
Superconducting Kinetic Inductance 
Parametric Amplifiers

Peter Day, Byeongho Eom, Rick Leduc Jet Propulsion Laboratory, California Institute of
Technology ; Nikita Klimovich Caltech

Traveling-wave, superconducting parametric amplifiers based on nonlinear transmission lines are well suited for use as readout amplifiers for

low temperature detector technologies involving frequency domain multiplexing at GHz frequencies. These paramps can have very wide

instantaneous bandwidth and large enough dynamic range to handle thousands of signals at typical levels for superconducting detectors. The

measured noise is very close to the quantum limit and is a factor of several lower than the best transistor amplifiers. Another device utilizing

nonlinear kinetic inductance, the Kinetic Inductance Parametric UP-converter (KPUP), is based on a current-sensitive resonator. Arrays of KPUPs

are an interesting approach to reading out TES bolometers or other superconducting detectors.

Motivation for wideband paramps
• (Cryogenic) Transistor microwave amplifiers:  HEMT, SiGe BPT are

• Broad band, high dynamic range, 

• But:  Added noise several hn / second / Hz (Quantum limit = ½ hn)

• For many applications we would like:

• Near quantum limited noise performance

• Wide instantaneous bandwidth

• High dynamic range

• Low power dissipation

• Some applications:

• Direct detector array readout in the microwave domain

• MKID readout amplifier

• RF or IF amplifiers for heterodyne receiver arrays

• Pre-amplifiers for radiometers or other recievers

• Millimeter-wave interferometry

Superconducting film surface inductance:  
• Parametric amplifiers are based around a nonlinear circuit response – in this case we use the 

nonlinear kinetic inductance

• The absence of dissipation in the superconducting circuit implies minimal added noise 

(consistent with quantum mechanics)

• Ls = L0 (1 + I2/I*
2 + …)       (Quadratic in current to leading order)

• E.g.  Ginsberg Landau theory:

• Order parameter suppressed by superfluid velocity

Kinetic energy of super current

Condensation energy

From sonnet simulations, the sheet inductance of the TiN films is found to be Ls = 6.2pH. The
eÆective bulk penetration depth can be found from ∏eff =

p
Lst/µ0 ª 500µm, where t is the film

thickness. This eÆective penetration depth was used along with (a modified version of) the program
“induct.c” to calculate the supercurrent density in the transmission lines (fig. 1 – right). Given
these results, it is reasonable to take the current as being uniform throughout the conductors.
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Figure 1: Left: Measured phase shift at 2 GHz versus DC current added to two TiN transmission
lines. The total length of the two lines corresponds to approximately 21 radians in each case. Right:
Calculated current distributions in the CPW and CPS lines. The current is nearly uniform owing
to the large value of the penetration depth relative to the film thickness.

3 Comparison with theory

The Ginzburg-Landau theory is used to analyze situations where the superconducting order pa-
rameter varies in space or in response to applied fields. GL theory is only rigorous near Tc, but
has been found experimentally to be useful over a wider temperature range. One prediction of the
theory is a suppression of the superconducting order parameter with superfluid velocity, vs (see
Tinkam 4.34),
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Here, ª is the GL coherence length, and |√| is identified with n
§
s, the eÆective density of pairs in

the condensate, which is related to the experimental penetration depth ∏eff = (m§
/µ0e
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For vs much lower than the critical velocity at which quasiparticles are created, we can write
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eqn. 3 in a more intuitive form as
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where n
§
s,0 is the unperturbed value of n

§
s, and Hc is the critical field. The factor µ0∏

2
effJ

2
s is (twice)

the kinetic energy of the supercurrent and µ0H
2
c is (twice) the energy associated with condensation

of the superconducting state. Note that for a type II superconductor, we can take Hc ª
p

Hc1Hc2.
As we do not know of or necessarily trust previous measurements of these quantities, we can also
estimate this parameter from the relation N(0)¢2

/2 = µ0H
2
c /2. For ¢ = 0.7meV (a guess) and

N(0) = 8.7£ 109ev°1
µm °3 as quoted in Leduc et al., we obtain µ0Hc = 0.029 T.

The suppression of n
§
s leads to a change in surface inductance and phase shift according to
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where Æ is the kinetic inductance fraction. Clearly the GL theory predicts the correct form of
the frequency shift. To compare with the measurement we find the critical field values that make
eqn. 4 fit the data. Plugging in the value of ∏eff from the sonnet simulations and Æ = 0.75 from
induct.c, we obtain µ0Hc = 0.020 and 0.022 T, for devices 1 and 2 respectively.

4 Comparison with resonator non-linear response

The non-linear response of one of the lumped–element resonators is shown in fig. 2 for a variety
of feedline powers. The inductor of the resonator was a meander line with 5µm width. The data
were fit to a model that assumes a standard lorentzian type resonance dip, but with a resonance
frequency that depends on the square of the resonator current at each point along the resonance
curve:

S21 = 1° Qt/Qc

1 + 2iQt[f0 + ±f0(f)° f ]/f0
(6)

where ±f0(f)/f0 = ±vph/vph,0 = °kIres(f)2, and f0 is the unperturbed resonance frequency.
We need to relate the resonator current to the feedline power and transmission at each point

on the resonance curve. This can be done using

Qc =
!0Ustored

Pout
(7)

where Pout the power lost by the resonator into the coupling circuit, the stored energy in the
resonator Ustored = LI

2
res = Z0I

2
res/!0, Ires is the RMS current and the resonator impedance Z0 is

estimated to be 300≠. For the shunt resonator configuration, Pout = |1° S21|2Pfeedline. Thus

I
2
res =

Qc|1° S21|2Pfeedline

Z0
(8)

Both sides of eqn. 6 contain S21, but we can easily solve iteratively for the nonlinear resonance
curve for particular values of k and Pfeedline. For each value of the feedline power, we fit the
resonance allowing both k and f0 to vary. The values of Qc and Qi were constrained by a fit to
a low power resonance curve. We found that it was necessary to allow f0 to vary to obtain a
reasonably constant value of k for diÆerent Pfeedline.

The fit results can be compared with the parameter µ0Hc found from the DC current measure-
ment and that estimated from the material parameters by equating the fractional frequency shift
±f/f0 with the fractional change in phase velocity on the feedline ±¡/¡0. These results are shown
in fig. 3. The values are clustered around the same value found in the DC current measurement.
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Traveling-wave amplifier design:
• Nonlinear element is distributed along a transmission line structure

• Pump and signal tones are injected at one end of the device

• The dispersion of the structure can be tailored, for instance by adding a periodic structure, 

to promote phase matching between pump, signal and idler waves

Signal in
Signal out

pump

dL ~ Ipump
2

idler out

A capacitively loaded CPW paramp:
• Capacitive fingers increase capacitance, reducing impedance to 50 ohms

• 2.5 cm length, v = 0.005 c, electrical length = 5 meters

• Single NbTiN layer
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• Gain measured in 3-

wave mixing mode (DC 

bias applied)

• Pump @ 15 GHz

• Pump power ~ 1 - 5 

micro-watt

• Bias current ~ 0.5 mA
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Noise measurement:
• Y-factor like method

• Noise is consistent with quantum limit across the 

band

• Setup:

Microstrip paramps:
• Multilayer process – NbTiN conductor and ground plane with deposited dielectric

• Microstrip TRL is easier to meander – longer devices can be fabricated

• Example gain curves for 11 cm TRL (22 m electrical length):
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Multiplexed current sensors (KPUP):
• Current sensitive microwave resonator

• Low readout power ~ 10 nW

• Input inductance = 20 nH

• Small footprint

• Applications to TES bolometer/ calorimeter or MMC array readout

• Noise ~ 30 pA / rtHz

• 40 element array:
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For more information or to request any of these devices, contact:

Peter.K.Day@jpl.nasa.gov
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