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If we compute Wilson coeff. naively in pert. QCD

Renormalon uncertainty ~ non-pert. matrix elem.

Problem in OPE

Müller

Mishima,YS,Takaura



Subtract IR renormalons from Wilson coeffs. in a form consistent with OPE.
UV quantity
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Expand in :   + Λ +  Λ + Λ + ⋯
“Contour-deformation prescription”
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• N LL accuracy

• Unlike usual RG improvement, free from unphysical singularity
at ~Λ caused by running coupling.

• Free from renormalon uncertainties of (Λ ) and (Λ  ).

Wider validity range of prediction expected.

 Λ





Analysis strategy

Analysis (I)
(i) Continuum extrapolation of lattice data
(ii) Matching of OPE and continuum limit (i)        determine  ( )

while checking:
• smooth continuum limit
• − consistent with ( )
• wider validity range 

Analysis (II)
• Perform (i) and (ii) simultaneously by a global fit

First-principle analysis and smaller error     our final result
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Validity range of OPE
− consistency with ( )

Validity range:  Λ   ≲ 0.8   ( ≲ 0.5 fm)
[Conventional analyses’ validity range:  Λ   ≲ 0.3   ( ≲ 0.2 fm)]

using Λ = Λ



Comparison with other methods

[7] Bazavov, Brambilla, Garcia i Tormo, Petreczky, Soto, Vairo

Scale dep. is much smaller compared to other methods.

behavior stably observed up to larger distances.



 ( ) determination
Analysis (II):  Global fit

Basic idea: Lattice data after continuum limit matches OPE at short dist.

= , , ⃗ − , 1− 1
,

+ − , ,
= 1,2,3: different lattices= 1,2:   direction of ⃗= tree-level corr.

=  ( )/Λ + ( = Λ [GeV] )

Fitting param.: = Λ [GeV], , ,  ,  , , ,
Fit range:  ≈ 0.05 fm ≤ < 0.35 fm (0.07 ≤ Λ  < 0.6)



Fit result

Λ = 334 ± 10 .  MeV  = 0.1179 ± 0.0007( . )
 = 0.1179 ± 0.0007 . .. ( . )Including syst. errors:

Table of syst. errors: 10 × ∆  

/d. o. f. = 8.7/(30− 16)



Results and Conclusions

 = 0.1179 .. [from Analysis (II)]

• Final result:

• High quality agreement with OPE 

By subtracting (Λ ), (Λ ) renormalons, accuracy and stability of 

prediction improves. wide matching range

Validity range extends to larger dist. ≲ 0.5 fm

• Current error of  dominated by higher-order pert. corr. (beyond N LL)

Expected to reduce if we use finer lattices.
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UV contribution Λ = −

; = − 2  Im   + 2  Im   ( ) 

• Along , justified to expand in , since ≪ 1:

and can be computed analytically.
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Cauchy thm

• Along , justified to expand in , since ≪ 1:
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UV contribution 
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A short-distance expansion in with 
correct RG log in Coulomb term
(as  → 0)independent
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