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Running coupling and -function
Structure of QCD prediction

[r scale dependence
Recurrence relation for ug
An example: running coupling

(e scale dependence
ur scale and DGLAP equation
Moving in the ug — pg plane
An example: Deep Inelastic Scattering
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Renormalization scale in QCD

Beyond tree level, we find divergent integrals in the UV region

(a) (b) ©) (d)

— a scale jug appears in the renormalization procedure
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Renormalization scale in QCD

Beyond tree level, we find divergent integrals in the UV region

(a) (b) ©) (d)

— a scale jug appears in the renormalization procedure
Evolution of the coupling as with ur — QCD [-function

o 33-2[7,(

O = Bla) = —(fo0? + frod ), o=

dlnu
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Residual scale dependence

Expansion of an observable ¢ in a perturbation series in the
coupling a5 evaluated at pg:

o(Q) =) el
n=0
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Residual scale dependence

Expansion of an observable ¢ in a perturbation series in the
coupling as evaluated at jig:

[e.e]

o(Q) =) c(Q,nr)a(iir)

n=0
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Residual scale dependence

Expansion of an observable ¢ in a perturbation series in the
coupling as evaluated at jig:

[e.e]

o(Q) = cn( @ 1r)o(11r)

n=0

o independent from pg, but true only for an all-order
prediction!
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Residual scale dependence

Expansion of an observable ¢ in a perturbation series in the
coupling as evaluated at jig:

[e.e]

o(Q) = cn( @ 1r)o(11r)

n=0

o independent from pg, but true only for an all-order
prediction! — fixed-order prediction retains a scale dependence

k
Q. 1) = ca(Q, 1r)a"(1ir)
n=0
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Residual scale dependence

Expansion of an observable ¢ in a perturbation series in the
coupling as evaluated at jig:

[e.e]

o(Q) = cn( @ 1r)o(11r)

n=0

o independent from pg, but true only for an all-order
prediction! — fixed-order prediction retains a scale dependence

k
NQ k) = alQ, pr)a"(11r)
n=0

The residual scale dependence is proved to be of O(af*1):

o"(Q, ur) = o1(Q, Q) + O(as™)
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o scale dependence

Example of scale dependence
R = Ue+e*—>had(Q)/Ue+e*—>;ﬁ;r(Q) [0 ¢ 1+C1 as(Q)+C2 Oég(Q)—i- ..

1.06
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Renormalization scale dependence

Observable o expanded in perturbation series:

o(Q) = al(Q Q)al(Q) = > (@, 1r)al(1r)

n=0 n=0

Once given ¢,(Q, @), how can we find ¢,(Q, 1g)? i.e. how
can we shift the renormalization scale from @ to a generic ug?
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Renormalization scale dependence
Observable o expanded in perturbation series:

=Y a(Q.Q) = (@, 1r)l(1ir)
n=0 n=0

Once given ¢,(Q, Q), how can we find ¢,(Q, 1g)? i.e. how

can we shift the renormalization scale from @ to a generic ug?

e Imposing:

=

d
(k)(Q)
g
dlInp e

(MR) =0,

and neglecting higher order terms which appear in the
calculation;
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Renormalization scale dependence

Observable o expanded in perturbation series:

o(Q) = (@ Q)al(Q) = Y @, ir)al(1r)

n=0 n=0

Once given ¢,(Q, @), how can we find ¢,(Q, 1g)? i.e. how
can we shift the renormalization scale from @ to a generic pg?

e Solving the S-function up to some order and expanding
the result aroung the couping evaluated at ji%:

as(Q?) = as(pi)+ BoLal (u) +{BriL+ B3 Lol (k) +- -

where L = In(u%/Q?), and then substituting this
expression in o(Q).
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Renormalization scale dependence
Observable o expanded in perturbation series:

o(Q) =) (R Qa(Q) = Y Q. r)al(ur)

Once given ¢,(Q, @), how can we find ¢,(Q, 1ig)? i.e. how
can we shift the renormalization scale from @ to a generic ug?

e Working with an all-order expression and imposing:

d
iz’ (Q) =0,
using identities well known in statistical mechanics:
[ee) 00 0o a—1
Z o’ Z fa,bOébJrl = Z o’ fb,aflfb
a=A\ b=0 a=A+1 b=\

— recurrence relation!
Giovanni Stagnitto (LPTHE) Relazioni di ricorrenza per la dipendenza di scala in QCD 05.04.18

6/ 12



Structure of QCD prediction 1R scale dependence o scale dependence Conclusions
000 o] 18} 000

Recurrence relation for g scale dependence

[arXiv:1105.5152)
The ¢,(Q, ug) coefficient is given by a polynomial of degree
less than or equal to n — 1 in the In(u%/Q?) variable:

I
2(Q. 1R) Z Cn (ln —> (1)
with ¢, given by the following recurrence relation:
Cn(Q; Q)
n—1
C,,’/ = 1 (2)
Cn,l = 7 Z mﬁnflfmcm,lfl

m=/-1
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An example: running coupling

ae(p) = calp p)as(p) = calp, po)ars(pro)
n=0 n=0

with ¢,(p, ;) = 0,1 as initial condition. First terms, with
L= In(ug/1):

as(®) = as(pg) + BoLaZ(pg) + {Brl + B L}k (1)

+ {ﬁzl- + Eﬁoﬁle + 58L3} ozi(u%)
+ { 3L + (51 + 25052)L2 + 50511-3 + 531-4} ag(ﬂg)
+ 0O

()
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An example: running coupling

ae(p) = calp p)as(p) = calp, po)ars(pro)
n=0 n=0

with ¢,(p, ;) = 0,1 as initial condition. First terms, with
L =In(u3/u?): check: if u < g, then ag(p?) > ag(ud)

as(p?) = as(pg) + 50L04 (1g) + {BL + B3L2 Y (1d)

+ {ﬁzl- + ﬁoﬁle + 58L3} ozi(u%)

Bsl + ~ 61 + 26052)L2 + 60611—3 + 50 L4} aﬁ(ﬂ%)
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Parton Distribution Functions (PDFs)
R —~
Q=3 Q) = o

ij . .
Y Partonic cross section

“Multiplicative” convolution:

fl(zl)
L dy X
a®b)(x :/ —a b(—>
: (a®b)(x) 5 (¥) "
%(as)
a®b=b®a
(e (a@b)®c=a® (b®c)
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Parton Distribution Functions (PDFs)
R —~
Q=3 Q) = o

ij . .
Y Partonic cross section

fy(,)

Divergence due to collinear

%(as) emission of gluon

fj(xz)
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Parton Distribution Functions (PDFs)

—_——~
Q=) 6i(Qur) © fi(kr) ® £ (1)

ij . .
Y Partonic cross section

fi(,) ,/
N Divergence due to collinear
K emission of gluon
N &j(as) i
\ absorbed into the PDF f
< at a scale yup
fj(2) \\
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Parton Distribution Functions (PDFs)

—_——~
Q=) 6i(Qur) © fi(kr) ® £ (1)

ij . .
Y Partonic cross section

Divergence due to collinear

e /’/ emission of gluon
)/ ¥
’ 5 (a0) absorbed into the PDF f
. Hs at a scale jir

. \J
() Evolution of PDF given by
’ ' DGLAP equation
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Parton Distribution Functions (PDFs)

—_——~~
Q=) 6i(Que) © fi(kr) ® £(1r)

ij . .
" Partonic cross section

Divergence due to collinear
t(2,) ’ emission of gluon
‘ \
/ absorbed into the PDF f
a(as) at a scale yur
\ \
\ Evolution of PDF given by
fi(z2) . DGLAP equation
f=4q,4,8
d <q,-) -y <Pik(@s(/LF)) Pig(@s(MF))> 2 (qk>
dl”ﬂ% g ng(OCS(UF)) ng(O‘S(NF)) 14

9k, Gk
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o(Q) = Z (Z 5,8-")((?, JLF NR)O‘gn+)\)(/1’R)> fi(1r)@f(1F)
n=0

ij
Divergence due to collinear
f,(z,) / emission of gluon
{ 3
’ absorbed into the PDF f
ay(as) at a scale jif
\ \:
o Evolution of PDF given by
fi(z2) DGLAP equation

f=4q,q,8

ot (5) % (B0 26) = ()

9k, Gk
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59(Q, Q, Q) —= 3(Q, ir 11r)
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1 F scale dependence Conclusions
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6.[5”)(07 Qa Q) 4 6.[8”)(0’ KF, ,UR)

&,g-n)(Q, Q,Q)— 5,(jn)(Q7MF,MF) — 3,5'")(@7#5 [iR)

REN

(Q'MR)

(“Fr_“R)

(1F bE)

- |

(Q.Q)

(1 Q) | FAC
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6-(n)(Q7 Qa Q) —> U (Q HF, ,LLR)

59(Q, Q. Q) = 5\7(Q. 11, jir) = 8(Q, 11F, 11R)

n 2\ ( QRE': (Hein)
~(n ~(n,l UR)
A CATNTDES I )<'”6§)

1=0

1 n—1

Ai(jn,l) _ 7 6,; . m(m+ )\)6'Jml 1)
m=/—-1

Q>
>
e

Il
>
S

b

b

£
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55°(Q.Q, Q) = Q. pir pir)

6,(;)(07 Q,Q) — 5,8”)(@7#/—';#/:) — 5,g-n)(Q,uF,uR) [slide 7]

REN

‘ AN (Quiw)
A(n ZA nl s
O-I(j )(QmanuF): UI(j ) (In Q_,;)

1=0

((TENTEY]

n—

[ay

5mh _

)

~| =
|

Barom(m + A5 Y

al] QQ ' Q) | FAC

3
I

A},iml_l) ® Pl(((r—l—m) +i <_>J

1

-

~q>

Il

Q>
o
b
b
£
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(Q Q,Q) 0 NQ, 1ir 1ir)

6.[(]”)(@’ Q7 Q) — 6-/(jn)(Q7MF7MF) — 6-,(jn)(Q,/14F, MR)

(n) S YINAY Qo) |
6ij (07 HF, ,U/F) = 6,] ’ (In @) |
1=0
1 n—1 |
A n,l ~ m,l—1
0 =27 Baam(m+ Y|
m=[—1 (Q.Q) (vrQ)  FAC
{ Vg Prtm 4
(n,0) (n)

59 = 50(0,Q, Q)
— only symbollc, they must be properly convoluted with PDFs
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An example: short-distance coefficients in DIS
Only one convolution (here q is quark singlet PDF):

) DY Q. e, 1)l (1r) © qlier)
n=0

First terms, with Ly = In(u%/Q?) and Lg = In(u%/u%):

C(EO)(Q 1R, ) = (0 0
C“)(Q iRy ) = C(l 0+ L, 1(cl (0,0) ®P(O>)
CZ(QuRup)—C +LM[ 00)®P 0)®( (0)_6011)"'05(110@13(1(8]

AHCEERAE <P;2>—ﬂoﬂ> +3 (@0 e PP o PY

+ LRﬂocfle + LRL[\{BOC((IO’O) ® Pq(é»

where ¢ = c"(Q, Q, Q) (note that ) = 0).
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Conclusions
e Recurrence relations:
e general way to obtain scale dependence;
e straightforward implementation into any HEP generator;
e checked against literature (e.g. top pair production);
e code in preparation with a series of examples and
ready-to-use scale dep. for some important observables.

e Applications?
pp
e theoretical uncertainty estimates;
e useful for studies about scale choice.
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