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L Introduction

Introduction

High order perturbative computations in heavy quarkonium require the use
of effective field theories (EFTs), as they facilitate the systematic
resummation of the large logarithms generated by the ratios of the different
scales of the problem.

Integrating out larger scales we derive pNRQCD!, a theory optimised to
the description of heavy quarkonium near threshold:

QCD

Integrating out the hard scale m
(heavy quark mass)

NRQCD

Integrating out the soft scale mv
(inverse Bohr radius)

pNRQCD
d.o.f with ultrasoft energy E ~ muv?
(typical binding energy)

LA. Pineda, and J. Soto, Nucl. Phys. Proc. Suppl. 64, 428 (1998) and N. Brambilla,
A. Pineda, J. Soto, and A. Vairo, Nucl. Phys. B566, 275 (2000).
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L Introduction

Introduction

At present, the pNRQCD Lagrangian is known
m With N®LO accuracy?.
m With N®LL precision for P-wave (I # 0) states®.
m With N2LL precision for S-wave (I = 0) states™.

The missing link to obtain the complete N3LL pNRQCD Lagrangian is the
N3LL running of the delta-like potentials®
m For the spin-dependent (SD) case already achieved®

m For the spin-independent (SI) case MISSING!

2B. A. Kniehl, A. A. Penin, V. A. Smirnov, and M. Steinhauser, Nucl. Phys. B635,
357 (2002); C. Peset, A. Pineda, and M. Stahlhofen, J. High Energy Phys. 05, (2016)
017.

3C. Peset, A. Pineda, and J. Segovia, Phys. Rev. D 98, 094003 (2018)

4A. Pineda, Phys. Rev. D 65, 074007 (2002)

5We use the term ”delta-like potentials” for the delta potential and the potentials
generated by the Fourier transform of In™ k (in practice only In k).

SB. A. Kniehl, A. A. Penin, A. Pineda, V. A. Smirnov, and M. Steinhauser, Phys.
Rev. Lett. 92, 242001 (2004); 104, 199901(E) (2010); A. A. Penin, A. Pineda,
V. A. Smirnov, and M. Steinhauser, Phys. Lett. B 593, 124 (2004); 677, 343(E) (2009).
Be careful when comparing with ours, as there is a change in the basis of potentials.
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L Introduction

Introduction

Aim: Determine the SI delta-like potential with N®*LL accuracy (or its
associated Wilson coefficient Dy) with NLL accuracy)

= Necessary precision to obtain the S-wave spin-average energy with
N3LL (ma®Ilna +ma”In® o + ...) precision”.

We describe the energy levels of a n.S (I = 0) state by dividing it up into a
SI term called spin-average and a SD term called hyperfine splitting:
ES—wave(Jy Tl) = Eaver(n) +8S:- SQEhfs(n) 5 (1)

where J is the total spin value and S, S2 are the spins of the fermion and
the anti-fermion, respectively.

We will obtain partial results, whereas the missing contributions are
expected to be small.

7C. Anzai, D. Moreno, and A. Pineda, Phys. Rev. D 98, 114034 (2018).
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LpNRQCD Lagrangian

pPNRQCD Lagrangian

The most general pNRQCD Lagrangian compatible with the symmetries of
QCD that can be constructed with a singlet and an octet quarkonium field,

as well as an ultrasoft gluon field at NLO in the multipole expansion, has
the form®

LpNRQCD = [d°r Tr {ST (0o — hs(r,p, PR,S1,82))S + O (iDg — ho(r, p, PR, S1, sz)>0}
t t Ve(r) t i
+VA(7‘)Tr{O r-gES+S r<gEO}+TTr{O r-gEO+0 Or~gE}

n
f
1
7ZGZVG“V T+ DG i,

(2)
i=1
p’ Pr )
hs(r,p,PRr,81,82) = —— + ——* + V5(r,p, PR, S1, S2), (3)
2m, | 2M
2 P2
P R
ho(r,p, PR, 81,82) = + —> + Vo(r,p,PRr,S1,S2), (4)
2m, = 2M

where hs, Vs (ho, Vo) are operators acting on the Hilbert space of a heavy
quark-antiquark system in the singlet (octet) configuration.

8See A. Pineda, and J. Soto, Nucl. Phys. Proc. Suppl. 64, 428 (1998) and
N. Brambilla, A. Pineda, J. Soto, and A. Vairo, Nucl. Phys. B566, 275 (2000).
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[ pNRQCD Lagrangian

pPNRQCD Lagrangian

The running of D? is sensitive to potential loops, which are more
efficiently computed in momentum space. The singlet potential in
momentum space can be expanded in powers of 1/m (up to logarithms):

% 4 ay 4 0511) 04(;2) d <(d)
Ve =(p'|Vslp) = —4nCpr— —p 3+ == | (2m)70 " (a) (5)
q 8my 8m;

2
—CpCaDW—T
A 2m, |q|i—2¢
_ 27rCFf)§2) p? +p'? n ﬂCFDéz) (<P2 - P,2>2 _ 1)
2

mima2 q? mims2

C E(z) 47TCFD(2) X . . .
Tra 2 (s}, 7](Sh, S3)
2

mimse dmim
4ﬂCFDf92) . X . . Tl
12 K3 i k3 J rj q q
—F=[S,S;][S,, S 67 —d
+ dm1m2 [ 1 1][ 27 2] q2

67Cr p'd’ (

O 2 (5, 8581+ DL, 55,54

LSy

where m1 (ms2) is the quark (antiquark) mass and m, = mima/(m1 + m2)

is the reduced mass of the system. 7749
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[ pNRQCD Lagrangian

pPNRQCD Lagrangian

where
m The Wilson coefficients D stand for the Fourier transform of the
Wilson coefficients in position space D.
m For them, and also for ay-, we use the power counting LO/LL for the
first nonvanishing correction, and so on.

m The computation of the NLL running of [)((12) will require the use of the
Wilson coefficients of the other potentials at LL. In the off-shell

Coulomb® matching scheme they are given by

ay =ay =a, (6)
()LL _ =(1)LL _ 2 16 (CA ) 2 ( a(v) )

D =D = — == In [ —22
e e “ )+ 360 \ 2 T Cr ) ot(v)in a(?/vy) )’ .

(2)LL _ ~(2)LL (m1 +m2)? 2C4 ( a(v) )
1 1 a(v) + mma 3B a(v)In a2y (8)
D@ = DG = aln)ch (), (9)

(@)LL _ A(2)LL _ ) 3

Dg; 7" =Dgs " = av)ep(v) - m(dsv(l/) + Crdoo (V). (10)

9which are equal to the Feynman at this order.
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[ pNRQCD Lagrangian

pPNRQCD Lagrangian

The Wilson coefficient 1322)(1%; v) can be written as the sum of the LL term
and the NLL correction

D (wi;v) = DO (s v) + 6D N (v v) (11)

and the NLL correction can be conveniently splitted into the following
pieces

DN () = DN, (12)

+6DE) N (i) + 6D N (s v) + 8D N (i),

where Df) NLO(yh) is the pure NLO matching condition and
5Dfi§LL(Vh; v), 6[)((122 N () and 615;21\”‘1“(%; v) stand for the NLL
ultrasoft, soft and potential running of Df). The second line is zero for

V = Vp.
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[ pNRQCD Lagrangian

pPNRQCD Lagrangian

The LL running is known'?. In the off-shell Coulomb matching scheme:

- 1 _
Died () = Died'(v) = 20(v) + —[des(v) + Crdus ()

+(m1+m2)2 8 (%—Cp)

mimz 300

xa(v)In <7a(a(”) ) : (13)

v2[up)
where
. 1 cg) c<D2>
dys(v) = Eﬂa(y)mlmg (m—% + m—g) + dus(v) (14)

is a gauge invariant combination of NRQCD Wilson coefficients whose LL

running is known!!.

19A. Pineda, Phys. Rev. D 65, 074007 (2002)
1See A. Pineda, Phys. Rev. D 65, 074007 (2002) and A. A. Penin, A. Pineda,
V. A. Smirnov, and M. Steinhauser, Nucl. Phys. B699, 183 (2004); B829, 398(E)
(2010).
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[ pNRQCD Lagrangian

pPNRQCD Lagrangian

NLO
JNEO(

The initial matching condition at NLO, Df Vr), is also known. In the

Coulomb gauge matching scheme is given by

2 2 4 2 2
D%ZLO(%) = M (G—CA + *CF — ‘riCA n2 — —STan
47 9 9
1
+ (@+@) [_ETan+ (6; _ 71 2) C“D
mg  mi 9 18
(dss +Cdes(Vh)) . (15)

The NRQCD Wilson coefficients ¢p, dss and dys are known at one-loop
order'?

12A. V. Manohar, Phys. Rev. D 56, 230 (1997); A. Pineda, and J. Soto, Phys. Rev. D
58, 114011 (1998).
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[ pNRQCD Lagrangian

pPNRQCD Lagrangian

At present, the NLL running of [)((f) is known for the ultrasoft term®®

- + m2)2 4 (Cx
sH@NLL I GO 4r (7 _c ) 16
dus  VhiV) mma Bo \ 2 F | a(v) (16)

{2 (f&) 12 4 (@ ) — aw)

a(v?/vp)

861 1 1
) (5,871) @~ grez (Ca (47 +677) - 10Tan)) }

where a1 = 31C4/9 — 20Trny/9. Whereas

m The soft running 5]:);2; NEE (s 0)
. . ~(2) NLL
m The potential running 6D((M), (vn;v)

are the missing terms to obtain the complete NLL running of fo).

13A. Pineda, Phys. Rev. D 84, 014012 (2011).
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LI\/Iahching NRQCD with pNRQCD: The SI potential

Matching NRQCD with pNRQCD: The SI potential

We need to compute the unknown SI potentials whose expectation values
produce corrections to the O(ma®) spectrum, only paying attention to
those that produce logarithmically enhanced O(ma®Ina + ...) corrections
to the S-wave spin-average spectrum.

m The O(a/m*), O(c?/m®) potentials: finite, produce logarithmically
enhanced corrections through potential loops, whose divergences get
aborbed in Df) (potential running).

m The O(a®/m?) potential: divergent, logarithmic enhanced
corrections not generated by potential loops but by the divergent
structure of the potential itself. Divergences are also absorbed by D((f)
(soft running).

m The pG/m5 correction to the kinetic term: It does not produce
ultraviolet divergences, so it does not has to be considered.

13/49
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LI\/Iahching NRQCD with pNRQCD: The SI potential

L 0(a/m%) potential

O(a/m*) potential

From a NRQCD tree level computation (see topology (a)) we obtain the
complete ST O(a/m*) potential in momentum space and in the Coulomb
gauge.

(a)
p. B P B

X, Al

B o

-000000000000000 ]

-p. E» -p. B

Figure: Topology that contributes to the tree level potential. Properly changing
the vertex and/or Taylor expanding the denominator of the propagators all
potentials are generated.
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LI\/Iahching NRQCD with pNRQCD: The SI potential

L 0(a/m%) potential

O(a/m*) potential

It reads

2
9 g2

2,2
64mims

(2)
€x1
m3

(2)

o 1 2
Viree = _C(D)C(D)CF

L [V
—Crg® | XL+
my

1

m 2

(p? — p’ 2)2

k2

Cma? c(x °x2 2 2
—CFrg 74‘5‘? (P"+p7)

1
(1
my ma

2 (1)261(‘72)2 1

)
2
) (2)
c c
—Cpg? ( Xf + xz) K2

2 122
) E(P -p)

- (p? — p'2)2

<2(p2 +p?) -k )

g cy
+Cr k )
16mim3
1 2
g2 CE; )CEC )
+Cp B}
16m1mao my

04(12)0561) p2 4 p2
m% k2

92 (ngeim

F
16m1mso m%

. 65&%8)) ((pz _p'?)2

2
ma

") - (p+p')2>

(2<p2 +p?) -k -

(17)

)

(P2 — p/2>2>
k2
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LI\/Iahching NRQCD with pNRQCD: The SI potential
L 0(a/m%) potential

O(a/m*) potential

m The 1/m* potentials generated by the dimension eight four-heavy
fermion NRQCD Lagrangian operators can be neglected (do not
produce potential loops).

m Incorporating the LL running of the HQET Wilson coefficients, these
potentials are RG improved.

m Note that these potentials are also valid for QED.
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LI\/Iahching NRQCD with pNRQCD: The SI potential

Lo

(a2 /m3) potential

O(a?/m?) potential

We now compute the O(a?/m?) SI potential in the Coulomb gauge. The
NRQCD topologies that contribute are the following.

BO0T0000000000C

000000

Figure: Topologies that contribute to the O(a?/m3) potential. Properly changing
the vertices and/or Taylor expanding the propagators, all potentials are generated.
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LI\/Iahching NRQCD with pNRQCD: The SI potential
0 (a2/m3) potential

3) potential

The (c)-type diagrams generate the following O(a/m?®) potentials:

g* E1 + Ea

ole1) _C%aN . .m.@
Vioop = Cr (CF 2 )c’“ °k 512myme |k|3—2¢
2 1212 ’
2 2 2 (P*—p") 8(p - k)(p' - k)
X <2(p +p°) -k — ) — 2 s (18)

Mz2.(2) (1) (22
C’A> o (Ck N )‘k‘uze

g(e2) (
\% = -C Cp — —
1loop B F 2 256mq1mao mi m2
2 o (P K)(P k) 2p*+p?) 11
x(3 + - +—
< (P +p7) 6 K2 1
1 -p?)? }(p2+p’2)2> (19)
4 k4 2 k4 ’
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LI\/Iahching NRQCD with pNRQCD: The SI potential
0 (a2/m3) potential

The (e)-type diagrams generate the following O(a/m®) potentials:

~ c 4 (1)2 _(2) (1) (2)2
Vl(le’l) = Cr (QC’F - fA) g <ck k4 Sk Ck >|k|1+25
oop 2 512m1mo miy mo
5(p2 2 7 3 (p2 — p/2)2
><((p +p7) 7 3(p p))y (20)
k2 2 2 k4
(1) (2)
4 ,c c
Ay = [or(or =) 2 (g + o)
V, = - C 2Cp — — | — 21
lloop PO TS ) 2 \me T g e
(1) (2)
_C (20 ,&)i(e 2 CA2)
e e 2 /512 \ m$ m3
4 (1)2 _(2) (2)2 (1)
—Cp (2CF70—A> z (CF % 4 F %k )
2 128mimo mq mo
g Cg)gl(f) Eg)cil)
—CpCy +
256mmo my mo

s D@ PR RS
—T—FCF 9" (CAg | “Ag ) _Tr, 9 (CA4 €Ay )] |1 +2e
N¢ 128 m‘rf mg

F
N. = 256

3 3
my ma

19 /49



S-wave heavy quarkonium spectrum with next-to-next-to-next-to-leading logarithmic accuracy
LI\/Iahching NRQCD with pNRQCD: The SI potential
0 (a2/m3) potential

3) potential

The (f)-type diagrams generate the following O(a?/m?) potentials:

4 (12 (1) (2)2_(2) ,
(f,1) _ 9 [°F ‘k °r Sk 1+2¢ P P
Vlloop =—-CpCy 108 <7m? + 7771% k| TR (22)
2) (1)2 1) (2)2
(f2)  _ g* Cgc )cgc ) CEC )cgc ) 142e (3 p® +p”?
Vl = CrCa + k| 1 — s
1loop 512mqmg my mo 2 k2

(2(p2 +p'?) (p? — p'?)? )
N —1-
K2 K4

gt (e? 122) ’ 142 (PP 5@ K((® k) 12(p-p)?
+ 2 (BB -
m2 k

—CpCp— e o

3
512 m37

2 12 T/ . ’,
+2pp +6<p p)(p - k)(p k))y

! 16 (23)
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LI\/Iahching NRQCD with pNRQCD: The SI potential

0 (a2/m3) potential

O(a?/m?) potential

4 ’
S(13) ()@ 39 ~1+2¢ r_ P k)
Vileop = T ek CrCagyg, K (p'p T e
o B1+ BY) + (B2 + Ey)
k2
g* C;il) : ’ 6562) : ’ 1+2
OO o Ey + E)) + Ey + E k|7
F~A 956 m§(1 v m§<2 2) | K
5p-p'  3(p-k)(p' k)
X( k2 k4 ’ @
4 (1) 3 (2)3 2 2
(1) B g cp % 142¢ P +p
Vioap = 7chA§§;< o +—2¥?)IM (—14—472;4
3(p* +p'*) + (% + p2)(p - ') — 6(p - p')?
+ )
—3(p® +p’%) +4(p* + p'H)(p - ') — 2(p - P')®
+ " ) (25)
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LI\/Iahching NRQCD with pNRQCD: The SI potential
0 (a2/m3) potential

O(a?/m3) potential

S L ol 8 e[ (3L + BN k) (B + B p)
lioop = ~OFCajlkl R K6 + Kt
2(E1p4+Eip/4) 2(E1p” + E1p*)(p - P’ + k%)
* K6 B K6
o) (3(E2 T EDE® k) (B By)(p-p) | 2Fpt + By
m? k6 K4 K6
2(B2p” + B5p"?)(p - P/ + k)
- K6 ’ (26)
1)2 (2 1 2)2
Ve _cpoa 79" c;c ) c;c ) + c;c )C)(c ) K|t 2e
lloop 256mimo m1 mo
2 2 2 2 /232
><<(p+p)717(p p’?) ’ @7
K2 K4
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LI\/Iahching NRQCD with pNRQCD: The SI potential

0 (a2/m3) potential

O(a?/m?) potential

lloop ™ 256m1mg miy mo

4 (1) (2> 2 2 2 122
9 21 142¢ ( 10(P” +p'7) 5(p° —p'7)
CpCp—— k -7
er A1024(m§ m3 >H ( K2 * K4

4 1) (2) (2 (1)
v (1) — CpCa g (D k_ 4 %D %k |k|1+2€

2

4 (1) (2)
g c c
—CpCp— —J‘f,’ +—Ng k|1 F2e
ml m2

256
4 DM (@@

—OpCa 2 [FE S BEOS ) iR (28)
512 my my

—5 € E2 E2
Vl(lfoil)) = CFCA \k\ +2 [(cscl)m*ll +c£:2)m722> (p-k) — ( M EL + e 2) (® k)

(29)

19) g4 C(1)2 (2)2 142
— 7 - €
Vo = croat D+ k| : (30)
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LI\/Iahching NRQCD with pNRQCD: The SI potential
0 (a2/m3) potential

O(a?/m?) potential

m The rest of the topologies: (b), (d), (g), (h), (i) and (j), do not
contribute.

m As we have incorporated the LL running of the HQET Wilson
coefficients'?, these potentials are already RG improved.

m These potentials are also valid for QED.

m Note that some potentials are energy dependent. Such energy
dependence can be eliminated by using field redefinitions/full EOMs
(free + Coulomb potential).

14D, Moreno, and A. Pineda, Phys. Rev. D 97 016012 (2018); 98 059902(E) (2018).
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LI\/Iahching NRQCD with pNRQCD: The SI potential
- Equations of motion

Equations of motion

Let us consider the energy dependent potentials proportional to ¢ (ci only
included partially because the o / m? potential proportional to ¢ will be
missing anyway'®).

By using the free on-shell EOMs we find a new O(a?/m?) potential

1)2 (1 2)2 (2
VOO oo gt [zl N 22 [+ p’ +p” (31)
Lioop 256\ m3 m3 K2

From the Coulomb term in the EOMs a new O(a®/m?) potential is
generated. We only care about the divergent part because we are only
interested in logarithmically enhanced contributions to the spectrum:

B 1 96k4€ 6(1)2 C<2)2 1
sV = —cic E LA 32
lloop = 39 W FA (4m)2 \ m?2 + m2 | e (32)

We checked that this result does not depend on the gauge.

15And it could depend on the matching scheme, which is different for the potential
and soft RGEs. So, we postpone its incorporation to have the full result.
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LI\/Iahching NRQCD with pNRQCD: The SI potential
0 (a3/m?2) delta-like potential

O(a?/m?) delta-like potential

m Finally, we perform a partial computation (terms proportional to e

and cr) of the O(a®/m?) soft contribution to the SI delta-like
potential.

m To that purpose, we need to compute the divergent part of the
matching between NRQCD and pNRQCD at two loops and at
O(1/m?).

m The computation is done with a general gauge parameter £ in the
kinematic configuration p = k and p’ = 0.

m We also set the external energy to zero, because it produces subleading
corrections.

m The result vanishes in QED.

26 / 49
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LI\/Iahching NRQCD with pNRQCD: The SI potential

0 (a3/m?2) delta-like potential

O(a?/m?) delta-like potential

m We performed the non-trivial checks:

m That ¢p and c’fl appear in the gauge invariant combination
Ei‘l =cp + c?l,

= That the counterterm is independent of k and that the 1/¢2 terms
comply with the constraints from the RG.

m That the result is independent of the gauge fixing parameter &.

m The terms proportional to ci, dss and d,s have not been computed.

m The missing terms must be computed in a way consistent with the
scheme used for the on/m3 potential, as a strong mixing of the terms
proportional to ¢z is expected after using the EOM:s.

27/ 49
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L NLL running of [)L"

NLL running of Dgz)

Now we compute the NLL soft and potential running of [)((12):
. 5D

. DN

28 /49



S-wave heavy quar konlun) spectrum with next-to-next-to-next-to-leading logarithmic accuracy
[ NLL running of D
L Soft running

Soft running

From the divergent part of the O(a®/m?) potential we can obtain the
O(a?®) soft RGE of Df) proportional to ¢ and &' Tt reads

o? Ca
LT (20F - 7) eMe® (33)
2
a® [my _niz) 4 (22 5 @ 2)
— | — Ty C C - —C
e |:’I’TL2 (3 ner T = 3(Ca+ Ople ] - 5 Caler]

m 1 4 5
+2 <§Tfnfé§”“> —3(Ca+Cr)e)? - EOA[#)]Z)}

a® [m Trn 125
+ 2 [71 (— 1 (65C 4 — 54C )G — Ca —5 (25Ca - TTpnf)[c;?)ﬁ)

472 | mo 54
T, 125
42 ( F”f (65C = 54C )&}V — Z2(25C — —Trn )[c<1>]2)]
maq 3
+0(a®).

= The O(a?®) stands for missing terms proportional to NRQCD Wilson
coefficients different from ¢ and & i.e ¢k, dss and dys.

m We compute the strict NLL contribution 5D(2) NEL 5 the solution of
this equation (the LL is already included in Eq (13)).
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L NLL running of D¢?)
L d
Soft running

Soft running

One should also add the contributions generated by the new o®/m?
potentials (Eq. (32)) appearing after using the EOMs'® in energy
dependent potentials:

1 3 (M2 (1)2 , M1 (2)2
—_ ... —_ J— _ 4
—+ 4CFCAQ (mlcF + 2CF ) (3 )

where the dots stand for the already computed soft RGE. Its solution reads

H@NLL _ _WCACF(m% +m3)(1 — 2= 2(Ca=F0))a2(1y,)

1
d,new 4mim2(Ca — Po)

(35)

where z = (a(v)/a(v))"/P0.

The soft running will change to SD‘(;z NEL (5[);2 NLL | 52 NLL

d,new

16Remember that we only computed the potentials proportional to c?, and E}fl (the
latter is zero). The c; terms can also mix with the a?/m?® potentials through field
redefinitions. This contribution could depend on the matching scheme, though.
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- Potential running

Potential running

To determine the potential RGE, we need to compute all potential loops
that produce UV divergences that get absorbed in Dfiz) and that are at
most of O(a®).

m Since the delta-like potential is of O(1/m?), we must construct
potential loop diagrams of O(a™/m?) with n < 3,

considering the power of a and m of each potential and that every
propagator adds an extra power of the mass in the numerator.

31/49



S-wave heavy quarkonium spectrum with next-to-next-to-next-to-leading logarithmic accuracy
>

L NLL running of D )

- Potential running

Potential running

The diagrams that contribute to the NLL potential running of D((f) are the

following
______ ._______.______
VQZ/mS Ve
______ ._______.______
Voo Vi
______ ._______.______
Va2/m ch»(/m2
______ ._______.______

Figure: Divergent diagrams with one potential loop that contribute to the running
of Déz) at O(a?).
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LNLL running of ]:d
- Potential running

Potential running

------ [ P . E—
Viyma Vo Ve
------ [ P O —
Vo Viyma Ve
—————— [ — E—
Ve Ve Vajma
—————— [ R = E—
Vit Vs o
—————— [ R = S E—
Va/m? Ve Vem2
—————— (TR — —
Ve Ve/m2 Va/m?
—————— [ (U IS E-—
Vaz/m Vijms Ve
—————— [ p—
Ve Vl/m-? Vn2/m

Figure: Divergent diagrams with two potential loops that contribute to the
running of D((f) at O(a?).
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L NLL running of [)L"
- Potential running

Potential running

R | [E—— [
Vo Vl/m"
P, | [—— H----
Ve Vi /ms3
P - [ [E—
Vafm2 Vi pms
R | [ [ [E—
Ve Ve
————n | (—— [ p—
Ve V&/mz
R H--——-—- [ —
Va2 Ve

Figure: Divergent diagrams with three potential loops that contribute to the

running of D((f) at O(a?).
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- Potential running

Potential running

—————— -
Ve Vims Vims Ve

------ a----——-m---—-——-m--——-—-m--—-
VF Vvl/mg VC' ‘/l/m';

------ a----—-m----——-m--——----—-
Ve Ve Vl/mz Vl/mz

S-wave heavy quarkonium spectrum with next-to-next-to-next-to-leading logarithmic accuracy
>

Figure: Divergent diagrams with four potential loops that contribute to the

running of D((f) at O(a?).

where Vo is the tree level O(a) Coulomb potential, Vr /s is the
O(a" /m?) potential and Vi ,,3 corresponds to the first relativistic
correction to the kinetic energy, which is proportional to ca.
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- Potential running

Potential running

We find that:

m The first contribution to the potential running is of O(a®).

m The UV divergences of such diagrams must be absorbed by all the
1/ m? potentials but, after the computation, we observe that all of
them are absorbed only by the delta-like potential.
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Potential running

m The potential RGE reads!”
d =~ : 1 1 -
UE(sDSf);NLL = —254C’§va%,ms (m— + —) D;z)
L2 _m? P2 _gpH@HE 4 1ap@2 S5p@2 2 dp@2
FOVs mima d d 1 1 6 Si2 37 s2
1 1 -
2 2 3 (2)
+2c4Craym;, (m—? + m—g> (ZJLD1 )

. (2) & - (2) & . 11
+CrCa [2D§2)D“) ~DP DN 4 et DV aymemims (—3 + —d”
my M3

1 1\?
+ciC§-a‘:’,mim1m2 < + —)

m3

L(ma T C5(Ca — 2CF)a3D(2)
ma mi 2 5271/7'3

s 3 2|5 1 1 e @ 1
—2Cpa"m, |—mima | — + — ) +2 —+— +
8 mj my 77%1 1n2 mimso

17For simplicity, we use c;:) = 1. See M. E. Luke, and A. V. Manohar, Phys. Lett. B
286, 348 (1992).
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- Potential running

Potential running

c L) ) cay | eay
+Cr (QCF - i) aPmemima | - | =2+ =L | + 2 4 A2
2 2 m? mg m? mg

1
4
W @ T
2( Ty Ty ) (*3 + 7)
1 my my my

(1)2 (2) 2
1 c c 1
—_— (L + L) ] - ECFCAoe?’mrmlmz

mimso mi ma
(1)2 (2) 2 (1) (1) (2) (2)
+ °F + Cr _[Erfs + €F s
m3 m3 m3 m3
1 2 1 2
(1) (2) (1) (2)
Ca 3 Cag | Cag 1 [ Cay = Cay,
—(Cp - —)C —_— — — | —= —3 ’ 36
(F 2) Famrm1m2|:<m:f+mg +2 mf+m§ (36)

m Part of this equation was already computed in A. V. Manohar, and
I. W. Stewart, Phys. Rev. Lett. 85, 2248 (2000) with which we find

agreement.

m The QED limit of several of these terms can also be checked with the
computations done in I. B. Khriplovich, A. I. Milstein, and A. S.
Yelkhovsky, Phys. Scr. T46, 252, (1993) with which we find

agreement.
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- Potential running

Potential running

Comments:

m The sixth line is a term generated by a divergent potential originated
by the following ultrasoft diagram'®

ST
666 500 @2\

S 2

o o

1(E =V = p2/(2m,)

where

b i {(Omfcuao B (();((1/:)))20;\/60} NG

18A. A. Penin, A. Pineda, V. A. Smirnov, and M. Steinhauser, Nucl. Phys. B699, 183
(2004); B829, 398(E) (2010).
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- Potential running

Potential running

m Note that the gauge-dependent Wilson coefficients ca,, cp, car and

cx1 appearlg.

m However, using reparametrization invariance?® relations, everything
can be written in terms of ¢4, = ca, — 4car, which is gauge

independent?!. This is a strong check of the computation.

m In order to solve the potential RGE, we need to introduce the Wilson
coefficients of the potentials with LL accuracy.

19D. Moreno, and A. Pineda, Phys. Rev. D 97 016012 (2018); 98 059902(E) (2018);
R. J. Hill, G. Lee, G. Paz, and M. P. Solon, Phys. Rev. D 87, 053017 (2013)
20M. E. Luke, and A. V. Manohar, Phys. Lett. B 286, 348 (1992).
211t is an observable in the low energy limit of the Compton scattering: D. Moreno,
and A. Pineda, Phys. Rev. D 97 016012 (2018); 98 059902(E) (2018)
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[ NLL running of DFI

Size running D} )

. )
Size running D,

To visualize the relative importance of the NLO/NLL corrections compared
with the LO/LL terms we evaluate them:

B. (ny =3) v=11GeV
LO 1.09
L (SL) 2.25 (1.70)
NLO 0.07
NLL ultrasoft (SL) | -0.18 (-0.04)
NLL soft (SL) | -0.04 (-0.02)
NLL new soft (SL) | -0.09 (-0.07)
NLL potential (SL) | 0.63 (0.29)

Table: LO, NLO, LL, NLL and single log (SL) contributions to Dy) for the B,

system (v = 2my = 2mpme/(mp + me)) for v = 1.1 GeV in the case of ny = 3.
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LSize running D,
g

. )
Size running D,

m The NLO corrections are small compared to the LO results, as
expected.

m The NLL contribution is small compared to the LL one, as expected.

m The soft running is comparable to the ultrasoft running.

m The potential running is definitely more important than the soft and
ultrasoft running.

m The resummation of large logarithms happens to be very important.
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LN‘}LL heavy quarkonium mass

N3LL heavy quarkonium mass

The spectrum at N3LO was obtained

m For the ground state A. A. Penin, and M. Steinhauser, Phys. Lett. B
538, 335 (2002).

m For S-wave states A. A. Penin, V. A. Smirnov, and M. Steinhauser,
Nucl. Phys. B716, 303 (2005) and M. Beneke, Y. Kiyo, and
K. Schuller, Nucl. Phys. B714, 67 (2005).

m For general quantum numbers but for the equal mass case Y. Kiyo, and
Y. Sumino, Phys. Lett. B 730, 76 (2014) and Y. Kiyo, and Y. Sumino,
Nucl. Phys. B889, 156 (2014).

m For the unequal mass case C. Peset, A. Pineda, and M. Stahlhofen, J.
High Energy Phys. 05, (2016) 017).

m The full result can be found in C. Peset, A. Pineda, and M. Stahlhofen,
J. High Energy Phys. 05, (2016) 017 and in a different spin basis in
C. Peset, A. Pineda, and J. Segovia, Phys. Rev. D 98, 094003 (2018).
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N3LL heavy quarkonium mass

And at N3LL

m For [ # 0 C. Peset, A. Pineda, and J. Segovia, Phys. Rev. D 98,
094003 (2018).

m for ] =0, s =1B. A. Kniehl, A. A. Penin, A. Pineda, V. A. Smirnov,
and M. Steinhauser, Phys. Rev. Lett. 92, 242001 (2004); 104,
199901(E) (2010) and A. A. Penin, A. Pineda, V. A. Smirnov, and
M. Steinhauser, Phys. Lett. B 593, 124 (2004); 677, 343(E) (2009) .
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N3LL heavy quarkonium mass

The purely N*LL energy shift 6 E,; ra . generated by ]j((f) reads??
N3LL

1 - - (m,Cra)?
new _ (2) NLL (2) NLL rUF
‘sEnl,RG NOLL = p— WCF[fSDd (Vh’V) - ‘st ( v, )] Trn‘siélo
- ~ « m,.Cra)®
+2 WCF[Dy) LL(Vh, v) — fo) LL(V, v)] |:7 :| %510
mimsa 4m ™

1 w2n K 3 nav 3 3
X {2[30 |:§ + o - nZ; )(n,O) -5 In <T> - §Sl(n):| — Eal}

7Cr 2(m CFa)3 ( na )
— W gy — ) 25
+m1mz |: 4#] n3 2 1(n) 2n 1o

LL
d - d
X (k: D(2)) (vh;v) — (k D(2)>
dk . dk

where 6[7;2) NLL s defined in Eq. (12). By adding § ,’ﬁ"’{{G’NBLL to the

already known contributions one obtains the complete N3LL heavy
quarkonium spectrum.

LL
(v; V)] ; (38)
k=v

22Missing definitions can be found in C. Peset, A. Pineda, and J. Segovia, Phys. Rev.
D 98, 094003 (2018).
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Conclusions

= We have computed the ST O(a?/m?) and O(a/m?) potentials in the
Coulomb gauge.

m We have computed the divergent part of the O(a®/m?) SI delta-like
potential proportional to ¢%, & in a general covariant gauge
(proportional to c%, dss and dys missing).

= We have quantified the mixing between the o®/m? and the o®/m?
potentials proportional to ¢%, which takes place when using the full
EOMs in energy dependent potentials.
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L Conclusions

Conclusions

m We have computed and solved the NLL soft (partially) and potential
RGEs of the Wilson coefficient Eff), associated to the SI delta-like
potential.

m The missing terms to obtain the full result are:

m The NLL running of E?l, whose associated missing contribution to the
spectrum is of O(Tfnfmoz6 In @), which is expected to be quite small.

m The piece of the soft running proportional to c% dss and dys. This
contribution is estimated to be smaller compared to the potential
running, since the soft running is w2 suppressed with respect to it.

m We have made an important step towards the determination of the
S-wave (I = 0) spin-average (SI) heavy quarkonium spectrum with
N3LL accuracy, and therefore, of the full N®LL spectrum.
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L Conclusions

Conclusions

m We remark that significant parts of the computations we have carried
out are necessary building blocks for a future evaluation of the N*LO
(ma®) heavy quarkonium spectrum.

m The NLL running of fo) is also one of the missing blocks to obtain
the complete N?LL expression of the Wilson coefficient of the
electromagnetic current.

This is indeed what is needed to achieve N?LL precision for
non-relativistic sum rules and the ¢-# production near threshold.
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Introduction

We work in the MS renormalization scheme, where the bare and
renormalized couplings are related by (D = 4 + 2¢)

2 —2e 2-2¢\ 2
2 _ 2 gv 1 gv QL 1 6
95 =g |1+ sho . + ((4@2) [5062 +61J +0(g )} o (39)
YE \ €
1726 _ Z/ZE (647) , (40)
where
11 4
= — — =T
Bo 3CA g Lrny,
B = %cﬁ-%cgnf—wﬂnf. (41)

being ns the number of dynamical (active) quarks and a = ¢g?v?¢/(4r).
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Introduction

The running of « is governed by the 8 function defined through

1 o o « a2
2 dwn P =% {ﬂoawl (i) +} (42)

Finally, let us define the following useful quantity

2= (O‘[‘((V”h))) L %a(yh)ln <Vih> . (43)
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pPNRQCD Lagrangian

We adopt the color normalization
S=S1./VvVN., 0=0T"/VTF, (44)
for the singlet S(r, R, %) and the octet O%(r, R, t) fields.

1DoO =490 — g[Ao(R,t),0], Pr = —iVRr (singlet), Pr = —iDg (octet),
p = —iV,, and

mr:M, M =mq + mo (45)
mi1 + me
r: quark-antiquark distance vector.
R: center-of-mass position of the quark-antiquark system.
t: time.
my, M are the reduced and the total mass of the system.
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pPNRQCD Lagrangian

The initial matching condition at NLO, D‘(f) NLO(I/h)7 is also known. In the
Coulomb gauge matching scheme is

2
5(2) _ a”(vp) (62 4 32 28
Dd,CG(Vh) = 2a(l/h)+T (ECA+§CF7§CAIH27§TF7LJ‘
mi mo 10 61 16
—+ =) |-=T. = - m2)c
+(m2+m1)[ 9 an+(18 3“) AD
1 _
+—— (dss + Crdys . 46
~Cr (dss(vn) + Crdus(va)) (46)

The NRQCD Wilson coefficients ¢p, dss and d,s are known at one-loop
order®®. The numerical values of D" (1) are
m For B, 0.05, 0.07 and 0.14 for ny=4, 3, and 0 (1.09 at LO).
m For bottomonium, 0.04, 0.05 and 0.08 for ny=4, 3, and 0 (0.65 at LO).
m For charmonium, 0.11, 0.13 and 0.21 for ny=4, 3, and 0 (1.05 at LO).

These corrections are small compared to the LO results.

23A. V. Manohar, Phys. Rev. D 56, 230 (1997); A. Pineda, and J. Soto, Phys. Rev. D
58, 114011 (1998).
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Plots running Dgz)

In order to visualize the relative importance of the NLL corrections
compared with the LL term, we plot them from v = v, to v =1 GeV.

For reference, in this and later figures we use the following numerical values
for the heavy quark masses and a(vp):

m mp = 4.73 GeV,

m a(mp) = 0.216547

m m. = 1.5 GeV

n a(me) = 0.348536

m a2myme/(my +me)) = 0.290758

And v, = my for bottomonium, v, = m. for charmonium, and
vp = 2my = 2mpme/(ms + me) for the B. system.
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Plots running Dgz)

Figure: Plot of the LL running of D‘(f) in the off-shell (Coulomb/Feynman)

matching scheme for different values of ny (0,3,4) and in the SL approximation

(only with ny = 3). Left: Plot for bottomonium with v}, = m;. Right: Plot for
charmonium with v, = m.. Center: Plot for B. with vy = 2myme/(mp + me). 55/ 49
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Plots running Dgz)

72 B ne=3(SL) = ol A ] meeee ny=3 (SL)
T A np= - np=0 (NLL)
g ny=3 (NLL) ) ny=3 (NLL)

nr=4 (NLL)  _gesf . ny=4 (NLL)

H@NLL
d,us
matching scheme for different values of ny (0,3,4) and in the SL approximation
(only with ny = 3). Left: Plot for bottomonium with v}, = m;. Right: Plot for
charmonium with v, = m.. Center: Plot for B, with v, = 2mpmc/(mp + me).

Figure: NLL ultrasoft running § in the off-shell (Coulomb/Feynman)
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Plots running Dgz)

z m=3(sy) = [~ 7 7] nr=3(SL)
- np=0 (NLL) - ny=0 (NLL)
Q m=3 (NLL) § ny=3 (NLL)

np=4 (NLL)

nr=4 (NLL)

Figure: Plot of the NLL soft running 5[3(22; NEL for different values of nys (0,3,4)

and in the SL approximation (only with n:f = 3). Left: Plot for bottomonium
with v, = my. Right: Plot for charmonium with v, = m.. Centered: Plot for

B with vy, = 2mpme/(mp + me).
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Plots running Dgz)

.......... (sL)

........ nr=0 (NLL) £ n;=0 (NLL)
ne=3 (NLL) ° np=3 (NLL)
ng=4 (NLL) ~ -oo np=4 (NLL)

Figure: Plot of the extra contribution to the NLL soft running, JDl(iQ; NLL, due to

Eq. (35), for different values of ny (0,3,4) and in the SL approximation (only with
ny = 3). Left: Plot for bottomonium with v}, = m;. Right: Plot for charmonium
with v, = mc.. Centered: Plot for B. with vy, = 2mpmc/(mp + me).
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Plots running Dgz)

————— ETIE. - (81)
- np=0 (NLL) - s np=0 (NLL)
=8 (NLL) fr=3 (NLL)
np=4 (NLL) np=4 (NLL)

77777 (sL)
,,,,,,,, nr=0 (NLL)
ny=3 (NLL)
ny=4 (NLL)

Figure: Plot of §D((1?Z);NLL for different values of ny (0,3,4) and in the SL
approximation (only with ny = 3). Left: Plot for bottomonium with v, = my,.
Right: Plot for charmonium with v, = m.. Centered: Plot for B, with
vp = mema/(mb + mc).
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N3LL heavy quarkonium mass

m The first three lines are generated by the term proportional to 6(3)(1‘).

] 'ljhe last two lines come from the Fourier tranform of the Ink term in

(2)
Dd
LL 2 9
d . a « C
kED((f,)CG wniv) = —Bo—+ — (QCF - TA) e el (47)
k=v

2 1 4 5
+i [E (ngnfE};l(2> — g(CA +CF)¢](C2)2 — ECAC@) 2)

T Lmg F

mi

(m1 +m2)24 /Cy a? a(v)
- mimo 3 (T - CF) ™ |:1n (oc(VZ/Vh)) + 1:| ’

m 1 4 5
+2 (ngnfa?“” - S(Ca+Ope)? BcAcg)"‘)]
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