upturned aspect, and ordered him to look
     at the sky, and to raise his face to the stars.”
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Inflation is nowadays a well-established paradigm, able to explain 
the properties of the Universe at large scales and the generation of 
the primordial density fluctuations seeding structure formation. 
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T00 = ρϕ = V(ϕ) = − Pϕ
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Inflation is nowadays a well-established paradigm, able to explain 
the properties of the Universe at large scales and the generation of 
the primordial density fluctuations seeding structure formation. 
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Neutral hydrogen forms through the reaction
when the
temperature has become low enough that the reverse reaction
 is energetically disfavored 
(                                                               )

e� + p ! H+ �
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Recombination and photon decoupling

Trec = 0.26� 0.33 eV = 3000� 3800 �K
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Mostly 
protons, 
electrons 
and photons



Before recombination the strongest coupling between the photons
and the rest of the plasma is through 
Thomson scattering

The sharp drop in the free electron density after recombination means that 
this process becomes inefficient and the photons decouple.
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<latexit sha1_base64="/+Su1ia3cWxE/HCi0sXZgI/g7uM=">AAACEXicbVDLSgNBEJyNrxhfqx5FGAyCIIZdEfQY9OIxgnlAEkPvpBOHzOwuM71CCDn5CX6FVz15E69+gQf/xU3MISbWqajqpqsriJW05HlfTmZhcWl5JbuaW1vf2Nxyt3cqNkqMwLKIVGRqAVhUMsQySVJYiw2CDhRWg97VyK8+oLEyCm+pH2NTQzeUHSmAUqnl7uPdCT/mjS5oDbxBEZ8WWm7eK3hj8HniT0ieTVBqud+NdiQSjSEJBdbWfS+m5gAMSaFwmGskFmMQPehiPaUhaLTNwfiNIT9MLKQBYjRcKj4WcXpjANravg7SSQ10b2e9kfifV0+oc9EcyDBOCEMxOkRS4fiQFUam/SBvS4NEMEqOXIZcgAEiNJKDEKmYpIXl0j782e/nSeW04HsF/+YsX7ycNJNle+yAHTGfnbMiu2YlVmaCPbJn9sJenSfnzXl3Pn5HM85kZ5f9gfP5A8AHm0U=</latexit><latexit sha1_base64="/+Su1ia3cWxE/HCi0sXZgI/g7uM=">AAACEXicbVDLSgNBEJyNrxhfqx5FGAyCIIZdEfQY9OIxgnlAEkPvpBOHzOwuM71CCDn5CX6FVz15E69+gQf/xU3MISbWqajqpqsriJW05HlfTmZhcWl5JbuaW1vf2Nxyt3cqNkqMwLKIVGRqAVhUMsQySVJYiw2CDhRWg97VyK8+oLEyCm+pH2NTQzeUHSmAUqnl7uPdCT/mjS5oDbxBEZ8WWm7eK3hj8HniT0ieTVBqud+NdiQSjSEJBdbWfS+m5gAMSaFwmGskFmMQPehiPaUhaLTNwfiNIT9MLKQBYjRcKj4WcXpjANravg7SSQ10b2e9kfifV0+oc9EcyDBOCEMxOkRS4fiQFUam/SBvS4NEMEqOXIZcgAEiNJKDEKmYpIXl0j782e/nSeW04HsF/+YsX7ycNJNle+yAHTGfnbMiu2YlVmaCPbJn9sJenSfnzXl3Pn5HM85kZ5f9gfP5A8AHm0U=</latexit><latexit sha1_base64="/+Su1ia3cWxE/HCi0sXZgI/g7uM=">AAACEXicbVDLSgNBEJyNrxhfqx5FGAyCIIZdEfQY9OIxgnlAEkPvpBOHzOwuM71CCDn5CX6FVz15E69+gQf/xU3MISbWqajqpqsriJW05HlfTmZhcWl5JbuaW1vf2Nxyt3cqNkqMwLKIVGRqAVhUMsQySVJYiw2CDhRWg97VyK8+oLEyCm+pH2NTQzeUHSmAUqnl7uPdCT/mjS5oDbxBEZ8WWm7eK3hj8HniT0ieTVBqud+NdiQSjSEJBdbWfS+m5gAMSaFwmGskFmMQPehiPaUhaLTNwfiNIT9MLKQBYjRcKj4WcXpjANravg7SSQ10b2e9kfifV0+oc9EcyDBOCEMxOkRS4fiQFUam/SBvS4NEMEqOXIZcgAEiNJKDEKmYpIXl0j782e/nSeW04HsF/+YsX7ycNJNle+yAHTGfnbMiu2YlVmaCPbJn9sJenSfnzXl3Pn5HM85kZ5f9gfP5A8AHm0U=</latexit><latexit sha1_base64="/+Su1ia3cWxE/HCi0sXZgI/g7uM=">AAACEXicbVDLSgNBEJyNrxhfqx5FGAyCIIZdEfQY9OIxgnlAEkPvpBOHzOwuM71CCDn5CX6FVz15E69+gQf/xU3MISbWqajqpqsriJW05HlfTmZhcWl5JbuaW1vf2Nxyt3cqNkqMwLKIVGRqAVhUMsQySVJYiw2CDhRWg97VyK8+oLEyCm+pH2NTQzeUHSmAUqnl7uPdCT/mjS5oDbxBEZ8WWm7eK3hj8HniT0ieTVBqud+NdiQSjSEJBdbWfS+m5gAMSaFwmGskFmMQPehiPaUhaLTNwfiNIT9MLKQBYjRcKj4WcXpjANravg7SSQ10b2e9kfifV0+oc9EcyDBOCEMxOkRS4fiQFUam/SBvS4NEMEqOXIZcgAEiNJKDEKmYpIXl0j782e/nSeW04HsF/+YsX7ycNJNle+yAHTGfnbMiu2YlVmaCPbJn9sJenSfnzXl3Pn5HM85kZ5f9gfP5A8AHm0U=</latexit>
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PART II: Particle physics from Cosmology
The late Universe: 21 cm cosmology

The decoupled photons can stream freely for the entire future history 
of the Universe without ever being absorbed or scattered, 
and are today observed as the
cosmic microwave background (CMB).

Recombination and photon decoupling



PART III: Particle physics from Astroparticle

QCD axion dark matter
10−22 eV keV MeV GeV 100 TeV MPl 30 M⊙

ThermalNon-thermal Non-thermal

QCD axion searches

1016
<latexit sha1_base64="L+pJ0ibjXVDtnvo3pjLYQH0/wLo=">AAAB+XicbZA7SwNBFIVn4yvGV9TSZjAIVmFHRC0DNpYRzAOSGO5ObuKQ2Qczd4WwBPwLtlrZia2/xsL/4u4mhSae6nDOHe6dz4u0suS6X05hZXVtfaO4Wdra3tndK+8fNG0YG4kNGerQtD2wqFWADVKksR0ZBN/T2PLG11nfekRjVRjc0STCng+jQA2VBEqjlnDvE3Ex7ZcrbtXNxZeNmJsKm6veL393B6GMfQxIarC2I9yIegkYUlLjtNSNLUYgxzDCTmoD8NH2kvzcKT+JLVDIIzRcaZ6H+PtFAr61E99LJ32gB7vYZeF/XSem4VUvUUEUEwYyW0RKY77ISqNSDsgHyiARZJcjVwGXYIAIjeIgZRrGKZhSykMs/n7ZNM+qwq2K2/NKrfY0I1NkR+yYnTLBLlmN3bA6azDJxuyZvbBXJ3HenHfnYzZacOY0D9kfOZ8/ITST4Q==</latexit><latexit sha1_base64="L+pJ0ibjXVDtnvo3pjLYQH0/wLo=">AAAB+XicbZA7SwNBFIVn4yvGV9TSZjAIVmFHRC0DNpYRzAOSGO5ObuKQ2Qczd4WwBPwLtlrZia2/xsL/4u4mhSae6nDOHe6dz4u0suS6X05hZXVtfaO4Wdra3tndK+8fNG0YG4kNGerQtD2wqFWADVKksR0ZBN/T2PLG11nfekRjVRjc0STCng+jQA2VBEqjlnDvE3Ex7ZcrbtXNxZeNmJsKm6veL393B6GMfQxIarC2I9yIegkYUlLjtNSNLUYgxzDCTmoD8NH2kvzcKT+JLVDIIzRcaZ6H+PtFAr61E99LJ32gB7vYZeF/XSem4VUvUUEUEwYyW0RKY77ISqNSDsgHyiARZJcjVwGXYIAIjeIgZRrGKZhSykMs/n7ZNM+qwq2K2/NKrfY0I1NkR+yYnTLBLlmN3bA6azDJxuyZvbBXJ3HenHfnYzZacOY0D9kfOZ8/ITST4Q==</latexit><latexit sha1_base64="L+pJ0ibjXVDtnvo3pjLYQH0/wLo=">AAAB+XicbZA7SwNBFIVn4yvGV9TSZjAIVmFHRC0DNpYRzAOSGO5ObuKQ2Qczd4WwBPwLtlrZia2/xsL/4u4mhSae6nDOHe6dz4u0suS6X05hZXVtfaO4Wdra3tndK+8fNG0YG4kNGerQtD2wqFWADVKksR0ZBN/T2PLG11nfekRjVRjc0STCng+jQA2VBEqjlnDvE3Ex7ZcrbtXNxZeNmJsKm6veL393B6GMfQxIarC2I9yIegkYUlLjtNSNLUYgxzDCTmoD8NH2kvzcKT+JLVDIIzRcaZ6H+PtFAr61E99LJ32gB7vYZeF/XSem4VUvUUEUEwYyW0RKY77ISqNSDsgHyiARZJcjVwGXYIAIjeIgZRrGKZhSykMs/n7ZNM+qwq2K2/NKrfY0I1NkR+yYnTLBLlmN3bA6azDJxuyZvbBXJ3HenHfnYzZacOY0D9kfOZ8/ITST4Q==</latexit><latexit sha1_base64="L+pJ0ibjXVDtnvo3pjLYQH0/wLo=">AAAB+XicbZA7SwNBFIVn4yvGV9TSZjAIVmFHRC0DNpYRzAOSGO5ObuKQ2Qczd4WwBPwLtlrZia2/xsL/4u4mhSae6nDOHe6dz4u0suS6X05hZXVtfaO4Wdra3tndK+8fNG0YG4kNGerQtD2wqFWADVKksR0ZBN/T2PLG11nfekRjVRjc0STCng+jQA2VBEqjlnDvE3Ex7ZcrbtXNxZeNmJsKm6veL393B6GMfQxIarC2I9yIegkYUlLjtNSNLUYgxzDCTmoD8NH2kvzcKT+JLVDIIzRcaZ6H+PtFAr61E99LJ32gB7vYZeF/XSem4VUvUUEUEwYyW0RKY77ISqNSDsgHyiARZJcjVwGXYIAIjeIgZRrGKZhSykMs/n7ZNM+qwq2K2/NKrfY0I1NkR+yYnTLBLlmN3bA6azDJxuyZvbBXJ3HenHfnYzZacOY0D9kfOZ8/ITST4Q==</latexit>

1017
<latexit sha1_base64="g+6ehTl+R82dCX9AP+JCZTCuhVY=">AAAB+XicbZA7SwNBFIVn4yvGV9TSZjAIVmFHhFgGbCwjmAckMdyd3MQhsw9m7gphCfgXbLWyE1t/jYX/xd1NCk081eGcO9w7nxdpZcl1v5zC2vrG5lZxu7Szu7d/UD48atkwNhKbMtSh6XhgUasAm6RIYycyCL6nse1NrrO+/YjGqjC4o2mEfR/GgRopCZRGbeHeJ6I2G5QrbtXNxVeNWJgKW6gxKH/3hqGMfQxIarC2K9yI+gkYUlLjrNSLLUYgJzDGbmoD8NH2k/zcGT+LLVDIIzRcaZ6H+PtFAr61U99LJ32gB7vcZeF/XTem0VU/UUEUEwYyW0RKY77ISqNSDsiHyiARZJcjVwGXYIAIjeIgZRrGKZhSykMs/37VtC6qwq2K28tKvf40J1NkJ+yUnTPBaqzObliDNZlkE/bMXtirkzhvzrvzMR8tOAuax+yPnM8fIsST4g==</latexit><latexit sha1_base64="g+6ehTl+R82dCX9AP+JCZTCuhVY=">AAAB+XicbZA7SwNBFIVn4yvGV9TSZjAIVmFHhFgGbCwjmAckMdyd3MQhsw9m7gphCfgXbLWyE1t/jYX/xd1NCk081eGcO9w7nxdpZcl1v5zC2vrG5lZxu7Szu7d/UD48atkwNhKbMtSh6XhgUasAm6RIYycyCL6nse1NrrO+/YjGqjC4o2mEfR/GgRopCZRGbeHeJ6I2G5QrbtXNxVeNWJgKW6gxKH/3hqGMfQxIarC2K9yI+gkYUlLjrNSLLUYgJzDGbmoD8NH2k/zcGT+LLVDIIzRcaZ6H+PtFAr61U99LJ32gB7vcZeF/XTem0VU/UUEUEwYyW0RKY77ISqNSDsiHyiARZJcjVwGXYIAIjeIgZRrGKZhSykMs/37VtC6qwq2K28tKvf40J1NkJ+yUnTPBaqzObliDNZlkE/bMXtirkzhvzrvzMR8tOAuax+yPnM8fIsST4g==</latexit><latexit sha1_base64="g+6ehTl+R82dCX9AP+JCZTCuhVY=">AAAB+XicbZA7SwNBFIVn4yvGV9TSZjAIVmFHhFgGbCwjmAckMdyd3MQhsw9m7gphCfgXbLWyE1t/jYX/xd1NCk081eGcO9w7nxdpZcl1v5zC2vrG5lZxu7Szu7d/UD48atkwNhKbMtSh6XhgUasAm6RIYycyCL6nse1NrrO+/YjGqjC4o2mEfR/GgRopCZRGbeHeJ6I2G5QrbtXNxVeNWJgKW6gxKH/3hqGMfQxIarC2K9yI+gkYUlLjrNSLLUYgJzDGbmoD8NH2k/zcGT+LLVDIIzRcaZ6H+PtFAr61U99LJ32gB7vcZeF/XTem0VU/UUEUEwYyW0RKY77ISqNSDsiHyiARZJcjVwGXYIAIjeIgZRrGKZhSykMs/37VtC6qwq2K28tKvf40J1NkJ+yUnTPBaqzObliDNZlkE/bMXtirkzhvzrvzMR8tOAuax+yPnM8fIsST4g==</latexit><latexit sha1_base64="g+6ehTl+R82dCX9AP+JCZTCuhVY=">AAAB+XicbZA7SwNBFIVn4yvGV9TSZjAIVmFHhFgGbCwjmAckMdyd3MQhsw9m7gphCfgXbLWyE1t/jYX/xd1NCk081eGcO9w7nxdpZcl1v5zC2vrG5lZxu7Szu7d/UD48atkwNhKbMtSh6XhgUasAm6RIYycyCL6nse1NrrO+/YjGqjC4o2mEfR/GgRopCZRGbeHeJ6I2G5QrbtXNxVeNWJgKW6gxKH/3hqGMfQxIarC2K9yI+gkYUlLjrNSLLUYgJzDGbmoD8NH2k/zcGT+LLVDIIzRcaZ6H+PtFAr61U99LJ32gB7vcZeF/XTem0VU/UUEUEwYyW0RKY77ISqNSDsiHyiARZJcjVwGXYIAIjeIgZRrGKZhSykMs/37VtC6qwq2K28tKvf40J1NkJ+yUnTPBaqzObliDNZlkE/bMXtirkzhvzrvzMR8tOAuax+yPnM8fIsST4g==</latexit>

1018
<latexit sha1_base64="EqICJ085uTeTH2OjaYmMnALbHvY=">AAAB+XicbZA7SwNBFIXvxleMr6ilzWAQrMKOCKYM2FhGMA9IYpid3MQhsw9m7gphCfgXbLWyE1t/jYX/xd1NCk081eGcO9w7nxdpZcl1v5zC2vrG5lZxu7Szu7d/UD48atkwNhKbMtSh6XjColYBNkmRxk5kUPiexrY3uc769iMaq8LgjqYR9n0xDtRISUFp1ObufcJrs0G54lbdXGzV8IWpwEKNQfm7Nwxl7GNAUgtru9yNqJ8IQ0pqnJV6scVIyIkYYze1gfDR9pP83Bk7i62gkEVomNIsD/H3i0T41k59L530BT3Y5S4L/+u6MY1q/UQFUUwYyGwRKY35IiuNSjkgGyqDRCK7HJkKmBRGEKFRTEiZhnEKppTy4Mu/XzWtiyp3q/z2slKvP83JFOEETuEcOFxBHW6gAU2QMIFneIFXJ3HenHfnYz5acBY0j+GPnM8fJFST4w==</latexit><latexit sha1_base64="EqICJ085uTeTH2OjaYmMnALbHvY=">AAAB+XicbZA7SwNBFIXvxleMr6ilzWAQrMKOCKYM2FhGMA9IYpid3MQhsw9m7gphCfgXbLWyE1t/jYX/xd1NCk081eGcO9w7nxdpZcl1v5zC2vrG5lZxu7Szu7d/UD48atkwNhKbMtSh6XjColYBNkmRxk5kUPiexrY3uc769iMaq8LgjqYR9n0xDtRISUFp1ObufcJrs0G54lbdXGzV8IWpwEKNQfm7Nwxl7GNAUgtru9yNqJ8IQ0pqnJV6scVIyIkYYze1gfDR9pP83Bk7i62gkEVomNIsD/H3i0T41k59L530BT3Y5S4L/+u6MY1q/UQFUUwYyGwRKY35IiuNSjkgGyqDRCK7HJkKmBRGEKFRTEiZhnEKppTy4Mu/XzWtiyp3q/z2slKvP83JFOEETuEcOFxBHW6gAU2QMIFneIFXJ3HenHfnYz5acBY0j+GPnM8fJFST4w==</latexit><latexit sha1_base64="EqICJ085uTeTH2OjaYmMnALbHvY=">AAAB+XicbZA7SwNBFIXvxleMr6ilzWAQrMKOCKYM2FhGMA9IYpid3MQhsw9m7gphCfgXbLWyE1t/jYX/xd1NCk081eGcO9w7nxdpZcl1v5zC2vrG5lZxu7Szu7d/UD48atkwNhKbMtSh6XjColYBNkmRxk5kUPiexrY3uc769iMaq8LgjqYR9n0xDtRISUFp1ObufcJrs0G54lbdXGzV8IWpwEKNQfm7Nwxl7GNAUgtru9yNqJ8IQ0pqnJV6scVIyIkYYze1gfDR9pP83Bk7i62gkEVomNIsD/H3i0T41k59L530BT3Y5S4L/+u6MY1q/UQFUUwYyGwRKY35IiuNSjkgGyqDRCK7HJkKmBRGEKFRTEiZhnEKppTy4Mu/XzWtiyp3q/z2slKvP83JFOEETuEcOFxBHW6gAU2QMIFneIFXJ3HenHfnYz5acBY0j+GPnM8fJFST4w==</latexit><latexit sha1_base64="EqICJ085uTeTH2OjaYmMnALbHvY=">AAAB+XicbZA7SwNBFIXvxleMr6ilzWAQrMKOCKYM2FhGMA9IYpid3MQhsw9m7gphCfgXbLWyE1t/jYX/xd1NCk081eGcO9w7nxdpZcl1v5zC2vrG5lZxu7Szu7d/UD48atkwNhKbMtSh6XjColYBNkmRxk5kUPiexrY3uc769iMaq8LgjqYR9n0xDtRISUFp1ObufcJrs0G54lbdXGzV8IWpwEKNQfm7Nwxl7GNAUgtru9yNqJ8IQ0pqnJV6scVIyIkYYze1gfDR9pP83Bk7i62gkEVomNIsD/H3i0T41k59L530BT3Y5S4L/+u6MY1q/UQFUUwYyGwRKY35IiuNSjkgGyqDRCK7HJkKmBRGEKFRTEiZhnEKppTy4Mu/XzWtiyp3q/z2slKvP83JFOEETuEcOFxBHW6gAU2QMIFneIFXJ3HenHfnYz5acBY0j+GPnM8fJFST4w==</latexit>

1015
<latexit sha1_base64="mvhu3x01SNWZQYaGNAsZqVjHIrM=">AAAB+XicbZA7SwNBFIVn4yvGV9TSZjAIVmFHFC0DNpYRzAOSGO5ObuKQ2Qczd4WwBPwLtlrZia2/xsL/4u4mhSae6nDOHe6dz4u0suS6X05hZXVtfaO4Wdra3tndK+8fNG0YG4kNGerQtD2wqFWADVKksR0ZBN/T2PLG11nfekRjVRjc0STCng+jQA2VBEqjlnDvE3Ex7ZcrbtXNxZeNmJsKm6veL393B6GMfQxIarC2I9yIegkYUlLjtNSNLUYgxzDCTmoD8NH2kvzcKT+JLVDIIzRcaZ6H+PtFAr61E99LJ32gB7vYZeF/XSem4VUvUUEUEwYyW0RKY77ISqNSDsgHyiARZJcjVwGXYIAIjeIgZRrGKZhSykMs/n7ZNM+qwq2K2/NKrfY0I1NkR+yYnTLBLlmN3bA6azDJxuyZvbBXJ3HenHfnYzZacOY0D9kfOZ8/H6ST4A==</latexit><latexit sha1_base64="mvhu3x01SNWZQYaGNAsZqVjHIrM=">AAAB+XicbZA7SwNBFIVn4yvGV9TSZjAIVmFHFC0DNpYRzAOSGO5ObuKQ2Qczd4WwBPwLtlrZia2/xsL/4u4mhSae6nDOHe6dz4u0suS6X05hZXVtfaO4Wdra3tndK+8fNG0YG4kNGerQtD2wqFWADVKksR0ZBN/T2PLG11nfekRjVRjc0STCng+jQA2VBEqjlnDvE3Ex7ZcrbtXNxZeNmJsKm6veL393B6GMfQxIarC2I9yIegkYUlLjtNSNLUYgxzDCTmoD8NH2kvzcKT+JLVDIIzRcaZ6H+PtFAr61E99LJ32gB7vYZeF/XSem4VUvUUEUEwYyW0RKY77ISqNSDsgHyiARZJcjVwGXYIAIjeIgZRrGKZhSykMs/n7ZNM+qwq2K2/NKrfY0I1NkR+yYnTLBLlmN3bA6azDJxuyZvbBXJ3HenHfnYzZacOY0D9kfOZ8/H6ST4A==</latexit><latexit sha1_base64="mvhu3x01SNWZQYaGNAsZqVjHIrM=">AAAB+XicbZA7SwNBFIVn4yvGV9TSZjAIVmFHFC0DNpYRzAOSGO5ObuKQ2Qczd4WwBPwLtlrZia2/xsL/4u4mhSae6nDOHe6dz4u0suS6X05hZXVtfaO4Wdra3tndK+8fNG0YG4kNGerQtD2wqFWADVKksR0ZBN/T2PLG11nfekRjVRjc0STCng+jQA2VBEqjlnDvE3Ex7ZcrbtXNxZeNmJsKm6veL393B6GMfQxIarC2I9yIegkYUlLjtNSNLUYgxzDCTmoD8NH2kvzcKT+JLVDIIzRcaZ6H+PtFAr61E99LJ32gB7vYZeF/XSem4VUvUUEUEwYyW0RKY77ISqNSDsgHyiARZJcjVwGXYIAIjeIgZRrGKZhSykMs/n7ZNM+qwq2K2/NKrfY0I1NkR+yYnTLBLlmN3bA6azDJxuyZvbBXJ3HenHfnYzZacOY0D9kfOZ8/H6ST4A==</latexit><latexit sha1_base64="mvhu3x01SNWZQYaGNAsZqVjHIrM=">AAAB+XicbZA7SwNBFIVn4yvGV9TSZjAIVmFHFC0DNpYRzAOSGO5ObuKQ2Qczd4WwBPwLtlrZia2/xsL/4u4mhSae6nDOHe6dz4u0suS6X05hZXVtfaO4Wdra3tndK+8fNG0YG4kNGerQtD2wqFWADVKksR0ZBN/T2PLG11nfekRjVRjc0STCng+jQA2VBEqjlnDvE3Ex7ZcrbtXNxZeNmJsKm6veL393B6GMfQxIarC2I9yIegkYUlLjtNSNLUYgxzDCTmoD8NH2kvzcKT+JLVDIIzRcaZ6H+PtFAr61E99LJ32gB7vYZeF/XSem4VUvUUEUEwYyW0RKY77ISqNSDsgHyiARZJcjVwGXYIAIjeIgZRrGKZhSykMs/n7ZNM+qwq2K2/NKrfY0I1NkR+yYnTLBLlmN3bA6azDJxuyZvbBXJ3HenHfnYzZacOY0D9kfOZ8/H6ST4A==</latexit>

1014
<latexit sha1_base64="Ne3I2LpSRkqgSEEmEyerrsWBenM=">AAAB+XicbZA7SwNBFIXvxleMr6ilzWAQrMKuBLQM2FhGMA9I1jA7uYlDZmeXmbtCWAL+BVut7MTWX2Phf3E3SaGJpzqcc4d75wtiJS257pdTWFvf2Nwqbpd2dvf2D8qHRy0bJUZgU0QqMp2AW1RSY5MkKezEBnkYKGwH4+u8bz+isTLSdzSJ0Q/5SMuhFJyyqO2596lXm/bLFbfqzsRWjbcwFVio0S9/9waRSELUJBS3tuu5MfkpNySFwmmpl1iMuRjzEXYzq3mI1k9n507ZWWI5RSxGw6RisxB/v0h5aO0kDLLJkNODXe7y8L+um9Dwyk+ljhNCLfJFJBXOFllhZMYB2UAaJOL55cikZoIbToRGMi5EFiYZmFLGw1v+/appXVQ9t+rd1ir1+tOcTBFO4BTOwYNLqMMNNKAJAsbwDC/w6qTOm/PufMxHC86C5jH8kfP5Ax4Uk98=</latexit><latexit sha1_base64="Ne3I2LpSRkqgSEEmEyerrsWBenM=">AAAB+XicbZA7SwNBFIXvxleMr6ilzWAQrMKuBLQM2FhGMA9I1jA7uYlDZmeXmbtCWAL+BVut7MTWX2Phf3E3SaGJpzqcc4d75wtiJS257pdTWFvf2Nwqbpd2dvf2D8qHRy0bJUZgU0QqMp2AW1RSY5MkKezEBnkYKGwH4+u8bz+isTLSdzSJ0Q/5SMuhFJyyqO2596lXm/bLFbfqzsRWjbcwFVio0S9/9waRSELUJBS3tuu5MfkpNySFwmmpl1iMuRjzEXYzq3mI1k9n507ZWWI5RSxGw6RisxB/v0h5aO0kDLLJkNODXe7y8L+um9Dwyk+ljhNCLfJFJBXOFllhZMYB2UAaJOL55cikZoIbToRGMi5EFiYZmFLGw1v+/appXVQ9t+rd1ir1+tOcTBFO4BTOwYNLqMMNNKAJAsbwDC/w6qTOm/PufMxHC86C5jH8kfP5Ax4Uk98=</latexit><latexit sha1_base64="Ne3I2LpSRkqgSEEmEyerrsWBenM=">AAAB+XicbZA7SwNBFIXvxleMr6ilzWAQrMKuBLQM2FhGMA9I1jA7uYlDZmeXmbtCWAL+BVut7MTWX2Phf3E3SaGJpzqcc4d75wtiJS257pdTWFvf2Nwqbpd2dvf2D8qHRy0bJUZgU0QqMp2AW1RSY5MkKezEBnkYKGwH4+u8bz+isTLSdzSJ0Q/5SMuhFJyyqO2596lXm/bLFbfqzsRWjbcwFVio0S9/9waRSELUJBS3tuu5MfkpNySFwmmpl1iMuRjzEXYzq3mI1k9n507ZWWI5RSxGw6RisxB/v0h5aO0kDLLJkNODXe7y8L+um9Dwyk+ljhNCLfJFJBXOFllhZMYB2UAaJOL55cikZoIbToRGMi5EFiYZmFLGw1v+/appXVQ9t+rd1ir1+tOcTBFO4BTOwYNLqMMNNKAJAsbwDC/w6qTOm/PufMxHC86C5jH8kfP5Ax4Uk98=</latexit><latexit sha1_base64="Ne3I2LpSRkqgSEEmEyerrsWBenM=">AAAB+XicbZA7SwNBFIXvxleMr6ilzWAQrMKuBLQM2FhGMA9I1jA7uYlDZmeXmbtCWAL+BVut7MTWX2Phf3E3SaGJpzqcc4d75wtiJS257pdTWFvf2Nwqbpd2dvf2D8qHRy0bJUZgU0QqMp2AW1RSY5MkKezEBnkYKGwH4+u8bz+isTLSdzSJ0Q/5SMuhFJyyqO2596lXm/bLFbfqzsRWjbcwFVio0S9/9waRSELUJBS3tuu5MfkpNySFwmmpl1iMuRjzEXYzq3mI1k9n507ZWWI5RSxGw6RisxB/v0h5aO0kDLLJkNODXe7y8L+um9Dwyk+ljhNCLfJFJBXOFllhZMYB2UAaJOL55cikZoIbToRGMi5EFiYZmFLGw1v+/appXVQ9t+rd1ir1+tOcTBFO4BTOwYNLqMMNNKAJAsbwDC/w6qTOm/PufMxHC86C5jH8kfP5Ax4Uk98=</latexit>

1013
<latexit sha1_base64="WQcmNmLxWupLgaxKW7mlqo3Hvnw=">AAAB+XicbZA7SwNBFIVn4yvGV9TSZjAIVmFHBS0DNpYRzAOSGO5ObuKQ2Qczd4WwBPwLtlrZia2/xsL/4u4mhSae6nDOHe6dz4u0suS6X05hZXVtfaO4Wdra3tndK+8fNG0YG4kNGerQtD2wqFWADVKksR0ZBN/T2PLG11nfekRjVRjc0STCng+jQA2VBEqjlnDvE3E+7ZcrbtXNxZeNmJsKm6veL393B6GMfQxIarC2I9yIegkYUlLjtNSNLUYgxzDCTmoD8NH2kvzcKT+JLVDIIzRcaZ6H+PtFAr61E99LJ32gB7vYZeF/XSem4VUvUUEUEwYyW0RKY77ISqNSDsgHyiARZJcjVwGXYIAIjeIgZRrGKZhSykMs/n7ZNM+qwq2K24tKrfY0I1NkR+yYnTLBLlmN3bA6azDJxuyZvbBXJ3HenHfnYzZacOY0D9kfOZ8/HIST3g==</latexit><latexit sha1_base64="WQcmNmLxWupLgaxKW7mlqo3Hvnw=">AAAB+XicbZA7SwNBFIVn4yvGV9TSZjAIVmFHBS0DNpYRzAOSGO5ObuKQ2Qczd4WwBPwLtlrZia2/xsL/4u4mhSae6nDOHe6dz4u0suS6X05hZXVtfaO4Wdra3tndK+8fNG0YG4kNGerQtD2wqFWADVKksR0ZBN/T2PLG11nfekRjVRjc0STCng+jQA2VBEqjlnDvE3E+7ZcrbtXNxZeNmJsKm6veL393B6GMfQxIarC2I9yIegkYUlLjtNSNLUYgxzDCTmoD8NH2kvzcKT+JLVDIIzRcaZ6H+PtFAr61E99LJ32gB7vYZeF/XSem4VUvUUEUEwYyW0RKY77ISqNSDsgHyiARZJcjVwGXYIAIjeIgZRrGKZhSykMs/n7ZNM+qwq2K24tKrfY0I1NkR+yYnTLBLlmN3bA6azDJxuyZvbBXJ3HenHfnYzZacOY0D9kfOZ8/HIST3g==</latexit><latexit sha1_base64="WQcmNmLxWupLgaxKW7mlqo3Hvnw=">AAAB+XicbZA7SwNBFIVn4yvGV9TSZjAIVmFHBS0DNpYRzAOSGO5ObuKQ2Qczd4WwBPwLtlrZia2/xsL/4u4mhSae6nDOHe6dz4u0suS6X05hZXVtfaO4Wdra3tndK+8fNG0YG4kNGerQtD2wqFWADVKksR0ZBN/T2PLG11nfekRjVRjc0STCng+jQA2VBEqjlnDvE3E+7ZcrbtXNxZeNmJsKm6veL393B6GMfQxIarC2I9yIegkYUlLjtNSNLUYgxzDCTmoD8NH2kvzcKT+JLVDIIzRcaZ6H+PtFAr61E99LJ32gB7vYZeF/XSem4VUvUUEUEwYyW0RKY77ISqNSDsgHyiARZJcjVwGXYIAIjeIgZRrGKZhSykMs/n7ZNM+qwq2K24tKrfY0I1NkR+yYnTLBLlmN3bA6azDJxuyZvbBXJ3HenHfnYzZacOY0D9kfOZ8/HIST3g==</latexit><latexit sha1_base64="WQcmNmLxWupLgaxKW7mlqo3Hvnw=">AAAB+XicbZA7SwNBFIVn4yvGV9TSZjAIVmFHBS0DNpYRzAOSGO5ObuKQ2Qczd4WwBPwLtlrZia2/xsL/4u4mhSae6nDOHe6dz4u0suS6X05hZXVtfaO4Wdra3tndK+8fNG0YG4kNGerQtD2wqFWADVKksR0ZBN/T2PLG11nfekRjVRjc0STCng+jQA2VBEqjlnDvE3E+7ZcrbtXNxZeNmJsKm6veL393B6GMfQxIarC2I9yIegkYUlLjtNSNLUYgxzDCTmoD8NH2kvzcKT+JLVDIIzRcaZ6H+PtFAr61E99LJ32gB7vYZeF/XSem4VUvUUEUEwYyW0RKY77ISqNSDsgHyiARZJcjVwGXYIAIjeIgZRrGKZhSykMs/n7ZNM+qwq2K24tKrfY0I1NkR+yYnTLBLlmN3bA6azDJxuyZvbBXJ3HenHfnYzZacOY0D9kfOZ8/HIST3g==</latexit>

1012
<latexit sha1_base64="/R7LUqPowT4xNqlJF7CLqSRviEg=">AAAB+XicbZA7SwNBFIXvxleMr6ilzWAQrMJuELQM2FhGMA9I1jA7uYlDZmeXmbtCWAL+BVut7MTWX2Phf3E3SaGJpzqcc4d75wtiJS257pdTWFvf2Nwqbpd2dvf2D8qHRy0bJUZgU0QqMp2AW1RSY5MkKezEBnkYKGwH4+u8bz+isTLSdzSJ0Q/5SMuhFJyyqO2596lXm/bLFbfqzsRWjbcwFVio0S9/9waRSELUJBS3tuu5MfkpNySFwmmpl1iMuRjzEXYzq3mI1k9n507ZWWI5RSxGw6RisxB/v0h5aO0kDLLJkNODXe7y8L+um9Dwyk+ljhNCLfJFJBXOFllhZMYB2UAaJOL55cikZoIbToRGMi5EFiYZmFLGw1v+/app1aqeW/VuLyr1+tOcTBFO4BTOwYNLqMMNNKAJAsbwDC/w6qTOm/PufMxHC86C5jH8kfP5Axr0k90=</latexit><latexit sha1_base64="/R7LUqPowT4xNqlJF7CLqSRviEg=">AAAB+XicbZA7SwNBFIXvxleMr6ilzWAQrMJuELQM2FhGMA9I1jA7uYlDZmeXmbtCWAL+BVut7MTWX2Phf3E3SaGJpzqcc4d75wtiJS257pdTWFvf2Nwqbpd2dvf2D8qHRy0bJUZgU0QqMp2AW1RSY5MkKezEBnkYKGwH4+u8bz+isTLSdzSJ0Q/5SMuhFJyyqO2596lXm/bLFbfqzsRWjbcwFVio0S9/9waRSELUJBS3tuu5MfkpNySFwmmpl1iMuRjzEXYzq3mI1k9n507ZWWI5RSxGw6RisxB/v0h5aO0kDLLJkNODXe7y8L+um9Dwyk+ljhNCLfJFJBXOFllhZMYB2UAaJOL55cikZoIbToRGMi5EFiYZmFLGw1v+/app1aqeW/VuLyr1+tOcTBFO4BTOwYNLqMMNNKAJAsbwDC/w6qTOm/PufMxHC86C5jH8kfP5Axr0k90=</latexit><latexit sha1_base64="/R7LUqPowT4xNqlJF7CLqSRviEg=">AAAB+XicbZA7SwNBFIXvxleMr6ilzWAQrMJuELQM2FhGMA9I1jA7uYlDZmeXmbtCWAL+BVut7MTWX2Phf3E3SaGJpzqcc4d75wtiJS257pdTWFvf2Nwqbpd2dvf2D8qHRy0bJUZgU0QqMp2AW1RSY5MkKezEBnkYKGwH4+u8bz+isTLSdzSJ0Q/5SMuhFJyyqO2596lXm/bLFbfqzsRWjbcwFVio0S9/9waRSELUJBS3tuu5MfkpNySFwmmpl1iMuRjzEXYzq3mI1k9n507ZWWI5RSxGw6RisxB/v0h5aO0kDLLJkNODXe7y8L+um9Dwyk+ljhNCLfJFJBXOFllhZMYB2UAaJOL55cikZoIbToRGMi5EFiYZmFLGw1v+/app1aqeW/VuLyr1+tOcTBFO4BTOwYNLqMMNNKAJAsbwDC/w6qTOm/PufMxHC86C5jH8kfP5Axr0k90=</latexit><latexit sha1_base64="/R7LUqPowT4xNqlJF7CLqSRviEg=">AAAB+XicbZA7SwNBFIXvxleMr6ilzWAQrMJuELQM2FhGMA9I1jA7uYlDZmeXmbtCWAL+BVut7MTWX2Phf3E3SaGJpzqcc4d75wtiJS257pdTWFvf2Nwqbpd2dvf2D8qHRy0bJUZgU0QqMp2AW1RSY5MkKezEBnkYKGwH4+u8bz+isTLSdzSJ0Q/5SMuhFJyyqO2596lXm/bLFbfqzsRWjbcwFVio0S9/9waRSELUJBS3tuu5MfkpNySFwmmpl1iMuRjzEXYzq3mI1k9n507ZWWI5RSxGw6RisxB/v0h5aO0kDLLJkNODXe7y8L+um9Dwyk+ljhNCLfJFJBXOFllhZMYB2UAaJOL55cikZoIbToRGMi5EFiYZmFLGw1v+/app1aqeW/VuLyr1+tOcTBFO4BTOwYNLqMMNNKAJAsbwDC/w6qTOm/PufMxHC86C5jH8kfP5Axr0k90=</latexit>

1011
<latexit sha1_base64="EIT+XZ/KTxwreUo07YTwpb5x5PU=">AAAB+XicbZA7SwNBFIVnfcb4ilraDAbBKuyIoGXAxjKCeUCyhruTmzhk9sHMXSEsAf+CrVZ2YuuvsfC/uLtJoYmnOpxzh3vn82OtLLnul7Oyura+sVnaKm/v7O7tVw4OWzZKjMSmjHRkOj5Y1CrEJinS2IkNQuBrbPvj67xvP6KxKgrvaBKjF8AoVEMlgbKoLdz7VIhpv1J1a24hvmzE3FTZXI1+5bs3iGQSYEhSg7Vd4cbkpWBISY3Tci+xGIMcwwi7mQ0hQOulxblTfppYoIjHaLjSvAjx94sUAmsngZ9NBkAPdrHLw/+6bkLDKy9VYZwQhjJfREpjschKozIOyAfKIBHklyNXIZdggAiN4iBlFiYZmHLGQyz+ftm0zmvCrYnbi2q9/jQjU2LH7ISdMcEuWZ3dsAZrMsnG7Jm9sFcndd6cd+djNrrizGkesT9yPn8AGWST3A==</latexit><latexit sha1_base64="EIT+XZ/KTxwreUo07YTwpb5x5PU=">AAAB+XicbZA7SwNBFIVnfcb4ilraDAbBKuyIoGXAxjKCeUCyhruTmzhk9sHMXSEsAf+CrVZ2YuuvsfC/uLtJoYmnOpxzh3vn82OtLLnul7Oyura+sVnaKm/v7O7tVw4OWzZKjMSmjHRkOj5Y1CrEJinS2IkNQuBrbPvj67xvP6KxKgrvaBKjF8AoVEMlgbKoLdz7VIhpv1J1a24hvmzE3FTZXI1+5bs3iGQSYEhSg7Vd4cbkpWBISY3Tci+xGIMcwwi7mQ0hQOulxblTfppYoIjHaLjSvAjx94sUAmsngZ9NBkAPdrHLw/+6bkLDKy9VYZwQhjJfREpjschKozIOyAfKIBHklyNXIZdggAiN4iBlFiYZmHLGQyz+ftm0zmvCrYnbi2q9/jQjU2LH7ISdMcEuWZ3dsAZrMsnG7Jm9sFcndd6cd+djNrrizGkesT9yPn8AGWST3A==</latexit><latexit sha1_base64="EIT+XZ/KTxwreUo07YTwpb5x5PU=">AAAB+XicbZA7SwNBFIVnfcb4ilraDAbBKuyIoGXAxjKCeUCyhruTmzhk9sHMXSEsAf+CrVZ2YuuvsfC/uLtJoYmnOpxzh3vn82OtLLnul7Oyura+sVnaKm/v7O7tVw4OWzZKjMSmjHRkOj5Y1CrEJinS2IkNQuBrbPvj67xvP6KxKgrvaBKjF8AoVEMlgbKoLdz7VIhpv1J1a24hvmzE3FTZXI1+5bs3iGQSYEhSg7Vd4cbkpWBISY3Tci+xGIMcwwi7mQ0hQOulxblTfppYoIjHaLjSvAjx94sUAmsngZ9NBkAPdrHLw/+6bkLDKy9VYZwQhjJfREpjschKozIOyAfKIBHklyNXIZdggAiN4iBlFiYZmHLGQyz+ftm0zmvCrYnbi2q9/jQjU2LH7ISdMcEuWZ3dsAZrMsnG7Jm9sFcndd6cd+djNrrizGkesT9yPn8AGWST3A==</latexit><latexit sha1_base64="EIT+XZ/KTxwreUo07YTwpb5x5PU=">AAAB+XicbZA7SwNBFIVnfcb4ilraDAbBKuyIoGXAxjKCeUCyhruTmzhk9sHMXSEsAf+CrVZ2YuuvsfC/uLtJoYmnOpxzh3vn82OtLLnul7Oyura+sVnaKm/v7O7tVw4OWzZKjMSmjHRkOj5Y1CrEJinS2IkNQuBrbPvj67xvP6KxKgrvaBKjF8AoVEMlgbKoLdz7VIhpv1J1a24hvmzE3FTZXI1+5bs3iGQSYEhSg7Vd4cbkpWBISY3Tci+xGIMcwwi7mQ0hQOulxblTfppYoIjHaLjSvAjx94sUAmsngZ9NBkAPdrHLw/+6bkLDKy9VYZwQhjJfREpjschKozIOyAfKIBHklyNXIZdggAiN4iBlFiYZmHLGQyz+ftm0zmvCrYnbi2q9/jQjU2LH7ISdMcEuWZ3dsAZrMsnG7Jm9sFcndd6cd+djNrrizGkesT9yPn8AGWST3A==</latexit>

1010
<latexit sha1_base64="4BJo9t9fVKrVIpNnUgfmYDsuc0U=">AAAB+XicbZBLSwMxFIUzPmt9VV26CRbBVUlE0GXBjcsK9gHtWDLpbQ3NZIbkjlCGgn/Bra7ciVt/jQv/izPTLrT1rA7n3HBvviDWyiFjX97K6tr6xmZpq7y9s7u3Xzk4bLkosRKaMtKR7QTCgVYGmqhQQye2IMJAQzsYX+d9+xGsU5G5w0kMfihGRg2VFJhFbc7uU86m/UqV1Vghumz43FTJXI1+5bs3iGQSgkGphXNdzmL0U2FRSQ3Tci9xEAs5FiPoZtaIEJyfFudO6WniBEY0BkuVpkUIv1+kInRuEgbZZCjwwS12efhf101weOWnysQJgpH5IlQaikVOWpVxADpQFhBFfjlQZagUViCCVVRImYVJBqac8eCLv182rfMaZzV+e1Gt159mZErkmJyQM8LJJamTG9IgTSLJmDyTF/Lqpd6b9+59zEZXvDnNI/JH3ucPF9ST2w==</latexit><latexit sha1_base64="4BJo9t9fVKrVIpNnUgfmYDsuc0U=">AAAB+XicbZBLSwMxFIUzPmt9VV26CRbBVUlE0GXBjcsK9gHtWDLpbQ3NZIbkjlCGgn/Bra7ciVt/jQv/izPTLrT1rA7n3HBvviDWyiFjX97K6tr6xmZpq7y9s7u3Xzk4bLkosRKaMtKR7QTCgVYGmqhQQye2IMJAQzsYX+d9+xGsU5G5w0kMfihGRg2VFJhFbc7uU86m/UqV1Vghumz43FTJXI1+5bs3iGQSgkGphXNdzmL0U2FRSQ3Tci9xEAs5FiPoZtaIEJyfFudO6WniBEY0BkuVpkUIv1+kInRuEgbZZCjwwS12efhf101weOWnysQJgpH5IlQaikVOWpVxADpQFhBFfjlQZagUViCCVVRImYVJBqac8eCLv182rfMaZzV+e1Gt159mZErkmJyQM8LJJamTG9IgTSLJmDyTF/Lqpd6b9+59zEZXvDnNI/JH3ucPF9ST2w==</latexit><latexit sha1_base64="4BJo9t9fVKrVIpNnUgfmYDsuc0U=">AAAB+XicbZBLSwMxFIUzPmt9VV26CRbBVUlE0GXBjcsK9gHtWDLpbQ3NZIbkjlCGgn/Bra7ciVt/jQv/izPTLrT1rA7n3HBvviDWyiFjX97K6tr6xmZpq7y9s7u3Xzk4bLkosRKaMtKR7QTCgVYGmqhQQye2IMJAQzsYX+d9+xGsU5G5w0kMfihGRg2VFJhFbc7uU86m/UqV1Vghumz43FTJXI1+5bs3iGQSgkGphXNdzmL0U2FRSQ3Tci9xEAs5FiPoZtaIEJyfFudO6WniBEY0BkuVpkUIv1+kInRuEgbZZCjwwS12efhf101weOWnysQJgpH5IlQaikVOWpVxADpQFhBFfjlQZagUViCCVVRImYVJBqac8eCLv182rfMaZzV+e1Gt159mZErkmJyQM8LJJamTG9IgTSLJmDyTF/Lqpd6b9+59zEZXvDnNI/JH3ucPF9ST2w==</latexit><latexit sha1_base64="4BJo9t9fVKrVIpNnUgfmYDsuc0U=">AAAB+XicbZBLSwMxFIUzPmt9VV26CRbBVUlE0GXBjcsK9gHtWDLpbQ3NZIbkjlCGgn/Bra7ciVt/jQv/izPTLrT1rA7n3HBvviDWyiFjX97K6tr6xmZpq7y9s7u3Xzk4bLkosRKaMtKR7QTCgVYGmqhQQye2IMJAQzsYX+d9+xGsU5G5w0kMfihGRg2VFJhFbc7uU86m/UqV1Vghumz43FTJXI1+5bs3iGQSgkGphXNdzmL0U2FRSQ3Tci9xEAs5FiPoZtaIEJyfFudO6WniBEY0BkuVpkUIv1+kInRuEgbZZCjwwS12efhf101weOWnysQJgpH5IlQaikVOWpVxADpQFhBFfjlQZagUViCCVVRImYVJBqac8eCLv182rfMaZzV+e1Gt159mZErkmJyQM8LJJamTG9IgTSLJmDyTF/Lqpd6b9+59zEZXvDnNI/JH3ucPF9ST2w==</latexit>

109
<latexit sha1_base64="FXn5VwyGEGHkjk6L8nDwovEhAb4=">AAAB+HicbZA7SwNBFIXvxleMr6ilzWAQrMKuCGoXsLGMYB6QrGF2chPHzD6YuSvEJeBPsNXKTmz9Nxb+F3c3KTTxVIdz7nDvfF6kpCHb/rIKS8srq2vF9dLG5tb2Tnl3r2nCWAtsiFCFuu1xg0oG2CBJCtuRRu57Clve6DLrWw+ojQyDGxpH6Pp8GMiBFJzSqOnYt8nFpFeu2FU7F1s0zsxUYKZ6r/zd7Yci9jEgobgxHceOyE24JikUTkrd2GDExYgPsZPagPto3CS/dsKOYsMpZBFqJhXLQ/z9IuG+MWPfSyd9TndmvsvC/7pOTINzN5FBFBMGIltEUmG+yAgtUwzI+lIjEc8uRyYDJrjmRKgl40KkYZxyKaU8nPnfL5rmSdWxq871aaVWe5qSKcIBHMIxOHAGNbiCOjRAwD08wwu8Wo/Wm/VufUxHC9aM5j78kfX5A7Lhk6k=</latexit><latexit sha1_base64="FXn5VwyGEGHkjk6L8nDwovEhAb4=">AAAB+HicbZA7SwNBFIXvxleMr6ilzWAQrMKuCGoXsLGMYB6QrGF2chPHzD6YuSvEJeBPsNXKTmz9Nxb+F3c3KTTxVIdz7nDvfF6kpCHb/rIKS8srq2vF9dLG5tb2Tnl3r2nCWAtsiFCFuu1xg0oG2CBJCtuRRu57Clve6DLrWw+ojQyDGxpH6Pp8GMiBFJzSqOnYt8nFpFeu2FU7F1s0zsxUYKZ6r/zd7Yci9jEgobgxHceOyE24JikUTkrd2GDExYgPsZPagPto3CS/dsKOYsMpZBFqJhXLQ/z9IuG+MWPfSyd9TndmvsvC/7pOTINzN5FBFBMGIltEUmG+yAgtUwzI+lIjEc8uRyYDJrjmRKgl40KkYZxyKaU8nPnfL5rmSdWxq871aaVWe5qSKcIBHMIxOHAGNbiCOjRAwD08wwu8Wo/Wm/VufUxHC9aM5j78kfX5A7Lhk6k=</latexit><latexit sha1_base64="FXn5VwyGEGHkjk6L8nDwovEhAb4=">AAAB+HicbZA7SwNBFIXvxleMr6ilzWAQrMKuCGoXsLGMYB6QrGF2chPHzD6YuSvEJeBPsNXKTmz9Nxb+F3c3KTTxVIdz7nDvfF6kpCHb/rIKS8srq2vF9dLG5tb2Tnl3r2nCWAtsiFCFuu1xg0oG2CBJCtuRRu57Clve6DLrWw+ojQyDGxpH6Pp8GMiBFJzSqOnYt8nFpFeu2FU7F1s0zsxUYKZ6r/zd7Yci9jEgobgxHceOyE24JikUTkrd2GDExYgPsZPagPto3CS/dsKOYsMpZBFqJhXLQ/z9IuG+MWPfSyd9TndmvsvC/7pOTINzN5FBFBMGIltEUmG+yAgtUwzI+lIjEc8uRyYDJrjmRKgl40KkYZxyKaU8nPnfL5rmSdWxq871aaVWe5qSKcIBHMIxOHAGNbiCOjRAwD08wwu8Wo/Wm/VufUxHC9aM5j78kfX5A7Lhk6k=</latexit><latexit sha1_base64="FXn5VwyGEGHkjk6L8nDwovEhAb4=">AAAB+HicbZA7SwNBFIXvxleMr6ilzWAQrMKuCGoXsLGMYB6QrGF2chPHzD6YuSvEJeBPsNXKTmz9Nxb+F3c3KTTxVIdz7nDvfF6kpCHb/rIKS8srq2vF9dLG5tb2Tnl3r2nCWAtsiFCFuu1xg0oG2CBJCtuRRu57Clve6DLrWw+ojQyDGxpH6Pp8GMiBFJzSqOnYt8nFpFeu2FU7F1s0zsxUYKZ6r/zd7Yci9jEgobgxHceOyE24JikUTkrd2GDExYgPsZPagPto3CS/dsKOYsMpZBFqJhXLQ/z9IuG+MWPfSyd9TndmvsvC/7pOTINzN5FBFBMGIltEUmG+yAgtUwzI+lIjEc8uRyYDJrjmRKgl40KkYZxyKaU8nPnfL5rmSdWxq871aaVWe5qSKcIBHMIxOHAGNbiCOjRAwD08wwu8Wo/Wm/VufUxHC9aM5j78kfX5A7Lhk6k=</latexit>

108
<latexit sha1_base64="21xrvD8bBEesaCzSDmyIxp5lLpg=">AAAB+HicbZA7SwNBFIVn4yvGV9TSZjAIVmFXBFMGbCwjmAcka7g7uYljZh/M3BXiEvAn2GplJ7b+Gwv/i7ubFJp4qsM5d7h3Pi9S0pBtf1mFldW19Y3iZmlre2d3r7x/0DJhrAU2RahC3fHAoJIBNkmSwk6kEXxPYdsbX2Z9+wG1kWFwQ5MIXR9GgRxKAZRGLce+TWrTfrliV+1cfNk4c1NhczX65e/eIBSxjwEJBcZ0HTsiNwFNUiiclnqxwQjEGEbYTW0APho3ya+d8pPYAIU8Qs2l4nmIv18k4Bsz8b100ge6M4tdFv7XdWMa1txEBlFMGIhsEUmF+SIjtEwxIB9IjUSQXY5cBlyABiLUkoMQaRinXEopD2fx98umdVZ17KpzfV6p159mZIrsiB2zU+awC1ZnV6zBmkywe/bMXtir9Wi9We/Wx2y0YM1pHrI/sj5/ALFRk6g=</latexit><latexit sha1_base64="21xrvD8bBEesaCzSDmyIxp5lLpg=">AAAB+HicbZA7SwNBFIVn4yvGV9TSZjAIVmFXBFMGbCwjmAcka7g7uYljZh/M3BXiEvAn2GplJ7b+Gwv/i7ubFJp4qsM5d7h3Pi9S0pBtf1mFldW19Y3iZmlre2d3r7x/0DJhrAU2RahC3fHAoJIBNkmSwk6kEXxPYdsbX2Z9+wG1kWFwQ5MIXR9GgRxKAZRGLce+TWrTfrliV+1cfNk4c1NhczX65e/eIBSxjwEJBcZ0HTsiNwFNUiiclnqxwQjEGEbYTW0APho3ya+d8pPYAIU8Qs2l4nmIv18k4Bsz8b100ge6M4tdFv7XdWMa1txEBlFMGIhsEUmF+SIjtEwxIB9IjUSQXY5cBlyABiLUkoMQaRinXEopD2fx98umdVZ17KpzfV6p159mZIrsiB2zU+awC1ZnV6zBmkywe/bMXtir9Wi9We/Wx2y0YM1pHrI/sj5/ALFRk6g=</latexit><latexit sha1_base64="21xrvD8bBEesaCzSDmyIxp5lLpg=">AAAB+HicbZA7SwNBFIVn4yvGV9TSZjAIVmFXBFMGbCwjmAcka7g7uYljZh/M3BXiEvAn2GplJ7b+Gwv/i7ubFJp4qsM5d7h3Pi9S0pBtf1mFldW19Y3iZmlre2d3r7x/0DJhrAU2RahC3fHAoJIBNkmSwk6kEXxPYdsbX2Z9+wG1kWFwQ5MIXR9GgRxKAZRGLce+TWrTfrliV+1cfNk4c1NhczX65e/eIBSxjwEJBcZ0HTsiNwFNUiiclnqxwQjEGEbYTW0APho3ya+d8pPYAIU8Qs2l4nmIv18k4Bsz8b100ge6M4tdFv7XdWMa1txEBlFMGIhsEUmF+SIjtEwxIB9IjUSQXY5cBlyABiLUkoMQaRinXEopD2fx98umdVZ17KpzfV6p159mZIrsiB2zU+awC1ZnV6zBmkywe/bMXtir9Wi9We/Wx2y0YM1pHrI/sj5/ALFRk6g=</latexit><latexit sha1_base64="21xrvD8bBEesaCzSDmyIxp5lLpg=">AAAB+HicbZA7SwNBFIVn4yvGV9TSZjAIVmFXBFMGbCwjmAcka7g7uYljZh/M3BXiEvAn2GplJ7b+Gwv/i7ubFJp4qsM5d7h3Pi9S0pBtf1mFldW19Y3iZmlre2d3r7x/0DJhrAU2RahC3fHAoJIBNkmSwk6kEXxPYdsbX2Z9+wG1kWFwQ5MIXR9GgRxKAZRGLce+TWrTfrliV+1cfNk4c1NhczX65e/eIBSxjwEJBcZ0HTsiNwFNUiiclnqxwQjEGEbYTW0APho3ya+d8pPYAIU8Qs2l4nmIv18k4Bsz8b100ge6M4tdFv7XdWMa1txEBlFMGIhsEUmF+SIjtEwxIB9IjUSQXY5cBlyABiLUkoMQaRinXEopD2fx98umdVZ17KpzfV6p159mZIrsiB2zU+awC1ZnV6zBmkywe/bMXtir9Wi9We/Wx2y0YM1pHrI/sj5/ALFRk6g=</latexit>

1019
<latexit sha1_base64="/4rdADfmg7+kP9jf1GSS4oUPMQs=">AAAB+XicbZA7SwNBFIVn4yvGV9TSZjAIVmFHBLUL2FhGMA9IYrg7uYlDZh/M3BXCEvAv2GplJ7b+Ggv/i7ubFJp4qsM5d7h3Pi/SypLrfjmFldW19Y3iZmlre2d3r7x/0LRhbCQ2ZKhD0/bAolYBNkiRxnZkEHxPY8sbX2d96xGNVWFwR5MIez6MAjVUEiiNWsK9T8TVtF+uuFU3F182Ym4qbK56v/zdHYQy9jEgqcHajnAj6iVgSEmN01I3thiBHMMIO6kNwEfbS/Jzp/wktkAhj9BwpXke4u8XCfjWTnwvnfSBHuxil4X/dZ2Yhpe9RAVRTBjIbBEpjfkiK41KOSAfKINEkF2OXAVcggEiNIqDlGkYp2BKKQ+x+Ptl0zyrCrcqbs8rtdrTjEyRHbFjdsoEu2A1dsPqrMEkG7Nn9sJencR5c96dj9lowZnTPGR/5Hz+ACXkk+Q=</latexit><latexit sha1_base64="/4rdADfmg7+kP9jf1GSS4oUPMQs=">AAAB+XicbZA7SwNBFIVn4yvGV9TSZjAIVmFHBLUL2FhGMA9IYrg7uYlDZh/M3BXCEvAv2GplJ7b+Ggv/i7ubFJp4qsM5d7h3Pi/SypLrfjmFldW19Y3iZmlre2d3r7x/0LRhbCQ2ZKhD0/bAolYBNkiRxnZkEHxPY8sbX2d96xGNVWFwR5MIez6MAjVUEiiNWsK9T8TVtF+uuFU3F182Ym4qbK56v/zdHYQy9jEgqcHajnAj6iVgSEmN01I3thiBHMMIO6kNwEfbS/Jzp/wktkAhj9BwpXke4u8XCfjWTnwvnfSBHuxil4X/dZ2Yhpe9RAVRTBjIbBEpjfkiK41KOSAfKINEkF2OXAVcggEiNIqDlGkYp2BKKQ+x+Ptl0zyrCrcqbs8rtdrTjEyRHbFjdsoEu2A1dsPqrMEkG7Nn9sJencR5c96dj9lowZnTPGR/5Hz+ACXkk+Q=</latexit><latexit sha1_base64="/4rdADfmg7+kP9jf1GSS4oUPMQs=">AAAB+XicbZA7SwNBFIVn4yvGV9TSZjAIVmFHBLUL2FhGMA9IYrg7uYlDZh/M3BXCEvAv2GplJ7b+Ggv/i7ubFJp4qsM5d7h3Pi/SypLrfjmFldW19Y3iZmlre2d3r7x/0LRhbCQ2ZKhD0/bAolYBNkiRxnZkEHxPY8sbX2d96xGNVWFwR5MIez6MAjVUEiiNWsK9T8TVtF+uuFU3F182Ym4qbK56v/zdHYQy9jEgqcHajnAj6iVgSEmN01I3thiBHMMIO6kNwEfbS/Jzp/wktkAhj9BwpXke4u8XCfjWTnwvnfSBHuxil4X/dZ2Yhpe9RAVRTBjIbBEpjfkiK41KOSAfKINEkF2OXAVcggEiNIqDlGkYp2BKKQ+x+Ptl0zyrCrcqbs8rtdrTjEyRHbFjdsoEu2A1dsPqrMEkG7Nn9sJencR5c96dj9lowZnTPGR/5Hz+ACXkk+Q=</latexit><latexit sha1_base64="/4rdADfmg7+kP9jf1GSS4oUPMQs=">AAAB+XicbZA7SwNBFIVn4yvGV9TSZjAIVmFHBLUL2FhGMA9IYrg7uYlDZh/M3BXCEvAv2GplJ7b+Ggv/i7ubFJp4qsM5d7h3Pi/SypLrfjmFldW19Y3iZmlre2d3r7x/0LRhbCQ2ZKhD0/bAolYBNkiRxnZkEHxPY8sbX2d96xGNVWFwR5MIez6MAjVUEiiNWsK9T8TVtF+uuFU3F182Ym4qbK56v/zdHYQy9jEgqcHajnAj6iVgSEmN01I3thiBHMMIO6kNwEfbS/Jzp/wktkAhj9BwpXke4u8XCfjWTnwvnfSBHuxil4X/dZ2Yhpe9RAVRTBjIbBEpjfkiK41KOSAfKINEkF2OXAVcggEiNIqDlGkYp2BKKQ+x+Ptl0zyrCrcqbs8rtdrTjEyRHbFjdsoEu2A1dsPqrMEkG7Nn9sJencR5c96dj9lowZnTPGR/5Hz+ACXkk+Q=</latexit>

10�10
<latexit sha1_base64="LJyoyzVRPuSVqf3MdkPsCQieiGc=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJhuiMkKCgiERDGSTykBITnS+bcMr5bN2tkSKTn6CFig7R8jMU/Au2cQEJU41mdrWz40dKWmTs0yktLa+srpXXKxubW9s71d29tg1jI6AlQhWars8tKKmhhRIVdCMDPPAVdPzJVeZ3HsBYGepbnEbgBXys5UgKjqnUddldcuKy2aBaY3WWgy4StyA1UqA5qH71h6GIA9AoFLe257IIvYQblELBrNKPLURcTPgYeinVPADrJXneGT2KLceQRmCoVDQX4fdGwgNrp4GfTgYc7+28l4n/eb0YRxdeInUUI2iRHUKpID9khZFpEUCH0gAiz5IDlZoKbjgiGEm5EKkYp81U0j7c+e8XSfu07rK6e3NWa1wWzZTJATkkx8Ql56RBrkmTtIggijyRZ/LiPDqvzpvz/jNacoqdffIHzsc3XX+Tjg==</latexit><latexit sha1_base64="LJyoyzVRPuSVqf3MdkPsCQieiGc=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJhuiMkKCgiERDGSTykBITnS+bcMr5bN2tkSKTn6CFig7R8jMU/Au2cQEJU41mdrWz40dKWmTs0yktLa+srpXXKxubW9s71d29tg1jI6AlQhWars8tKKmhhRIVdCMDPPAVdPzJVeZ3HsBYGepbnEbgBXys5UgKjqnUddldcuKy2aBaY3WWgy4StyA1UqA5qH71h6GIA9AoFLe257IIvYQblELBrNKPLURcTPgYeinVPADrJXneGT2KLceQRmCoVDQX4fdGwgNrp4GfTgYc7+28l4n/eb0YRxdeInUUI2iRHUKpID9khZFpEUCH0gAiz5IDlZoKbjgiGEm5EKkYp81U0j7c+e8XSfu07rK6e3NWa1wWzZTJATkkx8Ql56RBrkmTtIggijyRZ/LiPDqvzpvz/jNacoqdffIHzsc3XX+Tjg==</latexit><latexit sha1_base64="LJyoyzVRPuSVqf3MdkPsCQieiGc=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJhuiMkKCgiERDGSTykBITnS+bcMr5bN2tkSKTn6CFig7R8jMU/Au2cQEJU41mdrWz40dKWmTs0yktLa+srpXXKxubW9s71d29tg1jI6AlQhWars8tKKmhhRIVdCMDPPAVdPzJVeZ3HsBYGepbnEbgBXys5UgKjqnUddldcuKy2aBaY3WWgy4StyA1UqA5qH71h6GIA9AoFLe257IIvYQblELBrNKPLURcTPgYeinVPADrJXneGT2KLceQRmCoVDQX4fdGwgNrp4GfTgYc7+28l4n/eb0YRxdeInUUI2iRHUKpID9khZFpEUCH0gAiz5IDlZoKbjgiGEm5EKkYp81U0j7c+e8XSfu07rK6e3NWa1wWzZTJATkkx8Ql56RBrkmTtIggijyRZ/LiPDqvzpvz/jNacoqdffIHzsc3XX+Tjg==</latexit><latexit sha1_base64="LJyoyzVRPuSVqf3MdkPsCQieiGc=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJhuiMkKCgiERDGSTykBITnS+bcMr5bN2tkSKTn6CFig7R8jMU/Au2cQEJU41mdrWz40dKWmTs0yktLa+srpXXKxubW9s71d29tg1jI6AlQhWars8tKKmhhRIVdCMDPPAVdPzJVeZ3HsBYGepbnEbgBXys5UgKjqnUddldcuKy2aBaY3WWgy4StyA1UqA5qH71h6GIA9AoFLe257IIvYQblELBrNKPLURcTPgYeinVPADrJXneGT2KLceQRmCoVDQX4fdGwgNrp4GfTgYc7+28l4n/eb0YRxdeInUUI2iRHUKpID9khZFpEUCH0gAiz5IDlZoKbjgiGEm5EKkYp81U0j7c+e8XSfu07rK6e3NWa1wWzZTJATkkx8Ql56RBrkmTtIggijyRZ/LiPDqvzpvz/jNacoqdffIHzsc3XX+Tjg==</latexit>

10�11
<latexit sha1_base64="js0dEtgnhmTV70AEL1JRXh3dF/E=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJhsiHkKCgiERDGSTykBITnS+bcMr5bN2tkSKTn6CFig7R8jMU/Au2cQEJU41mdrWz40dKWnTdT6e0tLyyulZer2xsbm3vVHf32jaMjYCWCFVouj63oKSGFkpU0I0M8MBX0PEnV5nfeQBjZahvcRqBF/CxliMpOKZSl7l3yQljs0G15tbdHHSRsILUSIHmoPrVH4YiDkCjUNzaHnMj9BJuUAoFs0o/thBxMeFj6KVU8wCsl+R5Z/QothxDGoGhUtFchN8bCQ+snQZ+OhlwvLfzXib+5/ViHF14idRRjKBFdgilgvyQFUamRQAdSgOIPEsOVGoquOGIYCTlQqRinDZTSftg898vkvZpnbl1dnNWa1wWzZTJATkkx4SRc9Ig16RJWkQQRZ7IM3lxHp1X5815/xktOcXOPvkD5+MbXw+Tjw==</latexit><latexit sha1_base64="js0dEtgnhmTV70AEL1JRXh3dF/E=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJhsiHkKCgiERDGSTykBITnS+bcMr5bN2tkSKTn6CFig7R8jMU/Au2cQEJU41mdrWz40dKWnTdT6e0tLyyulZer2xsbm3vVHf32jaMjYCWCFVouj63oKSGFkpU0I0M8MBX0PEnV5nfeQBjZahvcRqBF/CxliMpOKZSl7l3yQljs0G15tbdHHSRsILUSIHmoPrVH4YiDkCjUNzaHnMj9BJuUAoFs0o/thBxMeFj6KVU8wCsl+R5Z/QothxDGoGhUtFchN8bCQ+snQZ+OhlwvLfzXib+5/ViHF14idRRjKBFdgilgvyQFUamRQAdSgOIPEsOVGoquOGIYCTlQqRinDZTSftg898vkvZpnbl1dnNWa1wWzZTJATkkx4SRc9Ig16RJWkQQRZ7IM3lxHp1X5815/xktOcXOPvkD5+MbXw+Tjw==</latexit><latexit sha1_base64="js0dEtgnhmTV70AEL1JRXh3dF/E=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJhsiHkKCgiERDGSTykBITnS+bcMr5bN2tkSKTn6CFig7R8jMU/Au2cQEJU41mdrWz40dKWnTdT6e0tLyyulZer2xsbm3vVHf32jaMjYCWCFVouj63oKSGFkpU0I0M8MBX0PEnV5nfeQBjZahvcRqBF/CxliMpOKZSl7l3yQljs0G15tbdHHSRsILUSIHmoPrVH4YiDkCjUNzaHnMj9BJuUAoFs0o/thBxMeFj6KVU8wCsl+R5Z/QothxDGoGhUtFchN8bCQ+snQZ+OhlwvLfzXib+5/ViHF14idRRjKBFdgilgvyQFUamRQAdSgOIPEsOVGoquOGIYCTlQqRinDZTSftg898vkvZpnbl1dnNWa1wWzZTJATkkx4SRc9Ig16RJWkQQRZ7IM3lxHp1X5815/xktOcXOPvkD5+MbXw+Tjw==</latexit><latexit sha1_base64="js0dEtgnhmTV70AEL1JRXh3dF/E=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJhsiHkKCgiERDGSTykBITnS+bcMr5bN2tkSKTn6CFig7R8jMU/Au2cQEJU41mdrWz40dKWnTdT6e0tLyyulZer2xsbm3vVHf32jaMjYCWCFVouj63oKSGFkpU0I0M8MBX0PEnV5nfeQBjZahvcRqBF/CxliMpOKZSl7l3yQljs0G15tbdHHSRsILUSIHmoPrVH4YiDkCjUNzaHnMj9BJuUAoFs0o/thBxMeFj6KVU8wCsl+R5Z/QothxDGoGhUtFchN8bCQ+snQZ+OhlwvLfzXib+5/ViHF14idRRjKBFdgilgvyQFUamRQAdSgOIPEsOVGoquOGIYCTlQqRinDZTSftg898vkvZpnbl1dnNWa1wWzZTJATkkx4SRc9Ig16RJWkQQRZ7IM3lxHp1X5815/xktOcXOPvkD5+MbXw+Tjw==</latexit>

10�9
<latexit sha1_base64="3Jb/B1ZDFUKUhTKhlmrKSNkejj4=">AAAB+XicbVDLSgNBEJyNrxhfUY9eBoPgxbArggoeAl48RjAPSNbQO+nEIbMPZnqFsOQjvOrJm3j1azz4L+6ue9DEOhVV3XR1eZGShmz70yotLa+srpXXKxubW9s71d29tgljLbAlQhXqrgcGlQywRZIUdiON4HsKO97kOvM7j6iNDIM7mkbo+jAO5EgKoFTqOPZ9cnI5G1Rrdt3OwReJU5AaK9AcVL/6w1DEPgYkFBjTc+yI3AQ0SaFwVunHBiMQExhjL6UB+GjcJI8740exAQp5hJpLxXMRf28k4Bsz9b100gd6MPNeJv7n9WIaXbiJDKKYMBDZIZIK80NGaJn2gHwoNRJBlhy5DLgADUSoJQchUjFOi6mkfTjz3y+S9mndsevO7VmtcVU0U2YH7JAdM4edswa7YU3WYoJN2BN7Zi9WYr1ab9b7z2jJKnb22R9YH9/4XZNc</latexit><latexit sha1_base64="3Jb/B1ZDFUKUhTKhlmrKSNkejj4=">AAAB+XicbVDLSgNBEJyNrxhfUY9eBoPgxbArggoeAl48RjAPSNbQO+nEIbMPZnqFsOQjvOrJm3j1azz4L+6ue9DEOhVV3XR1eZGShmz70yotLa+srpXXKxubW9s71d29tgljLbAlQhXqrgcGlQywRZIUdiON4HsKO97kOvM7j6iNDIM7mkbo+jAO5EgKoFTqOPZ9cnI5G1Rrdt3OwReJU5AaK9AcVL/6w1DEPgYkFBjTc+yI3AQ0SaFwVunHBiMQExhjL6UB+GjcJI8740exAQp5hJpLxXMRf28k4Bsz9b100gd6MPNeJv7n9WIaXbiJDKKYMBDZIZIK80NGaJn2gHwoNRJBlhy5DLgADUSoJQchUjFOi6mkfTjz3y+S9mndsevO7VmtcVU0U2YH7JAdM4edswa7YU3WYoJN2BN7Zi9WYr1ab9b7z2jJKnb22R9YH9/4XZNc</latexit><latexit sha1_base64="3Jb/B1ZDFUKUhTKhlmrKSNkejj4=">AAAB+XicbVDLSgNBEJyNrxhfUY9eBoPgxbArggoeAl48RjAPSNbQO+nEIbMPZnqFsOQjvOrJm3j1azz4L+6ue9DEOhVV3XR1eZGShmz70yotLa+srpXXKxubW9s71d29tgljLbAlQhXqrgcGlQywRZIUdiON4HsKO97kOvM7j6iNDIM7mkbo+jAO5EgKoFTqOPZ9cnI5G1Rrdt3OwReJU5AaK9AcVL/6w1DEPgYkFBjTc+yI3AQ0SaFwVunHBiMQExhjL6UB+GjcJI8740exAQp5hJpLxXMRf28k4Bsz9b100gd6MPNeJv7n9WIaXbiJDKKYMBDZIZIK80NGaJn2gHwoNRJBlhy5DLgADUSoJQchUjFOi6mkfTjz3y+S9mndsevO7VmtcVU0U2YH7JAdM4edswa7YU3WYoJN2BN7Zi9WYr1ab9b7z2jJKnb22R9YH9/4XZNc</latexit><latexit sha1_base64="3Jb/B1ZDFUKUhTKhlmrKSNkejj4=">AAAB+XicbVDLSgNBEJyNrxhfUY9eBoPgxbArggoeAl48RjAPSNbQO+nEIbMPZnqFsOQjvOrJm3j1azz4L+6ue9DEOhVV3XR1eZGShmz70yotLa+srpXXKxubW9s71d29tgljLbAlQhXqrgcGlQywRZIUdiON4HsKO97kOvM7j6iNDIM7mkbo+jAO5EgKoFTqOPZ9cnI5G1Rrdt3OwReJU5AaK9AcVL/6w1DEPgYkFBjTc+yI3AQ0SaFwVunHBiMQExhjL6UB+GjcJI8740exAQp5hJpLxXMRf28k4Bsz9b100gd6MPNeJv7n9WIaXbiJDKKYMBDZIZIK80NGaJn2gHwoNRJBlhy5DLgADUSoJQchUjFOi6mkfTjz3y+S9mndsevO7VmtcVU0U2YH7JAdM4edswa7YU3WYoJN2BN7Zi9WYr1ab9b7z2jJKnb22R9YH9/4XZNc</latexit>

10�8
<latexit sha1_base64="AxlcVK25GlIYqwo0nsb397D0EqE=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJhshGSKSgiERDGSTykBITnS+bcMr5obs1UmTlI2ihokO0fA0F/4JtXEDCVKOZXe3seJGShmz70yqtrK6tb5Q3K1vbO7t71f2DjgljLbAtQhXqnscNKhlgmyQp7EUaue8p7HrT68zvPqI2MgzuaBah6/NJIMdScEqlrmPfJ2eN+bBas+t2DrZMnILUoEBrWP0ajEIR+xiQUNyYvmNH5CZckxQK55VBbDDiYson2E9pwH00bpLHnbOT2HAKWYSaScVyEX9vJNw3ZuZ76aTP6cEsepn4n9ePadxwExlEMWEgskMkFeaHjNAy7QHZSGok4llyZDJggmtOhFoyLkQqxmkxlbQPZ/H7ZdI5rzt23bm9qDWvimbKcATHcAoOXEITbqAFbRAwhSd4hhcrsV6tN+v9Z7RkFTuH8AfWxzf2zZNb</latexit><latexit sha1_base64="AxlcVK25GlIYqwo0nsb397D0EqE=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJhshGSKSgiERDGSTykBITnS+bcMr5obs1UmTlI2ihokO0fA0F/4JtXEDCVKOZXe3seJGShmz70yqtrK6tb5Q3K1vbO7t71f2DjgljLbAtQhXqnscNKhlgmyQp7EUaue8p7HrT68zvPqI2MgzuaBah6/NJIMdScEqlrmPfJ2eN+bBas+t2DrZMnILUoEBrWP0ajEIR+xiQUNyYvmNH5CZckxQK55VBbDDiYson2E9pwH00bpLHnbOT2HAKWYSaScVyEX9vJNw3ZuZ76aTP6cEsepn4n9ePadxwExlEMWEgskMkFeaHjNAy7QHZSGok4llyZDJggmtOhFoyLkQqxmkxlbQPZ/H7ZdI5rzt23bm9qDWvimbKcATHcAoOXEITbqAFbRAwhSd4hhcrsV6tN+v9Z7RkFTuH8AfWxzf2zZNb</latexit><latexit sha1_base64="AxlcVK25GlIYqwo0nsb397D0EqE=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJhshGSKSgiERDGSTykBITnS+bcMr5obs1UmTlI2ihokO0fA0F/4JtXEDCVKOZXe3seJGShmz70yqtrK6tb5Q3K1vbO7t71f2DjgljLbAtQhXqnscNKhlgmyQp7EUaue8p7HrT68zvPqI2MgzuaBah6/NJIMdScEqlrmPfJ2eN+bBas+t2DrZMnILUoEBrWP0ajEIR+xiQUNyYvmNH5CZckxQK55VBbDDiYson2E9pwH00bpLHnbOT2HAKWYSaScVyEX9vJNw3ZuZ76aTP6cEsepn4n9ePadxwExlEMWEgskMkFeaHjNAy7QHZSGok4llyZDJggmtOhFoyLkQqxmkxlbQPZ/H7ZdI5rzt23bm9qDWvimbKcATHcAoOXEITbqAFbRAwhSd4hhcrsV6tN+v9Z7RkFTuH8AfWxzf2zZNb</latexit><latexit sha1_base64="AxlcVK25GlIYqwo0nsb397D0EqE=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJhshGSKSgiERDGSTykBITnS+bcMr5obs1UmTlI2ihokO0fA0F/4JtXEDCVKOZXe3seJGShmz70yqtrK6tb5Q3K1vbO7t71f2DjgljLbAtQhXqnscNKhlgmyQp7EUaue8p7HrT68zvPqI2MgzuaBah6/NJIMdScEqlrmPfJ2eN+bBas+t2DrZMnILUoEBrWP0ajEIR+xiQUNyYvmNH5CZckxQK55VBbDDiYson2E9pwH00bpLHnbOT2HAKWYSaScVyEX9vJNw3ZuZ76aTP6cEsepn4n9ePadxwExlEMWEgskMkFeaHjNAy7QHZSGok4llyZDJggmtOhFoyLkQqxmkxlbQPZ/H7ZdI5rzt23bm9qDWvimbKcATHcAoOXEITbqAFbRAwhSd4hhcrsV6tN+v9Z7RkFTuH8AfWxzf2zZNb</latexit>

10�7
<latexit sha1_base64="zG+ANpR2kE+9F+YobwdHDccpOyk=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJhshGSKGgiERDGSTykBITnS+bcMr5obs1UmTlI2ihokO0fA0F/4JtXEDCVKOZXe3seJGShmz70yqtrK6tb5Q3K1vbO7t71f2DjgljLbAtQhXqnscNKhlgmyQp7EUaue8p7HrT68zvPqI2MgzuaBah6/NJIMdScEqlrmPfJ2eN+bBas+t2DrZMnILUoEBrWP0ajEIR+xiQUNyYvmNH5CZckxQK55VBbDDiYson2E9pwH00bpLHnbOT2HAKWYSaScVyEX9vJNw3ZuZ76aTP6cEsepn4n9ePaXzpJjKIYsJAZIdIKswPGaFl2gOykdRIxLPkyGTABNecCLVkXIhUjNNiKmkfzuL3y6RzXnfsunN7UWteFc2U4QiO4RQcaEATbqAFbRAwhSd4hhcrsV6tN+v9Z7RkFTuH8AfWxzf1PZNa</latexit><latexit sha1_base64="zG+ANpR2kE+9F+YobwdHDccpOyk=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJhshGSKGgiERDGSTykBITnS+bcMr5obs1UmTlI2ihokO0fA0F/4JtXEDCVKOZXe3seJGShmz70yqtrK6tb5Q3K1vbO7t71f2DjgljLbAtQhXqnscNKhlgmyQp7EUaue8p7HrT68zvPqI2MgzuaBah6/NJIMdScEqlrmPfJ2eN+bBas+t2DrZMnILUoEBrWP0ajEIR+xiQUNyYvmNH5CZckxQK55VBbDDiYson2E9pwH00bpLHnbOT2HAKWYSaScVyEX9vJNw3ZuZ76aTP6cEsepn4n9ePaXzpJjKIYsJAZIdIKswPGaFl2gOykdRIxLPkyGTABNecCLVkXIhUjNNiKmkfzuL3y6RzXnfsunN7UWteFc2U4QiO4RQcaEATbqAFbRAwhSd4hhcrsV6tN+v9Z7RkFTuH8AfWxzf1PZNa</latexit><latexit sha1_base64="zG+ANpR2kE+9F+YobwdHDccpOyk=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJhshGSKGgiERDGSTykBITnS+bcMr5obs1UmTlI2ihokO0fA0F/4JtXEDCVKOZXe3seJGShmz70yqtrK6tb5Q3K1vbO7t71f2DjgljLbAtQhXqnscNKhlgmyQp7EUaue8p7HrT68zvPqI2MgzuaBah6/NJIMdScEqlrmPfJ2eN+bBas+t2DrZMnILUoEBrWP0ajEIR+xiQUNyYvmNH5CZckxQK55VBbDDiYson2E9pwH00bpLHnbOT2HAKWYSaScVyEX9vJNw3ZuZ76aTP6cEsepn4n9ePaXzpJjKIYsJAZIdIKswPGaFl2gOykdRIxLPkyGTABNecCLVkXIhUjNNiKmkfzuL3y6RzXnfsunN7UWteFc2U4QiO4RQcaEATbqAFbRAwhSd4hhcrsV6tN+v9Z7RkFTuH8AfWxzf1PZNa</latexit><latexit sha1_base64="zG+ANpR2kE+9F+YobwdHDccpOyk=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJhshGSKGgiERDGSTykBITnS+bcMr5obs1UmTlI2ihokO0fA0F/4JtXEDCVKOZXe3seJGShmz70yqtrK6tb5Q3K1vbO7t71f2DjgljLbAtQhXqnscNKhlgmyQp7EUaue8p7HrT68zvPqI2MgzuaBah6/NJIMdScEqlrmPfJ2eN+bBas+t2DrZMnILUoEBrWP0ajEIR+xiQUNyYvmNH5CZckxQK55VBbDDiYson2E9pwH00bpLHnbOT2HAKWYSaScVyEX9vJNw3ZuZ76aTP6cEsepn4n9ePaXzpJjKIYsJAZIdIKswPGaFl2gOykdRIxLPkyGTABNecCLVkXIhUjNNiKmkfzuL3y6RzXnfsunN7UWteFc2U4QiO4RQcaEATbqAFbRAwhSd4hhcrsV6tN+v9Z7RkFTuH8AfWxzf1PZNa</latexit>

10�6
<latexit sha1_base64="cUveZ6f+A8UGXgqQOoEsvL7Ja68=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJhshGCCgoItFQBok8pMRE68smnHJ+6G6NFFn5CFqo6BAtX0PBv2AbF5Aw1WhmVzs7XqSkIdv+tEpLyyura+X1ysbm1vZOdXevbcJYC2yJUIW664FBJQNskSSF3Ugj+J7Cjje5zvzOI2ojw+COphG6PowDOZICKJU6jn2fnJzPBtWaXbdz8EXiFKTGCjQH1a/+MBSxjwEJBcb0HDsiNwFNUiicVfqxwQjEBMbYS2kAPho3yePO+FFsgEIeoeZS8VzE3xsJ+MZMfS+d9IEezLyXif95vZhGl24igygmDER2iKTC/JARWqY9IB9KjUSQJUcuAy5AAxFqyUGIVIzTYippH87894ukfVp37Lpze1ZrXBXNlNkBO2THzGEXrMFuWJO1mGAT9sSe2YuVWK/Wm/X+M1qyip199gfWxzfzrZNZ</latexit><latexit sha1_base64="cUveZ6f+A8UGXgqQOoEsvL7Ja68=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJhshGCCgoItFQBok8pMRE68smnHJ+6G6NFFn5CFqo6BAtX0PBv2AbF5Aw1WhmVzs7XqSkIdv+tEpLyyura+X1ysbm1vZOdXevbcJYC2yJUIW664FBJQNskSSF3Ugj+J7Cjje5zvzOI2ojw+COphG6PowDOZICKJU6jn2fnJzPBtWaXbdz8EXiFKTGCjQH1a/+MBSxjwEJBcb0HDsiNwFNUiicVfqxwQjEBMbYS2kAPho3yePO+FFsgEIeoeZS8VzE3xsJ+MZMfS+d9IEezLyXif95vZhGl24igygmDER2iKTC/JARWqY9IB9KjUSQJUcuAy5AAxFqyUGIVIzTYippH87894ukfVp37Lpze1ZrXBXNlNkBO2THzGEXrMFuWJO1mGAT9sSe2YuVWK/Wm/X+M1qyip199gfWxzfzrZNZ</latexit><latexit sha1_base64="cUveZ6f+A8UGXgqQOoEsvL7Ja68=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJhshGCCgoItFQBok8pMRE68smnHJ+6G6NFFn5CFqo6BAtX0PBv2AbF5Aw1WhmVzs7XqSkIdv+tEpLyyura+X1ysbm1vZOdXevbcJYC2yJUIW664FBJQNskSSF3Ugj+J7Cjje5zvzOI2ojw+COphG6PowDOZICKJU6jn2fnJzPBtWaXbdz8EXiFKTGCjQH1a/+MBSxjwEJBcb0HDsiNwFNUiicVfqxwQjEBMbYS2kAPho3yePO+FFsgEIeoeZS8VzE3xsJ+MZMfS+d9IEezLyXif95vZhGl24igygmDER2iKTC/JARWqY9IB9KjUSQJUcuAy5AAxFqyUGIVIzTYippH87894ukfVp37Lpze1ZrXBXNlNkBO2THzGEXrMFuWJO1mGAT9sSe2YuVWK/Wm/X+M1qyip199gfWxzfzrZNZ</latexit><latexit sha1_base64="cUveZ6f+A8UGXgqQOoEsvL7Ja68=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJhshGCCgoItFQBok8pMRE68smnHJ+6G6NFFn5CFqo6BAtX0PBv2AbF5Aw1WhmVzs7XqSkIdv+tEpLyyura+X1ysbm1vZOdXevbcJYC2yJUIW664FBJQNskSSF3Ugj+J7Cjje5zvzOI2ojw+COphG6PowDOZICKJU6jn2fnJzPBtWaXbdz8EXiFKTGCjQH1a/+MBSxjwEJBcb0HDsiNwFNUiicVfqxwQjEBMbYS2kAPho3yePO+FFsgEIeoeZS8VzE3xsJ+MZMfS+d9IEezLyXif95vZhGl24igygmDER2iKTC/JARWqY9IB9KjUSQJUcuAy5AAxFqyUGIVIzTYippH87894ukfVp37Lpze1ZrXBXNlNkBO2THzGEXrMFuWJO1mGAT9sSe2YuVWK/Wm/X+M1qyip199gfWxzfzrZNZ</latexit>

10�5
<latexit sha1_base64="to4pYrzNAdW8USSdMYa1bEiSZGM=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJhshGICgoItFQBok8pMRE68smnHJ+6G6NFFn5CFqo6BAtX0PBv2AbF5Aw1WhmVzs7XqSkIdv+tEpLyyura+X1ysbm1vZOdXevbcJYC2yJUIW664FBJQNskSSF3Ugj+J7Cjje5zvzOI2ojw+COphG6PowDOZICKJU6jn2fnJzPBtWaXbdz8EXiFKTGCjQH1a/+MBSxjwEJBcb0HDsiNwFNUiicVfqxwQjEBMbYS2kAPho3yePO+FFsgEIeoeZS8VzE3xsJ+MZMfS+d9IEezLyXif95vZhGl24igygmDER2iKTC/JARWqY9IB9KjUSQJUcuAy5AAxFqyUGIVIzTYippH87894ukfVp37Lpze1ZrXBXNlNkBO2THzGEXrMFuWJO1mGAT9sSe2YuVWK/Wm/X+M1qyip199gfWxzfyHZNY</latexit><latexit sha1_base64="to4pYrzNAdW8USSdMYa1bEiSZGM=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJhshGICgoItFQBok8pMRE68smnHJ+6G6NFFn5CFqo6BAtX0PBv2AbF5Aw1WhmVzs7XqSkIdv+tEpLyyura+X1ysbm1vZOdXevbcJYC2yJUIW664FBJQNskSSF3Ugj+J7Cjje5zvzOI2ojw+COphG6PowDOZICKJU6jn2fnJzPBtWaXbdz8EXiFKTGCjQH1a/+MBSxjwEJBcb0HDsiNwFNUiicVfqxwQjEBMbYS2kAPho3yePO+FFsgEIeoeZS8VzE3xsJ+MZMfS+d9IEezLyXif95vZhGl24igygmDER2iKTC/JARWqY9IB9KjUSQJUcuAy5AAxFqyUGIVIzTYippH87894ukfVp37Lpze1ZrXBXNlNkBO2THzGEXrMFuWJO1mGAT9sSe2YuVWK/Wm/X+M1qyip199gfWxzfyHZNY</latexit><latexit sha1_base64="to4pYrzNAdW8USSdMYa1bEiSZGM=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJhshGICgoItFQBok8pMRE68smnHJ+6G6NFFn5CFqo6BAtX0PBv2AbF5Aw1WhmVzs7XqSkIdv+tEpLyyura+X1ysbm1vZOdXevbcJYC2yJUIW664FBJQNskSSF3Ugj+J7Cjje5zvzOI2ojw+COphG6PowDOZICKJU6jn2fnJzPBtWaXbdz8EXiFKTGCjQH1a/+MBSxjwEJBcb0HDsiNwFNUiicVfqxwQjEBMbYS2kAPho3yePO+FFsgEIeoeZS8VzE3xsJ+MZMfS+d9IEezLyXif95vZhGl24igygmDER2iKTC/JARWqY9IB9KjUSQJUcuAy5AAxFqyUGIVIzTYippH87894ukfVp37Lpze1ZrXBXNlNkBO2THzGEXrMFuWJO1mGAT9sSe2YuVWK/Wm/X+M1qyip199gfWxzfyHZNY</latexit><latexit sha1_base64="to4pYrzNAdW8USSdMYa1bEiSZGM=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJhshGICgoItFQBok8pMRE68smnHJ+6G6NFFn5CFqo6BAtX0PBv2AbF5Aw1WhmVzs7XqSkIdv+tEpLyyura+X1ysbm1vZOdXevbcJYC2yJUIW664FBJQNskSSF3Ugj+J7Cjje5zvzOI2ojw+COphG6PowDOZICKJU6jn2fnJzPBtWaXbdz8EXiFKTGCjQH1a/+MBSxjwEJBcb0HDsiNwFNUiicVfqxwQjEBMbYS2kAPho3yePO+FFsgEIeoeZS8VzE3xsJ+MZMfS+d9IEezLyXif95vZhGl24igygmDER2iKTC/JARWqY9IB9KjUSQJUcuAy5AAxFqyUGIVIzTYippH87894ukfVp37Lpze1ZrXBXNlNkBO2THzGEXrMFuWJO1mGAT9sSe2YuVWK/Wm/X+M1qyip199gfWxzfyHZNY</latexit>

10�4
<latexit sha1_base64="ynJlPlE3IfXePa6wUKkKOylkpq0=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJhshGkaCgiERDGSTykBITnS+bcMr5obs1UmTlI2ihokO0fA0F/4JtXEDCVKOZXe3seJGShmz70yqtrK6tb5Q3K1vbO7t71f2DjgljLbAtQhXqnscNKhlgmyQp7EUaue8p7HrT68zvPqI2MgzuaBah6/NJIMdScEqlrmPfJ2eN+bBas+t2DrZMnILUoEBrWP0ajEIR+xiQUNyYvmNH5CZckxQK55VBbDDiYson2E9pwH00bpLHnbOT2HAKWYSaScVyEX9vJNw3ZuZ76aTP6cEsepn4n9ePaXzpJjKIYsJAZIdIKswPGaFl2gOykdRIxLPkyGTABNecCLVkXIhUjNNiKmkfzuL3y6RzXnfsunPbqDWvimbKcATHcAoOXEATbqAFbRAwhSd4hhcrsV6tN+v9Z7RkFTuH8AfWxzfwjZNX</latexit><latexit sha1_base64="ynJlPlE3IfXePa6wUKkKOylkpq0=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJhshGkaCgiERDGSTykBITnS+bcMr5obs1UmTlI2ihokO0fA0F/4JtXEDCVKOZXe3seJGShmz70yqtrK6tb5Q3K1vbO7t71f2DjgljLbAtQhXqnscNKhlgmyQp7EUaue8p7HrT68zvPqI2MgzuaBah6/NJIMdScEqlrmPfJ2eN+bBas+t2DrZMnILUoEBrWP0ajEIR+xiQUNyYvmNH5CZckxQK55VBbDDiYson2E9pwH00bpLHnbOT2HAKWYSaScVyEX9vJNw3ZuZ76aTP6cEsepn4n9ePaXzpJjKIYsJAZIdIKswPGaFl2gOykdRIxLPkyGTABNecCLVkXIhUjNNiKmkfzuL3y6RzXnfsunPbqDWvimbKcATHcAoOXEATbqAFbRAwhSd4hhcrsV6tN+v9Z7RkFTuH8AfWxzfwjZNX</latexit><latexit sha1_base64="ynJlPlE3IfXePa6wUKkKOylkpq0=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJhshGkaCgiERDGSTykBITnS+bcMr5obs1UmTlI2ihokO0fA0F/4JtXEDCVKOZXe3seJGShmz70yqtrK6tb5Q3K1vbO7t71f2DjgljLbAtQhXqnscNKhlgmyQp7EUaue8p7HrT68zvPqI2MgzuaBah6/NJIMdScEqlrmPfJ2eN+bBas+t2DrZMnILUoEBrWP0ajEIR+xiQUNyYvmNH5CZckxQK55VBbDDiYson2E9pwH00bpLHnbOT2HAKWYSaScVyEX9vJNw3ZuZ76aTP6cEsepn4n9ePaXzpJjKIYsJAZIdIKswPGaFl2gOykdRIxLPkyGTABNecCLVkXIhUjNNiKmkfzuL3y6RzXnfsunPbqDWvimbKcATHcAoOXEATbqAFbRAwhSd4hhcrsV6tN+v9Z7RkFTuH8AfWxzfwjZNX</latexit><latexit sha1_base64="ynJlPlE3IfXePa6wUKkKOylkpq0=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJhshGkaCgiERDGSTykBITnS+bcMr5obs1UmTlI2ihokO0fA0F/4JtXEDCVKOZXe3seJGShmz70yqtrK6tb5Q3K1vbO7t71f2DjgljLbAtQhXqnscNKhlgmyQp7EUaue8p7HrT68zvPqI2MgzuaBah6/NJIMdScEqlrmPfJ2eN+bBas+t2DrZMnILUoEBrWP0ajEIR+xiQUNyYvmNH5CZckxQK55VBbDDiYson2E9pwH00bpLHnbOT2HAKWYSaScVyEX9vJNw3ZuZ76aTP6cEsepn4n9ePaXzpJjKIYsJAZIdIKswPGaFl2gOykdRIxLPkyGTABNecCLVkXIhUjNNiKmkfzuL3y6RzXnfsunPbqDWvimbKcATHcAoOXEATbqAFbRAwhSd4hhcrsV6tN+v9Z7RkFTuH8AfWxzfwjZNX</latexit>

10�3
<latexit sha1_base64="NjpxQOLyP5nWcBmcMsJ6BKjVyQg=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJhsgGJCgoItFQBok8pMRE68smnHJ+6G6NFFn5CFqo6BAtX0PBv2AbF5Aw1WhmVzs7XqSkIdv+tEpLyyura+X1ysbm1vZOdXevbcJYC2yJUIW664FBJQNskSSF3Ugj+J7Cjje5zvzOI2ojw+COphG6PowDOZICKJU6jn2fnJzNBtWaXbdz8EXiFKTGCjQH1a/+MBSxjwEJBcb0HDsiNwFNUiicVfqxwQjEBMbYS2kAPho3yePO+FFsgEIeoeZS8VzE3xsJ+MZMfS+d9IEezLyXif95vZhGl24igygmDER2iKTC/JARWqY9IB9KjUSQJUcuAy5AAxFqyUGIVIzTYippH87894ukfVp37Lpze15rXBXNlNkBO2THzGEXrMFuWJO1mGAT9sSe2YuVWK/Wm/X+M1qyip199gfWxzfu/ZNW</latexit><latexit sha1_base64="NjpxQOLyP5nWcBmcMsJ6BKjVyQg=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJhsgGJCgoItFQBok8pMRE68smnHJ+6G6NFFn5CFqo6BAtX0PBv2AbF5Aw1WhmVzs7XqSkIdv+tEpLyyura+X1ysbm1vZOdXevbcJYC2yJUIW664FBJQNskSSF3Ugj+J7Cjje5zvzOI2ojw+COphG6PowDOZICKJU6jn2fnJzNBtWaXbdz8EXiFKTGCjQH1a/+MBSxjwEJBcb0HDsiNwFNUiicVfqxwQjEBMbYS2kAPho3yePO+FFsgEIeoeZS8VzE3xsJ+MZMfS+d9IEezLyXif95vZhGl24igygmDER2iKTC/JARWqY9IB9KjUSQJUcuAy5AAxFqyUGIVIzTYippH87894ukfVp37Lpze15rXBXNlNkBO2THzGEXrMFuWJO1mGAT9sSe2YuVWK/Wm/X+M1qyip199gfWxzfu/ZNW</latexit><latexit sha1_base64="NjpxQOLyP5nWcBmcMsJ6BKjVyQg=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJhsgGJCgoItFQBok8pMRE68smnHJ+6G6NFFn5CFqo6BAtX0PBv2AbF5Aw1WhmVzs7XqSkIdv+tEpLyyura+X1ysbm1vZOdXevbcJYC2yJUIW664FBJQNskSSF3Ugj+J7Cjje5zvzOI2ojw+COphG6PowDOZICKJU6jn2fnJzNBtWaXbdz8EXiFKTGCjQH1a/+MBSxjwEJBcb0HDsiNwFNUiicVfqxwQjEBMbYS2kAPho3yePO+FFsgEIeoeZS8VzE3xsJ+MZMfS+d9IEezLyXif95vZhGl24igygmDER2iKTC/JARWqY9IB9KjUSQJUcuAy5AAxFqyUGIVIzTYippH87894ukfVp37Lpze15rXBXNlNkBO2THzGEXrMFuWJO1mGAT9sSe2YuVWK/Wm/X+M1qyip199gfWxzfu/ZNW</latexit><latexit sha1_base64="NjpxQOLyP5nWcBmcMsJ6BKjVyQg=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJhsgGJCgoItFQBok8pMRE68smnHJ+6G6NFFn5CFqo6BAtX0PBv2AbF5Aw1WhmVzs7XqSkIdv+tEpLyyura+X1ysbm1vZOdXevbcJYC2yJUIW664FBJQNskSSF3Ugj+J7Cjje5zvzOI2ojw+COphG6PowDOZICKJU6jn2fnJzNBtWaXbdz8EXiFKTGCjQH1a/+MBSxjwEJBcb0HDsiNwFNUiicVfqxwQjEBMbYS2kAPho3yePO+FFsgEIeoeZS8VzE3xsJ+MZMfS+d9IEezLyXif95vZhGl24igygmDER2iKTC/JARWqY9IB9KjUSQJUcuAy5AAxFqyUGIVIzTYippH87894ukfVp37Lpze15rXBXNlNkBO2THzGEXrMFuWJO1mGAT9sSe2YuVWK/Wm/X+M1qyip199gfWxzfu/ZNW</latexit>
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Classical
Anthropic

CASPEr ADMX MADMAX   
ARIADNE

QCD axion decay constant fa [GeV]

QCD axion mass ma [eV]



PART III: Particle physics from Astroparticle

QCD axion dark matter
10−22 eV keV MeV GeV 100 TeV MPl 30 M⊙

ThermalNon-thermal Non-thermal

Crucial interplay 
with inflation

ma = 5.70 × 10−6 ( 1012 GeV
fa ) eV
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The U(1) symmetry 
broken 
after the end of inflation Inflation
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✓in,3
<latexit sha1_base64="W9/ziTphTRvNuYiNEH67A1iIZrQ=">AAACBXicbVA9TwJBEN3DL8SvQ0ubjcTEwpA7RbEk2lhiIkIChMwtA2zY+8junIZcqP0VtlrZGVt/h4X/xQNJVPRVL+/NZN48L1LSkOO8W5mFxaXllexqbm19Y3PLzm/fmDDWAmsiVKFueGBQyQBrJElhI9IIvqew7g0vJn79FrWRYXBNowjbPvQD2ZMCKJU6dr5FAyToJC3tcxkcHo87dsEpnpZOSmWHO0Vnim/izkiBzVDt2B+tbihiHwMSCoxpuk5E7QQ0SaFwnGvFBiMQQ+hjM6UB+GjayTT6mO/HBijkEWouFZ+K+HMjAd+Yke+lkz7QwMx7E/E/rxlT76ydyCCKCQMxOURS4fSQEVqmnSDvSo1EMEmO6fNcgAYi1JKDEKkYpyXl0j7c+e//kpujousU3atSoXI+aybLdtkeO2AuK7MKu2RVVmOC3bEH9sierHvr2XqxXr9GM9ZsZ4f9gvX2Cdj9mE4=</latexit><latexit sha1_base64="W9/ziTphTRvNuYiNEH67A1iIZrQ=">AAACBXicbVA9TwJBEN3DL8SvQ0ubjcTEwpA7RbEk2lhiIkIChMwtA2zY+8junIZcqP0VtlrZGVt/h4X/xQNJVPRVL+/NZN48L1LSkOO8W5mFxaXllexqbm19Y3PLzm/fmDDWAmsiVKFueGBQyQBrJElhI9IIvqew7g0vJn79FrWRYXBNowjbPvQD2ZMCKJU6dr5FAyToJC3tcxkcHo87dsEpnpZOSmWHO0Vnim/izkiBzVDt2B+tbihiHwMSCoxpuk5E7QQ0SaFwnGvFBiMQQ+hjM6UB+GjayTT6mO/HBijkEWouFZ+K+HMjAd+Yke+lkz7QwMx7E/E/rxlT76ydyCCKCQMxOURS4fSQEVqmnSDvSo1EMEmO6fNcgAYi1JKDEKkYpyXl0j7c+e//kpujousU3atSoXI+aybLdtkeO2AuK7MKu2RVVmOC3bEH9sierHvr2XqxXr9GM9ZsZ4f9gvX2Cdj9mE4=</latexit><latexit sha1_base64="W9/ziTphTRvNuYiNEH67A1iIZrQ=">AAACBXicbVA9TwJBEN3DL8SvQ0ubjcTEwpA7RbEk2lhiIkIChMwtA2zY+8junIZcqP0VtlrZGVt/h4X/xQNJVPRVL+/NZN48L1LSkOO8W5mFxaXllexqbm19Y3PLzm/fmDDWAmsiVKFueGBQyQBrJElhI9IIvqew7g0vJn79FrWRYXBNowjbPvQD2ZMCKJU6dr5FAyToJC3tcxkcHo87dsEpnpZOSmWHO0Vnim/izkiBzVDt2B+tbihiHwMSCoxpuk5E7QQ0SaFwnGvFBiMQQ+hjM6UB+GjayTT6mO/HBijkEWouFZ+K+HMjAd+Yke+lkz7QwMx7E/E/rxlT76ydyCCKCQMxOURS4fSQEVqmnSDvSo1EMEmO6fNcgAYi1JKDEKkYpyXl0j7c+e//kpujousU3atSoXI+aybLdtkeO2AuK7MKu2RVVmOC3bEH9sierHvr2XqxXr9GM9ZsZ4f9gvX2Cdj9mE4=</latexit><latexit sha1_base64="W9/ziTphTRvNuYiNEH67A1iIZrQ=">AAACBXicbVA9TwJBEN3DL8SvQ0ubjcTEwpA7RbEk2lhiIkIChMwtA2zY+8junIZcqP0VtlrZGVt/h4X/xQNJVPRVL+/NZN48L1LSkOO8W5mFxaXllexqbm19Y3PLzm/fmDDWAmsiVKFueGBQyQBrJElhI9IIvqew7g0vJn79FrWRYXBNowjbPvQD2ZMCKJU6dr5FAyToJC3tcxkcHo87dsEpnpZOSmWHO0Vnim/izkiBzVDt2B+tbihiHwMSCoxpuk5E7QQ0SaFwnGvFBiMQQ+hjM6UB+GjayTT6mO/HBijkEWouFZ+K+HMjAd+Yke+lkz7QwMx7E/E/rxlT76ydyCCKCQMxOURS4fSQEVqmnSDvSo1EMEmO6fNcgAYi1JKDEKkYpyXl0j7c+e//kpujousU3atSoXI+aybLdtkeO2AuK7MKu2RVVmOC3bEH9sierHvr2XqxXr9GM9ZsZ4f9gvX2Cdj9mE4=</latexit>

✓in,4
<latexit sha1_base64="kGJNmQWkkMuBk6n6dzZInLxqpNc=">AAACBXicbVDLTgJBEJzFF+IL9OhlIjHxYMiuWcUj0YtHTOSRACG9QwMTZh+Z6dWQDWe/wquevBmvfocH/8UFSVS0TpWq7nR1eZGShmz73cosLa+srmXXcxubW9s7+cJu3YSxFlgToQp10wODSgZYI0kKm5FG8D2FDW90OfUbt6iNDIMbGkfY8WEQyL4UQKnUzRfaNESCbtLWPpfBsTvp5ot26cw9dcs2t0v2DN/EmZMim6PazX+0e6GIfQxIKDCm5dgRdRLQJIXCSa4dG4xAjGCArZQG4KPpJLPoE34YG6CQR6i5VHwm4s+NBHxjxr6XTvpAQ7PoTcX/vFZM/fNOIoMoJgzE9BBJhbNDRmiZdoK8JzUSwTQ5ps9zARqIUEsOQqRinJaUS/twFr//S+onJccuOddusXIxbybL9tkBO2IOK7MKu2JVVmOC3bEH9sierHvr2XqxXr9GM9Z8Z4/9gvX2CdqNmE8=</latexit><latexit sha1_base64="kGJNmQWkkMuBk6n6dzZInLxqpNc=">AAACBXicbVDLTgJBEJzFF+IL9OhlIjHxYMiuWcUj0YtHTOSRACG9QwMTZh+Z6dWQDWe/wquevBmvfocH/8UFSVS0TpWq7nR1eZGShmz73cosLa+srmXXcxubW9s7+cJu3YSxFlgToQp10wODSgZYI0kKm5FG8D2FDW90OfUbt6iNDIMbGkfY8WEQyL4UQKnUzRfaNESCbtLWPpfBsTvp5ot26cw9dcs2t0v2DN/EmZMim6PazX+0e6GIfQxIKDCm5dgRdRLQJIXCSa4dG4xAjGCArZQG4KPpJLPoE34YG6CQR6i5VHwm4s+NBHxjxr6XTvpAQ7PoTcX/vFZM/fNOIoMoJgzE9BBJhbNDRmiZdoK8JzUSwTQ5ps9zARqIUEsOQqRinJaUS/twFr//S+onJccuOddusXIxbybL9tkBO2IOK7MKu2JVVmOC3bEH9sierHvr2XqxXr9GM9Z8Z4/9gvX2CdqNmE8=</latexit><latexit sha1_base64="kGJNmQWkkMuBk6n6dzZInLxqpNc=">AAACBXicbVDLTgJBEJzFF+IL9OhlIjHxYMiuWcUj0YtHTOSRACG9QwMTZh+Z6dWQDWe/wquevBmvfocH/8UFSVS0TpWq7nR1eZGShmz73cosLa+srmXXcxubW9s7+cJu3YSxFlgToQp10wODSgZYI0kKm5FG8D2FDW90OfUbt6iNDIMbGkfY8WEQyL4UQKnUzRfaNESCbtLWPpfBsTvp5ot26cw9dcs2t0v2DN/EmZMim6PazX+0e6GIfQxIKDCm5dgRdRLQJIXCSa4dG4xAjGCArZQG4KPpJLPoE34YG6CQR6i5VHwm4s+NBHxjxr6XTvpAQ7PoTcX/vFZM/fNOIoMoJgzE9BBJhbNDRmiZdoK8JzUSwTQ5ps9zARqIUEsOQqRinJaUS/twFr//S+onJccuOddusXIxbybL9tkBO2IOK7MKu2JVVmOC3bEH9sierHvr2XqxXr9GM9Z8Z4/9gvX2CdqNmE8=</latexit><latexit sha1_base64="kGJNmQWkkMuBk6n6dzZInLxqpNc=">AAACBXicbVDLTgJBEJzFF+IL9OhlIjHxYMiuWcUj0YtHTOSRACG9QwMTZh+Z6dWQDWe/wquevBmvfocH/8UFSVS0TpWq7nR1eZGShmz73cosLa+srmXXcxubW9s7+cJu3YSxFlgToQp10wODSgZYI0kKm5FG8D2FDW90OfUbt6iNDIMbGkfY8WEQyL4UQKnUzRfaNESCbtLWPpfBsTvp5ot26cw9dcs2t0v2DN/EmZMim6PazX+0e6GIfQxIKDCm5dgRdRLQJIXCSa4dG4xAjGCArZQG4KPpJLPoE34YG6CQR6i5VHwm4s+NBHxjxr6XTvpAQ7PoTcX/vFZM/fNOIoMoJgzE9BBJhbNDRmiZdoK8JzUSwTQ5ps9zARqIUEsOQqRinJaUS/twFr//S+onJccuOddusXIxbybL9tkBO2IOK7MKu2JVVmOC3bEH9sierHvr2XqxXr9GM9Z8Z4/9gvX2CdqNmE8=</latexit>

✓in,5
<latexit sha1_base64="dEciiWCofVK+Mya6vS6ybfYZoBc=">AAACBXicbVDLTgJBEJz1ifha9OhlIjHxYMiuAfFI9OIRE3kkQEjv0MCE2UdmejVkw9mv8Konb8ar3+HBf3FBEhWtU6WqO11dXqSkIcd5t5aWV1bX1jMb2c2t7Z1dO7dXN2GsBdZEqELd9MCgkgHWSJLCZqQRfE9hwxtdTv3GLWojw+CGxhF2fBgEsi8FUCp17VybhkjQTdra5zI4KU26dt4pnBVLxbLDnYIzwzdx5yTP5qh27Y92LxSxjwEJBca0XCeiTgKapFA4ybZjgxGIEQywldIAfDSdZBZ9wo9iAxTyCDWXis9E/LmRgG/M2PfSSR9oaBa9qfif14qpf95JZBDFhIGYHiKpcHbICC3TTpD3pEYimCbH9HkuQAMRaslBiFSM05KyaR/u4vd/Sf204DoF97qYr1zMm8mwA3bIjpnLyqzCrliV1Zhgd+yBPbIn6956tl6s16/RJWu+s89+wXr7BNwdmFA=</latexit><latexit sha1_base64="dEciiWCofVK+Mya6vS6ybfYZoBc=">AAACBXicbVDLTgJBEJz1ifha9OhlIjHxYMiuAfFI9OIRE3kkQEjv0MCE2UdmejVkw9mv8Konb8ar3+HBf3FBEhWtU6WqO11dXqSkIcd5t5aWV1bX1jMb2c2t7Z1dO7dXN2GsBdZEqELd9MCgkgHWSJLCZqQRfE9hwxtdTv3GLWojw+CGxhF2fBgEsi8FUCp17VybhkjQTdra5zI4KU26dt4pnBVLxbLDnYIzwzdx5yTP5qh27Y92LxSxjwEJBca0XCeiTgKapFA4ybZjgxGIEQywldIAfDSdZBZ9wo9iAxTyCDWXis9E/LmRgG/M2PfSSR9oaBa9qfif14qpf95JZBDFhIGYHiKpcHbICC3TTpD3pEYimCbH9HkuQAMRaslBiFSM05KyaR/u4vd/Sf204DoF97qYr1zMm8mwA3bIjpnLyqzCrliV1Zhgd+yBPbIn6956tl6s16/RJWu+s89+wXr7BNwdmFA=</latexit><latexit sha1_base64="dEciiWCofVK+Mya6vS6ybfYZoBc=">AAACBXicbVDLTgJBEJz1ifha9OhlIjHxYMiuAfFI9OIRE3kkQEjv0MCE2UdmejVkw9mv8Konb8ar3+HBf3FBEhWtU6WqO11dXqSkIcd5t5aWV1bX1jMb2c2t7Z1dO7dXN2GsBdZEqELd9MCgkgHWSJLCZqQRfE9hwxtdTv3GLWojw+CGxhF2fBgEsi8FUCp17VybhkjQTdra5zI4KU26dt4pnBVLxbLDnYIzwzdx5yTP5qh27Y92LxSxjwEJBca0XCeiTgKapFA4ybZjgxGIEQywldIAfDSdZBZ9wo9iAxTyCDWXis9E/LmRgG/M2PfSSR9oaBa9qfif14qpf95JZBDFhIGYHiKpcHbICC3TTpD3pEYimCbH9HkuQAMRaslBiFSM05KyaR/u4vd/Sf204DoF97qYr1zMm8mwA3bIjpnLyqzCrliV1Zhgd+yBPbIn6956tl6s16/RJWu+s89+wXr7BNwdmFA=</latexit><latexit sha1_base64="dEciiWCofVK+Mya6vS6ybfYZoBc=">AAACBXicbVDLTgJBEJz1ifha9OhlIjHxYMiuAfFI9OIRE3kkQEjv0MCE2UdmejVkw9mv8Konb8ar3+HBf3FBEhWtU6WqO11dXqSkIcd5t5aWV1bX1jMb2c2t7Z1dO7dXN2GsBdZEqELd9MCgkgHWSJLCZqQRfE9hwxtdTv3GLWojw+CGxhF2fBgEsi8FUCp17VybhkjQTdra5zI4KU26dt4pnBVLxbLDnYIzwzdx5yTP5qh27Y92LxSxjwEJBca0XCeiTgKapFA4ybZjgxGIEQywldIAfDSdZBZ9wo9iAxTyCDWXis9E/LmRgG/M2PfSSR9oaBa9qfif14qpf95JZBDFhIGYHiKpcHbICC3TTpD3pEYimCbH9HkuQAMRaslBiFSM05KyaR/u4vd/Sf204DoF97qYr1zMm8mwA3bIjpnLyqzCrliV1Zhgd+yBPbIn6956tl6s16/RJWu+s89+wXr7BNwdmFA=</latexit>

✓in,7
<latexit sha1_base64="WL1CWBidQfl5QIH4xEKLq+GbV8c=">AAACBXicbVDLTgJBEJzFF+IL9OhlIjHxYMiuQfFI9OIRE3kkQEjv0MCE2UdmejVkw9mv8Konb8ar3+HBf3FZSVS0TpWq7nR1uaGShmz73cosLa+srmXXcxubW9s7+cJuwwSRFlgXgQp0ywWDSvpYJ0kKW6FG8FyFTXd8OfObt6iNDPwbmoTY9WDoy4EUQInUyxc6NEKCXtzRHpf+cWXayxft0ln5tFyxuV2yU3wTZ06KbI5aL//R6Qci8tAnocCYtmOH1I1BkxQKp7lOZDAEMYYhthPqg4emG6fRp/wwMkABD1FzqXgq4s+NGDxjJp6bTHpAI7PozcT/vHZEg/NuLP0wIvTF7BBJhekhI7RMOkHelxqJYJYck+e5AA1EqCUHIRIxSkrKJX04i9//JY2TkmOXnOtysXoxbybL9tkBO2IOq7Aqu2I1VmeC3bEH9sierHvr2XqxXr9GM9Z8Z4/9gvX2Cd89mFI=</latexit><latexit sha1_base64="WL1CWBidQfl5QIH4xEKLq+GbV8c=">AAACBXicbVDLTgJBEJzFF+IL9OhlIjHxYMiuQfFI9OIRE3kkQEjv0MCE2UdmejVkw9mv8Konb8ar3+HBf3FZSVS0TpWq7nR1uaGShmz73cosLa+srmXXcxubW9s7+cJuwwSRFlgXgQp0ywWDSvpYJ0kKW6FG8FyFTXd8OfObt6iNDPwbmoTY9WDoy4EUQInUyxc6NEKCXtzRHpf+cWXayxft0ln5tFyxuV2yU3wTZ06KbI5aL//R6Qci8tAnocCYtmOH1I1BkxQKp7lOZDAEMYYhthPqg4emG6fRp/wwMkABD1FzqXgq4s+NGDxjJp6bTHpAI7PozcT/vHZEg/NuLP0wIvTF7BBJhekhI7RMOkHelxqJYJYck+e5AA1EqCUHIRIxSkrKJX04i9//JY2TkmOXnOtysXoxbybL9tkBO2IOq7Aqu2I1VmeC3bEH9sierHvr2XqxXr9GM9Z8Z4/9gvX2Cd89mFI=</latexit><latexit sha1_base64="WL1CWBidQfl5QIH4xEKLq+GbV8c=">AAACBXicbVDLTgJBEJzFF+IL9OhlIjHxYMiuQfFI9OIRE3kkQEjv0MCE2UdmejVkw9mv8Konb8ar3+HBf3FZSVS0TpWq7nR1uaGShmz73cosLa+srmXXcxubW9s7+cJuwwSRFlgXgQp0ywWDSvpYJ0kKW6FG8FyFTXd8OfObt6iNDPwbmoTY9WDoy4EUQInUyxc6NEKCXtzRHpf+cWXayxft0ln5tFyxuV2yU3wTZ06KbI5aL//R6Qci8tAnocCYtmOH1I1BkxQKp7lOZDAEMYYhthPqg4emG6fRp/wwMkABD1FzqXgq4s+NGDxjJp6bTHpAI7PozcT/vHZEg/NuLP0wIvTF7BBJhekhI7RMOkHelxqJYJYck+e5AA1EqCUHIRIxSkrKJX04i9//JY2TkmOXnOtysXoxbybL9tkBO2IOq7Aqu2I1VmeC3bEH9sierHvr2XqxXr9GM9Z8Z4/9gvX2Cd89mFI=</latexit><latexit sha1_base64="WL1CWBidQfl5QIH4xEKLq+GbV8c=">AAACBXicbVDLTgJBEJzFF+IL9OhlIjHxYMiuQfFI9OIRE3kkQEjv0MCE2UdmejVkw9mv8Konb8ar3+HBf3FZSVS0TpWq7nR1uaGShmz73cosLa+srmXXcxubW9s7+cJuwwSRFlgXgQp0ywWDSvpYJ0kKW6FG8FyFTXd8OfObt6iNDPwbmoTY9WDoy4EUQInUyxc6NEKCXtzRHpf+cWXayxft0ln5tFyxuV2yU3wTZ06KbI5aL//R6Qci8tAnocCYtmOH1I1BkxQKp7lOZDAEMYYhthPqg4emG6fRp/wwMkABD1FzqXgq4s+NGDxjJp6bTHpAI7PozcT/vHZEg/NuLP0wIvTF7BBJhekhI7RMOkHelxqJYJYck+e5AA1EqCUHIRIxSkrKJX04i9//JY2TkmOXnOtysXoxbybL9tkBO2IOq7Aqu2I1VmeC3bEH9sierHvr2XqxXr9GM9Z8Z4/9gvX2Cd89mFI=</latexit>

✓in,6
<latexit sha1_base64="DUKCQoeGPmxC1u3kkFUiKbfiaig=">AAACBXicbVDLTgJBEJz1ifha9OhlIjHxYMiuQfBI9OIRE3kkQEjv0MCE2UdmejVkw9mv8Konb8ar3+HBf3FBEhWtU6WqO11dXqSkIcd5t5aWV1bX1jMb2c2t7Z1dO7dXN2GsBdZEqELd9MCgkgHWSJLCZqQRfE9hwxtdTv3GLWojw+CGxhF2fBgEsi8FUCp17VybhkjQTdra5zI4KU26dt4plIpnxbLDnYIzwzdx5yTP5qh27Y92LxSxjwEJBca0XCeiTgKapFA4ybZjgxGIEQywldIAfDSdZBZ9wo9iAxTyCDWXis9E/LmRgG/M2PfSSR9oaBa9qfif14qpf95JZBDFhIGYHiKpcHbICC3TTpD3pEYimCbH9HkuQAMRaslBiFSM05KyaR/u4vd/Sf204DoF97qYr1zMm8mwA3bIjpnLyqzCrliV1Zhgd+yBPbIn6956tl6s16/RJWu+s89+wXr7BN2tmFE=</latexit><latexit sha1_base64="DUKCQoeGPmxC1u3kkFUiKbfiaig=">AAACBXicbVDLTgJBEJz1ifha9OhlIjHxYMiuQfBI9OIRE3kkQEjv0MCE2UdmejVkw9mv8Konb8ar3+HBf3FBEhWtU6WqO11dXqSkIcd5t5aWV1bX1jMb2c2t7Z1dO7dXN2GsBdZEqELd9MCgkgHWSJLCZqQRfE9hwxtdTv3GLWojw+CGxhF2fBgEsi8FUCp17VybhkjQTdra5zI4KU26dt4plIpnxbLDnYIzwzdx5yTP5qh27Y92LxSxjwEJBca0XCeiTgKapFA4ybZjgxGIEQywldIAfDSdZBZ9wo9iAxTyCDWXis9E/LmRgG/M2PfSSR9oaBa9qfif14qpf95JZBDFhIGYHiKpcHbICC3TTpD3pEYimCbH9HkuQAMRaslBiFSM05KyaR/u4vd/Sf204DoF97qYr1zMm8mwA3bIjpnLyqzCrliV1Zhgd+yBPbIn6956tl6s16/RJWu+s89+wXr7BN2tmFE=</latexit><latexit sha1_base64="DUKCQoeGPmxC1u3kkFUiKbfiaig=">AAACBXicbVDLTgJBEJz1ifha9OhlIjHxYMiuQfBI9OIRE3kkQEjv0MCE2UdmejVkw9mv8Konb8ar3+HBf3FBEhWtU6WqO11dXqSkIcd5t5aWV1bX1jMb2c2t7Z1dO7dXN2GsBdZEqELd9MCgkgHWSJLCZqQRfE9hwxtdTv3GLWojw+CGxhF2fBgEsi8FUCp17VybhkjQTdra5zI4KU26dt4plIpnxbLDnYIzwzdx5yTP5qh27Y92LxSxjwEJBca0XCeiTgKapFA4ybZjgxGIEQywldIAfDSdZBZ9wo9iAxTyCDWXis9E/LmRgG/M2PfSSR9oaBa9qfif14qpf95JZBDFhIGYHiKpcHbICC3TTpD3pEYimCbH9HkuQAMRaslBiFSM05KyaR/u4vd/Sf204DoF97qYr1zMm8mwA3bIjpnLyqzCrliV1Zhgd+yBPbIn6956tl6s16/RJWu+s89+wXr7BN2tmFE=</latexit><latexit sha1_base64="DUKCQoeGPmxC1u3kkFUiKbfiaig=">AAACBXicbVDLTgJBEJz1ifha9OhlIjHxYMiuQfBI9OIRE3kkQEjv0MCE2UdmejVkw9mv8Konb8ar3+HBf3FBEhWtU6WqO11dXqSkIcd5t5aWV1bX1jMb2c2t7Z1dO7dXN2GsBdZEqELd9MCgkgHWSJLCZqQRfE9hwxtdTv3GLWojw+CGxhF2fBgEsi8FUCp17VybhkjQTdra5zI4KU26dt4plIpnxbLDnYIzwzdx5yTP5qh27Y92LxSxjwEJBca0XCeiTgKapFA4ybZjgxGIEQywldIAfDSdZBZ9wo9iAxTyCDWXis9E/LmRgG/M2PfSSR9oaBa9qfif14qpf95JZBDFhIGYHiKpcHbICC3TTpD3pEYimCbH9HkuQAMRaslBiFSM05KyaR/u4vd/Sf204DoF97qYr1zMm8mwA3bIjpnLyqzCrliV1Zhgd+yBPbIn6956tl6s16/RJWu+s89+wXr7BN2tmFE=</latexit>

✓in,8
<latexit sha1_base64="+nA21HrcxQWrgio4KMgW/d6XMPY=">AAACBXicbVDLTgJBEJz1ifgCPXqZSEw8GLJrUDgSvXjERB4JENI7NDBh9pGZXg3ZcPYrvOrJm/Hqd3jwX9xFEhWtU6WqO11dbqikIdt+t5aWV1bX1jMb2c2t7Z3dXH6vYYJIC6yLQAW65YJBJX2skySFrVAjeK7Cpju+TP3mLWojA/+GJiF2PRj6ciAFUCL1cvkOjZCgF3e0x6V/Upn2cgW7eF46K5VtbhftGb6JMycFNketl/vo9AMReeiTUGBM27FD6sagSQqF02wnMhiCGMMQ2wn1wUPTjWfRp/woMkABD1FzqfhMxJ8bMXjGTDw3mfSARmbRS8X/vHZEg0o3ln4YEfoiPURS4eyQEVomnSDvS41EkCbH5HkuQAMRaslBiESMkpKySR/O4vd/SeO06NhF57pUqF7Mm8mwA3bIjpnDyqzKrliN1Zlgd+yBPbIn6956tl6s16/RJWu+s89+wXr7BODNmFM=</latexit><latexit sha1_base64="+nA21HrcxQWrgio4KMgW/d6XMPY=">AAACBXicbVDLTgJBEJz1ifgCPXqZSEw8GLJrUDgSvXjERB4JENI7NDBh9pGZXg3ZcPYrvOrJm/Hqd3jwX9xFEhWtU6WqO11dbqikIdt+t5aWV1bX1jMb2c2t7Z3dXH6vYYJIC6yLQAW65YJBJX2skySFrVAjeK7Cpju+TP3mLWojA/+GJiF2PRj6ciAFUCL1cvkOjZCgF3e0x6V/Upn2cgW7eF46K5VtbhftGb6JMycFNketl/vo9AMReeiTUGBM27FD6sagSQqF02wnMhiCGMMQ2wn1wUPTjWfRp/woMkABD1FzqfhMxJ8bMXjGTDw3mfSARmbRS8X/vHZEg0o3ln4YEfoiPURS4eyQEVomnSDvS41EkCbH5HkuQAMRaslBiESMkpKySR/O4vd/SeO06NhF57pUqF7Mm8mwA3bIjpnDyqzKrliN1Zlgd+yBPbIn6956tl6s16/RJWu+s89+wXr7BODNmFM=</latexit><latexit sha1_base64="+nA21HrcxQWrgio4KMgW/d6XMPY=">AAACBXicbVDLTgJBEJz1ifgCPXqZSEw8GLJrUDgSvXjERB4JENI7NDBh9pGZXg3ZcPYrvOrJm/Hqd3jwX9xFEhWtU6WqO11dbqikIdt+t5aWV1bX1jMb2c2t7Z3dXH6vYYJIC6yLQAW65YJBJX2skySFrVAjeK7Cpju+TP3mLWojA/+GJiF2PRj6ciAFUCL1cvkOjZCgF3e0x6V/Upn2cgW7eF46K5VtbhftGb6JMycFNketl/vo9AMReeiTUGBM27FD6sagSQqF02wnMhiCGMMQ2wn1wUPTjWfRp/woMkABD1FzqfhMxJ8bMXjGTDw3mfSARmbRS8X/vHZEg0o3ln4YEfoiPURS4eyQEVomnSDvS41EkCbH5HkuQAMRaslBiESMkpKySR/O4vd/SeO06NhF57pUqF7Mm8mwA3bIjpnDyqzKrliN1Zlgd+yBPbIn6956tl6s16/RJWu+s89+wXr7BODNmFM=</latexit><latexit sha1_base64="+nA21HrcxQWrgio4KMgW/d6XMPY=">AAACBXicbVDLTgJBEJz1ifgCPXqZSEw8GLJrUDgSvXjERB4JENI7NDBh9pGZXg3ZcPYrvOrJm/Hqd3jwX9xFEhWtU6WqO11dbqikIdt+t5aWV1bX1jMb2c2t7Z3dXH6vYYJIC6yLQAW65YJBJX2skySFrVAjeK7Cpju+TP3mLWojA/+GJiF2PRj6ciAFUCL1cvkOjZCgF3e0x6V/Upn2cgW7eF46K5VtbhftGb6JMycFNketl/vo9AMReeiTUGBM27FD6sagSQqF02wnMhiCGMMQ2wn1wUPTjWfRp/woMkABD1FzqfhMxJ8bMXjGTDw3mfSARmbRS8X/vHZEg0o3ln4YEfoiPURS4eyQEVomnSDvS41EkCbH5HkuQAMRaslBiESMkpKySR/O4vd/SeO06NhF57pUqF7Mm8mwA3bIjpnDyqzKrliN1Zlgd+yBPbIn6956tl6s16/RJWu+s89+wXr7BODNmFM=</latexit>

✓in,9
<latexit sha1_base64="c4sVSbqK/51PlWAGa9W+da0LJMg=">AAACBXicbVA9TwJBEN3DL8SvQ0ubjcTEwpA7g6Id0cYSExESIGRuGWDD3kd25zTkQu2vsNXKztj6Oyz8Lx5IoqKvenlvJvPmeZGShhzn3cosLC4tr2RXc2vrG5tbdn77xoSxFlgToQp1wwODSgZYI0kKG5FG8D2FdW94MfHrt6iNDINrGkXY9qEfyJ4UQKnUsfMtGiBBJ2lpn8vg8GzcsQtO8aR0XCo73Ck6U3wTd0YKbIZqx/5odUMR+xiQUGBM03UiaiegSQqF41wrNhiBGEIfmykNwEfTTqbRx3w/NkAhj1BzqfhUxJ8bCfjGjHwvnfSBBmbem4j/ec2YeqftRAZRTBiIySGSCqeHjNAy7QR5V2okgklyTJ/nAjQQoZYchEjFOC0pl/bhzn//l9wcFV2n6F6VCpXzWTNZtsv22AFzWZlV2CWrshoT7I49sEf2ZN1bz9aL9fo1mrFmOzvsF6y3T+JdmFQ=</latexit><latexit sha1_base64="c4sVSbqK/51PlWAGa9W+da0LJMg=">AAACBXicbVA9TwJBEN3DL8SvQ0ubjcTEwpA7g6Id0cYSExESIGRuGWDD3kd25zTkQu2vsNXKztj6Oyz8Lx5IoqKvenlvJvPmeZGShhzn3cosLC4tr2RXc2vrG5tbdn77xoSxFlgToQp1wwODSgZYI0kKG5FG8D2FdW94MfHrt6iNDINrGkXY9qEfyJ4UQKnUsfMtGiBBJ2lpn8vg8GzcsQtO8aR0XCo73Ck6U3wTd0YKbIZqx/5odUMR+xiQUGBM03UiaiegSQqF41wrNhiBGEIfmykNwEfTTqbRx3w/NkAhj1BzqfhUxJ8bCfjGjHwvnfSBBmbem4j/ec2YeqftRAZRTBiIySGSCqeHjNAy7QR5V2okgklyTJ/nAjQQoZYchEjFOC0pl/bhzn//l9wcFV2n6F6VCpXzWTNZtsv22AFzWZlV2CWrshoT7I49sEf2ZN1bz9aL9fo1mrFmOzvsF6y3T+JdmFQ=</latexit><latexit sha1_base64="c4sVSbqK/51PlWAGa9W+da0LJMg=">AAACBXicbVA9TwJBEN3DL8SvQ0ubjcTEwpA7g6Id0cYSExESIGRuGWDD3kd25zTkQu2vsNXKztj6Oyz8Lx5IoqKvenlvJvPmeZGShhzn3cosLC4tr2RXc2vrG5tbdn77xoSxFlgToQp1wwODSgZYI0kKG5FG8D2FdW94MfHrt6iNDINrGkXY9qEfyJ4UQKnUsfMtGiBBJ2lpn8vg8GzcsQtO8aR0XCo73Ck6U3wTd0YKbIZqx/5odUMR+xiQUGBM03UiaiegSQqF41wrNhiBGEIfmykNwEfTTqbRx3w/NkAhj1BzqfhUxJ8bCfjGjHwvnfSBBmbem4j/ec2YeqftRAZRTBiIySGSCqeHjNAy7QR5V2okgklyTJ/nAjQQoZYchEjFOC0pl/bhzn//l9wcFV2n6F6VCpXzWTNZtsv22AFzWZlV2CWrshoT7I49sEf2ZN1bz9aL9fo1mrFmOzvsF6y3T+JdmFQ=</latexit><latexit sha1_base64="c4sVSbqK/51PlWAGa9W+da0LJMg=">AAACBXicbVA9TwJBEN3DL8SvQ0ubjcTEwpA7g6Id0cYSExESIGRuGWDD3kd25zTkQu2vsNXKztj6Oyz8Lx5IoqKvenlvJvPmeZGShhzn3cosLC4tr2RXc2vrG5tbdn77xoSxFlgToQp1wwODSgZYI0kKG5FG8D2FdW94MfHrt6iNDINrGkXY9qEfyJ4UQKnUsfMtGiBBJ2lpn8vg8GzcsQtO8aR0XCo73Ck6U3wTd0YKbIZqx/5odUMR+xiQUGBM03UiaiegSQqF41wrNhiBGEIfmykNwEfTTqbRx3w/NkAhj1BzqfhUxJ8bCfjGjHwvnfSBBmbem4j/ec2YeqftRAZRTBiIySGSCqeHjNAy7QR5V2okgklyTJ/nAjQQoZYchEjFOC0pl/bhzn//l9wcFV2n6F6VCpXzWTNZtsv22AFzWZlV2CWrshoT7I49sEf2ZN1bz9aL9fo1mrFmOzvsF6y3T+JdmFQ=</latexit>

✓in,10
<latexit sha1_base64="vgMN9qSp5EFIDvDvb3rxMN6F2Qg=">AAACBnicbVDLSgNBEJyNrxhfMR69DAbBg4RZiY9j0IvHCOYB2SX0jq0OmX0w0yvKkrtf4VVP3sSrv+HBf3ETA2q0TkVVN11dQaKVJSHencLM7Nz8QnGxtLS8srpWXq+0bZwaiS0Z69h0A7CoVYQtUqSxmxiEMNDYCQYnI79zg8aqODqnuwT9EK4idakkUC71yxWPrpGgn3km5CradcWwX66K2kF9v34ouKiJMb6JOyFVNkGzX/7wLmKZhhiR1GBtzxUJ+RkYUlLjsOSlFhOQA7jCXk4jCNH62Tj7kG+nFijmCRquNB+L+HMjg9DauzDIJ0OgazvtjcT/vF5Kl0d+pqIkJYzk6BApjeNDVhqVl4L8QhkkglFyzL/nEgwQoVEcpMzFNG+plPfhTn//l7T3aq6ouWf1auN40kyRbbIttsNcdsga7JQ1WYtJdsse2CN7cu6dZ+fFef0aLTiTnQ32C87bJ0v1mIY=</latexit><latexit sha1_base64="vgMN9qSp5EFIDvDvb3rxMN6F2Qg=">AAACBnicbVDLSgNBEJyNrxhfMR69DAbBg4RZiY9j0IvHCOYB2SX0jq0OmX0w0yvKkrtf4VVP3sSrv+HBf3ETA2q0TkVVN11dQaKVJSHencLM7Nz8QnGxtLS8srpWXq+0bZwaiS0Z69h0A7CoVYQtUqSxmxiEMNDYCQYnI79zg8aqODqnuwT9EK4idakkUC71yxWPrpGgn3km5CradcWwX66K2kF9v34ouKiJMb6JOyFVNkGzX/7wLmKZhhiR1GBtzxUJ+RkYUlLjsOSlFhOQA7jCXk4jCNH62Tj7kG+nFijmCRquNB+L+HMjg9DauzDIJ0OgazvtjcT/vF5Kl0d+pqIkJYzk6BApjeNDVhqVl4L8QhkkglFyzL/nEgwQoVEcpMzFNG+plPfhTn//l7T3aq6ouWf1auN40kyRbbIttsNcdsga7JQ1WYtJdsse2CN7cu6dZ+fFef0aLTiTnQ32C87bJ0v1mIY=</latexit><latexit sha1_base64="vgMN9qSp5EFIDvDvb3rxMN6F2Qg=">AAACBnicbVDLSgNBEJyNrxhfMR69DAbBg4RZiY9j0IvHCOYB2SX0jq0OmX0w0yvKkrtf4VVP3sSrv+HBf3ETA2q0TkVVN11dQaKVJSHencLM7Nz8QnGxtLS8srpWXq+0bZwaiS0Z69h0A7CoVYQtUqSxmxiEMNDYCQYnI79zg8aqODqnuwT9EK4idakkUC71yxWPrpGgn3km5CradcWwX66K2kF9v34ouKiJMb6JOyFVNkGzX/7wLmKZhhiR1GBtzxUJ+RkYUlLjsOSlFhOQA7jCXk4jCNH62Tj7kG+nFijmCRquNB+L+HMjg9DauzDIJ0OgazvtjcT/vF5Kl0d+pqIkJYzk6BApjeNDVhqVl4L8QhkkglFyzL/nEgwQoVEcpMzFNG+plPfhTn//l7T3aq6ouWf1auN40kyRbbIttsNcdsga7JQ1WYtJdsse2CN7cu6dZ+fFef0aLTiTnQ32C87bJ0v1mIY=</latexit><latexit sha1_base64="vgMN9qSp5EFIDvDvb3rxMN6F2Qg=">AAACBnicbVDLSgNBEJyNrxhfMR69DAbBg4RZiY9j0IvHCOYB2SX0jq0OmX0w0yvKkrtf4VVP3sSrv+HBf3ETA2q0TkVVN11dQaKVJSHencLM7Nz8QnGxtLS8srpWXq+0bZwaiS0Z69h0A7CoVYQtUqSxmxiEMNDYCQYnI79zg8aqODqnuwT9EK4idakkUC71yxWPrpGgn3km5CradcWwX66K2kF9v34ouKiJMb6JOyFVNkGzX/7wLmKZhhiR1GBtzxUJ+RkYUlLjsOSlFhOQA7jCXk4jCNH62Tj7kG+nFijmCRquNB+L+HMjg9DauzDIJ0OgazvtjcT/vF5Kl0d+pqIkJYzk6BApjeNDVhqVl4L8QhkkglFyzL/nEgwQoVEcpMzFNG+plPfhTn//l7T3aq6ouWf1auN40kyRbbIttsNcdsga7JQ1WYtJdsse2CN7cu6dZ+fFef0aLTiTnQ32C87bJ0v1mIY=</latexit>

HI

2π
> fa h✓2ini = 2.67

⇡2

3
<latexit sha1_base64="l23M3GHfnkomwHEBJI0+7GQEWEA="></latexit><latexit sha1_base64="l23M3GHfnkomwHEBJI0+7GQEWEA="></latexit><latexit sha1_base64="l23M3GHfnkomwHEBJI0+7GQEWEA="></latexit><latexit sha1_base64="l23M3GHfnkomwHEBJI0+7GQEWEA="></latexit>



PART III: Particle physics from Astroparticle

QCD axion dark matter
10−22 eV keV MeV GeV 100 TeV MPl 30 M⊙

ThermalNon-thermal Non-thermal

Crucial interplay 
with inflation

ma = 5.70 × 10−6 ( 1012 GeV
fa ) eV
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<latexit sha1_base64="zj2o2vgKQ48AB4RnhvJZgf8xJcI=">AAACA3icbVDLTgJBEJzFF+ID1KOXicTEE9lVCR6JXjxiIo+E3ZDeoYEJs4/M9JqQDUe/wquevBmvfogH/8UFSVS0TpWq7nR1+bGShmz73cqtrK6tb+Q3C1vbO7vF0t5+y0SJFtgUkYp0xweDSobYJEkKO7FGCHyFbX98NfPbd6iNjMJbmsToBTAM5UAKoEzqlYoujZCgl7o64DKc9kplu1I9q9nVM25X7Dm+ibMgZbZAo1f6cPuRSAIMSSgwpuvYMXkpaJJC4bTgJgZjEGMYYjejIQRovHQefMqPEwMU8Rg1l4rPRfy5kUJgzCTws8kAaGSWvZn4n9dNaHDhpTKME8JQzA6RVDg/ZISWWSPI+1IjEcySY/Y6F6CBCLXkIEQmJllFhawPZ/n7v6R1WnHsinNzXq5fLprJs0N2xE6Yw2qszq5ZgzWZYAl7YI/sybq3nq0X6/VrNGctdg7YL1hvn+pnl9g=</latexit><latexit sha1_base64="zj2o2vgKQ48AB4RnhvJZgf8xJcI=">AAACA3icbVDLTgJBEJzFF+ID1KOXicTEE9lVCR6JXjxiIo+E3ZDeoYEJs4/M9JqQDUe/wquevBmvfogH/8UFSVS0TpWq7nR1+bGShmz73cqtrK6tb+Q3C1vbO7vF0t5+y0SJFtgUkYp0xweDSobYJEkKO7FGCHyFbX98NfPbd6iNjMJbmsToBTAM5UAKoEzqlYoujZCgl7o64DKc9kplu1I9q9nVM25X7Dm+ibMgZbZAo1f6cPuRSAIMSSgwpuvYMXkpaJJC4bTgJgZjEGMYYjejIQRovHQefMqPEwMU8Rg1l4rPRfy5kUJgzCTws8kAaGSWvZn4n9dNaHDhpTKME8JQzA6RVDg/ZISWWSPI+1IjEcySY/Y6F6CBCLXkIEQmJllFhawPZ/n7v6R1WnHsinNzXq5fLprJs0N2xE6Yw2qszq5ZgzWZYAl7YI/sybq3nq0X6/VrNGctdg7YL1hvn+pnl9g=</latexit><latexit sha1_base64="zj2o2vgKQ48AB4RnhvJZgf8xJcI=">AAACA3icbVDLTgJBEJzFF+ID1KOXicTEE9lVCR6JXjxiIo+E3ZDeoYEJs4/M9JqQDUe/wquevBmvfogH/8UFSVS0TpWq7nR1+bGShmz73cqtrK6tb+Q3C1vbO7vF0t5+y0SJFtgUkYp0xweDSobYJEkKO7FGCHyFbX98NfPbd6iNjMJbmsToBTAM5UAKoEzqlYoujZCgl7o64DKc9kplu1I9q9nVM25X7Dm+ibMgZbZAo1f6cPuRSAIMSSgwpuvYMXkpaJJC4bTgJgZjEGMYYjejIQRovHQefMqPEwMU8Rg1l4rPRfy5kUJgzCTws8kAaGSWvZn4n9dNaHDhpTKME8JQzA6RVDg/ZISWWSPI+1IjEcySY/Y6F6CBCLXkIEQmJllFhawPZ/n7v6R1WnHsinNzXq5fLprJs0N2xE6Yw2qszq5ZgzWZYAl7YI/sybq3nq0X6/VrNGctdg7YL1hvn+pnl9g=</latexit><latexit sha1_base64="zj2o2vgKQ48AB4RnhvJZgf8xJcI=">AAACA3icbVDLTgJBEJzFF+ID1KOXicTEE9lVCR6JXjxiIo+E3ZDeoYEJs4/M9JqQDUe/wquevBmvfogH/8UFSVS0TpWq7nR1+bGShmz73cqtrK6tb+Q3C1vbO7vF0t5+y0SJFtgUkYp0xweDSobYJEkKO7FGCHyFbX98NfPbd6iNjMJbmsToBTAM5UAKoEzqlYoujZCgl7o64DKc9kplu1I9q9nVM25X7Dm+ibMgZbZAo1f6cPuRSAIMSSgwpuvYMXkpaJJC4bTgJgZjEGMYYjejIQRovHQefMqPEwMU8Rg1l4rPRfy5kUJgzCTws8kAaGSWvZn4n9dNaHDhpTKME8JQzA6RVDg/ZISWWSPI+1IjEcySY/Y6F6CBCLXkIEQmJllFhawPZ/n7v6R1WnHsinNzXq5fLprJs0N2xE6Yw2qszq5ZgzWZYAl7YI/sybq3nq0X6/VrNGctdg7YL1hvn+pnl9g=</latexit>

Inflation

The U(1) symmetry 
broken 
before the end of inflation
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