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Heavy quarkonium at N3LO



Motivation: The QCD parameters

QCD describes the interaction of quarks and gluons
e |t is asymptotically free: predictability at high energies

e The strong interaction grows at large distances: confinement
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Need for precision in QCD parameters: o and quark masses

e Tower of qg bound states: e.g. J/v(cc), T (bb), etc.



Bound states as NR systems

@ ¢ and g move with small relative velocity v < 1

Multi-scale problem

@ Bound state scales:

2
Hard: m,, Soft: [p| ~ % ~ m,v, Ultrasoft: E ~ o myv?

@ Confinement scale: QCD: Aqcp

@ Non-relativistic systems fulfill the relation: ’m, > |p| > E‘

@ Heavy quark:

Strong coupling regime: |p| ~ Aqcp

Weak coupling regime: |p| > Aqcp , Coulomb-like potential



Bound states as NR systems

@ ¢ and g move with small relative velocity v < 1

Multi-scale problem

@ Bound state scales:

2
Hard: m,, Soft: [p| ~ 1 ~ m,v, Ultrasoft: E ~ o~ myv?

@ Confinement scale: QCD: Aqcp

@ Non-relativistic systems fulfill the relation: ’mr > |p| > E‘

@ Heavy quark:

There is a hierarchy of scales = Effective field theory

integrate out the hard and soft scales to obtain pNRQCD



pNRQCD at N3LO

(it — £, = VO(r)) o(r) = 0
+ corrections to the potential pNRQCD.
+ interaction with other low-energy degrees of freedom

Brambilla, Pineda, Soto, Vairo
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The singlet potential
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pNRQCD at N3

(it - £ = V() ¢r) = 0
+ corrections to the potential pPNRQCD.
+ interaction with other low-energy degrees of freedom

Brambilla, Pineda, Soto, Vairo

The singlet potential
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3-loops 2-loops 1-loop

Wilson coefficients of the EFT: matching and renormalization

scheme dependent



pNRQCD at N3LO

(it — £, = VO(r)) o(r) = 0
+ corrections to the potential pNRQCD.
+ interaction with other low-energy degrees of freedom

Brambilla, Pineda, Soto, Vairo

Contribution of US gluons:

Sy

perturbative for mv? > Aqcp



pNRQCD at N3LO

(it — £, = VO(r)) o(r) = 0
+ corrections to the potential pNRQCD.
+ interaction with other low-energy degrees of freedom

Brambilla, Pineda, Soto, Vairo

Energy levels

E(n,l,s,s ,j) = ES <1 + %PI(LV) + (%)2 Py(L,) + (%)3 P3(Lu)) g

@ Expectation value + quantum mechanical perturbation theory
v v
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e Nonperturbative effects: parametrically ~ /\?QCD<r2)



History of spectrum computations

@ Pineda, Yndurain (1998) O(ma) my = my

@ Brambilla et al. (2000) O(ma) n=1m #m
@ Penin, Steinhauser (2002) O(mal) n=1m =m
@ Beneke et al., Penin et al. (2005) O(ma?) S-wave, m; = mp
@ Kiyo, Sumino (2014) O(ma?) my = mo

@ CP, Pineda, Stahlhofen (2015) O(mal) my # my



Application to phenomenology

Bottomonium (1S): Ip| ~ mpv ~ 1.3 GeV
Physical systems: B (1S): Ip| ~ 2m,v ~ 0.85 GeV
Charmonium (1S): lp| ~ mc.v ~ 0.68 GeV

How good are the results from weak coupling (|p| > Ngcp)?
Is the US scale perturbative (E > Ngcp)?

Approach: obtain maximum improvement in weak coupling and assess

@ Achieve high orders in PT: next-to-next-to-next-to

@ Accelerate convergence

e thershold masses
e resumamtion of large logarithms
e alternative computation schemes



Application to phenomenology

Bottomonium (1S): Ip| ~ mpv ~ 1.3 GeV
Physical systems: B (1S): Ip| ~ 2m,v ~ 0.85 GeV
Charmonium (1S): Ip| ~ mcv ~ 0.68 GeV

How good are the results from weak coupling (|p| > Aocp)?
Is the US scale perturbative (E > Ngcp)?

Approach: obtain maximum improvement in weak coupling and assess

@ Achieve high orders in PT: next-to-next-to-next-to
@ Accelerate convergence

e thershold masses

e resummation of large logarithms: see Dani Moreno'’s and my talk on
Wed.

e alternative computation schemes (see 1806.05197,1809.09124)
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The quark masses



Convergence of the perturbative series

1 2 = i
L=y mT',C"O"’ G) =G+ G ot
i n=0

@ Wilson coefficients are asymptotic : | G , ~ n!
= BUT comply the OPE: mgq = mys + /N\QCD is renormalon free
mDS:mWS(1+BlaS+Bga§+...), B, ~ n!

@ Redefine the mass such that C; is not asymptotic: threshold mass
Renormalon subtracted schemes:
2 B\ [l ve)\"TT S L T(b+N+1—n)
mgs(y = Mos — Nmmvs Z (7 —t an—_
Noo) 2 m pre r(b+1—n)
Pineda

@ Introduction of a new scale v ~ m,as



The bottom quark mass

Fit Mp RS(’): Mnb(ls) = 2mb7R5(/) + E(l,O)
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For v =573 GeV, 15 = 2"} GeV:
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The bottom quark mass

Fit Mp RS(’): Mnb(ls) = 2mb7R5(/) + E(l,O)
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For v =573 GeV, 15 = 2"} GeV:
mp rs(2 GeV) = (4185 + 145 + 58 + 9 — 18) MeV
mprs (2 GeV) = (4183 + 473 + 86 + 16 — 16) MeV .



The bottom quark mass

Fit Mp RS(’): Mnb(ls) = 2mb7R5(/) + E(l,O)
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At v =25 GeV:
ﬁb(ﬁb) = 4186(37)1\/IGV



Other determinations of the bottom mass

Low n sum rules: O(a3)
—— Chetyrkin et al. '09, M
- HPQCD '14, lattice, M1_4
E Dehnadi et al. '15, M»
LargeNgLs(t)Jm rules: = Penin et al. '14, Mys, N3LO*
—C——] HPQCD '14, lattice, M14-20
- o — Beneke et al. '16, Mo
NNLO+NNLL* PY Pineda et al. '06, M 1o
* Hoang et al. '12, My,
Spectroscopy: N*LO —— Kiyo et al. '16, Y(1S), np
e —————— Ayala et al. '16, Y(1S)
—_—————— Mateu et al. '17, global fit
. 19 This work '18, np
PDG
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The charm quark mass

Fit Me RS("): Mnc(ls) = 2mC,R5(/) P E(l,O)
RS RS’
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For v =2.51° GeV, 15 = 1703 GeV:

mers(1GeV) = 12021}2( )+11(1/f)+10(a5)+§i(N )
me rs (1 GeV) = 1495735 (v) 150 (vr) T4 (s) 750 (Nim)



The charm quark mass

Fit Me RS("): Mnc(ls) = 2mC,R5(/) P E(l,O)

RS RS’
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For v =2.51° GeV, 15 = 1703 GeV:
me rs(1 GeV) = (1217 — 35 + 18 + 11 — 9) MeV
mcrs (1 GeV) = (1222 + 182 4 62 4+ 29 — 1) MeV



The charm quark mass

Fit Mc Rs(’): Mnc(ls) = 2mC’R5(/) + E(l,O)
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At v = 1.5 GeV:
Me(Me) = 1220(45)MeV



The charm quark mass

Fit Me RS('): MBC = Mﬁb/2 = Mc Rrs() + E(].7 O)

RS RS’
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For v = 371° GeV, 15 = 1703 GeV:
me rs(1GeV) = 120475 (v) 35 (vr) 716 (0s) 133 (Nm) 71 ()
me,rs/ (1 GeV) = 15011 55(v) 237 () 75 (as) 115 (Nim) 71 (716)



The charm quark mass

Fit Me RS('): MBC = Mﬁb/2 = Mc Rrs() + E(].7 O)
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For v = 31° GeV, 15 = 1703 GeV:
mc rs(1 GeV) = (1220 — 35 + 18 + 11 — 10) MeV
me ks (1 GeV) = (1227 + 183 + 62 + 30 — 1) MeV



The charm quark mass

Fit Me RS('): MBC = Mﬁb/2 = Mc Rrs() + E(].7 O)
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At v = 1.5 GeV:

| 7c(c) = 1223(33)MeV |




Other determinations of the charm mass

Low n sum rules: O(a3)

—e— Bodenstein et al '11, finite E
—— HPQCD '14, lattice, M1_4
——— Dehnadi et al. '15, M»
—— Chetyrkin et al. 17, M»
—— Masjuan et al. '17, duality
—— Narison '18, Laplace SR
Largensumrules: By Signer '08, NR moments, NNLO+NNLL*
—e— JLQCD '16, 0(a3)+lattice, Me g 10
Spectroscopy: N°LO o, Kiyo et al. 16, JW, 1,

Mateu et al. '17, global fit

—_————— This work '18, B.-np/2
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Other shifts and determination of o,




The renormalon free shift for B. and o,

Consider:
Agrp = Mg, — Mnb/2 - l\/,17c/2 = E(1,0)[s, — E(lvo)/2|nb - E(lvo)/2|nc
with vr =1 GeV
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— Exp === mj+my --=- LO == NLO = = NNLO —— NNNLO ---- NNNLO-6Eys



The renormalon free shift for B. and o,

Consider:
Agrp = Mg, — Mnb/2 - l\/,17c/2 = E(1,0)[s, — E(lvo)/2|nb - E(lvo)/2|nc
with vr =1 GeV
RS RS’
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— Exp === mj+my --=- LO == NLO = = NNLO —— NNNLO ---- NNNLO-6Eys

as(M,) = 0.1195(53)



Other renormalon free shifts

Consider also n = 2: Mp, — My, 15y, My, 25y — Mh,

with v =1 GeV

M,; ~Mp, (MeV)

v (GeV) v (GeV)
— Exp === my+my ---- LO === NLO = = NNLO —— NNNLO ---- NNNLO-6Eys



Summary and conclusions




Summary and conclusions

@ We compute the N3LO spectrum in pNRQCD for different masses
@ The potentials obtained are valid for mv > Aqcp

@ The US contribution is valid for mv? > Aqcp
From M,, and Mg_ — M,, /2 @N3LO we obtain

ms(Mis) = 4186(37)MeV me(me) = 1223(33)MeV

b

From Agp = Mg, — M,,,/2 — M, /2 ©ON3LO
as(M.) = 0.1195(53)
@ The ultrasoft effects look small

Improvements in the near future:

@ Resummation of large logs
@ Promising new threshold masses: TUMQCD '17, Ayala et al. '19



Thank you!



Alternative computational scheme

@ Exact solution of the Schrodinger equation:

2
p 0
o V)| o) = D)

where

P = -3 (14 22, (22) )

Definition of the RS scheme:

(VP 4 26m0) e = E Vesr ot (v)  if r>ut
VISI(),)F{S’(r) =

(VY +26m0) - 1/,_ZVRs/nas (/r) if r<yt

n=0

Relativistic potentials:
0E™ = (¢ V]5V|6()

where 5V =V, — v



Alternative scheme for Agrp
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Higher order resummation for 7,(1S)

Effect of the factorization scale:
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Renormalon free shifts
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Renormalon free shifts
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