
Leonardo Gualtieri 

Sapienza Università di Roma

Testing General Relativity with Gravitational Waves

Leonardo Gualtieri              Gravitational Waves: Foundations and Beyond            “Sapienza” University of Rome             January 2018



General Relativity (GR), which recenyly celebrated its centenary,
has passed several tests with flying colours:

Started when GR was first formulated, one century ago (perihelion precession, light deflection, 
gravitational redshift), solar system tests became more and more accurate, up to the measurement 
of Shapiro delay from Cassini spacecraft in 2002 with an accuracy ~105
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According to general relativity, photons are deflected and delayed
by the curvature of space-time produced by any mass1–3. The
bending and delay are proportional to g 1 1, where the par-
ameter g is unity in general relativity but zero in the newtonian
model of gravity. The quantity g 2 1 measures the degree to
which gravity is not a purely geometric effect and is affected by
other fields; such fields may have strongly influenced the early
Universe, but would have now weakened so as to produce tiny—
but still detectable—effects. Several experiments have confirmed
to an accuracy of,0.1% the predictions for the deflection4,5 and
delay6 of photons produced by the Sun. Here we report a
measurement of the frequency shift of radio photons to and
from the Cassini spacecraft as they passed near the Sun. Our
result, g 5 1 1 (2.1 6 2.3) 3 1025, agrees with the predictions
of standard general relativity with a sensitivity that approaches
the level at which, theoretically, deviations are expected in some
cosmological models7,8.
Testing theories of gravity in the Solar System and with binary

pulsars has been pursued for a long time1,2, yet general relativity has
survived whereas most of its alternatives have been disproved. In
particular, the other main test—the anomalous advance of the
pericentre of an orbiting body, such as Mercury around the Sun—
has been found in agreement with Einstein’s prediction, with a
similar accuracy ,0.1%. In the past 20 yr there has been no
appreciable improvement. With the Cassini mission, this barrier
has now been largely overcome as far as g is concerned, but no
violations of general relativity have been detected.
The increase Dt produced by the gravitational field of the Sun

(withmassMS and radiusRS) in the time taken for light to travel the

round trip between the ground antenna and the spacecraft, at
distances r1 and r2 respectively from the Sun, is1:

Dt ¼ 2ð1þ gÞGMS

c3
ln

4r1r2
b2

! "
ð1Þ

where G is the gravitational constant, b (,, r1, r2) the impact
parameter and c the velocity of light. The motion of the spacecraft
and Earth produces a change in b and Dt, equivalent to a change in
distance, and hence a change in relative radial velocity. The
corresponding fractional frequency (y gr ¼ Dn/n) shift for a two-
way radio signal is9:

ygr ¼
dDt

dt
¼22ð1þ gÞGMS

c3b

db

dt
¼2ð1£ 1025sÞð1þ gÞ1

b

db
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For a spacecraft much farther away from the Sun than the Earth,
db/dt is not very different from the Earth’s velocity vE ¼ 30 km s21.
In the Cassini solar conjunction the peak value of ygr is 6 £ 10210.
The Cassini experiment, exploiting the new observable ygr (refs 9,
10), was carried out between 6 June to 7 July 2002, when the
spacecraft was on its way to Saturn, around the time of a solar
conjunction (Fig. 1). The gravitational signal and the tracking
passes that provided useful data are shown in Fig. 2.

The main reason why the Doppler method has not been applied
before is the overwhelming noise contribution due to the solar
corona. The Cassini mission has overcome this hindrance with: (1)
high-frequency carrier waves in the Ka-band, in addition to the
X-band for standard operation; and (2) a multi-frequency link in
which three different phases are measured at the ground station11,12.
Two carriers at 7,175MHz (X-band) and 34,316MHz (Ka-band)
are transmitted from the ground; whereas, in addition to the
downlink carriers at 8,425MHz and 32,028MHz locked on board
to the X and the Ka signals respectively, a nearby Ka-band downlink
carrier coherent with the X-band uplink is also transmitted back.
This novel radio configuration uses dedicated and advanced instru-
mentation, both on board the spacecraft and at the ground antenna,
and allows a full cancellation of the solar plasma noise (see
Supplementary Fig. S1 for details)13–15. The resulting measurement
errors are four orders of magnitude smaller than the relativistic
signal in equation (2).

The new ground station DSS25 at the NASADeep Space Network
complex in Goldstone, California, has performed admirably, par-

Figure 1 Geometry of the 2002 Cassini solar conjunction. The graph shows Cassini’s
motion in the sky relative to the Sun, as a function of days from the 2002 solar

conjunction; coordinates are in solar radii. The conjunction—at which the spacecraft (at a

geocentric distance of 8.43 AU), the Sun and the Earth were almost aligned, in this order—
occurred on 21 June 2002, with a minimum impact parameter b min ¼ 1.6 R S, and no

occultation.

Figure 2 The gravitational signal. The two-way relativistic frequency shift y gr due to the
Sun and the available 18 passages, each lasting about 8 h, is shown. Unfortunately, no

data could be acquired for three days just before conjunction owing to a failure of the

ground transmitter; moreover, the tracking data acquired near closest approach were

particularly noisy. A much larger plasma noise was detected in some passes after

conjunction, and it was fully removed by the multi-link technique. Remarkably, during this

time period, SOHO observations revealed large coronal mass ejections traversing the

radio beam.
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  Solar system tests    

• PSR 1913+16:   
inspiral, and decrease of orbital period, 
due to energy loss through GW emission
(first indirect proof of the existence of GWs)

Weisberg et al.,  ‘10

– 14 –

Fig. 2.— Orbital decay caused by the loss of energy by gravitational radiation. The parabola

depicts the expected shift of periastron time relative to an unchanging orbit, according to

general relativity. Data points represent our measurements, with error bars mostly too small

to see.

• PSR J1738+0333 (and J0348+0432):
NS-WD systems, best to constrain parameter space 
of scalar-tensor gravity

12 Freire, Wex, Esposito-Farèse, Verbiest et al.

The last contribution to Ṗ xs
b comes from a possible

contribution to the orbital change by a varying gravita-

tional constant (Ṗ Ġ
b in eq. (8)). In the worst case, ṖD

b

and Ṗ Ġ
b could both be large (in violation of GR) but just

happen to cancel each other in the PSR J1738+0333 sys-
tem because of different signs. To disentangle these effects
there are two methods. First, one can use the best cur-
rent limits from tests in the Solar System, notably Lunar
Laser Ranging (LLR), which yields Ġ/G = (−0.7 ± 3.8) ×
10−13 yr−1 (Hofmann, Müller & Biskupek 2010), and obtain
for PSR J1738+0333 a (conservative) upper limit of

Ṗ Ġ
b = −2

Ġ
G
Pb = (+0.14± 0.74) fs s−1, (13)

(Damour, Gibbons & Taylor 1988; Damour & Taylor 1991).

Therefore, ṖD
b = Ṗ xs

b − Ṗ Ġ
b = 1.9+3.8

−3.7 fs s
−1, which yields, for

a typical sensitivity sp = 0.15

κD = (−0.8± 1.6) × 10−4 , (14)

a limit that is a factor of eight more stringent than the limit
from PSR J1012+5307 (Lazaridis et al. 2009).

The second method, developed in Lazaridis et al.
(2009), combines two binary pulsar systems with different
orbital periods. The method is based on the fact that a wide
orbit is more sensitive to a change in the gravitational con-
stant but less affected by the emission of dipolar GWs, in
comparison to a more compact orbit. If we combine the Ṗ xs

b

of PSR J1738+0333 with that of a binary pulsar with a
longer orbital period we obtain a simultaneous test for κD

and Ġ.
When calculating Ṗ Ġ

b for a combined limit on κD and
Ġ based on two binary pulsars, we need to account for mass
variations in compact stars as a result of a changing gravita-
tional constant. Otherwise our limit on Ġ will be too tight
(Nordtvedt 1990). As a first approximation, that only ac-
counts for the influence of the local value of G, we can use
eq. (18) in Nordtvedt (1990):

Ṗ Ġ
b = −2

Ġ
G

(

1−
2q + 3
2q + 2

sp −
3q + 2
2q + 2

sc

)

Pb . (15)

As in eq. (12), the contribution from the sensitivity of
the white-dwarf companion, sc, can be neglected. For
PSR J1738+0333, the correction factor due to the sensitiv-
ities (i.e., the parenthesis on the right hand side of eq (15))
is about 0.85.

As in Lazaridis et al. (2009), we use the Ṗ xs
b of

PSR J0437−4715 (Deller et al. 2008; Verbiest et al. 2008)
to complement our Ṗ xs

b measurement (see eq. (7)).
PSR J0437−4715 has a slightly higher mass than
PSR J1738+0333, and we will account for this in the sensi-
tivity by having sp scale proportional to the mass, as sug-
gested by eq. (B.3) of Damour & Esposito-Farèse (1992).
The joint probability density function for Ġ/G and κD is
displayed in Fig. 6. At the origin of coordinates, GR is well
within the inner 68% contour and close to the peak of prob-
ability density, i.e., it is consistent with the experimental
results from these two binaries. Marginalizing this probabil-
ity distribution function, we obtain

Ġ/G = (−0.6± 1.6) × 10−12 yr−1

= (−0.009 ± 0.022)H0, (16)

κD = (−0.3± 2.0) × 10−4, (17)
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Figure 7. Solar-system and binary pulsar 1-σ constraints on the
matter-scalar coupling constants α0 and β0. Note that a log-
arithmic scale is used for the vertical axis |α0|, i.e., that GR
(α0 = β0 = 0) is sent at an infinite distance down this axis.
LLR stands for lunar laser ranging, Cassini for the measure-
ment of a Shapiro time-delay variation in the Solar System, and
SEP for tests of the strong equivalence principle using a set
of neutron star-white dwarf low-eccentricity binaries (see text).
The allowed region is shaded, and it includes general relativity.
PSR J1738+0333 is the most constraining binary pulsar, although
the Cassini bound is still better for a finite range of quadratic cou-
pling β0.

where H0 is Hubble’s constant (Riess et al. 2009) and
the uncertainties are 1-σ. The Ṗ xs

b measurement of
PSR J0437−4715 is mostly responsible for the limit on
Ġ/G, and it has therefore not improved since Lazaridis et al.
(2009). The Ṗ xs

b measurement of PSR J1738+0333 is mostly
responsible for the limit on κD, which has improved by a fac-
tor of ∼ 6 since Lazaridis et al. (2009). Although the limit
on Ġ/G derived from binary pulsar experiments is one order
of magnitude less restrictive than that derived from LLR, it
is of interest because it represents an independent test.

The analysis presented in this section is restricted to
gravity theories that do not develop nonperturbative strong-
field effects in neutron stars. This assumption is well justi-
fied for PSR J1738+0333, since such effects do not seem to
exist in other binary pulsars with similar masses, or even
with a higher mass like in the case of PSR J1012+5307
(Lazaridis et al. 2009). Even when non-perturbative effects
do develop, we will show below that the higher-order correc-
tions entering eq. (12) do not change the conclusions quali-
tatively.

c⃝ 0000 RAS, MNRAS 000, 000–000

Freire et al.,  ‘12

• PSR J0737-3039:
double pulsar, “the most relativistic” system,
provides strong tests of GR

Kramer et al.,  ‘06

Fig. 1

23

  Binary pulsar tests  

General Relativity (GR), which recenyly celebrated its centenary,
has passed several tests with flying colours:

Leonardo Gualtieri              Gravitational Waves: Foundations and Beyond            “Sapienza” University of Rome             January 2018



Even these first signals allow for
unprecedented tests of GR! 12
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FIG. 6. 90% upper bounds on the fractional variations of the known
PN coe�cients with respect to their GR values. The orange squares
are the 90% upper bounds obtained from the single-parameter analy-
sis of GW150914. As a comparison, the blue triangles show the 90%
upper bounds extrapolated exclusively from the measured orbital-
period derivative Ṗorb of the double pulsar J0737-3039 [12, 88], here
too allowing for possible GR violations at di↵erent powers of fre-
quency, one at a time. The GW phase deduced from an almost con-
stant Ṗorb cannot provide significant information as the PN order is
increased, so we show the bounds for the latter only up to 1PN order.
We do not report on the deviation of the 2.5PN coe�cient, which is
unmeasurable because it is degenerate with the reference phase. We
also do not report on the deviations of the logarithmic terms in the
PN series at 2.5PN and 3PN order, which can be found in Table I and
in Fig. 7.

{�↵̂2, �↵̂3, �↵̂4}. We do not consider parameters that are de-
generate with either the reference time or the reference phase.
For our analysis, we explore two scenarios: single-parameter
analysis, in which only one of the testing parameters is al-
lowed to vary freely (in addition to masses, spins, ...) while
the remaining ones are fixed to their GR value, that is zero,
and multiple-parameter analysis in which all the parameters
in one of the three sets enumerated above are allowed to vary
simultaneously.

The rationale behind our choices of single- and multiple-
parameter analyses comes from the following considerations.
In most known alternative theories of gravity [13, 14, 89], the
corrections to GR extend to all PN orders even if in most cases
they have been computed only at leading PN order. Consid-
ering that GW150914 is an inspiral–merger–ringdown signal
sweeping through the detector between 20 Hz and 300 Hz,
we expect to see signal deviations from GR at all PN orders.
The single-parameter analysis corresponds to minimally ex-
tended models that can capture deviations from GR that occur
predominantly, but not only, at a specific PN order. Neverthe-

We also include the 0.5PN parameter �'̂1; since '1 is zero in GR, we define
�'̂1 to be an absolute shift rather than a fractional deformation.

less, should a deviation be measurably present at multiple PN
orders, we expect the single-parameter analyses to also cap-
ture these. In the multiple-parameter analysis, the correlations
among the parameters are very significant. In other words, a
shift in one of the testing parameters can always be compen-
sated by a change of the opposite sign in another parameter,
and still return the same overall GW phase. Thus, it is not sur-
prising that the multiple-parameter case provides a much more
conservative statement on the agreement between GW150914
and GR. We defer to future studies the identification of op-
timally determined directions in the � p̂i space by performing
a singular value decomposition along the lines suggested in
Ref. [90].

For each set of testing parameters, we perform a separate
LALInference analysis, where in concert with the full set of
GR parameters [3] we also explore the posterior distributions
for the specified set of testing parameters. Since our testing
parameters are purely phenomenological (except the parame-
ters that govern the PN early-inspiral stage), we choose their
prior probability distributions to be uniform and wide enough
to encompass the full posterior probability density function in
the single-parameter case. In particular we set �'̂i 2 [�20, 20];
��̂i 2 [�3, 3]; �↵̂i 2 [�5, 5]. In all cases we obtain estimates
of the physical parameters – e.g., masses and spins – that are
in agreement with those reported in Ref. [3].

In Fig. 6 we show the 90% upper bounds on deviations in
the (known) PN parameters, �'̂i with i = 0, . . . , 7 (except for
i = 5, which is degenerate with the reference phase), when
varying the testing parameters one at the time, keeping the
other parameters fixed to the GR value. As an illustration, fol-
lowing Ref. [88], we also show in Fig. 6 the bounds obtained
from the measured orbital-period derivative Ṗorb of the double
pulsar J0737-3039 [12]. Also for the latter, bounds are com-
puted by allowing for possible violations of GR at di↵erent
powers of frequency, one at a time. Not surprisingly, since in
binary pulsars the orbital period changes at essentially a con-
stant rate, the corresponding bounds quickly become rather
loose as the PN order is increased. As a consequence, the
double-pulsar bounds are significantly less informative than
GW150914, except at 0PN order, where the double-pulsar
bound is better thanks to the long observation time (⇠ 10 years
against ⇠ 0.4 s for GW150914).6 Thus, GW150914 allows us
for the first time to constrain the coe�cients in the PN series
of the phasing up to 3.5PN order.

Furthermore, in Table I and Fig. 7 we summarize the
constraints on each testing parameter �'̂i for the single and
multiple-parameter analyses. In particular, in the 6th and 7th

columns of Table I we list the quantile at which the GR value
of zero is found within the marginalized one-dimensional pos-
terior (i.e., the integral of the posterior from the lower bound

6 We note that when computing the upper bounds with the binary-pulsar ob-
servations, we include the e↵ect of eccentricity only in the 0PN parameter.
For the higher PN parameters, the e↵ect is not essential considering that
the bounds are not very tight.

9

FIG. 4. Top panel: 90% credible regions in the joint posterior distri-
butions for the mass Mf and dimensionless spin af of the final com-
pact object as determined from the inspiral (dark violet, dashed) and
post-inspiral (violet, dot-dashed) signals, and from a full inspiral–
merger–ringdown analysis (black). Bottom panel: Posterior distri-
butions for the parameters �Mf /Mf and �af /af that describe the
fractional di↵erence in the estimates of the final mass and spin from
inspiral and post-inspiral signals. The contour shows the 90% con-
fidence region. The plus symbol indicates the expected GR value
(0, 0).

representation to have support between 20 and 132 Hz, and
⇠ 16 if we truncate it to have support between 132 and 1,024
Hz. Finally, we compare these two estimates of the final Mf
and dimensionless spin a f , and compare them also against
the estimate performed using full inspiral–merger–ringdown
waveforms. In all cases, we average the posteriors obtained
with the EOBNR and IMRPhenom waveform models, follow-
ing the procedure outlined in Ref. [3]. Technical details about
the implementation of this test can be found in Ref. [61].

This test is similar in spirit to the �2 GW search statis-
tic [2, 62], which divides the model waveform into frequency
bands and checks that the SNR accumulates as expected
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FIG. 5. 90% credible regions in the joint posterior distributions for
the damped-sinusoid parameters f0 and ⌧ (see main text), assuming
start times t0 = tM +1, 3, 5, 6.5 ms, where tM is the merger time of the
MAP waveform for GW150914. The black solid line shows the 90%
credible region for the frequency and decay time of the ` = 2, m = 2,
n = 0 (i.e., the least damped) QNM, as derived from the posterior
distributions of the remnant mass and spin parameters.

across those bands. Large matched-filter SNR values which
are accompanied by large �2 statistic are very likely due ei-
ther to noise glitches, or to a mismatch between the signal
and the model matched-filter waveform. Conversely, reduced-
�2 values near unity indicate that the data are consistent with
waveform plus the expected detector noise. Thus, large �2

values are a warning that some parts of the waveform are fit
much worse than others, and thus the candidates may be due
to instrument glitches that are very loud, but do not resem-
ble binary-inspiral signals. However, �2 tests are performed
by comparing the data with a single theoretical waveform,
while in this case we allow the inspiral and post-inspiral par-
tial waveforms to select di↵erent physical parameters. Thus,
this test should be sensitive to subtler deviations from the pre-
dictions of GR.

In Fig. 4 we summarize our findings. The top panel shows
the posterior distributions of Mf and a f estimated from the in-
spiral and post-inspiral signals, and from the entire inspiral–
merger–ringdown waveform. The plot confirms the expected
behavior: the inspiral and post-inspiral 90% confidence re-
gions (defined by the isoprobability contours that enclose 90%
of the posterior) have a significant region of overlap. As a
sanity check (which strictly speaking is not part of the test
of GR that is being performed) we also produced the 90%
confidence region computed with the full inspiral-merger-
ringdown waveform; it lies comfortably within this overlap.
We have verified that these conclusions are not a↵ected by the
specific formula [40, 60, 63] used to predict Mf and a f , nor
by the choice of f end insp

GW within ±50 Hz.
To assess the significance of our findings more quantita-

tively, we define parameters �Mf /Mf and �a f /a f that de-
scribe the fractional di↵erence between the two estimates of

  Solar system tests    

  Binary pulsar tests  

After decads of intensive theoretical and 
experimental effort, finally we detected GWs!

propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]

M ¼ ðm1m2Þ3=5

ðm1 þm2Þ1=5
¼ c3

G

!
5

96
π−8=3f−11=3 _f

"
3=5

;

where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).

PRL 116, 061102 (2016) P HY S I CA L R EV I EW LE T T ER S week ending
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General Relativity (GR), which recenyly celebrated its centenary,
has passed several tests with flying colours:



GM�
R�c2

� 10�6 GM�
R3

�c2
� 10�28 cm�2

MNS � M� R� ⇠ dbinary

Before GW150914, we only had tested the weak field / small curvature regime of gravity!

  Solar system tests    

  Binary pulsar tests  
‘15

We can now start exploring the strong field/
large curvature regime of gravity.

GWs are the perfect probe of this regime:

• only generated in strong-field processes
• sensitive to generation and propagation, 

        which give complementary information
• do not interact when travelling

/Virgo EXTP

3G
  Gravitational wave tests 
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Credits: Pani, ‘15

There is no fundamental reason to believe that GR works well in the strong-field regime

Theoretical issues 
    (unification with the quantum world, singularities and other weird features of GR)

Observational issues (dark matter & energy)

Do we need to test GR?

There is an open, fundamental question to answer:
how does gravity behave in the strong-field regime 

when gravitational redshift and curvature are large 
(for instance, near the surface of a neutron star, or near a black hole horizon)?
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One can follow either a bottom-up or a top-down approach.

Testing GR with GWs and astrophysical observations
(see e.g. Berti et al., CQG 2015  arXiv:1501.07274) 

PPN (parametrized post-Newtonian) expansion  (Eddington ’22; Nordtvedt ’68; Will ’71) 

     PN expansion of the spacetime metric of e.g. 2-body system is extended including free parameters.
    e.g.:  ds2 = �
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+ 2�
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r2
+ . . .

◆
dt2 +

✓
1 + 2�
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+ . . .
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In GR β=0, 𝛾=1.  Appropriate framework for solar system tests
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PPK (parametrized post-Keplerian) expansion (Damour & Taylor ’92 )
    motion of compact binary characterized by Keplerian and post-Keplerian    
    parameters.  Appropriate framework for binary pulsar tests:

Kramer et al.,  ‘06
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ability to maintain and transfer atomic time accurately using GPS, the observers can keep track of
pulse time-of-arrival with an accuracy of 13 µs, despite extended gaps between observing sessions
(including a several-year gap in the middle 1990s for an upgrade of the Arecibo radio telescope).
The pulsar has experienced only one small “glitch” in its pulse period, in May 2003.

Three factors made this system an arena where relativistic celestial mechanics must be used:
the relatively large size of relativistic e↵ects [vorbit ⇡ (m/r)1/2 ⇡ 10�3], a factor of 10 larger than
the corresponding values for solar-system orbits; the short orbital period, allowing secular e↵ects
to build up rapidly; and the cleanliness of the system, allowing accurate determinations of small
e↵ects. Because the orbital separation is large compared to the neutron stars’ compact size, tidal
e↵ects can be ignored. Just as Newtonian gravity is used as a tool for measuring astrophysi-
cal parameters of ordinary binary systems, so GR is used as a tool for measuring astrophysical
parameters in the binary pulsar.

The observational parameters that are obtained from a least-squares solution of the arrival-time
data fall into three groups:

1. non-orbital parameters, such as the pulsar period and its rate of change (defined at a given
epoch), and the position of the pulsar on the sky;

2. five “Keplerian” parameters, most closely related to those appropriate for standard Newto-
nian binary systems, such as the eccentricity e, the orbital period Pb, and the semi-major
axis of the pulsar projected along the line of sight, ap sin i; and

3. five “post-Keplerian” parameters.

The five post-Keplerian parameters are: h!̇i, the average rate of periastron advance; �0, the am-
plitude of delays in arrival of pulses caused by the varying e↵ects of the gravitational redshift and
time dilation as the pulsar moves in its elliptical orbit at varying distances from the companion
and with varying speeds; Ṗb, the rate of change of orbital period, caused predominantly by grav-
itational radiation damping; and r and s = sin i, respectively the “range” and “shape” of the
Shapiro time delay of the pulsar signal as it propagates through the curved spacetime region near
the companion, where i is the angle of inclination of the orbit relative to the plane of the sky. An
additional 14 relativistic parameters are measurable in principle [119].

In GR, the five post-Keplerian parameters can be related to the masses of the two bodies and
to measured Keplerian parameters by the equations (TEGP 12.1, 14.6 (a) [420])

h!̇i = 6⇡fb(2⇡mfb)2/3(1� e2)�1,

�0 = e(2⇡fb)
�1(2⇡mfb)

2/3m2

m

⇣

1 +
m2

m

⌘

,

Ṗb = �192⇡

5
(2⇡Mfb)

5/3F (e),

r = m2,

s = sin i,

(108)

where m1 and m2 denote the pulsar and companion masses, respectively. The formula for h!̇i
ignores possible non-relativistic contributions to the periastron shift, such as tidally or rotationally
induced e↵ects caused by the companion (for discussion of these e↵ects, see TEGP 12.1 (c) [420]).
The formula for Ṗb includes only quadrupole gravitational radiation; it ignores other sources of
energy loss, such as tidal dissipation (TEGP 12.1 (f) [420]). Notice that, by virtue of Kepler’s third
law, (2⇡fb)2 = m/a3, (2⇡mfb)2/3 = m/a ⇠ ✏, thus the first two post-Keplerian parameters can
be seen as O(✏), or 1PN corrections to the underlying variable, while the third is an O(✏5/2), or
2.5PN correction. The current observed values for the Keplerian and post-Keplerian parameters
are shown in Table 7. The parameters r and s are not separately measurable with interesting

Living Reviews in Relativity
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Bottom-up approach: 

• choose the phenomenology to be studied, and the quantities most appropriate to describe it

• devise a parametrization of these quantities 

• typically, each parameter is associated to the violation/modification of some GR property

• compute observables in terms of the parameters

• perform observations/experiments, setting bounds to the parameters



One can follow either a bottom-up or a top-down approach.

Bottom-up approach: 

• choose the phenomenology to be studied, and the quantities most appropriate to describe it

• devise a parametrization of these quantities

• typically, each parameter is associated to the violation/modification of some GR property

• compute observables in terms of the parameters

• perform observations/experiments, setting bounds to the parameters

Testing GR with GWs and astrophysical observations
(see e.g. Berti et al., CQG 2015  arXiv:1501.07274) 
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PPE (parametrized post-Einstenian) expansion ( Yunes & Pretorius ‘09 )
    GW compact binary waveform  is directly parametrized: 

h(f) = A

GR

(f)(1 + ↵x

a)ei GR(f)+i�xb

PPF (parametrized post-Friedmannian) expansion ( Hu & Sawitcki ‘07 )
    cosmological quantities & equations are parametrized

ppE paramters: 
      α,β (=0 inGR): amplitude of modification;   
      a,b: PN order 
mapping:   (α,β,a,b) <=> specific theories
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FIG. 4. (Color online) 90%-confidence constraints on the ppE
parameter |�| at nth PN order. The green crosses represent
the bounds reported in [5, 19] through a Bayesian analysis
of event GW150914, mapped to constraints on �. The red
(magenta) dots and line represent bounds from GW150914
(GW151226) estimated with a Fisher analysis, using the IM-
RPhenom waveform (without spin precession) and a fit to the
aLIGO spectral noise density. The constraints obtained with
a Fisher analysis agree very well with the Bayesian constraint
reported in [5, 19]. The blue dotted line shows projected
constraints predicted in 2011 by [142] for a system similar
to GW151226. The dashed black line is a rough estimate
on the constraints that the double binary pulsar PSR J0737-
3039 [127–129] can place on the ppE � parameter [188], while
the cyan star refers to the bound on � at 1PN from the per-
ihelion precession of Mercury [150]. Binary pulsar observa-
tions can constrain negative PN order deviations better than
aLIGO, while aLIGO does better than binary pulsar obser-
vations at higher PN order, as first calculated in [188]. How-
ever, note also that binary pulsar and Solar System bounds
cannot be directly compared to GW ones as the binary pul-
sar (Solar System) one corresponds to the extreme case of no
conservative (no dissipative) corrections. Moreover, stronger
constraints on � for these latter tests do not necessarily mean
stronger constraints on modifications to GR for BH merg-
ers, as � depends not only on theoretical coupling parameters
but also on system parameters, and in certain theories (like
EdGB gravity), non-GR corrections are suppressed in stars
compared to BHs.

Figure 4 shows that GW151226 places stronger con-
straints on � than GW150914 [2, 5] especially at neg-
ative PN orders. This is because GW151226 consists
of a BH binary with lower total mass than GW150914,
and thus, (i) the velocity of the binary constituents at a
fixed frequency (e.g. f ⇠ 50Hz) is smaller and (ii) the
observed frequency range is larger than for GW150914.
The first fact makes the negative-PN-order, ppE correc-
tion terms in the phase and the total number of GW
cycles in band larger than for GW150914. This, to-
gether with the second point above, make � less degen-
erate with other binary parameters, leading to stronger
constraints. Regarding corrections at high positive PN

orders, point (i) results in a deterioration of the con-
straints, while point (ii) strengthens them compared to
GW150914 [2, 5]. Taken together then these oppos-
ing e↵ects lead to similar bounds at positive PN or-
ders for GW150914 and GW151226. We also calculated
the bounds on � by combining those of GW150914 and
GW151226 using Eq. (4.12d) in [76] and found that such
a combined bound is almost indistinguishable from that
of GW151226 alone (the improvement reaches at most
⇠ 30% at n ⇠ 0PN). This finding is consistent with a
similar analysis performed by the LVC [5].
Our analysis and the study of the LVC in [5, 19] di↵er

in many ways, and yet, the two yield similar constraints
on �. The main di↵erences between these studies are
that the former (latter) uses

(i) a Fisher (Bayesian) analysis,

(ii) non-precessing (precessing) waveform templates,

(iii) a fit for the noise curve (the real data),

(iv) a simulated waveform injection compatible with the
real signal (the real signal), and

(v) includes only statistical (both statistical and sys-
tematic) errors.

Probably, di↵erences (i)–(iii) do not have a large impact
on the � constraints for the following reasons. The dif-
ference in statistical errors between Fisher and Bayesian
studies scales as O(1/SNR2) [185, 196], which is only
⇠ O(0.2%) (O(0.6%)) given the SNR of GW150914
(GW151226). Precession for both events was too small
to be measurable by the LVC [2, 4, 5, 136]. The real noise
spectral density contains many spikes, but these are very
thin, and thus, for the same SNR, they a↵ect constraints
on � by only a few percent (see Appendix C)16. We do
not include any specific noise realization in our Fisher
analysis, since (i) such a noise realization only shifts the
posterior distribution without a↵ecting its spread [137],
and (ii) the uncertainties in parameters averaged over
di↵erent noise realizations are the same as those with
zero noise injection [198]. On the other hand, di↵erences
(iv) and (v) are probably more important. For exam-
ple, in our Fisher analysis we set the spin magnitudes
of the injection to zero, but the posteriors found by the
LVC [4] are quite wide, and a di↵erent choice of spin mag-
nitude can a↵ect our Fisher estimates by a factor of ⇠ 2.
Even using the Bayesian analysis of [4], the mapping be-
tween ��i and � [see Eqs. (10) and (11)] depends on the
posterior distribution of other parameters, and di↵erent
choices can also a↵ect constraints on � at high PN or-
der by a factor of ⇠ 2. As another example, consider
the systematic errors on the GW150914 measurement of
��i (or �) reported in [5, 19], i.e. the distance from the
peak of the posterior to zero; these systematic errors are

16 See the related work by [197], which shows that the e↵ect of non-
Gaussianity in the noise on parameter estimation is negligible.

(Yunes et al., PRD ‘16)
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Figure 2.1. This diagram illustrates how Lovelock’s theorem serves as a guide to classify modified
theories of gravity. Each yellow box represents a class of modified theories of gravity that arises from
violating one of the assumptions underlying the theorem. A theory can, in general, belong to multiple
classes. See Table 1 for a more precise classification.

2. Extensions of general relativity: motivation and overview

2.1. A compass to navigate the modified-gravity atlas

There are countless inequivalent ways to modify GR, many of them leading to theories
that can be designed to agree with current observations. Cosmological observations
and fundamental physics considerations suggest that GR must be modified at very
low and/or very high energies. Experimental searches for beyond-GR physics are a
particularly active and well motivated area of research, so it is natural to look for a
guiding principle: if we were to find experimental hints of modifications of GR, which
of the assumptions underlying Einstein’s theory should be abandoned?

Such a guiding principle can be found by examining the building blocks of
Einstein’s theory. Lovelock’s theorem [191, 192] (the generalization of a theorem due
to Cartan [193]) is particularly useful in this context. In simple terms, the theorem
states that GR emerges as the unique theory of gravity under specific assumptions.
More precisely, it can be articulated as follows:

In four spacetime dimensions the only divergence-free symmetric rank-2
tensor constructed solely from the metric gµ⌫ and its derivatives up to second
differential order, and preserving diffeomorphism invariance, is the Einstein

Berti et al., 2015

There are several ways to modify GR…   
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Top-down approach: 
• consider GR modifications, possibly inspired by fundamental physics considerations

• work out observational consequences of these modifications 
        (they typically depend on parameters describing the amplitude of the modification)

• compare with observations, setting bounds on the parameters

Remarks:
- in most cases we are looking to tiny modifications (parameters small due to existing data)
- often difficult to disentangle a truly from poorly known “standard” physics effects (BHs better than NSs)
- best (when possible)  would be to find new effects (smoking-guns),  



Table 1. Catalog of several theories of gravity and their relation with the assumptions of Lovelock’s theorem. Each theory violates at least one
assumption (see also figure 1), and can be seen as a proxy for testing a specific principle underlying GR.

Theory Field content Strong EP Massless graviton Lorentz symmetry Linear Tmn Weak EP Well- posed? Weak-field constraints

Extra scalar field
Scalar–tensor S ⨯ ✓ ✓ ✓ ✓ ✓[34] [35–37]
Multiscalar S ⨯ ✓ ✓ ✓ ✓ ✓[38] [39]
Metric f(R) S ⨯ ✓ ✓ ✓ ✓ ✓[40, 41] [42]

Quadratic gravity
Gauss–Bonnet S ⨯ ✓ ✓ ✓ ✓ ✓? [43]
Chern–Simons P ⨯ ✓ ✓ ✓ ✓ ⨯✓? [44] [45]
Generic S/P ⨯ ✓ ✓ ✓ ✓ ?
Horndeski S ⨯ ✓ ✓ ✓ ✓ ✓?

Lorentz-violating
Æ-gravity SV ⨯ ✓ ⨯ ✓ ✓ ✓? [46–49]
Khronometric/
Hořava–Lifshitz S ⨯ ✓ ⨯ ✓ ✓ ✓? [48–51]
n-DBI S ⨯ ✓ ⨯ ✓ ✓ ? none ([52])

Massive gravity
dRGT/Bimetric SVT ⨯ ⨯ ✓ ✓ ✓ ? [17]
Galileon S ⨯ ✓ ✓ ✓ ✓ ✓? [17, 53]

Nondynamical fields
Palatini f(R) — ✓ ✓ ✓ ⨯ ✓ ✓ none
Eddington–Born–Infeld — ✓ ✓ ✓ ⨯ ✓ ? none

Others, not covered here
TeVeS SVT ⨯ ✓ ✓ ✓ ✓ ? [37]
f R m( )$ ? ⨯ ✓ ✓ ✓ ⨯ ?
f(T) ? ⨯ ✓ ⨯ ✓ ✓ ? [54]

Note. See text for details of the entries. Key to abbreviations: S: scalar; P: pseudoscalar; V: vector; T: tensor; ?: unknown; ?✓ : not explored in detail
or not rigorously proven, but there exist arguments to expect ✓. The occurrence of ?⨯✓ means that there exist arguments in favor of well-posedness
within the EFT formulation, and against well-posedness for the full theory. Weak-field constraints (as opposed to strong-field constraints, which are
the main topic of this review) refer to Solar System and binary pulsar tests. Entries below “Others, not covered here” are not covered in this review.
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Top-down approach: 

• consider GR modifications, possibly inspired by fundamental physics considerations

• work out observational consequences of these modifications 
        (they typically depend on parameters describing the amplitude of the modification)

• compare with observations, setting bounds on the parameters

Table 2. Catalog of BH properties in several theories of gravity. The column ‘solutions’ refers to asymptotically-flat, regular solutions. Legend: ST
—‘scalar–tensor’; º GR—‘same solutions as in GR’; É GR—‘GR solutions are also solutions of the theory’; NR—‘non rotating’; SR—‘slowly
rotating’; FR—‘fast rotating/generic rotation’; ?—unknown or uncertain.

Theory Solutions Stability Geodesics Quadrupole

Extra scalar field
Scalar–tensor GRº [55–60] [61–67] — —

Multiscalar/Complex scalar GRÉ [56, 68, 69] ? ? [68, 69]
Metric f(R) GRÉ [58, 59] [70, 71] ? ?

Quadratic gravity
Gauss–Bonnet NR [72–74]; SR [75, 76]; FR [77] [78, 79] SR [75, 80, 81]; FR [77] [76, 82]
Chern–Simons SR [83–85]; FR [86] NR [87–90]; SR [79] [74, 91] [85]
Generic SR [80] ? [80] equation (3.12)
Horndeski [92–94] ? [95, 96] ? ?

Lorentz-violating
Æ-gravity NR [97–99] ? [98, 99] ?
Khronometric/
Hořava–Lifshitz NR, SR [98–101] ? [102] [98, 99] ?
n-DBI NR[103, 104] ? ? ?

Massive gravity
dRGT/Bimetric É GR, NR [105–108] [109–112] ? ?
Galileon [113] ? ? ?

Nondynamical fields
Palatini f(R) ≡GR — — —

Eddington–Born–Infeld ≡GR — — —
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Berti et al., 2015
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Scalar-tensor gravity

Include a scalar field in the gravitational action, non-minimally coupled 
(extension of Branse-Dicke gravity proposed in the ‘60s)
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Non minimal coupling F(ɸ)R (e.g. ɸR or eɸR) as in String/M theory (dilaton)
Violation of the strong equivalence principle 
It has been shown that f(R) gravity theories (S=∫f(R)d4x) are equivalent to ST gravity
BH solutions are the same as in GR, NSs are not (in some cases large deviations in NSs)
Compact binaries with NSs emit dipole radiation, affecting the inspiral
This is not really a strong-field effect; indeed, stringent bounds come from binary pulsars:12 Freire, Wex, Esposito-Farèse, Verbiest et al.

The last contribution to Ṗ xs
b comes from a possible

contribution to the orbital change by a varying gravita-

tional constant (Ṗ Ġ
b in eq. (8)). In the worst case, ṖD

b

and Ṗ Ġ
b could both be large (in violation of GR) but just

happen to cancel each other in the PSR J1738+0333 sys-
tem because of different signs. To disentangle these effects
there are two methods. First, one can use the best cur-
rent limits from tests in the Solar System, notably Lunar
Laser Ranging (LLR), which yields Ġ/G = (−0.7 ± 3.8) ×
10−13 yr−1 (Hofmann, Müller & Biskupek 2010), and obtain
for PSR J1738+0333 a (conservative) upper limit of

Ṗ Ġ
b = −2

Ġ
G
Pb = (+0.14± 0.74) fs s−1, (13)

(Damour, Gibbons & Taylor 1988; Damour & Taylor 1991).

Therefore, ṖD
b = Ṗ xs

b − Ṗ Ġ
b = 1.9+3.8

−3.7 fs s
−1, which yields, for

a typical sensitivity sp = 0.15

κD = (−0.8± 1.6) × 10−4 , (14)

a limit that is a factor of eight more stringent than the limit
from PSR J1012+5307 (Lazaridis et al. 2009).

The second method, developed in Lazaridis et al.
(2009), combines two binary pulsar systems with different
orbital periods. The method is based on the fact that a wide
orbit is more sensitive to a change in the gravitational con-
stant but less affected by the emission of dipolar GWs, in
comparison to a more compact orbit. If we combine the Ṗ xs

b

of PSR J1738+0333 with that of a binary pulsar with a
longer orbital period we obtain a simultaneous test for κD

and Ġ.
When calculating Ṗ Ġ

b for a combined limit on κD and
Ġ based on two binary pulsars, we need to account for mass
variations in compact stars as a result of a changing gravita-
tional constant. Otherwise our limit on Ġ will be too tight
(Nordtvedt 1990). As a first approximation, that only ac-
counts for the influence of the local value of G, we can use
eq. (18) in Nordtvedt (1990):

Ṗ Ġ
b = −2

Ġ
G

(

1−
2q + 3
2q + 2

sp −
3q + 2
2q + 2

sc

)

Pb . (15)

As in eq. (12), the contribution from the sensitivity of
the white-dwarf companion, sc, can be neglected. For
PSR J1738+0333, the correction factor due to the sensitiv-
ities (i.e., the parenthesis on the right hand side of eq (15))
is about 0.85.

As in Lazaridis et al. (2009), we use the Ṗ xs
b of

PSR J0437−4715 (Deller et al. 2008; Verbiest et al. 2008)
to complement our Ṗ xs

b measurement (see eq. (7)).
PSR J0437−4715 has a slightly higher mass than
PSR J1738+0333, and we will account for this in the sensi-
tivity by having sp scale proportional to the mass, as sug-
gested by eq. (B.3) of Damour & Esposito-Farèse (1992).
The joint probability density function for Ġ/G and κD is
displayed in Fig. 6. At the origin of coordinates, GR is well
within the inner 68% contour and close to the peak of prob-
ability density, i.e., it is consistent with the experimental
results from these two binaries. Marginalizing this probabil-
ity distribution function, we obtain

Ġ/G = (−0.6± 1.6) × 10−12 yr−1

= (−0.009 ± 0.022)H0, (16)

κD = (−0.3± 2.0) × 10−4, (17)
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J1141–6545

B1534+12

B1913+16

J0737–3039
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−6 −4 −2 2 4 6
0

0

0

0|

10

10

10

10

10

Cassini

Figure 7. Solar-system and binary pulsar 1-σ constraints on the
matter-scalar coupling constants α0 and β0. Note that a log-
arithmic scale is used for the vertical axis |α0|, i.e., that GR
(α0 = β0 = 0) is sent at an infinite distance down this axis.
LLR stands for lunar laser ranging, Cassini for the measure-
ment of a Shapiro time-delay variation in the Solar System, and
SEP for tests of the strong equivalence principle using a set
of neutron star-white dwarf low-eccentricity binaries (see text).
The allowed region is shaded, and it includes general relativity.
PSR J1738+0333 is the most constraining binary pulsar, although
the Cassini bound is still better for a finite range of quadratic cou-
pling β0.

where H0 is Hubble’s constant (Riess et al. 2009) and
the uncertainties are 1-σ. The Ṗ xs

b measurement of
PSR J0437−4715 is mostly responsible for the limit on
Ġ/G, and it has therefore not improved since Lazaridis et al.
(2009). The Ṗ xs

b measurement of PSR J1738+0333 is mostly
responsible for the limit on κD, which has improved by a fac-
tor of ∼ 6 since Lazaridis et al. (2009). Although the limit
on Ġ/G derived from binary pulsar experiments is one order
of magnitude less restrictive than that derived from LLR, it
is of interest because it represents an independent test.

The analysis presented in this section is restricted to
gravity theories that do not develop nonperturbative strong-
field effects in neutron stars. This assumption is well justi-
fied for PSR J1738+0333, since such effects do not seem to
exist in other binary pulsars with similar masses, or even
with a higher mass like in the case of PSR J1012+5307
(Lazaridis et al. 2009). Even when non-perturbative effects
do develop, we will show below that the higher-order correc-
tions entering eq. (12) do not change the conclusions quali-
tatively.

c⃝ 0000 RAS, MNRAS 000, 000–000

Freire et al.,  ‘12

Massless scalar field:
coupling described by two parameters, α0,β0

bound on α0 from solar system tests
bound on β0 from binary pulsars observations

for larger |β0|, large non-linear effects 
(spontaneous scalarization) but would
affect binary pulsar motion => ruled out

Different formulations of the theory (e.g., massive
scalar field) predict deviations only in the merging
=> not ruled out, can be tested with GWs

natural and simple generalizations of GR including additional degrees of freedom. In these theories,
which include for instance Brans-Dicke gravity [107], the metric tensor is non-minimally coupled
with one or more scalar fields. In the case of a single scalar field (which can be generalized to
multi-scalar-tensor theories [212]), the action can be written as

S =
1

16⇥G

�
d4x

⇥
�g [F (⇤)R� 8⇥GZ(⇤)gµ⌅⌥µ⇤⌥⌅⇤� U(⇤)] + Sm(⌅m, gµ⌅) (5)

where R is the Ricci scalar associated to the metric gµ⌅ , F,Z, U are arbitrary functions of the scalar
field ⇤, and Sm is the action describing the dynamics of the other fields (which we call “matter
fields”, ⌅m).

Scalar-tensor theories can be obtained as low-energy limits of SMTs [291]; this provides a moti-
vation in studying these theories on the grounds of fundamental physics. An additional motivation
comes from the recently proposed “axiverse” scenario [44, 45], in which ultra-light axion fields
(pseudo-scalar fields, behaving under many respects as scalar fields) arise from the dimensional
reduction of SMT, and play a role in cosmological models.

Scalar-tensor theories are also appealing alternatives to GR because they predict new phe-
nomena, which are not allowed in GR. In these theories, the GW emission in compact binary
coalescences has a dipolar (⌘ = 1) component, which is absent in GR; if the scalar field has a (even
if extremely small) mass, superradiant instabilities occur [159, 502, 662], which can determine the
formation of floating orbits in extreme mass ratio inspirals [139, 689], and these orbits a�ect the
emitted GW signal; last but not least, under certain conditions NSs can undergo a phase transition,
acquiring a nontrivial scalar field profile (spontaneous scalarization) [212, 213]. A detection of one
of these phenomena would be a smoking gun of scalar-tensor gravity.

These theories, whose well posedness has been proved [557, 558], are a perfect arena for NR. Re-
covering some of the above smoking-gun e�ects is extremely challenging, as the required timescales
are typically very large when compared to any other timescales in the problem.

Other examples for which NR will be instrumental include theories in which the Einstein-Hilbert
action is modified by including terms quadratic in the curvature (such as R2, Rµ⌅Rµ⌅ , Rµ⌅�⇥Rµ⌅�⇥ ,
�µ⌅�⇥Rµ⌅⇧⌃R�⇥

⇧⌃), possibly coupled with scalar fields. In particular, Einstein-Dilaton-Gauss-
Bonnet gravity and Dynamical Chern-Simons gravity [500, 29] can arise from SMT compactifi-
cations, and Dynamical Chern-Simons gravity also arises in Loop Quantum Gravity.

3.2 Fundamental and mathematical issues

3.2.1 Cosmic Censorship

Spacetime singularities signal the breakdown of the geometric description of the spacetime, and
can be diagnosed by either the blow-up of observer-invariant quantities or by the impossibility
to continue timelike or null geodesics past the singular point. For example, the Schwarzschild
geometry has a curvature invariant RabcdRabcd = 48G2M2/(c4r6) in Schwarzschild coordinates,
which diverges at r = 0, where tidal forces are also infinite. Every timelike or null curve crossing
the horizon necessarily hits the origin in finite proper time or a⌅ne parameter and therefore
the theory breaks down at these points: it fails to predict the future development of an object
which reaches the singular point. Thus, the classical theory of GR, from which spacetimes with
singularities are obtained, is unable to describe these singular points and contains its own demise.
Adding to this classical breakdown, it is likely that quantum e�ects take over in regions where
the curvature radius becomes comparable with the scale of quantum processes, much in the same
way as quantum electrodynamics is necessary in regions where EM fields are large enough (as
characterized by the invariant E2 � B2) that pair creation occurs. Thus, a quantum theory of
gravity might be needed close to singularities.
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the Gauss-Bonnet scalar R2
GB ⌘ R2 � 4R2

µ⌫ + R2
µ⌫⇢� and the Pontryagin scalar (also

referred to as the Chern-Simons scalar) defined above, because these terms can be
shown to emerge in low-energy realizations of string theory [215,249]. The Pontryagin
scalar also appears in loop quantum gravity [250]. However, these terms alone do not
yield modifications to Einstein’s equations in four spacetime dimensions, because their
integrals are four-dimensional topological invariants and only account for boundary
terms in the action. To circumvent this problem one is thus forced to add extra
dynamical fields, i.e., extra propagating degrees of freedom (but cf. Section 2.7 below
for a different strategy using nondynamical fields). The simplest way to introduce
nontrivial higher-order curvature corrections is via coupling with a scalar field.

The most generic class of four-dimensional theories obtained by including all
quadratic algebraic curvature invariants coupled to a single scalar field reads [74,80]

S =
1

16⇡

Z p�gd4x
h

R � 2ra�ra� � V (�) + f1(�)R2

+ f2(�)Rµ⌫R
µ⌫ + f3(�)Rµ⌫⇢�Rµ⌫⇢� + f4(�)⇤RR

i

+ Smat [ , �(�)gµ⌫ ] ,

(2.21)

where V (�) is the scalar self-potential, fi(�) (i = 1, . . . , 4) are coupling functions,
and in the matter action Smat we have included a nonminimal but universal metric
coupling, which thus satisfies the weak (but in general not the strong) equivalence
principle. The action (2.21) generically yields higher-order field equations that are
prone to the Ostrogradski instability and to the appearance of ghosts, unless the
various terms appear in the special combination corresponding to the four-dimensional
Gauss-Bonnet invariant (discussed in Section 2.4.1 below). To avoid this instability,
the theory (2.21) must be considered as an effective action, obtained as the truncation
of a more general theory, valid only up to second order in curvature.⇤ In the decoupling
limit (where the effective theory is valid, see Section 2.8), a perturbative approach
is applicable and the field equations remain of second differential order for generic
combinations of the curvature invariants. For example, it has been shown that dCS
gravity (introduced in Section 2.4.2 below) does not exhibit any ghost-like instabilities
when treated order-by-order in the perturbation scheme and, in fact, can be cast into a
well-posed Cauchy problem in the decoupling limit [44]. We expect a similar argument
to hold for EdGB gravity (see Section 2.4.1), but a rigorous proof in this case is still
missing.

The EFT approach is not only motivated by the desire to avoid higher-order
derivatives in the field equations, but it arises naturally in some low-energy expansion
in string theory, which indeed contains the Gauss-Bonnet and Chern-Simons terms
coupled respectively to the dilaton and axion at second order in the curvature. In this
approach the Einstein-Hilbert term is considered as the first-order term in a (possibly
infinite) series expansion containing all possible curvature corrections. In this sense,
GR may be only accurate up to second-order terms in the curvature.

In the geometrical units adopted here, the scalar field entering the action (2.21)
is dimensionless, whereas the coupling functions fi(�) have the dimensions of a length
squared, i.e. of an inverse curvature. Thus, at variance with the scalar-tensor theories

⇤ Alternatively, one can circumvent the Ostrogradski instability by expanding the phase-space of the
(dynamical) variables if the resulting equations of motion constitute a closed system of PDEs that
are at most second order [251,252].
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sector of heterotic string theory [256]. Gauss-Bonnet gravity can also be seen as a
particular case of Horndeski gravity [257], as mentioned in Section 2.2.3. For instance,
in the case f1(�) = ↵�, the action (2.24) can be shown to be equivalent to the
action (2.9) with K = X/2, G3 = 0, G4 = 1/2, G5 = �2↵ ln |X| [92].

As in all of these theories, the coupling parameter is dimensionful and, specifically,
it has dimensions of an inverse curvature. It is thus natural to expect that the strongest
constraints on the theory should come from physical systems involving high curvature:
BHs, NSs and the early Universe. We postpone a discussion of BHs and NSs to
Sections 3 and 4, respectively. Here we anticipate the observational bounds that have
been derived.

Most bounds have been derived in the weak-coupling approximation, where one
expects

p

|↵GB| . O(L) , (2.25)

where L is the typical curvature radius in the system under consideration. Thus,
Solar-System constraints—such as those derived by measuring the Shapiro time delay
of the Cassini probe [35]—give a mild bound

p|↵GB| . 1013cm, which is in fact of the
order of an astronomical unit. On the other hand, as we shall discuss in Section 3, BHs
in this theory carry a scalar charge, and observations of BH low-mass X-ray binaries
give a constraint which is six orders of magnitude stronger [43]:

p

|↵GB| . 5 ⇥ 106cm (2.26)

(in the units of Eq. (2.24)). As expected, this constraint is comparable to the typical
size of a stellar-mass BH. On the other hand, the only bound on EdGB gravity
as an exact theory is of theoretical nature, because the existence of BH solutions
implies that

p|↵GB| be smaller than the BH horizon size [73]; this bound implies
↵GB/M2 . 0.691 [75]. Thus, the observational constraint (2.26) is likely to be a good
estimate also for the exact EdGB gravity.

As previously mentioned, the bounds listed above are clearly satisfied if one
assumes that quadratic curvature corrections become relevant only at the Planck scale.
Nonetheless, they represent the best constraints on quadratic gravity to date, and they
were obtained without any a priori assumptions on the regime in which deviations from
GR should be relevant.

2.4.2. Chern-Simons gravity While the terms proportional to f1, f2 and f3 in the
action (2.21) are all associated with qualitatively similar corrections to GR, the
term proportional to f4 is peculiarly different, to the extent that the special case
f1 = f2 = f3 = 0 describes a specific theory (Chern-Simons gravity) which has been
widely scrutinized in recent years (see [258] for a review). At variance with EdGB
gravity, to avoid higher-order derivatives in the field equations Chern-Simons theory
must be considered as an EFT. Almost all work so far has focused on the special case
f4 = ↵CS�, working perturbatively in the coupling constant ↵CS. Then the action
reads

S =
1

16⇡

Z p�gd4x [R � 2ra�ra� � V (�) + ↵CS � ⇤RR] , (2.27)

and most of the literature considered the case of a vanishing scalar potential: V (�) = 0.
Like the Gauss-Bonnet term, the Chern-Simons term ⇤RR is also a topological
invariant, so that if f4 = const the theory is equivalent to GR.

Einstein-dilaton-Gauss-Bonnet (EdGB) gravity

3

II. SPINNING BLACK HOLES IN
EINSTEIN-DILATON-GAUSS-BONNET

THEORY

In this section we derive the spacetime metric
and scalar field describing rotating BHs in EDGB
theory, up to O �

⇣7,�5
�
.

A. EDGB gravity

Einstein-dilaton-Gauss-Bonnet theory is defined
by the following action [12, 20]:

S =
1

2

Z
d4x

p�g


R� 1

2
@µ�@

µ�+
↵e�

4
R2

GB

�
,

(2)
where g < 0 is the metric determinant, � is a
scalar field coupled to the Gauss-Bonnet invari-
ant (1) and ↵ > 0 is the coupling constant [20].
Since we are interested in BH solutions, in the ac-
tion above we have neglected matter fields. We
use geometric units G = c = 1: with this choice,
the scalar field � is dimensionless and ↵ has the
dimensions of a length squared.

The field equations of EDGB gravity are found
by varying the action (2) with respect to gµ⌫ and
�:

Gµ
⌫ =

1

2
@µ�@⌫�� 1

4
gµ⌫@↵�@

↵�� ↵Kµ
⌫ , (3)

S ⌘ 1p�g
@µ(

p�g@µ�) +
↵

4
e�R2

GB = 0 , (4)

where Gµ⌫ = Rµ⌫ � 1
2gµ⌫R is the Einstein tensor,

Kµ⌫ =
1

8
(gµ⇢g⌫� + gµ�g⌫⇢) ✏

k�↵�

⇥r�

�
✏⇢�µ⌫Rµ⌫↵�@ke

�
�
, (5)

and ✏µ⌫↵� is the Levi-Civita tensor, with ✏0123 =
�(�g)�1/2. Note that – by virtue of the GB
combination entering the action (2) – the equa-
tions are of second di↵erential order, and, there-
fore, this theory is free from the Ostrogradsky in-
stability [13]. Indeed, EDGB gravity is a particular
case [36] of Horndeski gravity – the most general
scalar-tensor theory with second-order field equa-
tions [37]. This special subcase is the only one
known to date in which regular, stationary, asymp-
totically flat, hairy BH solutions other than GR
ones are found [38]. Furthermore, EDGB grav-
ity can be obtained from the low-energy expan-
sion of the bosonic sector of heterotic string the-
ory [12, 21], in such case the coupling ↵ is related
to the string tension.

In order to simplify our notation, in the next
sections we shall introduce the modified Einstein

tensor G̃µ
⌫ = Gµ

⌫ � Tµ
⌫ , where

Tµ
⌫ =

1

2
@µ�@⌫�� 1

4
gµ⌫@↵�@

↵�� ↵Kµ
⌫ , (6)

is the e↵ective stress-energy tensor for the dilaton.

B. Static BH solutions

Since the EDGB coupling constant has the di-
mensions of the inverse of the curvature tensor,
it is natural to expect that in this theory the
strongest deviations from GR will come from phys-
ical systems involving high curvature, such as BHs,
neutron stars and the early Universe. We focus
here on BH solutions and, in particular, on ro-
tating BH geometries that are obtained through
a slow-rotation expansion around a static back-
ground solution.

The exact BH background solution (first derived
in [20]) is described by the static, spherically sym-
metric line element

ds2 = �e�(r)dt2 + e�⇤(r)dr2 + r2d⌦2 , (7)

and by a spherically symmetric scalar field, � =
�(r). The field equations (3) and (4) supplied by
the metric ansatz (7) reduce to a set of di↵erential
equations for the scalar field and for the functions
� and ⇤. Indeed, Eq. (4) yields

�00 + �0
✓
�0 � ⇤0

2
+

2

r

◆
=

↵e�

2r2

✓
�0⇤0e�⇤ +

+ (1� e�⇤)


�00 +

�0

2
(�0 � ⇤0)

�◆
, (8)

while the t-t, r-r and ✓-✓ components of G̃µ
⌫ = 0

reduce to

1 +

↵e�

2r
�0(1� 3e�⇤)

�
⇤0 =

�02r

4
+

1� e⇤

r
+

+
↵e�

r
(1�e�⇤)(�00 + �02) , (9)


1 +
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�
�0 =

�02r

4
+

e⇤ � 1

r
,

(10)
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2
+

1

r

◆
(�0 � ⇤0) = ��02

2
+

↵e��⇤

r
⇥

⇥

�0�00 + �0(�00 + �02) +

�0�0

2
(�0 � 3⇤0)

�
.

(11)

Note that Eqs. (9)–(11) are not all independent
and that the r-r component can be solved analyt-
ically, yielding

e⇤ =
�� +

p
�2 � 4�

2
, (12)

2

moreover, the accuracy of the corresponding frequency
measurements is limited to > 1 � 2%. Despite these
limitations, the application of the Relativistic Precession
Model (RPM, see Section 2.1) to the QPOs from the BH
X-ray binary GRO J1655-40 (Motta et al. 2014), the only
BH binary system in which three simultaneous QPOs
were observed, yielded precise measurements of the BH
mass and spin, the former being in full agreement with
the mass derived from optical observations.
With the development of very high throughput X-ray

instrumentation, it is expected that simultaneous QPO
signals will be detected in a variety of BHs and their
frequency will be measured to high precision and accu-
racy, such that quantitative tests of GR predictions in
the strong-field/high-curvature regime will become fea-
sible. X-ray astronomy satellites that can achieve these
goals have been actively studied in recent years. In par-
ticular, the proposed ESA X-ray satellite LOFT, with its
extremely high e↵ective area (up to ⇠ 10 m2) and good
CCD-type spectral resolution (⇠ 180 eV) in the classical
X-ray range (2 - 50 keV), o↵ers the best prospects for
exploiting the QPO diagnostic (Feroci et al. 2012).
As with other astrophysical systems (e.g. the pulse

timing of relativistic binary pulsars (Kramer 2014)
and extreme mass-ratio inspirals (Amaro-Seoane et al.
2014)), QPOs provide in principle two di↵erent meth-
ods to test GR. In the first method, GR predictions
are directly compared to measurements and tested for
consistency. In the second method, alternative theories
are introduced, and their parameters are constrained to
demonstrate whether GR is confirmed as the best theory
of gravity.
Some degree of “redundancy” is required in order to

apply the second method, in that the measurements must
be su�cient to constrain (or infer) more parameters than
those required by GR alone. In this context, alterna-
tive gravity theories have been introduced by adopting
two di↵erent approaches (Psaltis 2009). In a bottom-
up approach, one parametrizes the BH spacetime in a
phenomenological way and, once a deviation from GR is
found (or constrained) in terms of these parameters, one
tries to interpret such a deviation (or constraint) in terms
of an alternative theory. However, the parametrizations
that have been proposed in the literature up to now ei-
ther do not reproduce BH solutions of known theories
alternative to GR (Collins & Hughes 2004; Glampedakis
& Babak 2006; Johannsen & Psaltis 2010) or are very
involved, and therefore are to some extent impractical
(Vigeland et al. 2011). In a top-down approach, instead,
one considers modifications of GR, possibly inspired by
fundamental physics considerations, and then works out
the predictions of such modifications to be tested against
observation. We adopt here a top-down approach to cal-
culate the modified fundamental frequencies of motion
that underlay QPO models. We mention that bottom-
up approaches have been employed to test GR using
QPO signals from accreting BHs, in Johannsen & Psaltis
(2011); Bambi (2012, 2013b).
Among the gravity theories which have been proposed

as alternatives to GR (see e.g. the reviews of Psaltis
(2008), Yunes & Siemens (2013), Will (2014)) we se-
lect the Einstein-Dilaton-Gauss-Bonnet (EDGB) theory

(Kanti et al. 1996), in which the Gauss-Bonnet invariant

R2
GB = R↵���R

↵��� � 4R↵�R
↵� +R2 (1)

is included in the action, coupled with a scalar field. The
reasons for this choice are as follow.

• The most natural way to modify the strong-
field/high-curvature regime of gravity is to include
in the action a quadratic term in the curvature ten-
sor.

• If the equations of motion have third- (or higher)
order derivatives, then the theory is subject to
Ostrogradsky’s instability (Woodard 2007). The
Gauss-Bonnet invariant is the only quadratic term
in the curvature which leads to second-order field
equations, thus avoiding this instability. Theo-
ries with quadratic curvature invariants di↵erent
from (1) should be treated as e↵ective theories, in
which higher-order terms are assumed to be present
in the action and neglected in some regime.

• Since R2
GB is a total derivative, it would not con-

tribute to the field equations unless it is coupled to
a scalar field, as in the EDGB theory.

• The Gauss-Bonnet term can be seen as the first
term in an expansion including all possible curva-
ture invariants and their powers, as suggested by
low-energy e↵ective string theories (see e.g. Moura
& Schiappa (2007) and references therein).

• Scalar-tensor theories which do not include
quadratic (or higher) curvature invariants (see e.g.
Fujii et al. (2003) and references therein) do not in-
troduce strong-field/high curvature corrections to
GR5. Moreover, stationary BHs in these theories
satisfy the no-hair theorems of GR (Sotiriou &
Faraoni 2012). It is then impossible to test GR
against these theories using BHs close to station-
arity. Similar results apply to f(R) theories. In
the EDGB theory, instead, BH solutions are di↵er-
ent from those of GR (Mignemi & Stewart 1993;
Kanti et al. 1996; Pani & Cardoso 2009; Yunes &
Stein 2011; Sotiriou & Zhou 2014). Testing these
di↵erences is the goal of this work.

In this paper, we calculate the azimuthal and epicyclic
frequencies of a slowly rotating BH in EDGB gravity
and find that these di↵er from their GR equivalent by
up to ⇠ 4%. A similar computation has been carried out
for dynamical Chern-Simons gravity (a di↵erent theory
with quadratic curvature terms, see Alexander & Yunes
(2009) for a review) in Vincent (2013), finding that de-
viations from GR predicted by that theory are much
smaller. Using the RPM, we show that the di↵erences be-
tween the QPO frequencies predicted by GR and EDGB
gravity, while undetectable with currently available BH
QPO measurements, can be large enough to be measured
with the next generation of large area X-ray instruments.
This paper is organized as follows. In Section 2 we sum-
marize the RPM and the procedure for computing the

5 Except - in the case of neutron stars - for specific solutions,
for instance, such as those discussed in Damour & Esposito-Farèse
(1993).

where

It can be shown that, as long as BH solutions in vacuum are concerned,
quadratic gravity can be reduced to two cases (e.g. Pani et al., PRD ‘11):
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They are probably the simplest way to modify strong-field/high-curvature regime of gravity
 Stationary BH solutions with non-trivial scalar field configurations do exist
 Large-curvature modification only show up in the final stages of coalescence 

     => not ruled out by binary pulsar observations
 Naturally emerge in low-energy realizations of string theory (scalar field is dilaton)
 Effective field theory interpretation: can be seen as first terms in an expansion in 

     all curvature invariants (could make theory renormalizable)
 One of them (EdGB) also exist as an exact theory: no instability
 Implicit assumption: there is a new scale >> Planck scale:  α1/2 ~ km
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Lorentz-violating gravity:

Gravity with: large extra dimensions, non-commutative geometry, time-dependent G, 
                        non-dynamical fields, etc. etc.  

several theories in this class; the most interesting (and well-motivated) is Horava gravity (Horava, ‘09):

Giving up Lorentz invariance in gravity, it is possible to construct a renormalizable QFT
with only spatial diffeomorphism invariance

As reviewed in that figure and discussed later in section 6.1, even more stringent constraints
on λ and β come from binary pulsar observations [48, 49].

2.5.3. Horǎva gravity. The khronometric theory action (2.37) is particularly interesting
because it is the low-energy (or infrared) limit of Hořava gravity [200], a renormalizable
quantum field theory which has only spatial diffeomorphism invariance. The complete action
of Hořava gravity is [279]
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is the Lagrangian density of Khronometric theory (see equation (2.37)), Må is a mass scale,
and L4 and L6 are terms of fourth and sixth order in the spatial derivatives, but contain no
derivatives with respect to the preferred time T.

Complete constraints on Må are somewhat elusive to obtain, and are probably one of the
most important open questions in Hořava gravity [282]. The reason is that one would expect
Lorentz violations to percolate from gravity into the matter sector, where Lorentz symmetry
has been verified to high precision by particle physics and cosmic-ray experiments [201, 264–
267]. However, several mechanisms have been put forward to suppress this percolation. For
instance, it has been suggested that the operators that violate Lorentz symmetry in the matter
sector might be finely tuned to much smaller values than those in the gravity sector. Also,
Lorentz invariance in matter might be an emergent property at low energies [283], as an
accidental symmetry [284] or due to renormalization group phenomena [285, 286] . Finally, it
has been shown that two sectors with different Lorentz violation degrees can easily coexist if
their interaction is suppressed by a high mass scale [287], and this could be the case for the
gravity and matter sector. Therefore, taking into account only the gravitational bounds (i.e.
assuming that percolation of Lorentz violation into the matter sector is efficiently suppressed),
one obtains M 10 eV2

� 2 - from sub-millimeter gravitational experiments. Also, perhaps
surprisingly, Må has an upper bound (Må  1016 GeV) from the requirement that the theory
remains perturbative at all scales [288–290], so that the power-counting renormalizability
arguments proposed in [200] apply.

Three things are worth stressing about the higher-order derivative terms L4 and L6 in the
action. First, the presence of sixth-order spatial derivatives is essential for power-counting
renormalizability [200]. Second, the fourth- and sixth-order terms in the spatial derivatives
generally lead to nonlinear dispersion relations for the gravitational degrees of freedom of the
theory, i.e. the spin-2 and spin-0 gravitons (the latter present in the theory because of the
foliation-defining scalar T) satisfy
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where ω and k are respectively the frequency and the wave-number, while α4 and α6 are
dimensionless constants. Because such a dispersion relation allows for infinite propagation
speeds in the ultraviolet limit, the notion of a BH may appear problematic in these theories.
However, we will return to this problem in section 3.5 and show that the presence of a
dynamical foliation-defining scalar T actually allows for BHs to be defined in this theory as
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2.5.3. Horǎva gravity. The khronometric theory action (2.37) is particularly interesting
because it is the low-energy (or infrared) limit of Hořava gravity [200], a renormalizable
quantum field theory which has only spatial diffeomorphism invariance. The complete action
of Hořava gravity is [279]

S
G

T x N h L
M

L
M

L
1

16
d d , 2.41H

H

3
2

2

2 4

4

4 6 ( )
⎛
⎝⎜

⎞
⎠⎟

� �

� �
òp

= + +

where

L K K K R a a
1
1

1
1 1

2.42ij
ij

i
i

2
2 3 ( )( )l

b b
a
b

= -
+
-

+
-

+
-

is the Lagrangian density of Khronometric theory (see equation (2.37)), Må is a mass scale,
and L4 and L6 are terms of fourth and sixth order in the spatial derivatives, but contain no
derivatives with respect to the preferred time T.

Complete constraints on Må are somewhat elusive to obtain, and are probably one of the
most important open questions in Hořava gravity [282]. The reason is that one would expect
Lorentz violations to percolate from gravity into the matter sector, where Lorentz symmetry
has been verified to high precision by particle physics and cosmic-ray experiments [201, 264–
267]. However, several mechanisms have been put forward to suppress this percolation. For
instance, it has been suggested that the operators that violate Lorentz symmetry in the matter
sector might be finely tuned to much smaller values than those in the gravity sector. Also,
Lorentz invariance in matter might be an emergent property at low energies [283], as an
accidental symmetry [284] or due to renormalization group phenomena [285, 286] . Finally, it
has been shown that two sectors with different Lorentz violation degrees can easily coexist if
their interaction is suppressed by a high mass scale [287], and this could be the case for the
gravity and matter sector. Therefore, taking into account only the gravitational bounds (i.e.
assuming that percolation of Lorentz violation into the matter sector is efficiently suppressed),
one obtains M 10 eV2

� 2 - from sub-millimeter gravitational experiments. Also, perhaps
surprisingly, Må has an upper bound (Må  1016 GeV) from the requirement that the theory
remains perturbative at all scales [288–290], so that the power-counting renormalizability
arguments proposed in [200] apply.

Three things are worth stressing about the higher-order derivative terms L4 and L6 in the
action. First, the presence of sixth-order spatial derivatives is essential for power-counting
renormalizability [200]. Second, the fourth- and sixth-order terms in the spatial derivatives
generally lead to nonlinear dispersion relations for the gravitational degrees of freedom of the
theory, i.e. the spin-2 and spin-0 gravitons (the latter present in the theory because of the
foliation-defining scalar T) satisfy

k
M

k
M

k , 2.432 2
4

2
4

6

4
6 ( )

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

� �

� �
w a aµ + + + "

where ω and k are respectively the frequency and the wave-number, while α4 and α6 are
dimensionless constants. Because such a dispersion relation allows for infinite propagation
speeds in the ultraviolet limit, the notion of a BH may appear problematic in these theories.
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2.2 3+1 SPLIT OF SPACETIME 65
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Fig. 2.1: Foliation of spacetime into three-dimensional spacelike hypersurfaces.

In the following sections I will introduce the 3+1 formalism of general rela-
tivity. The discussion found here can be seen in more detail in [206] and [305].

2.2 3+1 split of spacetime

In order to study the evolution in time of any physical system the first thing that
needs to be done is to formulate such an evolution as an initial value or Cauchy
problem: Given adequate initial (and boundary) conditions, the fundamental
equations must predict the future (or past) evolution of the system.

When trying to write Einstein’s equations as a Cauchy problem we imme-
diately encounter a stumbling block: The field equations are written in such a
way that space and time are treated on an equal footing. This covariance is very
important (and quite elegant) from a theoretical point of view, but it does not
allow us to think clearly about the evolution of the gravitational field in time.
Therefore, the first thing we need to do in order to rewrite Einstein’s equations
as a Cauchy problem is to split the roles of space and time in a clear way. The
formulation of general relativity that results from this splitting is known as the
3+1 formalism.

Let us start by considering a spacetime with metric gαβ . As already men-
tioned in Chapter 1, we will always assume that the spacetimes of interest are
globally hyperbolic, that is, they have a Cauchy surface. Any globally hyperbolic
spacetime can be completely foliated (i.e. sliced into three-dimensional cuts) in
such a way that each three-dimensional slice is spacelike (see Figure 2.1). We
can identify the foliation with the level sets of a parameter t which can then be
considered a universal time function (but we should keep in mind that t will not
necessarily coincide with the proper time of any particular observer). Because
of this fact, such a foliation of spacetime into spatial hypersurfaces is often also
called a synchronization.

Consider now a specific foliation, and take two adjacent hypersurfaces Σt

and Σt+dt. The geometry of the region of spacetime contained between these

Dynamical 3+1 foliation (see Valeria’s talk)

Prediction (smoking gun): modified dispersion relation, affecting GW propagation 

As reviewed in that figure and discussed later in section 6.1, even more stringent constraints
on λ and β come from binary pulsar observations [48, 49].

2.5.3. Horǎva gravity. The khronometric theory action (2.37) is particularly interesting
because it is the low-energy (or infrared) limit of Hořava gravity [200], a renormalizable
quantum field theory which has only spatial diffeomorphism invariance. The complete action
of Hořava gravity is [279]
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is the Lagrangian density of Khronometric theory (see equation (2.37)), Må is a mass scale,
and L4 and L6 are terms of fourth and sixth order in the spatial derivatives, but contain no
derivatives with respect to the preferred time T.

Complete constraints on Må are somewhat elusive to obtain, and are probably one of the
most important open questions in Hořava gravity [282]. The reason is that one would expect
Lorentz violations to percolate from gravity into the matter sector, where Lorentz symmetry
has been verified to high precision by particle physics and cosmic-ray experiments [201, 264–
267]. However, several mechanisms have been put forward to suppress this percolation. For
instance, it has been suggested that the operators that violate Lorentz symmetry in the matter
sector might be finely tuned to much smaller values than those in the gravity sector. Also,
Lorentz invariance in matter might be an emergent property at low energies [283], as an
accidental symmetry [284] or due to renormalization group phenomena [285, 286] . Finally, it
has been shown that two sectors with different Lorentz violation degrees can easily coexist if
their interaction is suppressed by a high mass scale [287], and this could be the case for the
gravity and matter sector. Therefore, taking into account only the gravitational bounds (i.e.
assuming that percolation of Lorentz violation into the matter sector is efficiently suppressed),
one obtains M 10 eV2

� 2 - from sub-millimeter gravitational experiments. Also, perhaps
surprisingly, Må has an upper bound (Må  1016 GeV) from the requirement that the theory
remains perturbative at all scales [288–290], so that the power-counting renormalizability
arguments proposed in [200] apply.

Three things are worth stressing about the higher-order derivative terms L4 and L6 in the
action. First, the presence of sixth-order spatial derivatives is essential for power-counting
renormalizability [200]. Second, the fourth- and sixth-order terms in the spatial derivatives
generally lead to nonlinear dispersion relations for the gravitational degrees of freedom of the
theory, i.e. the spin-2 and spin-0 gravitons (the latter present in the theory because of the
foliation-defining scalar T) satisfy
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where ω and k are respectively the frequency and the wave-number, while α4 and α6 are
dimensionless constants. Because such a dispersion relation allows for infinite propagation
speeds in the ultraviolet limit, the notion of a BH may appear problematic in these theories.
However, we will return to this problem in section 3.5 and show that the presence of a
dynamical foliation-defining scalar T actually allows for BHs to be defined in this theory as
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Massive graviton theories:
most interesting is de Rahm-Gabadadze-Tolley (dRGT) theory (de Rahm et al., ’10)

result of a large effort to avoid ghosts in massive graviton theories.
Gravity is described by a local, Lorentz-invariant, 
massive, self-interacting spin-2 field.
Action depends (through a tensor 𝒦) on a fixed auxiliary metric (or dynamical, e.g. bigravity)

GR and exist for all values of λ, q [52]. Thus, at least to first PN order, we have 01 2a a= = ,
and n-DBI is indistinguishable from GR in the Solar System.

2.6. Massive gravity and Galileons

de Rham–Gabadadze–Tolley (dRGT) massive gravity is an infrared modification of GR in
which gravity is described by a local, Lorentz-invariant, self-interacting, massive spin-2 field.
If the mass of the graviton is of order the Hubble scale today, m 10 eVg

33~ - , massive gravity
may explain the observed cosmic acceleration (see [17] for a recent review). For clarity of
presentation, in this section we do not assume GN = 1, but the gravitational constant is
expressed in terms of the Planck mass M G8Pl N

1 2( )p= - .
Historically, one of the main challenges in constructing a consistent theory of massive

gravity has been preventing the appearance of a scalar ghost mode in the spectrum. The
existence of this spurious ghost mode follows from a simple counting argument: a massive
spin-2 particle should have five degrees of freedom, but there are six possible polarizations for
GWs carried by a symmetric tensor hij. Thus a theory of massive gravity needs to contain a
constraint so that this sixth allowed mode is not present. At the linear level, this problem was
solved by Fierz and Pauli by choosing a specific tuning in the mass term [295]. However,
Boulware and Deser showed that the sixth mode generically reappears as a ghost at the
nonlinear level [296]. When this mode arises nonlinearly, it is referred to as a Boulware–
Deser (BD) ghost.

dRGT massive gravity, originally proposed in [297, 298], was constructed to avoid the
BD ghost to all orders around any background. The action is
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second-class constraints (and thus the absence of the BD ghost) has been confirmed by many
authors, see for example [301, 302].

The metric fμν is a fixed, external metric called the ‘reference metric.’ The reference
metric is needed because the only nontrivial scalar function that can be built out of a single
metric is the determinant gdet( ) or functions of the determinant, which simply give a cos-
mological constant or a single new scalar mode [296]. Recently it has been shown that in
certain frameworks the reference metric can be eliminated altogether [303]. We may also
make the reference metric dynamical by adding a second Einstein–Hilbert term

S x f R fdf
M

2
4f

2

[ ]ò= - to the action [304]. This is known as bigravity; in this case the
spectrum consists of one massless and one massive graviton.

41 The matrix square root g f Mºma
an

m
n is defined in such a way that M M g f=m

r
r
n

ma
an . For flat backgrounds,

there is no problem defining the matrix square root in the action perturbatively around flat space using the infinite
series expansion given in [298]. It is possible to avoid dealing with matrix square roots by defining massive gravity in
the vielbein language [299, 300], in which case the mass term becomes a finite polynomial in the vielbeins, rather
than a matrix square root. In this formalism there is no need to take any matrix square roots: see equations (6.1) and
(6.2) of [17].
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In the decoupling limit (mg→0 with mg2Mpl finite) 
reduces to Galileon theory: scalar field action in 
flat space with derivative interactions

In the following we will mostly focus on massive gravity with a fixed Minkowski
reference metric.

Decoupling limit. Many classic tests of gravity take place at length scales much shorter than
the Hubble scale, and in regions where the gravitational field is weak: h M 1Pl � . In this
regime, we may study massive gravity in a simple approximation of the fully nonlinear theory
by considering the decoupling limit: m 0g and M ,Pl ¥ with m M3 g

2
Pl

1 3( )L = fixed. To
be relevant for cosmology we need m 10 eVg

33~ - , so 1000 km3
1( )L ~ - . In all cases where

calculations have been done in the full theory and in the decoupling limit, the decoupling limit
turned out to be an excellent approximation: see e.g. [172]. In this limit, we may decompose
the metric perturbation H g h= -mn mn mn into helicity eigenstates: two helicity-2 modes, two
helicity-1 modes and one helicity-0 mode (see [297] for a derivation of the decoupling limit).
The helicity-2 modes have the same dynamics as in GR, while the helicity-1 modes are not
sourced by matter in this limit. Therefore, we will focus exclusively on the helicity-0 mode,
whose dynamics is governed by
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where Tμν is an external stress–energy tensor, cn, gi are constant coefficients, n
g

n 1
( )$ $p= - ,

and n$ are the same as those given in equation (2.46). The interactions for the π field are
called the Galileon interactions [305]; , ,g g g

3 4 5
( ) ( ) ( )$ $ $ are called the Cubic, Quartic, and

Quintic Galileons, respectively. The Galileon interactions ensure that π has second-order
equations of motion, which reflects the fact that the BD ghost is not present.

As can be seen from equation (2.47), the helicity-0 mode remains coupled to matter in the
decoupling limit, in which m 0g . This surprising fact is known as the van Dam–Veltman-
Zakharov (vDVZ) discontinuity [306, 307]. This would appear to rule out massive gravity
because the helicity-0 mode would then source a fifth force of gravitational strength, so that,
for example, the bending of light by the Sun in massive gravity would differ from the GR
prediction by 25%.

Vainshtein mechanism. The resolution to the vDVZ discontinuity, as originally proposed by
Vainshtein in [308], is that we cannot ignore the nonlinear self-interactions of the helicity-0
mode. These interactions serve to suppress the coupling to matter, restoring continuity with
GR (see [309] for an introduction). This is why it was crucial to keep the scale Λ3 fixed in the
decoupling limit.

The Vainshtein mechanism was proved to work under specific assumptions (e.g. for
spherically symmetric, static spacetimes). A general proof of its validity is still lacking, but
there have been some studies of the Vainshtein mechanism in time-dependent situations,
including binary pulsars [53, 310] and cosmology [311, 312]. Furthermore, there is by now a
fair amount of numerical evidence that the Vainshtein mechanism operates even beyond the
spherically symmetric static solutions for Galileons. For example, Koyama and collaborators
carried out numerical simulations characterizing the strength of the Vainshtein mechanism
[313, 314], considering in particular a two-body system that breaks spherical symmetry [315]
and using N-body simulations to study the growth of structures, such as dark matter halos and
cosmic webs [316, 317].

From a field-theoretic perspective, the Vainshtein mechanism may be understood by
considering fluctuations in the Galileon (π = π0 + f) in a regime where the background is
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(Abbot et al., Testing of GR with GW150914, PRL ’16)

Current tests:

space, the coefficients pi are evaluated for the local
physical parameters (masses, spins) and multiplied by
factors ð1þ δp̂iÞ. When using such waveforms as tem-
plates, the parameters that are allowed to vary freely are
then the ones that are also present in the GR waveforms
(masses, spins, sky position, orientation, distance, and a
reference time and phase), together with one or more of the
δp̂i’s; the pi’s themselves are calculated using their GR
expressions in terms of masses and spins. In this para-
metrization, GR is uniquely defined as the locus in the
parameter space where all of the testing parameters δp̂i are
zero. In summary, our battery of testing parameters consists
of (i) the early-inspiral stage: fδφ̂0; δφ̂1; δφ̂2; δφ̂3;
δφ̂4; δφ̂5l; δφ̂6; δφ̂6l; δφ̂7g, (ii) the intermediate regime:
fδβ̂2; δβ̂3g, and (iii) the merger-ringdown regime:
fδα̂2; δα̂3; δα̂4g. (Unlike Ref. [41], we explicitly include
the logarithmic terms δφ̂5l and δφ̂6l. We also include the
0.5 PN parameter δφ̂1; since φ1 is zero in GR, we define
δφ̂1 to be an absolute shift rather than a fractional
deformation.) We do not consider parameters that are
degenerate with either the reference time or the reference
phase. For our analysis, we explore two scenarios: a single-
parameter analysis in which only one of the testing

parameters is allowed to vary freely (in addition to masses,
spins, etc.), while the remaining ones are fixed to their GR
value, that is zero, and a multiple-parameter analysis in
which all of the parameters in one of the three sets
enumerated above are allowed to vary simultaneously.
The rationale behind our choices of single- and multiple-

parameter analyses comes from the following consider-
ations. In most known alternative theories of gravity
[13,14,88], the corrections to GR extend to all PN orders
even if, in most cases, they have been computed only at
leading PN order. Considering that GW150914 is an
inspiral-merger-ringdown signal sweeping through the
detector between 20 and 300 Hz, we expect to see signal
deviations from GR at all PN orders. The single-parameter
analysis corresponds to minimally extended models that
can capture deviations from GR that occur predominantly,
but not only, at a specific PN order. Nevertheless, should a
deviation be measurably present at multiple PN orders, we
expect the single-parameter analyses to also capture these.
In the multiple-parameter analysis, the correlations among
the parameters are very significant. In other words, a shift in
one of the testing parameters can always be compensated
for by a change of the opposite sign in another parameter
and still return the same overall GW phase. Thus, it is not
surprising that the multiple-parameter case provides a much
more conservative statement on the agreement between
GW150914 and GR. We defer to future studies the
identification of optimally determined directions in the
δp̂i space by performing a singular value decomposition
along the lines suggested in Ref. [89].
For each set of testing parameters, we perform a separate

LALINFERENCE analysis, where, in concert with the full set
of GR parameters [3], we also explore the posterior
distributions for the specified set of testing parameters.
Since our testing parameters are purely phenomenological
(except the parameters that govern the PN early-inspiral
stage), we choose their prior probability distributions to be
uniform and wide enough to encompass the full posterior
probability density function in the single-parameter case.
Specifically, we set δφ̂i ∈ ½−20; 20%; δβ̂i ∈ ½−3; 3%;
δα̂i ∈ ½−5; 5%. In all cases, we obtain estimates of the
physical parameters—e.g., masses and spins—that are in
agreement with those reported in Ref. [3].
In Fig. 6 we show the 90% upper bounds on deviations in

the (known) PNparameters, δφ̂iwith i ¼ 0;…; 7 (except for
i ¼ 5, which is degenerate with the reference phase), when
varying the testing parameters one at the time, keeping the
other parameters fixed to the GR value. As an illustration,
following Ref. [87], we also show in Fig. 6 the bounds
obtained from themeasured orbital-period derivative _Porb of
the double pulsar J0737-3039 [12]. Also, for the latter,
bounds are computed by allowing for possible violations of
GR at different powers of frequency, one at a time. Not
surprisingly, since in binary pulsars the orbital period
changes at essentially a constant rate, the corresponding

FIG. 6. 90% upper bounds on the fractional variations of the
known PN coefficients with respect to their GR values. The
orange squares are the 90% upper bounds obtained from
the single-parameter analysis of GW150914. As a comparison,
the blue triangles show the 90% upper bounds extrapolated
exclusively from the measured orbital-period derivative _Porb of
the double pulsar J0737-3039 [12,87], here, too, allowing for
possible GR violations at different powers of frequency, one at a
time. The GW phase deduced from an almost constant _Porb
cannot provide significant information as the PN order is
increased, so we show the bounds for the latter only up to
1PN order. We do not report on the deviation of the 2.5 PN
coefficient, which is unmeasurable because it is degenerate with
the reference phase. We also do not report on the deviations of the
logarithmic terms in the PN series at 2.5 PN and 3 PN order,
which can be found in Table I and in Fig. 7.
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Test of the PN coefficients:

comparing the signal with extended PN model of inspiral and 
late-inspiral, we set strict upper bounds on the PN coefficients.
This is a test of several possible deviations.

1) Inspiral and merger

Most of the information of GW150914, GW151226, GW170104, GW170608,
GW170814, GW170817 has been extracted from the inspiral and the merger 

propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]

M ¼ ðm1m2Þ3=5

ðm1 þm2Þ1=5
¼ c3

G

!
5

96
π−8=3f−11=3 _f

"
3=5

;

where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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Current tests:

Test of the PN coefficients:

comparing the signal with extended PN model of inspiral and 
late-inspiral, we set strict upper bounds on the PN coefficients.
This is a test of several possible deviations.
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FIG. 4. (Color online) 90%-confidence constraints on the ppE
parameter |�| at nth PN order. The green crosses represent
the bounds reported in [5, 19] through a Bayesian analysis
of event GW150914, mapped to constraints on �. The red
(magenta) dots and line represent bounds from GW150914
(GW151226) estimated with a Fisher analysis, using the IM-
RPhenom waveform (without spin precession) and a fit to the
aLIGO spectral noise density. The constraints obtained with
a Fisher analysis agree very well with the Bayesian constraint
reported in [5, 19]. The blue dotted line shows projected
constraints predicted in 2011 by [142] for a system similar
to GW151226. The dashed black line is a rough estimate
on the constraints that the double binary pulsar PSR J0737-
3039 [127–129] can place on the ppE � parameter [188], while
the cyan star refers to the bound on � at 1PN from the per-
ihelion precession of Mercury [150]. Binary pulsar observa-
tions can constrain negative PN order deviations better than
aLIGO, while aLIGO does better than binary pulsar obser-
vations at higher PN order, as first calculated in [188]. How-
ever, note also that binary pulsar and Solar System bounds
cannot be directly compared to GW ones as the binary pul-
sar (Solar System) one corresponds to the extreme case of no
conservative (no dissipative) corrections. Moreover, stronger
constraints on � for these latter tests do not necessarily mean
stronger constraints on modifications to GR for BH merg-
ers, as � depends not only on theoretical coupling parameters
but also on system parameters, and in certain theories (like
EdGB gravity), non-GR corrections are suppressed in stars
compared to BHs.

Figure 4 shows that GW151226 places stronger con-
straints on � than GW150914 [2, 5] especially at neg-
ative PN orders. This is because GW151226 consists
of a BH binary with lower total mass than GW150914,
and thus, (i) the velocity of the binary constituents at a
fixed frequency (e.g. f ⇠ 50Hz) is smaller and (ii) the
observed frequency range is larger than for GW150914.
The first fact makes the negative-PN-order, ppE correc-
tion terms in the phase and the total number of GW
cycles in band larger than for GW150914. This, to-
gether with the second point above, make � less degen-
erate with other binary parameters, leading to stronger
constraints. Regarding corrections at high positive PN

orders, point (i) results in a deterioration of the con-
straints, while point (ii) strengthens them compared to
GW150914 [2, 5]. Taken together then these oppos-
ing e↵ects lead to similar bounds at positive PN or-
ders for GW150914 and GW151226. We also calculated
the bounds on � by combining those of GW150914 and
GW151226 using Eq. (4.12d) in [76] and found that such
a combined bound is almost indistinguishable from that
of GW151226 alone (the improvement reaches at most
⇠ 30% at n ⇠ 0PN). This finding is consistent with a
similar analysis performed by the LVC [5].
Our analysis and the study of the LVC in [5, 19] di↵er

in many ways, and yet, the two yield similar constraints
on �. The main di↵erences between these studies are
that the former (latter) uses

(i) a Fisher (Bayesian) analysis,

(ii) non-precessing (precessing) waveform templates,

(iii) a fit for the noise curve (the real data),

(iv) a simulated waveform injection compatible with the
real signal (the real signal), and

(v) includes only statistical (both statistical and sys-
tematic) errors.

Probably, di↵erences (i)–(iii) do not have a large impact
on the � constraints for the following reasons. The dif-
ference in statistical errors between Fisher and Bayesian
studies scales as O(1/SNR2) [185, 196], which is only
⇠ O(0.2%) (O(0.6%)) given the SNR of GW150914
(GW151226). Precession for both events was too small
to be measurable by the LVC [2, 4, 5, 136]. The real noise
spectral density contains many spikes, but these are very
thin, and thus, for the same SNR, they a↵ect constraints
on � by only a few percent (see Appendix C)16. We do
not include any specific noise realization in our Fisher
analysis, since (i) such a noise realization only shifts the
posterior distribution without a↵ecting its spread [137],
and (ii) the uncertainties in parameters averaged over
di↵erent noise realizations are the same as those with
zero noise injection [198]. On the other hand, di↵erences
(iv) and (v) are probably more important. For exam-
ple, in our Fisher analysis we set the spin magnitudes
of the injection to zero, but the posteriors found by the
LVC [4] are quite wide, and a di↵erent choice of spin mag-
nitude can a↵ect our Fisher estimates by a factor of ⇠ 2.
Even using the Bayesian analysis of [4], the mapping be-
tween ��i and � [see Eqs. (10) and (11)] depends on the
posterior distribution of other parameters, and di↵erent
choices can also a↵ect constraints on � at high PN or-
der by a factor of ⇠ 2. As another example, consider
the systematic errors on the GW150914 measurement of
��i (or �) reported in [5, 19], i.e. the distance from the
peak of the posterior to zero; these systematic errors are

16 See the related work by [197], which shows that the e↵ect of non-
Gaussianity in the noise on parameter estimation is negligible.

(Yunes et al., PRD ‘16)

As mentioned, it has been extended through the ppE approach.

(Abbot et al., Testing GR with GW150914, PRL ’16)

Test of dispersion relation (and thus of graviton mass):

if mg≠0, E2 = p2c2 +m2
gc

4 , �g =
h

mc
,

v2g
c2

= 1� h2c2

�2
gE
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two hypotheses to be logBGR
scalar ¼ 1.3" 0.5when using the

PSD from the breathing mode analysis and logBGR
scalar ¼

−0.2" 0.5 when using the PSD from the GR analysis. In
both cases, the log Bayes factors do not significantly favor
one model over the other. The only notable difference is in
the reconstructed sky locations; the latter reflects the
different response of the detector network to the tensor
components compared to the purely scalar mode.
We reiterate that this test is only meant to illustrate the

difficulty in distinguishing between GR and non-GR
polarization states on the basis of GW150914 data alone.
Furthermore, the results are not in contradiction with the
comprehensive parameter estimation studies of GW150914
[3], which model only the transverse-traceless GR polar-
izations. Finally, we note that in the weakly dynamical
regime, binary pulsars [12] do provide evidence in favor of
GR, in that they would have a different decay rate if scalar
radiation were to dominate. To directly study the polari-
zation content of gravitational radiation from the strong-
field dynamics, a larger network including detectors with
different orientations, such as Advanced Virgo [102],
KAGRA [103], and LIGO-India [104], will be required,
at least in the context of unmodeled GW-signal
reconstruction.
Outlook.—The observation of GW150914 has given us

the opportunity to perform quantitative tests of the genu-
inely strong-field dynamics of GR. We investigated the
nature of GW150914 by performing a series of tests
devised to detect inconsistencies with the predictions of
GR. With the exception of the graviton Compton wave-
length and the test for the presence of a non-GR
polarization, we did not perform any studies aimed at

constraining parameters that might arise from specific
alternative theories [13,14,88], such as Einstein-æther
theory [105] and dynamical Chern-Simons theory [106],
or from compact-object binaries composed of exotic
objects such as boson stars [107] and gravastars [108].
Studies of this kind are not yet possible since we lack
predictions for what the inspiral-merger-ringdown GW
signal should look like in those cases. We hope that the
observation of GW150914 will boost the development of
such models in the near future.
In future work we will also attempt to measure more than

one damped sinusoid from the data after GW150914’s
peak, thus extracting the QNMs and inferring the final
black hole’s mass and spin. We will thus be able to test the
no-hair theorem [68,69] and the second law of black-hole
dynamics [72,73]. However, signals louder than
GW150914 might be needed to achieve these goals. GR
predicts the existence of only two transverse polarizations
for GWs. We plan to investigate whether an extended
detector network will allow the measurement of non-
transverse components [13] in further GW signals.
The constraints provided by GW150914 on deviations

from GR are unprecedented due to the nature of the source,
but they do not reach high precision for some types of
deviation, particularly those affecting the inspiral regime. A
much higher SNR and longer signals are necessary for
more stringent tests. However, it is not clear up to which
SNR our parametrized waveform models are still a faithful
representation of solutions of Einstein’s equations.
Furthermore, to extract specific physical effects we need
waveform models that are expressed in terms of relevant
parameters. We hope that others, encouraged by
GW150914, will make further efforts to develop reliable,
physically relevant, and computationally fast waveform
models. More stringent bounds can be obtained by com-
bining results from multiple GW observations
[60,85,86,99]. Given the rate of coalescence of binary
black holes as inferred in Ref. [109], we are looking
forward to the upcoming joint observing runs of LIGO
and Virgo.
The detection of GW150914 ushers in a new era in the

field of experimental tests of GR. The first result of this era
is that, within the limits set by our sensitivity, all of the tests
performed on GW150914 provided no evidence of dis-
agreement with the predictions of GR.
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FIG. 8. Cumulative posterior probability distribution for λg (the
black curve) and exclusion regions for the graviton Compton
wavelength λg from GW150914. The shaded areas show ex-
clusion regions from the double-pulsar observations (turquoise),
the static Solar System bound (orange), and the 90% (crimson)
region from GW150914.
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We get lg>1013km and then mg< 10-22eV/c2

Test of polarization: GW170814 detected by LIGO & Virgo, 
     purely tensor polarization favored wrt scalar/vector ones (Cristiano’s talk)

     (Abbot et al., PRL ‘17)

Most of the information of GW150914, GW151226, GW170104, GW170608,
GW170814, GW170817 has been extracted from the inspiral and the merger 

propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]
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where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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GW signal from compact binary: a powerful probe for strong gravity

1) Inspiral and merger

Most of the information of GW150914, GW151226, GW170104, GW170608,
GW170814, GW170817 has been extracted from the inspiral and the merger 

propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]
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where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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Bounds on more general deviations of radiated flux (due to extra dimensions, 
violations of Lorentz invariance, time-varying G due to extra fields, etc.)
Bounds on modification of GW propagation (graviton mass, dispersion relation, etc.)

Late inspiral and merger probe a regime currently unconstrained by binary pulsars!

Leonardo Gualtieri              Gravitational Waves: Foundations and Beyond            “Sapienza” University of Rome             January 2018

Bounds on violations of the strong equivalence principle

We need numerical relativity simulations in modified gravity theories!

- to test GR against other theories looking at merger (the most violent process ever observed)
- even models of late inspiral require calibration of phenomenological parameters with NR waveforms
- problem solved only for scalar-tensor theories, otherwise theoretically challenging

Future tests: (e.g. Barausse et al., PRL ’16;  Yunes et al., PRD ’16):

Bounds on dipole emission, predicted by several GR modifications 
(can be activated in late inspiral, thus escaping binary pulsar bounds)

2

gravitating bodies or in regimes of weak gravitational
fields (like on Earth or in the solar system), modifica-
tions to the dynamics are excluded to high confidence
by particle-physics and gravitational experiments [20].
However, if the additional fields do not couple to mat-
ter at tree level, then their e↵ect on the motion will be
suppressed, i.e the “weak” equivalence principle – the
universality of free fall in weak-gravity regimes – will be
satisfied, and these experimental tests will be passed.

The motion of strongly-gravitating bodies, such as neu-
tron stars (NSs) and BHs, can more easily deviate from
the GR expectation in modified gravity theories. In-
deed, an e↵ective coupling between the extra fields and
matter, even if suppressed at tree level, typically re-
appears at higher perturbative orders. This is because
the extra fields generally couple non-minimally to the
metric, which in turn is coupled to matter via gravity.
Therefore, when gravity is strong, the non-minimal cou-
pling causes the emergence of (e↵ective) fifth forces and
energy-momentum exchanges between matter and the ex-
tra fields, thus leading to deviations from the universality
of free fall [21, 22]. These are referred to as violations of
the “strong” equivalence principle, or the “Nördtvedt ef-
fect” (especially when referring to accelerations).

A modification of the motion of strongly-gravitating
bodies will leave an imprint in the GWs these bodies
emit. In GR, GW emission is predominantly quadrupo-
lar, as monopole and dipole emission are forbidden by
the conservation of the matter stress-energy tensor. In
modified gravity, however, the matter stress-energy ten-
sor is generally not conserved due to the Nördtvedt ef-
fect, thus allowing monopole and dipole emission [20].
Dipole radiation, in particular, is the dominant e↵ect for
quasi-circular binary systems, although its actual pres-
ence and magnitude generally depend on the nature of
the binary components and the modified theory of grav-
ity in question. In addition to dipole radiation, conserva-
tive modifications to the dynamics (e.g. to the binary’s
binding energy/Hamiltonian) may also be present, but
they are typically subdominant as they enter at higher
post-Newtonian (PN) order1 [23–25].

Let us sketch how dipole radiation comes about by con-
sidering one of the simplest GR extensions. In “scalar-
tensor” (ST) theories of the Fierz, Jordan, Brans and
Dicke (FJBD) type [26–28], the gravitational interaction
is mediated by the usual spin-2 metric field and by a
gravitational scalar field. The latter has a standard ki-
netic term in the action (up to a field redefinition), is
minimally coupled to matter, and directly coupled to the

1 In the PN approximation, the field equations are solved pertur-
batively in the ratio (v/c), v being the binary relative velocity.
Terms suppressed by (v/c)2n relative to the leading order are
said to be of nPN order.

Ricci scalar. Because of the standard kinetic term, the
scalar obeys the Klein-Gordon equation, with a source
(due to the coupling to the Ricci scalar in the action)
that depends on the matter stress-energy. Therefore, the
scalar is not excited in globally vacuum spacetimes, and
can only be non-constant because of non-trivial boundary
or initial conditions (e.g. if the scalar field is not initially
uniform, in which case it undergoes a transient evolu-
tion before settling to a constant [29], or if cosmological
or non-asymptotically-flat boundary conditions are im-
posed [30, 31]). Therefore, BH spacetimes (isolated or
binary) generally do not excite a scalar field (i.e. are said
to have “no hair”) and do not emit dipole radiation in
these theories [32, 33].
Nevertheless, FJBD-like ST theories predict that

dipole emission should be present in binaries involving
at least one NS. This has been historically very impor-
tant, because binary pulsar observations constrain pos-
sible deviations of the orbital period decay away from
the GR prediction to high accuracy. For example, the
double binary pulsar PSR J0737-3039 [34, 35] constrains
� ⌘ |(Ṗ /P )

nonGR

� (Ṗ /P )
GR

|/(Ṗ /P )
GR

. 10�2 [36–
38], while the binary pulsar J1141-6545 [39] constrains
� . 6 ⇥ 10�4. These observations place very stringent
constraints on several gravitational theories, including
FJBD-like ST ones.
One can easily derive a precise bound on gravita-

tional dipole emission with binary pulsar observations by
parametrizing a dipole flux correction to the GW power
as
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is the GR GW flux (given at leading or-
der by the quadrupole formula), m and r
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are the bi-
nary’s total mass and orbital separation, and B is a
theory-dependent parameter that regulates the strength
of the dipole term (e.g. in FJBD-like ST theories, B =
5(�↵)2/96, where�↵ is the di↵erence between the scalar
charges of the two bodies [33, 40]). Dipole emission is
enhanced (relative to quadrupolar emission) by a fac-
tor (Gm/r
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c2)�1, i.e. it is a -1PN e↵ect that domi-
nates over the GR prediction at large separations (or low
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the Newtonian binding energy of the binary, one obtains
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c2)�1 . 10�2. This
leads to the approximate bound |B| . 6⇥10�8 with PSR
0737-3039 [38] and |B| . 2⇥10�9 with PSR J1141–6545.
Similar bounds follow from other binary pulsar observa-
tions.

These bounds place stringent constraints on several
theories that predict dipole GW emission in the inspi-
ral of binaries involving at least one NS, e.g. numer-
ous FJBD-like ST theories (especially those that pre-
dict spontaneous scalarization for isolated NSs [40–43]),

(-1)-PN effect! relevant in early 
  inspiral, best with LISA     →



2) Ringdown:

propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]
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where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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GW signal from compact binary: a powerful probe for strong gravity

Caution: only late ringdown really containts the QNMs, 
at the beginning it is determined by background (see Paolo’s talk)

signal emitted by the final BH, 
strongly excited from the violent merger process,
which rapidly settles down to a stationary configuration,
oscillating and emitting GW at its proper (damped) oscillation frequencies:
the quasi-normal modes of the BH.

4

[11] actually computed the discrete eigenfrequencies of these modes and clar-
ified their nature. Quoting Chandrasekhar from its book The Mathematical
Theory of Black Holes [12]:
“.. we may expect on general grounds that any initial perturbation will,
during its last stages, decay in a manner characteristic of the black hole
and independently of the original cause. In other words, we may expect that
during the very last stages, the black hole will emit gravitational waves with
frequencies and rates of damping, characteristic of itself, in the manner of
a bell sounding its last dying pure note. These considerations underlie the
formulation of the concept of the quasi-normal modes of a black hole.”

A Schwarzschild black hole is characterized by only one parameter, its
mass M ; consequently, the QNM frequencies depend only on M . In Table 1
we show the values of the complex characteristic frequencies of the first four
QNMs of a Schwarzschild black hole, respectively for ℓ = 2 and ℓ = 3.
In order to find the true pulsation frequency, ν, and the damping time, τ ,

Table 1 The lowest QNM frequencies of a Schwarzschild black hole for ℓ = 2
and ℓ = 3. They are the same both for the polar and for the axial perturbations,
i.e. the two potential barriers (2) and (3) are isospectral.

Mω0 + iMωi Mω0 + iMωi

ℓ = 2 0.3737+i0.0890 ℓ = 3 0.5994+i0.0927
0.3467+i0.2739 0.5826+i0.2813
0.3011+i0.4783 0.5517+i0.4791
0.2515+i0.7051 0.5120+i0.6903

from the values given in Table 1, we proceed as follows. Let us assume that
the black hole mass is M = nM⊙, (M⊙ = 1.48 · 105 cm); converting to
physical unities we find

ν =
c

2πn · M⊙(Mω0)
=

32.26

n
(Mω0) kHz, τ =

nM⊙

(Mωi)c
=

n · 0.4937 · 10−5

(Mωi)
s.

(6)
Using these expressions we can check whether a gravitational signal emitted
by an oscillating black hole falls within the bandwidth of the ground based
interferometers Virgo/LIGO or within that of the space based interferometer
LISA. Virgo/LIGO bandwidth extends over a range of frequencies which
goes from about 10-40 Hz, up to few kHz. Thus, these detectors will be able
to detect the signal emitted by an oscillating black hole (if it is sufficiently
strong) with mass ranging within

10 M⊙ ∼< M ∼< 103 M⊙,

corresponding to the frequency range ν ∈ [12 Hz, 1.2 kHz]; LISA will be
sensitive to the frequency region ν ∈ [10−4, 10−1] Hz, and will see oscillating
black holes with mass

1.2 · 105 M⊙ ∼< M ∼< 1.2 · 108 M⊙.

Current tests:
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FIG. 4. Top panel: 90% credible regions in the joint posterior distri-
butions for the mass Mf and dimensionless spin af of the final com-
pact object as determined from the inspiral (dark violet, dashed) and
post-inspiral (violet, dot-dashed) signals, and from a full inspiral–
merger–ringdown analysis (black). Bottom panel: Posterior distri-
butions for the parameters �Mf /Mf and �af /af that describe the
fractional di↵erence in the estimates of the final mass and spin from
inspiral and post-inspiral signals. The contour shows the 90% con-
fidence region. The plus symbol indicates the expected GR value
(0, 0).

representation to have support between 20 and 132 Hz, and
⇠ 16 if we truncate it to have support between 132 and 1,024
Hz. Finally, we compare these two estimates of the final Mf
and dimensionless spin a f , and compare them also against
the estimate performed using full inspiral–merger–ringdown
waveforms. In all cases, we average the posteriors obtained
with the EOBNR and IMRPhenom waveform models, follow-
ing the procedure outlined in Ref. [3]. Technical details about
the implementation of this test can be found in Ref. [61].

This test is similar in spirit to the �2 GW search statis-
tic [2, 62], which divides the model waveform into frequency
bands and checks that the SNR accumulates as expected
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FIG. 5. 90% credible regions in the joint posterior distributions for
the damped-sinusoid parameters f0 and ⌧ (see main text), assuming
start times t0 = tM +1, 3, 5, 6.5 ms, where tM is the merger time of the
MAP waveform for GW150914. The black solid line shows the 90%
credible region for the frequency and decay time of the ` = 2, m = 2,
n = 0 (i.e., the least damped) QNM, as derived from the posterior
distributions of the remnant mass and spin parameters.

across those bands. Large matched-filter SNR values which
are accompanied by large �2 statistic are very likely due ei-
ther to noise glitches, or to a mismatch between the signal
and the model matched-filter waveform. Conversely, reduced-
�2 values near unity indicate that the data are consistent with
waveform plus the expected detector noise. Thus, large �2

values are a warning that some parts of the waveform are fit
much worse than others, and thus the candidates may be due
to instrument glitches that are very loud, but do not resem-
ble binary-inspiral signals. However, �2 tests are performed
by comparing the data with a single theoretical waveform,
while in this case we allow the inspiral and post-inspiral par-
tial waveforms to select di↵erent physical parameters. Thus,
this test should be sensitive to subtler deviations from the pre-
dictions of GR.

In Fig. 4 we summarize our findings. The top panel shows
the posterior distributions of Mf and a f estimated from the in-
spiral and post-inspiral signals, and from the entire inspiral–
merger–ringdown waveform. The plot confirms the expected
behavior: the inspiral and post-inspiral 90% confidence re-
gions (defined by the isoprobability contours that enclose 90%
of the posterior) have a significant region of overlap. As a
sanity check (which strictly speaking is not part of the test
of GR that is being performed) we also produced the 90%
confidence region computed with the full inspiral-merger-
ringdown waveform; it lies comfortably within this overlap.
We have verified that these conclusions are not a↵ected by the
specific formula [40, 60, 63] used to predict Mf and a f , nor
by the choice of f end insp

GW within ±50 Hz.
To assess the significance of our findings more quantita-

tively, we define parameters �Mf /Mf and �a f /a f that de-
scribe the fractional di↵erence between the two estimates of

GW150914 had SNR~25 in the entire signal
but only SNR~7 in the ringdown,

so only weak test has been possible:

- final M obtained from inspiral+merger, matching NR
- computed the corresponding QNM frequency (f~251Hz)
- consistency check between this value and the signal
   (they are indeed consistent with more than 90% confidence)

(Abbot et al., Testing GR with GW150914, PRL ’16)
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propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]

M ¼ ðm1m2Þ3=5

ðm1 þm2Þ1=5
¼ c3

G

!
5

96
π−8=3f−11=3 _f

"
3=5

;

where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).

PRL 116, 061102 (2016) P HY S I CA L R EV I EW LE T T ER S week ending
12 FEBRUARY 2016

061102-3

• sensible to strong-curvature corrections
• sensible to the most dynamical content of the theory
• carry the imprint of the underlying gravity theory

         (caution: only late ringdown contains actual QNMs, see Paolo’s talk)

We still know very few about BH QNMs in modified gravity theories.
It should be important to:
- derive QNMs of stationary BHs in different modified gravity theories
- find how to extract information from data
- possibly, find a parametrization of the mode shifts

Leonardo Gualtieri              Gravitational Waves: Foundations and Beyond            “Sapienza” University of Rome             January 2018

GW signal from compact binary: a powerful probe for strong gravity

QNMs are a great probe of strong gravity:

Problems for future tests: 

We do not expect do detect a strong enough ringdown signal soon 
- interesting proposal: stacking several detections
- better with 3G detector or LISA

BH spectroscopy!
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In recent years QNM of static BHs have been determined in a large class of modified gravity theories

General pattern: (Cardoso & Gualtieri PRD ’09; Molina et al., PRD’10, 16,Salcedo et al., PRD. ’16):

• new classes of modes in the GW spectrum, due to coupling to extra fields

• a (small) shift in the modes predicted by GR

The new classes of modes is likely to be poorly excited in BH coalescences.

The shift in the “old” modes could be detectable, if SNR is large enough.
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TABLE I. Numerical value of the coefficients Rj and Ij for the expansions in the small coupling limit, c.f. (27) for the axial QNMs. The
geodesic coefficients are computed from the exact analytical solution for small ⇣ limit, while the QNM frequencies coefficients are obtained
through a polynomial fit with the data.

j l = 2 l = 3 geod.

Rj

1 0 0 0
2 1.002⇥ 10�3 1.173⇥ 10�2 1.257⇥ 10�2

3 1.906⇥ 10�3 5.035⇥ 10�3 6.872⇥ 10�3

4 1.131⇥ 10�3 1.353⇥ 10�2 5.537⇥ 10�3

Ij

1 0 0 0
2 �5.174⇥ 10�3 �4.774⇥ 10�3 �5.267⇥ 10�3

3 5.766⇥ 10�3 7.590⇥ 10�4 �7.184⇥ 10�3

4 �7.091⇥ 10�3 �3.282⇥ 10�3 �7.822⇥ 10�3
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FIG. 2. Real (left) and imaginary (right) parts of the polar quasinormal modes for l = 2, for the gravitational- and scalar-led modes, as
functions of the coupling ⇣, normalized by the Schwarzschild-limit quantities. The insets show a close-up in order to see the comparison for
small values of ⇣.

TABLE II. Numerical value of the coefficients Rj and Ij for the polar
gravitational-led and scalar-led modes.

j polar, grav. l = 2 polar, scalar l = 2

Rj

1 0 �1.408⇥ 10�2

2 �3.135⇥ 10�2 1.127⇥ 10�1

3 �9.674⇥ 10�2 �1.462⇥ 10�1

4 2.375⇥ 10�1 5.334⇥ 10�1

Ij

1 0 5.580⇥ 10�2

2 4.371⇥ 10�2 �6.780⇥ 10�2

3 1.794⇥ 10�1 1.042⇥ 10�1

4 �2.947⇥ 10�1 �2.868⇥ 101

j polar, grav. l = 3 polar, scalar l = 3

Rj

1 0 �6.361⇥ 10�3

2 �9.911⇥ 10�2 1.442⇥ 10�1

3 �4.907⇥ 10�2 1.168⇥ 10�1

4 9.286⇥ 10�2 �1.803⇥ 10�1

Ij

1 0 2.906⇥ 10�3

2 7.710⇥ 10�2 �5.670⇥ 10�2

3 1.399⇥ 10�1 �1.445⇥ 10�1

4 �3.450⇥ 10�1 2.105⇥ 10�1

bations drastically changes the dynamics of the perturbations.
Likewise, there is no reason to expect that the behavior of
scalar-led perturbations is well captured by the geodesic cor-

respondence, at least for small values of l.
Due to the coupling between the dilaton and gravitational

perturbations, there are also nontrivial l = 0, 1 scalar-led
modes for EDGB BHs. These reduce to their respective scalar
modes in the Schwarzschild spacetime when ⇣ ! 0. The re-
sults at finite coupling follow the trend of higher multipoles.

D. Mode stability

From the above results, it is clear that the fundamental
QNMs of an EDGB BH change at most by a few percents
relative to the Schwarzschild case. As a consequence, these
modes are stable for any value of ⇣ in the domain of existence
of static EDGB BHs. We have investigated this issue also for
higher multipoles (l � 2) and our numerical search has found
no unstable modes in the entire parameter space. This strongly
indicates that static EDGB BHs are linearly mode stable, just
like Schwarzschild BHs.

IV. RADIAL PLUNGE

In this section, by using the procedures depicted in
Sec. II D, we discuss the gravitational and dilaton radiation

At leading order,  the mode shift is O(ζ)
where ζ is the coupling parameter 

of the theory

First, preliminary results:  
           bound on the coupling parameter of the order of 

     In order to measure this shift, we would need at least  an SNR
    ρ~100, which can only be obtained with 3G detectors.  
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on the dimensionful EDGB coupling5:

↵1/2 . 11

✓
50

⇢

◆1/4 ✓
M

10M�

◆
km , (36)

where the prefactor changes by less than 10% depending on
the final BH spin. This result is in agreement with the simple
estimates derived in Ref. [57]. As a consequence, our analysis
also confirms that in most cases modified-gravity effects can
be distinguished from environmental effects [57].

Future GW detectors will greatly increase the signal-to-
noise ratio, a large value of which is necessary to perform
ringdown tests of the Kerr metric [58]. The signal-to-noise
ratio of a ringdown waveform scales approximately (among
its dependence on other quantities not shown here) as ⇢ ⇠
M3/2/Sn(f)

1/2 [10], where M is the final BH mass and
Sn(f) is the detector noise power spectral density at a given
frequency f . The best sensitivity of the future Voyager [59]
and Einstein Telescope [60] detectors will be respectively
roughly a factor of 10 and a factor of 100 better than in the
first aLIGO observing run (O1) at the same optimal frequency
f ⇠ 102 Hz [58]. Thus, the Einstein Telescope with an op-
timal design can achieve a signal-to-noise ratio of roughly
⇢ ⇡ 100 for the ringdown signal of a GW150914-like event.
From Eqs. (36) and (35), this would translate into the bound
↵1/2 . 8

⇣
M

10M�

⌘
km and ⇣ . 0.4. As expected, lighter BHs

would provide a significantly more stringent constraint on ↵,
although their ringdown frequency might not fall into the op-
timal frequency range for ground-based detectors. Due to the
small exponent of ⇢ in Eq. (36), even an increase of ⇢ of one
order of magnitude will not provide a significantly more strin-
gent constraint on the EDGB coupling. A stronger constraint
may be set if future observations detect a light BH with a very
large signal-to-noise ratio.

Given this scenario, electromagnetic observations of accret-
ing BHs (like the one discussed in Ref. [55]) might provide
more stringent constraints in the future, although the latter
are affected by astrophysical systematics that are absent in the
ringdown case.

Our estimates in the case of spinning BHs rely on the
geodesic analogy for QNMs, which we verified only for axial
modes in the static case and for Kerr BHs with any spin [8].
It would be interesting to compute the modes of slowly-
rotating EDGB BHs (e.g. by adapting the methods discussed
in Ref. [37]) and to check the geodesic approximation in the
spinning case. This computation will be required to place pre-
cise constraints on the EDGB coupling through future detec-
tions of BH ringing with high signal-to-noise ratio.

Another interesting extension of our work concerns the
scalar waves emitted during the coalescence. Although the
luminosity in scalar waves is significant, this radiation may

5 Since one of the parameters of our Fisher-matrix analysis is ⇣ = ↵/M2,
propagation of errors implies a relative uncertainty �↵/↵ = �⇣/⇣ +
2�M/M . However, in the large-⇢ limit the term �M/M is negligible
because it scales as 1/⇢, compared to the 1/

p
⇢ behavior of the error on ⇣

[cf. Eq. (35)]. Therefore, in this limit �↵ . �⇣M2.

be possibly detected only if the dilaton is coupled to matter.
Such coupling is presumably small and would not give rise to
any effects in the detectors. Nonetheless, if the dilaton-matter
coupling is non-negligible, the scalar radiation might be in-
vestigated through the same techniques developed to study the
scalar emission in scalar-tensor theories, e.g. by using a net-
work of ground-based detectors [61].
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Appendix A: Spherically symmetric BHs in EDGB

1. Spherically symmetric BHs

The Ansatz for the static EDGB BH is given in terms of the
functions A(r) and B(r) for the line element (7), in addition
to the function �0(r) for the dilaton field.

At spatial infinity r = 1, the dilaton vanishes and we re-
cover the metric of a flat space-time. Asymptotically the func-
tions present the following behavior:

A ⇠ 1� 2M

r
+O(r�3), (A1)

B ⇠ 1� 2M

r
+

Q2

4r2
+O(r�3), (A2)

�0 ⇠ �1 +
Q

r
+

MQ

r2
+O(r�3), (A3)

where M is the ADM mass of the BH and Q is the “charge”
of the scalar field6. At the BH horizon r = rh, we find that

6 Note, however, that this is not an independent parameter, and therefore
should be considered as a secondary hair [14].

GW signal from compact binary: a powerful probe for strong gravity



Conclusions

With GW detection, the new, uncharted territory of strong-field, large-curvature gravity 
    is open for investigations

General relativity should be tested against possible modifications

Different possible approaches (bottom-up, top-down). Connections with other fields of physics 
(HEP, cosmology)

We already started making non-trivial tests, but a thorough study of the strong-field regime 
requires next generation of detectors (3G, LISA)

Every time a new window opened (in particle physics and in astrophyics), new physics was found.
     GWs could teach us something unexpected on the behaviour of the gravitational interaction!
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