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Motivation and framework



Motivation: Low energy QCD

QCD predicts a tower of resonances of qq̄ bound-states
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The level scheme of the bb states showing experimentally established states with solid
lines. Singlet states are called ηb and hb, triplet states Υ and χbJ . In parentheses it is
sufficient to give the radial quantum number and the orbital angular momentum to specify
the states with all their quantum numbers. E.g., hb(2P ) means 21P1 with n = 2, L = 1,
S = 0, J = 1, PC = +−. The figure shows observed hadronic transitions. The single
photon transitions Υ(nS) → γηb(mS), Υ(nS) → γχbJ (mP ), and χbJ (nP ) → γΥ(mS)
are omitted for clarity.
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BUT hadronization in a non-perturbative effect

⇒ exploit EFTs to overcome our limitation in describing low

energy QCD



pNRQCD at N3LL

QCD
mr=⇒ NRQCD

mrαs===⇒ pNRQCD

(
i∂0 − p2

2mr
− V (0)(r)

)
φ(r) = 0

+ corrections to the potential

+ interaction with other low-energy degrees of freedom

 pNRQCD.

Pineda, Soto
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pNRQCD at N3LL

QCD
mr=⇒ NRQCD

mrαs===⇒ pNRQCD

(
i∂0 − p2

2mr
− V (0)(r)

)
φ(r) = 0

+ corrections to the potential

+ interaction with other low-energy degrees of freedom

 pNRQCD.

Pineda, Soto ’98

Contribution of US gluons:

perturbative for mv2 � ΛQCD

kUS

known to 2-loops Pineda, ’02, ’11



Applicability of pNRQCD

Strict weak coupling: E ,ΛQCD � |p| � mr

Physical systems:


Bottomonium (1S): |p| ∼ mbv ∼ 1.3 GeV

Bc (1S): |p| ∼ 2mrv ∼ 0.85 GeV

Charmonium (1S): |p| ∼ mcv ∼ 0.68 GeV

velocity scales with n quantum number |p|(nl) ∼ |p|(1S)

n

Refinements to apply our EFT to these systems:

Achieve high orders in PT
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Accelerate convergence
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https://arxiv.org/abs/1302.3528
https://arxiv.org/abs/1806.05197
https://arxiv.org/abs/1809.09124


Heavy quarkonium at N3LL



Resummation of Large Logs

Reference scales:

Hard: νH ∼ mr , Soft: νS ∼ mrαs , Ultrasoft: νUS ∼ mrα
2
s

Multiscale computations give rise to large logarithms

e.g. 〈αs ln(mr r)〉 ∼ αs ln
νH
νS
∼ αs ln

1

αs
∼ O(1)

⇒ breakdown of power counting

Solution: solve the Renormalization Group Equation to resum large logs

dC (µ)

d lnµ
= ΓC (µ) & C (νh) = C0 ⇒ C (νS , νH) ∼ αs(νH)

αs(νS)
∼
∑
n

αn
s lnn νH

νS



Log resummation and the method of regions
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Log resummation and the method of regions

NRQCD: E , |p|,ΛQCD � νS � νH ∼ m

1 Soft running & 2 Potential running
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Log resummation and the method of regions

pNRQCD: E ,ΛQCD,
p2

m � νUS � |p| � νP , νS � νH ∼ m
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Log resummation and the method of regions

pNRQCD: E ,ΛQCD,
p2

m � νUS � |p| � νP , νS � νH ∼ m

1 Ultrasoft running

2 Potential running: needs correlation of scales to keep hierarchy: νUS =
ν2
S
νH
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Log resummation and the method of regions

pNRQCD: E ,ΛQCD,
p2

m � νUS � |p| � νP , νS � νH ∼ m

1 Ultrasoft running

2 Potential running: needs correlation of scales to keep hierarchy: νUS =
ν2
S
νH

Vs(νH , νS , νP) = Vs(c(νH , νS , νP), νH , νS , νUS)

Energy levels

E(n, l , s, s−, j) = EC
n

(
1 +

αs

π
P1 +

(αs

π

)2

PNNLL
2 +

(αs

π

)3

PN3LL
3

)
,

Hard work over many years:

see Dani Moreno’s talk for a bibliographical historic account



N3LL state-of-the-art

On the path to N3LL:

1 Ultrasoft running:

– 1 and 2-loop self energy with an ultrasoft gluon 3

2 Soft running:

– Momentum-dependent 1
m2 -potentials 3

– delta-like (l = 0) potentials

3 Potential running:

– Only in delta-like potentials 3

⇒ P-wave @N3LL



N3LL: p-wave spin-averaged splitting

∆SI =
1

12
(5Mχb2

+ 3Mχb1
+ Mχb0

) +
1

4
Mhb

Only sensitive to the ultrasoft resummation

RS’ scheme at νf = 1 GeV, at νh = 2mr νS = ν and νUS = 1 GeV

mb,RS’(νf ) determined elsewhere: see tomorrow’s talk
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N3LL: p-wave fine splitting

splitting produced by the total angular momentum J = L + S

E(13Pj )− E(13Pj′ ) =
α4C4

Fm
3
r

96m1m2
(j(j + 1)− j ′(j ′ + 1))

×
{
−

3

5
c

(1)
F c

(2)
F ((j + 1)j + (j ′ + 1)j ′ − 7)(
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α

2π
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2
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209
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)
β0 + 2(2β0 − CA) ln

ν
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2m1m2
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N3LO Brambilla et al ’04, N3LL CP,Pineda,Segovia

Resummation encoded in the NRQCD coefficient c
(i)
F (ν, νh)

Amoros et al ’97, Czarneck ’97



N3LL: p-wave fine splitting

Only sensitive to soft running

RS’ masses at νf = 1 GeV, at νh = 2mr νS = ν and νUS = 1 GeV
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N3LL: p-wave fine splitting

ρ =
E (13P2)− E (13P1)

E (13P1)− E (13P0)

RS’ masses at νf = 1 GeV, at νh = 2mr νS = ν and νUS = 1 GeV
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N3LL: p-wave hypefine splitting

Only sensitive to soft running

∆ = Mhb −
1

9
(5Mχb2

+ 3Mχb1
+ Mχb0

) = − m3
rC

5
Fα

5
s

432πm1m2
(CA − 8TFnf )c

(1)
F c

(2)
F

N3LO Brambilla et al ’04, N3LL CP,Pineda,Segovia

Starts at O(mrα
5) ⇒ we only have one term

RS’ masses at νf = 1 GeV, at νh = 2mr νS = ν and νUS = 1 GeV
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N3LL: s-wave mass

RS(’) masses at νf = 2 GeV, at νh = 2mr νS = ν and νUS = 1 GeV
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Complete NNLL.

Partial N3LL: full NLL ultrasoft potential but missing delta-like Wilson

coefficients

⇒ scale variation reduced by ∼ 1
2 !



Summary and further applications



Summary and conclusions

We compute the N3LL spectrum in pNRQCD for p-waves

The potentials obtained are valid for mv� ΛQCD

The US contribution is valid for mv2 � ΛQCD

The results include terms of O(mrα
6
s lnαs)

We apply the results to 1P bottomonium and Bc

For bb̄ our prediction is compatible with experiment

although with somewhat large uncertainties

Prediction for Bc hyperfine and fine splittings

For ∆SI convergence is marginal

The effect of the ultrasoft scale looks small

Preliminary (incomplete) results for N3LL s-wave look promising!



Future perspectives

For the near future:

Phenomenology N3LL for s-wave spectrum

tt̄-production near threshold at NNLL+N3LO



Thank you!



Convergence of the perturbative series

L =
∑
i

1

mi
q

CiOi , Ci (ν) = C̃i +
∞∑
n=0

Ci,nα
n+1
s

Wilson coefficients are asymptotic : Ci,n ∼ n!

⇒ BUT comply the OPE: mq = mos + Λ̃QCD is renormalon free

mos = mMS

(
1 + B1αs + B2α

2
s + . . .

)
, Bn ∼ n!

Redefine the mass such that Ci is not asymptotic: threshold mass

Renormalon subtracted schemes:

mRS(′) = mOS − Nmπνf

∞∑
N=0(1)

(
β0

2

)N (
α(nl , νf )

π

)N+1 ∞∑
n=0

χ̃n
Γ(b + N + 1− n)

Γ(b + 1− n)

Pineda

Introduction of a new scale νf ∼ mrαs
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