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Motivation

Bootstrap Philosophy: bound the space of theories by
imposing consistency conditions on physical observables.

Goal: extend recent success in CFT to massive QFT.

[Rattazzi, Rychkov, Tonni,Vichi '08] + many others

NS O

10 A,
050 055 060 065 070 075 0.80

from [El-Showk et al ’12]

Revisit the S-matrix Bootstrap program of the 60’s and 70’s.



Outline

* S-matrix Bootstrap in D=2
* S-matrix Bootstrap in D>2
* Multiple Amplitudes Bootstrap in D=2

* Open questions



S-matrix Bootstrap
in 2D QFT



2 to 2 Scattering Amplitude
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2 to 2 Scattering Amplitude
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Crossing symmetry: S(s) = S(4m* — s)

Analyticity follows from mass spectrum.
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Constraints + question
Crossing: S(s) = S(4m* — s)

Analyticity:  S(s™) = [S(s)]
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Constraints + question

Crossing: S(S) — S(4m2 — S) cubic coupling
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Constraints + question

Crossing: S(S) = S(4m2 — 8) cubic coupling
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Constraints + question

Crossing: S(S) — S(4m2 — S) cubic coupling
N,
Analyticity:  S(s*) = [S(s)]” S(s) ~ ;% : I
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Unitarity:  [S(s)? <1,  s>4m”.

Question: for given spectrum, INnax gg ="



Analytic solution
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Analytic solution
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Analytic solution

\/S(4m2 — 3) -+ \/m% (4m2 — m%) B [Symanzik 6 1]

t\S) = [Creutz '72]
Zont(5) V/8(4m?2 — 5) — \/mZ(4m?2 — m?2) ()

& CDD factor

Pole at s = m2 > 9 [Castillejo, Dalitz, Dyson]
— %

No particle production \Sopt(s)IQ =1, s > 4m?.
Proof: o |
S(s) h(s) analytic in the plane minus the cut
h(S) — j

- mpl(s) lh(s)] <1 bounded at all boundaries



Analytic solution

\/S(4m2 — 3) -+ \/m% (4m2 — m%) B [Symanzik 6 1]

t\S) = [Creutz '72]
Sop ( ) \/3(4m2 — 8) _ \/mg (4m2 — mg) [mb] (S)

& CDD factor

Pole at s = m2 > 9 [Castillejo, Dalitz, Dyson]
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No particle production \Sopt(s)IQ =1, s > 4m?.
Prootf: o |
S(s) h(s) analytic in the plane minus the cut
is) = 'mp|(s) = Ih(s)| <1 bounded at all boundaries

iL maximum modulus principle
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Maximum cubic coupling
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Maximum cubic coupling
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3 stable particles
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Numerical approach
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Numerical approach
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Numerical approach

Ansatz: g: g:
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Crossing symmetry and analyticity are automatic.
Unitarity gives quadratic constraints:
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Truncate to finite number of variables and quadratic constraints
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Numerical approach

Ansatz: gi

2
9y a b
Sex 1) = | |
+(5:1) s—m; t—m; CLZ’b:O Clab)Ps Pt

Crossing symmetry and analyticity are automatic.
Unitarity gives quadratic constraints:

‘Sext(s,4m2—s)|2 <1, s > 4m?

Truncate to finite number of variables and quadratic constraints

a+b < Ny 4 !
{gg7c(ab)} at s = 81,82,...,8\

[Simmons-Duffin ’ 5]
Use semidefinite programming (SDPB) to maximize g; subject to
these constraints. This reproduces the analytic solution as Ny, — o



S-matrix Bootstrap
in d+1 QFT



2 to 2 Scattering Amplitude
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2 to 2 Scattering Amplitude

(P3, P4|S|P1, P2) = 1 +i(27) T 16T (py + py — pg — pa) T (s, t, u)

Crossing symmetry & Analyticity:
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2 to 2 Scattering Amplitude

d+15(d+1)(
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2 to 2 Scattering Amplitude

d+15(d+1)(

(ps, P4|S|P1, P2) = 1 +i(27) p1+p2—p3s —pa) T (s, t,u)

Crossing symmetry & Analyticity:
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T(87 t, U) — % | % i % | Z a(abc)papzlﬁjpc
s—mg t—m% u—m% = ST

Partial waves: Gegenbauer polynomial
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. . 2
Unitarity: |Si(s)|” <1, s>4Am?, 0=0,2.4,... 0.«

. . . 2
—> Quadratic constraints on the variables 195, ®(abc) }
a + b +C S NmaX



Maximal cubic coupling in 3+1 QFT
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Maximal quartic coupling

. - 1 4
Ansatz with no poles. Maximize A= —T(s=t=u= -

(e.g. or — 7'('07'('0) 32T
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Maximal quartic coupling
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Maximal quartic coupling

Improved ansatz with threshold bound state: iz
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Maximal quartic coupling

Improved ansatz with threshold bound state:
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No particle production?
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Multiple Amplitudes
Bootstrap 1n 2D QFT



2 to 2 Scattering Amplitudes

Example: two stable particles Zio symmetry : i

m1 + Moy

Maximize 9%12




2 to 2 Scattering Amplitudes

Example: two stable particles Ly symmetry :

mi1 + Moy

Maximize 9%12

Unitarity: S11o11]* 4 [S1i—22]® < 1

Not zero in optimal solution



Extended Unitarity
Zio symmetry :
Analyticity:
il

mi + Moy
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Extended Unitarity

Lo symmetry :

Analyticity:
5]
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Unitarity: S99-511]° + [S2222]% < 1
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Extended Unitarity

Zio symmetry :

Analyticity:

---------------------- ml —|—m2

Unitarity: S99-511]° + [S2222]% < 1
s > 4ms

Tho 11|

Extended Unltarlty 2ImTho_y 99 =
4m3 < s < 4ms 2¢/5(s — 4m3)



Extended Unitarity

Lo symmetry :

Analyticity:

---------------------- ml —|—m2

m
Unltal"lt)’ |322_>11|2 -+ |SQQ_>22|2 <1
s > 4ms
Too_11]°
Extended Unltarlty 2ImTho 90 = 2
Am? < s < 4m? 2¢/5(s — 4m3)
3-state Potts model saturates the bound for m2 = m1 and 9222 _ 4

di112



Open questions



Future work

* Anomalous thresholds (Landau diagrams)
* Particles with spin (internal and external)
* Particles with flavour (global symmetries)
e Use analyticity beyond the physical sheet
e Connect with conformal bootstrap for D>2

e Other interesting questions? Maximize particle production?
Resonances!

e Can we input UV data about the QFT? Hard scattering?
Form factors!?



Thank you!



S-matrix from the
Conformal Bootstrap



QFT in AdS

| z=2¢€ CcoSp
B\__D .
r=-e’ sinp
T

Correlation functions of boundary operators

(O(z)...)=1limz"2.. (¢(z,z)...)

z—0

o bulk operator



QFT in AdS
NE T
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Correlation functions of boundary operators
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Isometry group of AdS = SO(d+1,l) = Conformal group



QFT in AdS
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Correlation functions of boundary operators
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o bulk operator

Isometry group of AdS = SO(d+1,l) = Conformal group

Convergent OPE for boundary operators



QFT in AdS

R I

| z=2¢€ CcoSp
B\__D .
r=ce’ sinp
NT

Correlation functions of boundary operators

(O(z)...)=1limz"2.. (¢(z,z)...)

z—0

o bulk operator

Isometry group of AdS = SO(d+1,l) = Conformal group

Convergent OPE for boundary operators

—> Use conformal bootstrap to study (O1(x1)...0On(z,))



Flat space limit of AdS

AdS radius R — o0



Flat space limit of AdS
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Mass spectrum: mi _ A,
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Flat space limit of AdS
AdS radius R — o©

Mass spectrum: mi _ A,
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Cubic couplings: OPE coefficient
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Flat space limit of AdS

AdS radius R — o0

L1
Mass spectrum: mi A,
— 11In
A’L m~J mzR T A;—>00 Al 3
Cubic couplings: OPE coefficient 7
/ 2(A) T A;)

g1o3 = lim Aj93 X

f[ F( /
~ :
A;—00 WﬁF(% 2?21 Az — g) — F(% Z?:1 Az — Az) CAi

1

Scattering amplitudes: Mellin amplitude

(mq)*T(k;) = lim (Ay)" / AA;

M| vy = I+ ——

I 4 YA —d - vV Ca, I'(A)
=n(d—1)/2—d—1 N = -m:T . Ca=— .
@ =nld=1)/ 2" ( 2 ) 11 I'(A) ST opim (A—2+1)




Numerical Conformal Bootstrap
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Numerical Conformal Bootstrap

(91 X 01 =1+ )\11202 -+ ... (operators with A > 2A1) Ce

(0:(0)0,(2)01(1)04(00)) = 5 3~ N1uCin, (2)




Numerical Conformal Bootstrap

(91 X 01 =1+ )\11202 -+ ... (operators with A > 2A1) Ce
- conformal block

(01(0)01(2)O01(1)O;(0)) = z%l Z)\HkGAk G, (2) = 2% Fy (Ag, Ay, 2A, 2)




Numerical Conformal Bootstrap

01 X 01 =1+ )\11202 -+ ... (operators with A > 2A1) Ce
‘/‘ conformal block

(01(0)01(2)O01(1)O;(0)) = z%l Z)\ Ga, (2 G, (2) = 2% Fy (Ag, Ay, 2A, 2)

number of derivatives

Maximize )\112 AQ — 1 2A1 of crossing equation
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Extrapolation?
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Extrapolation?

50 analytic result from
2D S-matrix bootstrap
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2D Conformal bootstrap - preliminary




2D Conformal bootstrap - preliminary




RG flows from QFT in AdS

F Y
IR gapped
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