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Nonlocal interactions

Nonlocality can been introduced within the framework of different approaches

@ Efimov (1970) introduced nonlocal interactions in order to obtain a finite theory of
quantized fields

@ Nonlocality of fields emerges from the stochastic nature of space-time (see K. Namsrai,
Nonlocal QUF and stochastic quantum mechanics, 1986)

@ String inspired nonlocal QFT, A. Sen,JHEP (2016) 2016: 87

@ Nonlocal quantum gravity, L. Modesto, G. Calcagni, T. Biswas, G. Lambiase, L.
Buoninfante and previously Krasnikov, Y. V. Kuz'min and T. Tomboulis.

Nonlocality can be introduced in agreement with the following basic requirements:
@ The theory is invariant under diffeomorphism

@ Unitarity is preserved

The introduction of nonlocal interactions improves the convergence of the loop integrals and
makes possible to realize a finite quantum field theory

The nonlocality scale can be introduced as a new fundamental constant or be interpreted as an
effective quantity
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Nonlocal interactions (scalar field)

1 A, _1lH(—o n
£¢:—5@(D+m2)¢—ﬁ(e s H(=oD) 5yn

o EH(=oD) s the nonlocal form factor
@ o = £? sets the nonlocality scale
@ )\, couplings

The nonlocality is contained in the interaction terms

Ao Dp(e) = [ 3D gy et — [aty Qo - ) o)

with

4 -1 ok? —ik(x—
Qo —y) = | kre HHR) ke

Therefore the non-interacting theory is equivalent to the free local theory
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Form factor

The form factor exp H(z) is assumed so verify the following conditions
@ exp H(z) is an entire analytic function, with no poles nor zeros on the whole complex plane
|z| < +o0.
This condition ensures the avoidance of ghosts and preserves the unitarity of the theory
@ exp H(z) — oo sufficiently rapidly for z — +oo.
This condition is necessary in order to have a super-renormalizable or a finite theory

. . lH(—
For such a class of form factors one can perform a field redefinition ¢ = e2 /(=71)

the Lagrangian density into the following one

¢ that maps

1 A
Lo=—g0eh oD @+ m?) 6= 2o,

so that the nonlocality is contained only in the kinetic part of the Lagrangian density.
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Feynman rules

The two lagrangian gives equivalent Feynman rules

1)

—1

° - -t
Propagator W mE i A D)

@ Vertex —i A
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@ Propagator m

2
@ Vertex —i\ e 2i=1 H(@Pj)

As a consequence of nonlocality
@ If H(z) — oo for z — oo, the convergence of the propagator is improved.

@ The resulting theory can be super-renormalizable or even finite

. 2 . -
@ Since efl (0 k%) # 0 in the finite complex plane, the propagator does not have extra poles.
This ensures the avoidance of ghosts.

Note that a polynomial form factor, e. g. e (z) = z — m? would give extra poles, while we

require entire form factor will be of the form e (z) = 3=, cx2*, so that the theory contains
derivatives of infinite order.
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Examples of form factors and power counting

Asymptotically polinomial form factor
HE D) 204D for  gR2 >1

In the ultraviolet the propagator scales as k—2(1+7)
In a theory with interaction A¢™ in D dimensions, the superficial degree of divergence of a
diagram with L loops, and I internal lines is

wg=DL—-2(v+1I

Using the relation I = L 4+ V — 1, where V' is the number of vertices in the diagram, one has

wg=(D—2(14+~y)I—- DV —1)
Therefore, the theory is finite for v > % -1

Exponential form factor eH(k?0) — ko

The propagator scales as k*Ze*k%, and there is exponential convergence of all the diagrams
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Example of asymptotically polinomial form factor

Y.V. Kuzmin, Yad. Fiz. 50 (1989) 1630; E.T. Tomboulis,arXiv:hep-th/9702146; L. Modesto,
Phys. Rev. D 86 (2012) 044005.

1
H(z) = 3 [ve +T (0, (p('y+1)(z))2) + log ((P(~y+1)(z))2)]
where vg = 0.577216 is the Euler's constant,
P(yt1) = Z(’Y+1) + ch’Y + ...

is a polynomial of order 2(v + 1) and

—+oo
T'(a,2) = / t*~Lletdt
z

One has
eHi(2)  evE/2 Py+1) ~ |27+ forz = 400
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Perturbative unitarity

The unitarity condition STS =1 can be expressed in terms of the T-matrix as

T-Tt=iTiT
where the T-matrix is defined by S = 1+ ¢T. For a given process a — b, one has

Toa = Thy =1y ThHTea
c

Recasting the T-matrix as Ty = (27)% Mgy 6 (Z,Lpl -2 pf), the unitarity condition is
finally expressed by

My = My =iy M5 Mea(27)* 5 (pe — pa),

where My, = (b|M|a) is the sum of all the connected amputated diagrams for the process
a—b.
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Cutkosky rules and unitarity

Cutkosky rules gives a prescription for calculating the L. H. S. of the relation
Myg — My =03 MiMea(27) 5D (pe — pa)
(&
for any diagram. Given such prescription, this relation is satisfied at any perturbative level.

Unitarity is proved in two steps: first one proves that Cutcosky rules are still valid in nonlocal
theory, then that only normal thresholds contribute to the complex amplitudes.
The second step is more cumbersome, because one cannot use the largest time equation.

In what follows, the theory is defined in the Euclidean space, so that the loop and external
energies are assumed to be purely imaginary. Then, the amplitudes are continued analytically
to real values of the external energies.
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Nonlocal propagator and largest time equation

Propagator

—1
(k2 —m?2 + ie)eH(O' k2)

. 2 -
Since one assumes that e (7 k%) —£ (0 at finite momenta, the propagator has no extra poles, that
is, there are no extra degrees of freedom, indeed no ghosts.

The propagator in coordinate spaces cannot be decomposed as

diz ie—i(@—y)ke—H (o k?)
Dp(z—y) = AT (z - O Y+ A (z = 0 g0
F(z—y) /(2w)4 (2 —m? 1 i0) #AT(z—y)f(z" —y") + A (2 —y)b(=” —y")

with

A+($) — (2;)3 /d4eizk0(k0)p(k2)

Therefore one cannot use the largest time equation to prove that anomalous thresholds do not
contribute to the imaginary part of complex amplitudes (see t'"Hooft and Veltman, Diagrammar).
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Amplitudes in Euclidean spacetime for imaginary

I—-L

Mpn. o) AV / H id4k; 1 11 1 Blki.pn)
€)= ——— ) ) Ly
Ph Sy J@xws)L i 7 (2m) )2 k2 —m? +ie ol q]2. —m?2 +ie i Ph

where g; are linear combinations of k1 and p; and the nonlocal vertex function V(p(j)) are given

by
AN 2
(o) o
(pD) H exp |-———%|.  Blhpn) = [[Ve)
j=1
@ External energies p% are assumed to be purely imaginary
@ The k? are integrated on the imaginary axes
@ The poles of the propagators are far from the integration contour
@ The poles are functions of the external energies
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Analytic continuation of the amplitudes for p) — E,

Since B(ki,pr) # 0, the poles are the same of the local theory
The integration contour is deformed around the poles

L I-L

. N4 id4k; 1 B(k;, En, Ph)
M(Eh,Phﬂe):_?/ / H oA K2 —mZ i H 2 _ .2,
4w J(cp xR3) (C1xRB3) ;) (2m)4 k7 —m? +ie o 4G —m + e
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Singularity structure of the amplitudes

@ After the limit pg — Ey, is taken, the deformed integration contour is the same as in local

theory after Wick rotation

@ Singularities and branch cuts emerge in the limit ¢ — 0 when couples of poles merge,

trapping the integration contour

@ The poles are the same of the local theory (still given by Landau equations)

@ At a Landau pole, two of more of the propagators are on-shell

@ The discontinuity at a branch cut close to a pole is (—27¢) X Residue (see Cutkosky 1960)

H)

o

T
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Cutkosky rules

Cutkosky rules gives a prescription for calculating My, — M7, at a Landau pole, when some of
the internal propagators are on shell.

Each propagator on-shell must be replaced with — (—2mi) 6(p? — m?)

For instance, given the amplitude

X2 oidik 1 1
M(Ep,e) = ——
(En,<) 2 /(27r)4k2—m2+ie(k—p)2—m2+ie
at the Landau pole where the two propagators are on-shell
A2 id*k
2 Jre (2m)4

M—-M" =

(=2mi)? o (k)5 (k* —m*)o(p” — k°)5((p — k)* — m?)
4 0 2 2 d*k * . * 45(4)
/<R4) d*k o (K2)5(k? — m?) — /(R = Mya — My =0y M Mea(2m)*5 (pe — pa)
c

3) 2B

D2 Pa

p1 p3
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Cutkosky rules and unitarity

@ Normal thresholds: cut lines divide the diagram in two part
@ Anomalous thresholds: cut lines do not divide the diagram in two part
P2 21 P2 ptp2—k o
p—k 3
k
pi—k ps—k
p1 ps—k

k P p3

P p3 p—k P k

Cutkosky rules ensure that at normal thresholds

Mpa = My =iy MzMea(2m)*6@ (pe — pa) ,
c

The unitarity of diagrams comes from Cutkoski rules and from the fact that anomalous
thresholds do not contribute to My, — M7, .
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Cutkosky rules in nonlocal theory

The discontinuity in the imaginary part of the propagator, i. e. ,

lim { Moo (En, €) = May(En,€)} -

corresponding to a specific pole, is obtained from the amplitude

. AV Lo i dhk, 1 =L B(ki, En, 51)
M(Eh,})mé):—*/ / IT o P II - 21,
Sy J(cp xRr3) (C1xRB3) (2m)4 k7 —m? 4 ie o 4G —m + e

by the following replacements:
@ Each propagator on-shell — (—2mi) §(p? — m?)
@ For the corresponding loop momentum (C x R3) — R*
This is due to the fact that M falls in the hypothesis of Cutkosky theorerm (Cutkosky 1960)
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Integration technique

@ We have to integrate M one loop at time

@ For each integration, we have to study the positions of the poles and determine which pass
through Z for p% — By,

@ For each integration we use the relation

/c g T RePR)A = /I o {Repn) d'k o+ (2md) /]R , ;Res{ﬂk,phm?(k,ph)} d*k

[

pﬂ%E}LGR
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One loop diagram

p2 Pa
p—k
k
p1 p3
A2 id*k 1 B(ki,pn)
M(pp,€) = —— :
(Ph:€) 2 /(IXR3) (2m)% k2 — m2 +ie (k — p)2 — m2 + ie

with B(ki, pr) = V(p1,p2,k,p — k) V(p — k, k, p3, pa)
We have to find the analytic continuation to real energies

A2 id*k 1 B(ki, pn)
MBn) =5 [ A — fiaPh)
(exr3) (2m)* k2 —m?2 +ie (k — p)2 —m? +ie
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Cutkosky rules

Since p% > p% +p§, the kinematics implies that the only propagators that can go on-shell
together are those involving the momenta k and p; — k, so that one has
idk

Mipn.) = Mpn, 0" = |  (—2mi)2 Bk, b1, p2,p0)
(R4) (27r)

(k9 o(p0 — KO
(k Ekpi);ﬁlmf_i_)ie 5(k* —m3) 6((p1 — k)* —m3)
3

p3

p3s—k

p—k

No contribution from the anomalous threshold!
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Absence of anomalous thresholds

In the nonlocal theory one has

I-N

id'k; i 2o (00 _Bkipn)
Z/ﬂ /nLE%)‘*H —2mi) §(Q7 — )(Qk)jllllQ?_

m2 + ie

One has at most L + 1 cuts (e. g., two cuts in the triangle and square diagrams)
Let us consider the local scalar field obtained assuming unitary form factor

£¢:76H<p8“4p—7m @2 )\ch .

In this case one has

d4k) 2 o I-N 1
=2 - /Q RIG=31 H 2@t =@ T g,

which contains the same terms with the same delta functions as in the nonlocal case.
Therefore anomalous diagrams cannot contribute in the nonlocal case!

Fabio BrisceseSouthern University of Science and Tech 1st EPS conference o Gravitation, February the 20th,



Unitarity

@ Cutkosky rules have been generalized to nonlocal theories

@ Cutkosky rules ensure that the following relation is satisfied for normal thresholds
Mya = My =iy M Mea (20)*5™ (pe — pa),

@ Anomalous thresholds do not contribute to the imaginary part of the amplitudes
@ Indeed the perturbative unitarity is proven!
Propagator
—1
(k2 — m2 + ie)eH (@ k?)

Dp(k) =

See FB, L. Modesto, arXiv:1803.08827 [gr-qc] for more details and examples.
In agreement with similar results by T. Tomboulis (2018) and Pius & Sen (2018)
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From Stelle theory to nonlocal gravity

It is a well established fact that the Stelle theory
1
S=-53 / d'oy/=g [R+aRuR" +aR?] |
K

is renormalizable, because it contains derivatives of fourth order, Stelle, PRD 16 (1977) 4.
However, Stelle gravity is plagued by ghosts. In facts the propagator contains new poles.

The occurrence of ghosts can be avoided introducing nonlocal form factors; see L. Modesto, L.
Rachwa |, Nucl. Phys. B 889 (2014) 228 [arXiv:1407.8036].

2
Sy = — d*zv/—g[R+ R~o(=0) R+ Ry v2(—0) R*)] .
D
where R, Ry, and G, are the Ricci scalar, Ricci curvature and the Einstein tensor respectively.
Moreover, V(R) is a generalized potential at least quadratic in R (scalar, Ricci or Riemann
curvatures, and derivatives thereof). Finally, the form factors hg2(—ocJ) are defined by

eHo2(=ol) _q

0) =
70,2(0) = co,2 5 ;
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Graviton Propagator

Consider the flat Minkowski background plus perturbations g, = nuv + kp huw, the lagrangian
of the gravitational field reads

1
Lg=Lg = 5’1””0#1«90"’)0
where we have added a gauge fixing term

Lar = 710" hyw(—o0)8,hPH
The propagator is

1 2P 4 pO) P®@ P
2k2 w(ok?) k2eH2(0k?2) — p2¢Ho(ok?)
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Projectors

1
;w pcr(k) B (eupelw + Oucbup) — Teuvepo

/irlj)pa(k) (Gup‘*’wf + Ouowup + Ovpwpo + Ouowpp)

0 1
P;SV)po(k) = ﬁeweﬂo

P;(Lg),pa(k) = WuvWpo

kpk
Gﬂu:np‘u_ 22V
kuk
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Power counting

Imposing the asymptotic behavior eHo(ok?)  oHa(ok?) B2 D) | the propagator scales as

1

-1 p—2,—H(ck?) _
O ke 0

Interactions coming from the terms

R H(-o0O) -1

/d4x\/jg['R'y(—D) R] = /d4x\/jg[ = R} ~ —/d% [nOROY T A+ .. ]

so that the leading contribution at each vertex scales as k2(7+2)
The superficial degree of divergence is

0=4L—Ix2(v+2)+V x2(v+2)
and using I =V + L — 1 one has

§=4-2y(L—1)

If v > 2 one has only one loop divergences and the theory is super-renormalizable.

Fabio BrisceseSouthern University of Science and Tech 1st EPS conference o Gravitation, February the 20th,



Since the theory has only one loop divergences, we can make it finite introducing extra terms
that cancel such divergences.

L. Modesto, L. Rachwal, Jul 30, Nucl.Phys. B 889 (2014) 228-248

As we saw, quadratic terms has the following ultraviolet behaviour

/ d*zy/=g [Ry(~0) R] ~ k>0F2)
Therefore one can introduce a class of extra terms in the action

2
Sp =5 [ dovTg IR+ Rao(-0) Rt Ry a(~0) R + V(R
D

where
v+2
VR) =33 (D25 R ) i = RRW T RMY + RAD 2R+~ k20F2)
k=3 1

in such a way that these terms cancel the divergences in loop diagrams.
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Emergence of R? gravity in SRQG

Consider the SRQG Lagrangian in 4 dimensions

L =R+ Ry (O)R+ Ru,v2(0)R*”
At lowest order, using

H(oO) _
W) =5 =0

SRQG reduces to Starobinsky theory
L=R+ %RQ +0 (¢>ROR)
when ROR < o R? the model reduces to Starobinsky f(R) gravity.
FB, A. Marciano, L. Modesto, E. N. Saridakis, PRD 87 (2013) no.8, 083507

FB, L. Mosesto, S. Tsujikawa, PRD 89 (2014) no.2, 024029
S. Koshelev, L. Modesto, L. Rachwal, A. A. Starobinsky, JHEP 1611 (2016) 067
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SRQG mimics R? gravity

1
=13x1077° 55
€My, N

The scalar spectral index ns — 1 =dInPr/dInk|x—amy is

2 55
ng—1l=——=-36x10"2 (7)
N N

the tensor-to-scalar ratio r = Py, /Pr is

L
=

Tensor-to—Scalar Ratio (r)
= b =
2 [N w

o
=)

0.94 0.96 0.98 1.00 1.02
Primordial Tilt (n,)
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Maximal content on Minkowski spacetime

The Starobinsky model is an f(R) gravity model, indeed it contains an extra scalar degree of
freedom.

To reproduce Starobinsky inflation, the nonlocal model must contain (and in facts it contains at
most) one extra scalar degree of freedom without breaking unitarity. This is achieved introducing
a form factor with one zero by the replacement
2 _ 2
Ho(O) K- = m”
m2

eflo ¢

1 P2 m2p(0) p2) p(0) p(0)

T k2eH2  2k2eHo (k2 — m2) T k2eH2  2k2eHo + 2eto (k2 — m?2)
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Classical solutions

We consider the following minimal nonlocal action for the gravitational field,
2
Se=——7 / o/ =g R + Gy (DR +V(R)] .
D
where V(R) is a generalized potential at least cubic in the Ricci tensor and scalar.

The equations of motion for the action read
Euy =1+ 0~ (@) Guv + (90 Va Vs — 9auVVe) 7 (0) G 4 Qauw (Ric) = 87GN T
where Q2,,, (Ric) is at least quadratic in the Ricci tensor and scalar, e.g.

o ((00)" Rpa) (6™ R%)  or  o® ((60)" Rya) ((¢0)™ R%,) ((00)' R)

At classical level, all the solutions of Einstein's gravity in vacuum are solutions of NLG too

Gua=0=E;o =0

However, NLG has more solutions, e. g., Gua = f% Jua for Q2. (Ric) = ¢ Rua R,
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namics of small p

FB, L. Modesto, arXiv:1811.05117 [gr-qc]
Let us consider small perturbations of the Minkowski metric, i.e.,

Guv = Nuw + €hpy,  with  Jehy,| < 1 (0)

and expand all the terms in the EoM in powers of €

oo o0
huw = > €hl) and Guu(gu) = > "G with G = G () =0
n=0 n=0
Vo= "V =0, + > vV,
n=0 n=1

(960 VaVp = 9auVsVe) 7 (O) = (nuvdads — Napdsdy) ¥ (D(O)) + YAl .
n=1

1+ 0y (@) =1+00 4 (@) + Z e fm)
n=1
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Inserting the previous expansions in the EoM one has the chain of implications

¢®-0 = (1 +0O (D(O)>> G =0 =al)=o0

G =0 and G} =0 = (1+004(00))cR =0 =6 =0

and in general

Gt =0 for k<n = (14005 (@) e =0 = ait =0

Therefore one has that

Enw=0 = GEZ,L,) =0 Yn = Gu(uw)=Guu +ehu)= Z E"GEZ},) =0.

n=1

In the harmonic gauge and for asymptotically at initial data satisfying the global smallness
assumption, the solutions of vacuum Einstein equations converges asymptotically in time to
Minkowski spacetime, i. e., by, ~ t~11n(t) for t > to. That implies that asymptotic series are
valid at any time. See H. Lindblad, |. Rodnianski, Ann. of Math. 171 (2010), 14011477. H.
Lindblad, Commun. Math. Phys. (2017) 353: 135.
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Stability of Minkowski spacetime and GW

In NLG the dynamics of small perturbations of Minkowski spacetime is the same as in Einstein’s
gravity

Ew=0 = Guuw +echuw)=0

Therefore

@ any Strongly Asymptotically Flat initial data set satisfying a Global Smallness Assumption
entails a smooth, geodesically complete, and asymptotically at solution of NLG EoM in the
vacuum, which is in facts a solution of the Einstein’s equations in the vacuum.

@ the dynamics of GW is the same as in Einstein’s theory

@ This result can be generalized to Ricci-flat and maximally symmetric metrics
FB, G. Calcagni, L. Modesto, arXiv:1901.03267 [gr-qc]
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Degrees of freedom

G. Calcagni, L. Modesto, G. Nardelli, JHEP 1805 (2018) 087
The EoM of nonlocal gravity can be rearranged as a second order integro-differential system.

s= [dtav=gr+ [ dadtyd'sy/=5@ V=gV =9
G (@) |Gz, y:0) = [~9(u)] /2P (@ — y)| Gly.2) B (2),
where O0G(y, 2) = [—g(=)] /267 (y — 2).
In the case of the following form factors
@ Kuz'min form factor with HP°/(0) := a{Iln(c0) + I'[0,00] + v&}
@ String-related form factor with H**P (D) := —I20

the function G(z,y; o) is determined by a second order diffusion equations, and the dynamics is
that a second order dynamical system with 8 degrees of freedom.
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Causality violation at nonlocality scale

C. D. Carone, PRD 95, 045009 (2017).
Buoninfante, Lambiase, Mazumdar, arXiv:1805.03559 [hep-th]

Causality is violated at the nonlocality scale: particles production by classical source
1
Ly = —/Ecp (D+m2) o+e H=y g

Integrating by part the nonlocal factor can be transferred on the current J, so that the EoM is

@O +m?) p(z) = e H=9D) J(2) = J(2)

The solution is expressed in terms of the local retarded green function

Grlz—y) =0(" —y )/ (emihlen) — gikla=w)

(2m)2 2Ek
as

$(z) = do(x) + / 'y Gz —y) J(y)
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Causality violation at nonlocality scale

If one consider an impulsive current J(z) = §*(z — a) centered at some spacetime point a, the
effective current

~ 4 .
J(z) = eiH(fJD)(sél(x —x0) = (;i ’;4 e~ H(ok?) gikz
s

will have an extended support, indeed there will be a contribution to the ¢ field for 0 < a9,
therefore causality violation.

(x) = do(x) + / Ay Gz —y) J(y)

@ Causality violation is an open issue
@ It is belived that causality violations are confided to the nonlocality scales

@ In nonlocal quantum gravity a Shapiro time advance never occurs
S. Giaccari, L. Modesto, arXiv:1803.08748 [hep-th]
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Conclusions

@ Nonlocality can be introduced without breaking diff. invariance and unitarity

@ It makes possible to construct super-renormalizable or even finite gravitational models with
nice propoerties (e. g. stability of classical solutions, nice inflationary behaviour etc.)

@ It implies causality violations that seems to be cofined at the nonlocality scale

Thank you!
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