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" =R problem in OPE

If we compute Wilson coeff. naively in pert. QCD

Muller
—> Renormalon uncertainty ~ non-pert. matrix elem.
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Correspondence by expansion-by-regions method in pert. QCD
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'_-— Solution

Subtract IR renormalons from Wilson coeffs. in a form consistent with OPE.

UV quantity “Contour-deformation prescription”

Vocp (M) = Vs(r) - (1) + const. +8Eys (1) + - Brambilla,Pineda,Soto,Vairo
|

g2 [ dt e IV (7 E4(t) @gp(t) 7 - E(0))

v

Expand inr: V.(r) + C§ - Aqep +C1 + Ajepr + € - Ayep 7% + -+

“Contour-deformation prescription”
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'_-— Solution

Subtract IR renormalons from Wilson coeffs. in a form consistent with OPE.
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'_-— Solution

Subtract IR renormalons from Wilson coeffs. in a form consistent with OPE.

UV quantity “Contour-deformation prescription”

Vaep (1) = Vs(r) - (1) + const. +8Eys (1) + -+
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Expand inr: V.(r) + C§ - Aqep +Ci + Ajepr + € - Ayep 7% + -+

= VEF(r) - (1) + const. 4 SERE (r)|+ -+

A,r? or A,r?(1+ clogr)
I compare fitting param.

Nate (1)
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 N3LL accuracy e

* Unlike usual RG improvement, free from unphysical singularity
at r~Agcp caused by running coupling.

* Free from renormalon uncertainties of 0(Aqcp) and O(A?QCD r?).

—» Wider validity range of prediction expected.
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Lattice simulation

JLQCD T.Kaneko

Size 32°x64,48°%x96,64°x128
Fermion 2(u,d)+1(s) Domain-wall fermion

Action O(a)-improved action : Discretization error is O(a?)

M ~ 300MeV <=

=

a~! = 2.453(4),3.610(9), 4.496(9)GeV



Analysis strategy

Analysis (I)

(i) Continuum extrapolation of lattice data
(i) Matching of OPE and continuum limit (i) = determine a.(M,)

while checking:

« smooth continuum limit
o V(™) — VEF () consistent with 0(r?)
« wider validity range

Analysis (lI)
» Perform (i) and (ii) simultaneously by a global fit

First-principle analysis and smaller error  our final result
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(i) Continuum extrapolation of lattice data
(i) Matching of OPE and continuum limit (i) = determine a.(M,)

while checking:

* smooth continuum limit
[- Viae () — VE (r) consistent with O(rz)J

« wider validity range

n )

nalysis (I1)

» Perform (i) and (ii) simultaneously by a global fit

First-principle analysis and smaller error  our final result




Validity range of OPE

Viae () — VEF (r) consistency with 0(r2) | using Ags = Abe”

MS
jEpe n Spme n pu |
| & Vg /Awis Heonst. (/
| &2 (G —VRF) /Aggs +const |
[ using Ays = ARRC
' Ays
b l VRF J Ajs +const.
| S e——= e a2 @ §3 § §9¥
/ Ayr?
b0 "0z 04 08 08 1o iz —ix
Axrs?

Validity range: Aysr < 0.8 (r < 0.5 fm)

[Conventional analyses’ validity range: Ay < 0.3 (r < 0.2 fm)]
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‘ Comparison with other methods
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a,(M,) determination
Analysis (I1): Global fit

Basic idea: Lattice data after continuum limit matches OPE at short dist.

2
veont(yy = v () — Ky 1_ 1 + 4 .
latt = Vatt,a,i\T") — Kq,i T fa 3 Co,d,i
d,i

tree-level corr. i = 1,2,3: different lattices
” d = 1,2: direction of 7

Vope (1) = z [V§*" (zr) [Axs] + A1 (2 = Ays [GeV] )

Fitting param.: {z = Ays[GeV], Az, ka i) fa ) Coai}

Fitrange: a = 0.05fm <r < 035fm (0.07 < Agys7r < 0.6)
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- ‘ Fit result

0.0

| x%/d.o.f.=8.7/(30 — 16)

_2'3.0 0:5 1 lU 1 .|5 I 2:0 2:5 3.0
r[GeV™"]

Ayis = 334 + 10(stat.) MeV = a(M,) = 0.1179 + 0.0007(stat.)

Including syst. errors:  a,(M;) = 0.1179 4+ 0.0007(stat.)*3:9912(sys.)

Table of syst. errors: 10* x Aag(M;)

finite @ h.o. US Mass range  fact. scheme latt. spacing
error +2 Tid +2 40 14 +3 +4
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‘ Results and Conclusions

* Final result:

- Analysis (I)

—a——  Analysis (Il)

as(My) = 0.1179%3:991> [from Analysis (11)] e FLAG

0114 0116 0118 0420 0422
as(Mz°)

 Current error of a,(M;) dominated by higher-order pert. corr. (beyond N3LL)

—> Expected to reduce if we use finer lattices.

» High quality agreement with OPE

By subtracting O(Aqcp), O(A%CDrZ) renormalons, accuracy and stability of

prediction improves. =) wide matching range

Validity range extends to larger dist. < 0.5 fm
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‘ Results and Conclusions

 Final result: ¢ Analysis (I

—a——  Analysis (Il)
ags(Mz) = 0.117923-391> [from Analysis (1]

— e FLAG

0114 0116 0118 0420 0422
as(Mz°)

* High quality agreement with OPE

By renormalon subtraction, accuracy and stability of prediction improves.

Validity range extends to larger dist. r < 0.5fm =) wide matching range

 Current error of a,(M,;) dominated by higher-order pert. corr. (beyond N3LL)

—> Expected to reduce if we use finer lattices.
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Conclusions

- We use OPE with renormalon subtraction as
a solution to the window problem.

windowproblem | 1 —2 GeV<SE<1—2 GeV
perturbation |Lattice QCD

| Our determination | 0.6 GeV S E < 2 GeV
OPE+renormalon sub. Lathice QCD

Reasonable fit for the wide range gives a reliable value of a_.

-Dominant error comes from higher order uncertainty,
which can be reduced by finer lattice simulation.

Rough estimate: In a/2, theoretical error would become ~1/3.
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Consistency check

AEDRG — 236MeV
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Systematic errors

(2) Finite o effect {£0.0002)

Previous analysis: r >a —> »r > 2a

(b) Higher order corrections {fg'gg'}g

VL () — VE'LL(r) 4 6V5(r)
with 6Vs(r) = VN Ll(p) — ¥ N1y
(c) Matching range with OPE (X0.0004)

ﬁ%}:gi.;f < 0.6 ——= ﬁ%ﬁf < 0.5 or (.8

id} IR divergence at 3-loop ( £0.0002)

Way to regularize IR divergence in 3-loop perturbative coefficient
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Higher order uncertainty

VEF + dVEF(r) with §VRF(p) = VEF| . — VEF| .




"
Systematic errors

(e) Mass correction {Z0.0000)
Input masses in lattice simulation differ from physical values,
Visea lrs {miﬂtt Fud,s) —

“ilﬂt{r! {E}ﬂ-.d.l‘l} — ‘F[qll.{r= {ﬂll.h‘}u,d.a} + {F'n-‘l 11-; {ﬁ.l}':l.if-.-'l] " 1I-rl:ll-{‘l-.= {mlnll}“-d‘v‘}]

171 :MSbar mass — Also use constituent quark mass of 300MeV

(f} Scheme to extract y; independent part (+0.0003)

O{r*3) term is added to V,

{g) Lattice spacing (4+0.0004)

shift of lathce spacing within its uncertainty {ercor of relative latl. spacing
and the Wilson-flow scale)



"

Ultrasoft

Soft contribution

u,{#]]"

i=

E |
aylg) = ¥ 1P {log (s /g)) + 88, (o g/ )l () {

e pdl

1
with 6P = 722" (: +1'-”EIE“1.""3]'}

Ultrasoft correction

— &P 4 7207 [Elngii?nnz-l.r-lﬂ +27E - %]l olit) {ﬂ;‘i:ll'}"

How to remove divergence
(a) Ultrasoft correction added
(b) Remove divergence by IR cutoff
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Fiting parameters in global fit

i (wlee) =1 (32" x 64) | =2 (48" x 86) | =3 (04" % 128)
d (Nua) | d=1(8) d=2(3) | d=i(f) d=2(d) | d=1{8) d=2(5)
, 0,19(15) N2{85]) | D2v(12) O.54(88) | 0.2T(11) -0.67(01)
e [GeV] | 2248(L1) | 2.300(87) | S012(11) | S0UD(BY) | 3.548(10) | 3.631(88)
¥ vifdof, = KT/(30 - 16)  (gobal fit)
Ja i =0.0004(18), fo» -00R5(32) (oominon toall 1)
Az Az = —0LODL[M) Ge¥' (eraatie: to all d,d)

il - .

iy K3 Ky
nEmc —-——————
B« 4
IIl.'.i'-lll a5 p- 14 1% Ll | % ki

p{GeV]
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UV contribution E

7 ... . 4dwoqn(q) -+ 1/r

=
(2m)3
q::?,l'.l.f —— 'uf e

Vuv(r; py) = —

2T v
a(q) = 1 . LL resum. -+

5o 10g (q / AQCD) Aqep

We can separate 1 -dependent and u s -independent parts as follows.

d0;

| 2cs

. > sin(gr B *  eur
Vov(r; pg) = — / dg lg7) aL(g) = — " Im / dg a1 (q)
B don qr T iy @
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UV contribution E
3 0 |
] a&°q ..- . dmoan(q) -+ 1/r
Vuv(r; pr) = — gt G 5 v
21) q
q::?,l'.l.f —— ‘uf e
(q) n LL resum X
aLlg) = : - T- A
i 30 l{}g({}/AQCD) Aeb
We can separate 1 -dependent and u s -independent parts as follows.
dQg
. 1 _|
l 20 > sin(gr 2C L [ e
Vuv(r; pg) = — s / dg lg7) aL(g) = — FIml/ dq a1 (q)
T Ju; qr ' T W, 1 QT
€1 — (3
[ C
Cy 3

| > : > = V;\\: > — |/>)/\_\|
‘ Aqcp My ‘ Ur ‘ Wy



"

C
3
N ] o —_— N g N

UV contribution | — = *— —i
Aqcp Uy | Ky | Us
iqr iqr E
Vo (ritg) = = = 1m [ dq & ()+2CFde e !
ov\"s Uf) = - m q ar aq1.(q - m q p a1.(q) LIS
C, Cs
« Along Cs, justified to expand e'9" in igr, since prr L 1 T Hr
A | -T- A
aL(q) = — + B 4+ ar + Dr* + O(r?) Aeb

3 / 1 +iqr + 5(iqr)® + - --
Im | dqg
Cs

L qr

A and o can be computed analytically.
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UV contribution | > = | > - | >
Aqcp Uy Ky Ky
iqr iqr E
ZC eld ZCF 1 A
Voy (7; llf) =———1Im | dq alL(CI) +— Im | dq a1.(q)
[ V[ r — 1/r
Cl C3
« Along Cs, justified to expand e'9" in igr, since prr L 1 T Hr
3L 1+ iqr + = (igr)? + - - A T A
3 / dq ! 3 (1) ain(q) = — + B+ or 4+ Dr® + O(r®) eb
m Ca qr r
A and o can be computed analytically: C3
2C v # ’ X 1
A= FIm/ dq () e / dq () e
™ Cy q Tt Jea—Cp q C3
Crp [, aqi(q)  4nCp
i /C;[q ¢ 1 B us independent ! @ |
Cauchy thm C, Hy

m

20 1 C 2nC
o = Im/dq (——q)cm(q) = F,/dqqalL(q) b
C 2 2mi % ' ,43(}

3
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UV contribution

| NE |

7
|
)

N\ |
| Aqcp Hr

Hy
ZCF lCIT' qr
Vo (75 1p) = Im] dq alL(q) +— Imqu a1, (q)
= Ve (r) + B+ or+Dr* + 0(r3)
Ur independent
A 2C 1qr or P
Ve(r) =———"Im / dq - a1,(q). —
- - o qr R
0
[~ i . r—+0
r [log(Aqep )| ° Ve(r)
I/rg(if) — 4
o 471'@}7' -
\ IB()'}” ’ ! o0




7€ T
Aqcp Hr | Ky | Ky

UV contribution

)
7
|

qr

ch elar
Vor(riy) = — —=E Im j dq = a1L<q>+—1m f dg — au(@

=V.(r)+ B +or+Dr?+0(r3) & Ashort-distance expansion in r with

\ T correct RG log in Coulomb term
1 independent (as r - 0)
r A 2C -,'f-q?" or __d________d___-— o
LIG(T) —_ — — IHI / dq ‘ Ole(q), ___________,-—-——"“_
/ T 4 qr -
0
r 2nCp i | o
_ - ‘
r \log(AQCD -r‘)| ' ' Ve(r)
Ve(r) — 4
471'@}7'
T2 r—r O
\ I;"Z’yo'ﬁ” '







