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Motivation:  
Verification of universality of 
NRQCD LDMEs to two loops
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Gauge-completed NRQCD LDMEs
• Nayak, Qiu, Sterman (NQS) (2005, 2006):  

Color-octet NRQCD long-distance matrix elements (NRQCD LDMEs) 
should be generalized to include Wilson (eikonal) lines for gauge-
invariant definition of them: NQS, PLB, 2005

NQS, PRD, 2005
NQS, PRD, 2007

• The Wilson lines             are path-ordered exponential, constructed 
from the gauge field in adjoint matrix representations 

    is the velocity of the source, and its direction is arbitrary
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Eikonal line
• The operator E        represents eikonal lines in Feynman diagrams

• This eikonal line makes NRQCD LDMEs gauge invariant

• A semi-hard gluon (orange) with energy of order mQ in       rest frame 
can connect to the QQ pair through soft gluon exchanges (blue).   
The eikonal line is the soft approximation for it

• The soft gluons are nonperturbative so they must be absorbed into the 
NRQCD LDMEs, and the only way to do is to introduce the Wilson line 
part of the LDMEs  

Bodwin, QWG 2013
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Universality of NRQCD LDMEs

• The direction of Wilson line is the direction of the semi-hard gluon

• If the corresponding NRQCD LDME were to depend on the direction of 
the Wilson line, then there would be a different LDME for each direction 
of the hard gluon, that is, no universality of the LDME.

• So, as a necessary condition for NRQCD factorization to hold, we 
require the IR poles of gauge-completed NRQCD LDMEs to be 
independent of the direction of Wilson line `

<latexit sha1_base64="42PYAYC8VT+XitZyjBHNwucLm7o=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9OCh4MVjBfsBbSib7aRdursJuxuhhP4FLx4U8eof8ua/MWlz0NYHA4/3ZpiZF8SCG+u6387a+sbm1nZpp7y7t39wWDk6bpso0QxbLBKR7gbUoOAKW5Zbgd1YI5WBwE4wucv9zhNqwyP1aKcx+pKOFA85ozaX+ijEoFJ1a+4cZJV4BalCgeag8tUfRiyRqCwT1Jie58bWT6m2nAmclfuJwZiyCR1hL6OKSjR+Or91Rs4zZUjCSGelLJmrvydSKo2ZyiDrlNSOzbKXi/95vcSGN37KVZxYVGyxKEwEsRHJHydDrpFZMc0IZZpntxI2ppoym8VTzkLwll9eJe16zbus1R+uqo3bIo4SnMIZXIAH19CAe2hCCxiM4Rle4c2Rzovz7nwsWtecYuYE/sD5/AEM5o45</latexit>
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• Using the light-cone variable integrations,  Nayak, Qiu, and Sterman 
computed the IR poles of the fragmentation function for 
                        to two loops. 

Covariant check of NRQCD factorization

g ! QQ̄[1] +X
<latexit sha1_base64="TaZZeAp6n/ucwyrXZeoitb6sGWk=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJS7AIglCSKujBQ8GLxxbsBySxbLabdulmE3Y3QgkB/4oXD4p49Xd489+4bXPQ1gcDj/dmmJkXJIxKZdvfRmlldW19o7xZ2dre2d0z9w86Mk4FJm0cs1j0AiQJo5y0FVWM9BJBUBQw0g3Gt1O/+0iEpDG/V5OE+BEachpSjJSW+ubR0FOx1fICJLJW/pC5jp+f9/pm1a7ZM1jLxClIFQo0++aXN4hxGhGuMENSuo6dKD9DQlHMSF7xUkkShMdoSFxNOYqI9LPZ+bl1qpWBFcZCF1fWTP09kaFIykkU6M4IqZFc9Kbif56bqvDazyhPUkU4ni8KU2bpj6dZWAMqCFZsognCgupbLTxCAmGlE6voEJzFl5dJp15zLmr11mW1cVPEUYZjOIEzcOAKGnAHTWgDhgye4RXejCfjxXg3PuatJaOYOYQ/MD5/AIYllS4=</latexit>

• Our motivation is to provide independent check of the complicated light-
cone calculation using the Lorentz covariant integrations.

• NQS found that there are non-canceled IR poles from the non-
topologically factorized diagrams at NNLO, and they are independent of \̀<latexit sha1_base64="42PYAYC8VT+XitZyjBHNwucLm7o=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9OCh4MVjBfsBbSib7aRdursJuxuhhP4FLx4U8eof8ua/MWlz0NYHA4/3ZpiZF8SCG+u6387a+sbm1nZpp7y7t39wWDk6bpso0QxbLBKR7gbUoOAKW5Zbgd1YI5WBwE4wucv9zhNqwyP1aKcx+pKOFA85ozaX+ijEoFJ1a+4cZJV4BalCgeag8tUfRiyRqCwT1Jie58bWT6m2nAmclfuJwZiyCR1hL6OKSjR+Or91Rs4zZUjCSGelLJmrvydSKo2ZyiDrlNSOzbKXi/95vcSGN37KVZxYVGyxKEwEsRHJHydDrpFZMc0IZZpntxI2ppoym8VTzkLwll9eJe16zbus1R+uqo3bIo4SnMIZXIAH19CAe2hCCxiM4Rle4c2Rzovz7nwsWtecYuYE/sD5/AEM5o45</latexit>

NQS, PLB, 2005
NQS, PRD, 2005
NQS, PRD, 2007

Examples of the non-topologically factorized two loop diagrams 
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Method of calculations:  
Lorentz covariant integrations
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Kinematics

One of NNLO diagrams of NRQCD LDMEs  
for octet to singlet transition

• P1 and P2 are the momenta of quark 
and antiquark (top), respectively, and 
the eikonal gluon (bottom) carries 
momentum 

• ki     is the total momentum carried 
by the soft gluons making octetQQ 
pair into color singlet 

• our k1 is k1-k2  in NQS

• The available Lorentz invariant 
quantities are

-independent -dependent

We will show the   -independence of the remaining IR poles

 9



Soft approximation

• Since we are considering IR poles, we take the soft approximation for    , 
because the soft approximation reproduces all IR poles.

* replace Q and Q propagators and vertices with eikonal propagators and verticesQ
<latexit sha1_base64="UCB5/MU6aSYOhzhyDEJIBn265RE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs1mv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7olJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jUZcIXMiIkllClubyVsRBVlxmZTsiF4yy+vknat6l1Ua83LSv0mj6MIJ3AK5+DBFdThDhrQAgYIz/AKb86j8+K8Ox+L1oKTzxzDHzifP6qdjNM=</latexit>

Q̄
<latexit sha1_base64="7VVBoTfopIMW/vsSeDXDm/okdHs=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyAfMByRHmNnvJkr29Y3dPCEd+hI2FIrb+Hjv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqaKsRWMRq26AmgkuWctwI1g3UQyjQLBOMLmf+50npjSP5aOZJsyPcCR5yCkaK3X6AaqsORuUK27VXYCsEy8nFcjRGJS/+sOYphGThgrUuue5ifEzVIZTwWalfqpZgnSCI9azVGLEtJ8tzp2RC6sMSRgrW9KQhfp7IsNI62kU2M4IzVivenPxP6+XmvDWz7hMUsMkXS4KU0FMTOa/kyFXjBoxtQSp4vZWQseokBqbUMmG4K2+vE7atap3Va01ryv1uzyOIpzBOVyCBzdQhwdoQAsoTOAZXuHNSZwX5935WLYWnHzmFP7A+fwBaDWPmA==</latexit>

+ for quark and - for antiquark

• In this approximation, perturbative Feynman rules for quark-gluon 
interaction are modified as
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Covariant phase-space integrations
• The soft approximation removes the kinematic bound on the phase 

space, so the phase-space integrations of final-state real gluons are given 
by

• Applying Feynman parameters, we can show that the phase-space 
integrations are written in the following forms, where p and M^ are 
functions of external momenta and Feynman parameters

• In fact, the phase-space integrations for our problems can be done in 
terms of the following two integral tables:

p
<latexit sha1_base64="MemrzLfA/onmsFuEjKS+7W3IQQ8=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs2kX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSbtW9S6qteZlpX6Tx1GEEziFc/DgCupwBw1oAQOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH9mZjPI=</latexit>

M2
<latexit sha1_base64="SbyVgcICNHy0fskSL8ZJxjmSF+4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMZGiGg+IIlhbzOXLNnbO3b3hHDkJ9hYKGLrL7Lz37hJrtDEBwOP92aYmefHgmvjut9ObmV1bX0jv1nY2t7Z3SvuHzR0lCiGdRaJSLV8qlFwiXXDjcBWrJCGvsCmP7qe+s0nVJpH8sGMY+yGdCB5wBk1Vrq/faz0iiW37M5AlomXkRJkqPWKX51+xJIQpWGCat323Nh0U6oMZwInhU6iMaZsRAfYtlTSEHU3nZ06ISdW6ZMgUrakITP190RKQ63HoW87Q2qGetGbiv957cQEl92UyzgxKNl8UZAIYiIy/Zv0uUJmxNgSyhS3txI2pIoyY9Mp2BC8xZeXSaNS9s7KlbvzUvUqiyMPR3AMp+DBBVThBmpQBwYDeIZXeHOE8+K8Ox/z1pyTzRzCHzifP8mejXM=</latexit>
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• Therefore, for diagram type I , we compute

Method of calculations
• Compute cut diagrams with soft approximation, with Feynman gauge
• Identify the IR poles by introducing covariant UV cutoffs
• Use dimensional regularizations to regulate IR and UV divergences
• Perform loop and phase-space integrals in covariant way and the 

remaining parameter integrations using standard techniques for multi-
loop integrals such as MB integrals and sector decomposition

• Sum over all of gluon connections to quarks (P1P2symmetrization)

• We need only the 2 times of real parts of the diagrams because we should 
sum the corresponding complex conjugate cut diagrams
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Two-loop Abelian diagrams
• We have 4 types of Abelian two-loop diagrams:

no single gluon connection
between quarks

gluon connection  
between quarks

IR poles emerge only from the soft gluon connections between two quarks
 13



Two-loop non-Abelian diagrams

• Rearranging numerator terms due to triple-gluon vertex, we write 

• In this rearrangement, we can eliminate the collinear to \e singularities 
even before performing integrations, and so we can remove the most 
singular divergence        . But, we have to deal with        and        poles

canceled by part of

canceled by part of 
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Results of calculations:  
uncanceled IR poles
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Diagram   Ai

• The color factors of these diagrams vanish        no IR poles 
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Diagram   Ai

• After         symmetrization and summation over cut diagrams, we find 
that the remaining poles are pure imaginary, so there are no remaining 
real IR poles
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Diagram   Ai

• The first diagrams that yield the uncanceled IR poles

• After        symmetrization, we obtain

color factors

• We identified the UV and IR poles with additional UV cutoffs

• The UV poles should be absorbed into the short-distance coefficients of 
LDME, and the IR pole is inherently the 1-loop contribution to LDME 
(topologically factorized as the LO diagram)

NQS, PRD, 2005
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Diagram   Ai

• The resulting IR poles are

color factors

discrepancy with NQS’s result (NQS, PRD, 2005)

• Diagrams D have very similar IR structure to C, but contains no UV poles

 19
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Diagram  Ai

agrees with NQS’s result (NQS, PRD, 2006)

• In computing the above IR poles, we encountered very complicated 
intermediate expressions involving hundreds of dilogs and trilogs that 
cancel in the end. The analytic proof for the cancellation is accomplished  
through the use of many dilog and trilog identities, one of them is 

which is essential for        pole cancellation

color factor
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Discussions

• All IR poles are independent of the direction of \ell note that

• The velocity dependent factor is

• IR poles from the non-topologically factorized two-loop diagrams:

Preliminary

• The inherently two-loop contributions to LDMEs are from     and   
and they cancel:
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Conclusions
• Our covariant method was intended to be an independent approach and 

expected to give simpler calculations than the light-cone integrations

• However, the covariant method is more complicated because, in contrast 
with the light-cone method, cancellation of real-real diagrams against part 
of real-virtual diagrams, and additional cancellation of poles from some of 
the residues of light-cone variable integrations through symmetry cannot 
be made manifest

• Work still in progress on understanding the simplicity of the final result 
and the discrepancy with NQS results for D

Thank you!
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Backup slides
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NRQCD and Fragmentation function
• Assuming the NRQCD factorization of the fragmentation function,  

we can write the fragmentation function as

where the conventional NRQCD LDMEs are given by

hO
H

n
i = h0|�†n PH(P ) 

†0
n
�|0i

<latexit sha1_base64="F2TtqbmIlGYBCwVFQiXV0Dx5EYM="></latexit>

• ditoqqbar     is the fragmentation short-distance coefficients, and since 
they are independent of hadronic states H, they can be obtained from 
the matching of the free QQ fragmentation functions:

D[g ! H](z, µ⇤) =
X

n

dg!QQ̄[n](z)hO
H

n
i

<latexit sha1_base64="VOGpsc5TsmBesfwUkx0JHUfBQuU="></latexit>

dg!QQ̄[n](z)
<latexit sha1_base64="v+IbhelwoofWDcywZlX5PDb/S4w=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuilJFXThouDGZQv2AWkok8mkHTqZhJmJUENw46+4caGIW7/CnX/jpM1CWw8MHM65lzvneDGjUlnWt1FaWV1b3yhvVra2d3b3zP2DrowSgUkHRywSfQ9JwignHUUVI/1YEBR6jPS8yU3u9+6JkDTid2oaEzdEI04DipHS0tA88ofpaKAi2B54SKTtzOFuVns4g5WhWbXq1gxwmdgFqYICraH5NfAjnISEK8yQlI5txcpNkVAUM5JVBokkMcITNCKOphyFRLrpLEIGT7XiwyAS+nEFZ+rvjRSFUk5DT0+GSI3lopeL/3lOooIrN6U8ThTheH4oSBjUkfM+oE8FwYpNNUFYUP1XiMdIIKx0a3kJ9mLkZdJt1O3zeqN9UW1eF3WUwTE4ATVgg0vQBLegBToAg0fwDF7Bm/FkvBjvxsd8tGQUO4fgD4zPH+F1lmo=</latexit>

H
<latexit sha1_base64="UN1nM4T5g75+4nWnIZJw8sy2ye0=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwCZlAuYDkiPsbeaSNXt7x+6eEEJ+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++3kNja3tnfyu4W9/YPDo+LxSUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH4/u5335CpXksH8wkQT+iQ8lDzqixUqPWL5bcsrsAWSdeRkqQod4vfvUGMUsjlIYJqnXXcxPjT6kynAmcFXqpxoSyMR1i11JJI9T+dHHojFxYZUDCWNmShizU3xNTGmk9iQLbGVEz0qveXPzP66YmvPWnXCapQcmWi8JUEBOT+ddkwBUyIyaWUKa4vZWwEVWUGZtNwYbgrb68TlqVsndVrjSuS9W7LI48nME5XIIHN1CFGtShCQwQnuEV3pxH58V5dz6WrTknmzmFP3A+fwCc+YzK</latexit>

QQ̄
<latexit sha1_base64="jOpoAsFqVaYsLiTqkSKdEijpY+I=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswl0UtLAI2FgmYD4gOcLeZi9Zsrd37s4J4cifsLFQxNa/Y+e/cZNcoYkPBh7vzTAzL0ikMOi6387a+sbm1nZhp7i7t39wWDo6bpk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxnczv/3EtRGxesBJwv2IDpUIBaNopU6jF1CdNab9UtmtuHOQVeLlpAw56v3SV28QszTiCpmkxnQ9N0E/oxoFk3xa7KWGJ5SN6ZB3LVU04sbP5vdOyblVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG88TOhkhS5YotFYSoJxmT2PBkIzRnKiSWUaWFvJWxENWVoIyraELzll1dJq1rxLivVxlW5dpvHUYBTOIML8OAaanAPdWgCAwnP8ApvzqPz4rw7H4vWNSefOYE/cD5/AAovj/M=</latexit>

D[g ! QQ̄](z, µ⇤) =
X

n

dg!QQ̄[n](z)hO
QQ̄
n i

<latexit sha1_base64="AevKTAWgQfAWvRA7WuNuDe4NfuU="></latexit>

NRQCDfull QCD

Matching

n,
0
n

<latexit sha1_base64="LeHEZwDjscWvDe5+Cxgric34gUM=">AAAB/HicbZDLSgMxFIYzXmu9Vbt0EyyiCykzVdCFi4IblxXsBdphOJNm2tBMJiQZoQz1Vdy4UMStD+LOtzFtZ6GtPwQ+/nMO5+QPJWfauO63s7K6tr6xWdgqbu/s7u2XDg5bOkkVoU2S8ER1QtCUM0GbhhlOO1JRiENO2+HodlpvP1KlWSIezFhSP4aBYBEjYKwVlMq9EUgJgTjHczoNrFtxq+5MeBm8HCooVyMoffX6CUljKgzhoHXXc6XxM1CGEU4nxV6qqQQyggHtWhQQU+1ns+Mn+MQ6fRwlyj5h8Mz9PZFBrPU4Dm1nDGaoF2tT879aNzXRtZ8xIVNDBZkvilKOTYKnSeA+U5QYPrYARDF7KyZDUECMzatoQ/AWv7wMrVrVu6jW7i8r9Zs8jgI6QsfoDHnoCtXRHWqgJiJojJ7RK3pznpwX5935mLeuOPlMGf2R8/kD6xyURg==</latexit>

: Pauli and color matches

Braaten, Yuan, PRL, 1993
Braaten, Yuan, PRD, 1995

sharing identical IR structures
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Convergent factor

• The eikonal line propagator of the fragmentation function on the cut is 
proportional to the +-momentum conserving delta function:

• Integrating delta function over all allowed values of                 , we obtain

• And integrating over all value    with an IR conserving weight function,

we obtain

• This convergent factor works as a UV cutoff and allows us to make 
manifestly covariant phase-space integration
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Feynman rules for eikonal line

propagator vertex

LHS of cut

RHS of cut

Cut line propagator
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depend only on     or 

Two-loop non-Abelian diagrams

• Rearranging numerator terms due to triple-gluon vertex,

canceled by P1P1 or P2P2 diagrams

•     is the part of the integral          whose integrand proportional to 

• The contributions proportional to      vanish: 
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