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INTRODUCTION
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QCD at low energies — rich spectrum of excited states

Q1: how many are there?

— missing resonance problem
Q2: what are they? osl

— quark-antiquark !
— gluons 0.4] ‘F,._

— hadron-hardon dynamics
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QCD at low energies — rich spectrum of excited states

Q1: how many are there?
— missing resonance problem

Q2: what are they?

— quark-antiquark
— gluons
— hadron-hardon dynamics

EXAMPLES:

_- ’-

couple dominantly to 2u,...

— al(1260)

couple dominantly to 3,...
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Experiment

— Search for QCD exotics @ GlueX
*al(1260) g

— KL Beam @ GlueX
* K*(892) signature in KN—KnN
* K channels(?)
— Further applications:
* Roper puzzle (7ttN)
*X(3872)
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Experiment Lattice QCD
— Search for QCD exotics @ GlueX Ab-initio numerical calculations
*al(1260) g — Euclidean ST
i — finite lattice spacing
— finite volume effects (THIS TALK)
— KL Beam @ GlueX — 2-body Quantization Condition
* K*(892) signature in KN—KnN e

* K channels(?) — 3-body QC not yet established

— Further applications: [Rusetsky, Polejaeva,
Sharpe, Hansen, Briceno,

* Roper puzzle (ttN)

Davoudi, Guo

k X(3872) MM, Doring, . ..]
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Experiment Lattice QCD
— Search for QCD exotics @ GlueX Ab-initio numerical calculations
*al(1260) g — Euclidean ST

— finite lattice spacing

— finite volume effects (THIS TALK)
— KL Beam @ GlueX — 2-body Quantization Condition
* K*(892) signature in KN—KnN poetiensts (o)

* Kt channels(?) — 3-body QC not yet established

— Further applications: [Rusetsky, Polejaeva,
Sharpe, Hansen, Briceno,

* Roper puzzle (ttN)

Davoudi, Guo

k X(3872) MM, Doring, . ..]

THIS TALK: 3-BODY SCATTERING AMPLITUDE IN
ISOBAR-FORMULATION
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UNITARITY OF S-MATRIX

mame [MAGINARY PARTS (INF. VOL.)
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UNITARITY OF S-MATRIX

mame [MAGINARY PARTS (INF. VOL.)

e POWER LAW FIN. VOL. EFFECTS
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3—-3 SCATTERING
AMPLITUDE IN
INFINITE VOLUME

[MM, Hu, D6ring, Pilloni, Szczepaniak EPJ A53 (2017)]
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T-MATRIX

e 3 asymptotic states (scalar particles of equal mass (m))
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T-MATRIX

3 asymptotic states (scalar particles of equal mass (m))

o Connectedness structure of matrix elements:

- s
Y e

j Td

(all permutations considered)
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T-MATRIX

3 asymptotic states (scalar particles of equal mass (m))

o Connectedness structure of matrix elements:

& i
Y =
f 3 Tq
 isobar-parametrization of two-body amplitude [Bedaque, Griesshammer (1999)]

— “isobars”~ S(M_ ) for definite QN & correct right-hand-singularities
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T-MATRIX

3 asymptotic states (scalar particles of equal mass (m))

o Connectedness structure of matrix elements:

ot .
T i \
i
=
Ta
 isobar-parametrization of two-body amplitude [Bedaque, Griesshammer (1999)]

— “isobars”~ S(M_ ) for definite QN & correct right-hand-singularities
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T-MATRIX

3 asymptotic states (scalar particles of equal mass (m))

o Connectedness structure of matrix elements:

ot .
T i \
i
=
Ta
 isobar-parametrization of two-body amplitude [Bedaque, Griesshammer (1999)]

— “isobars”~ S(M_ ) for definite QN & correct right-hand-singularities

— coupling to asymptotic states: cut-free-function v(q,p)
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T-MATRIX

3 asymptotic states (scalar particles of equal mass (m))

» Connectedness structure of matrix elements:

B <T> N ~
2 Y
5 Vo

Py L4 sk
Y oy
f A
* isobar-parametrization of two-body amplitude by [Bedaque, Griesshammer (1999)]

— “isobars”~ S(M_ ) for definite QN & correct right-hand-singularities

— coupling to asymptotic states: cut-free-function v(q,p)

« Connected part: due to isobar-spectator interaction - 7(q., q_;s)
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T-MATRIX

3 asymptotic states (scalar particles of equal mass (m))

» Connectedness structure of matrix elements:

B <T> N ~
2 Y
5.V

Py L4 sk
Y s
f A
* isobar-parametrization of two-body amplitude by [Bedaque, Griesshammer (1999)]

— “isobars”~ S(M_ ) for definite QN & correct right-hand-singularities

— coupling to asymptotic states: cut-free-function v(q,p)

« Connected part: due to isobar-spectator interaction — 1(q., q_;s)

3 unknown functions

8 kinematic variables
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UNITARITY

3-body Unitarity (normalization condition < phase space integral)

<Q17QZ7Q3|(T_TT>‘pl7p27p3> — ifP<Q17Q27Q3|TT‘k17k27k3><k17k27k3|T|plap27p3>
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UNITARITY

3-body Unitarity (normalization condition < phase space integral)

<Q17QQ7Q3|(T_TT)’p17p27p3> — ifP<Q17Q27Q3|TT|k17k27k3><klak27k3|T|p17p27p3>

« HOM i
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UNITARITY

3-body Unitarity (normalization condition «& phase space integral)

iR ) o G B o il T
[
X
by CURM (e e
Pam® <T>v S o

<Q17QQ7q3|(T_TT)|p17p27p3> — ifP<Q17Q2)Q3|TT|k17k27k3><k17k27k3|T|p17p27p3>
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UNITARITY

3-body Unitarity (normalization condition < phase space integral)

(@1, 02, 3|(T=TH)|p1,p2,03) = i [p{q1,q2, a3 T K1, ko, k3) (K1, k2, k3|T|p1, p2, p3)
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UNITARITY

3-body Unitarity (normalization condition < phase space integral)

— ifP<q1,q2,Q3|T”k1, kQ, k3><k1, k27 k3|T‘plap27p3>

<q17 q2, q3‘(T_TT)|plap27p3>

_TQD@{

General Ansatz for the isobar-spectator interaction

— B & T are unknown!!!

Maxim Mai (GWU) | Unitarity constraints on 3—3 scattering amplitude 22



UNITARITY

3-body Unitarity (normalization condition «& phase space integral)

<Q17 q2, q3’(T_TT)|plap27p3>

— ifP<q1,q2,Q3|TT|k1, kQ, ]€3><k1, kQ, k3|T’p17p27p3>
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General Ansatz for the isobar-spectator interaction

— B & T are unknown!!!
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UNITARITY

3-body Unitarity (normalization condition < phase space integral)

<q17 q2, Q3|(T_TT)|p17p27p3> — ifp<q17 q2, Q3|TT|k17 kQa k3><k17 k27 k3|T|p17p27p3>
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INTEGRAL EQUATION

3 — 3 scattering amplitude as a 3-dimensional integral equation

(o)

O

&)

2o

®

A
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INTEGRAL EQUATION

3 — 3 scattering amplitude as a 3-dimensional integral equation

(o)

O

&)

2o

Lt
Unitarity/matching
(V)
Disc B(u) = 2mi v
2/ m? + Q?
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INTEGRAL EQUATION

3 — 3 scattering amplitude as a 3-dimensional integral equation

IO RO

= B + B T

— o — =

Unitarity/matching Dispersion relation

5 (B — m? T Q)
Disc B(u) = 2ri 2 ‘ ‘\7
2y/m? + Q2

Maxim Mai (GWU) | Unitarity constraints on 3—3 scattering amplitude 27



INTEGRAL EQUATION

3 — 3 scattering amplitude as a 3-dimensional integral equation

Pad O

= B + B T

— o — =

Unitarity/matching Dispersion relation

5 (B — m? T Q)
Disc B(u) — 2ri 2 - ‘\7 \V
2y/m? 4+ Q? =l
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INTEGRAL EQUATION

3 — 3 scattering amplitude as a 3-dimensional integral equation

\_/ \_/ n S

= B + B T

— o — =<

Unitarity/matching Dispersion relation

5 (B — m? T Q)
Disc B(u) — 2ri 2 ‘ ‘\7 \c/
2/m? + Q? =

i il
PS¢ So®) ~ 64n2 Ko / RN

K|~ Kem) 2
K)? —|—m2
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INTEGRAL EQUATION

3 — 3 scattering amplitude as a 3-dimensional integral equation

IO RO

= bt B :®=< + . B k T P
Lt
Unitarity/matching Dispersion relation
5 (Bq —v/m? + @)
Disc B(u) = 2ri 2 ‘ .
2/m? + Q? =
Disc L = ! / ( K| - ) v?
S(o(k))  64n2Kon J(K)? —i—m2 + :OZ +...

THE ONLY IMAGINARY PARTS REQUIRED BY 3b UNITARITY
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UNITARITY OF S-MATRIX

mame [MAGINARY PARTS (INF. VOL.)

e POWER LAW FIN. VOL. EFFECTS
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LATTICE QCD SETUP

Lattice QCD calculations are performed in finite volume
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LATTICE QCD SETUP

Lattice QCD calculations are performed in finite volume

boundary
conditions
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LATTICE QCD SETUP

Lattice QCD calculations are performed in finite volume 27/
A
boundary discretized
conditions momenta

momenta & spectra are discretized
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Lattice QCD calculations are performed in finite volume

boundary
conditions

momenta & spectra are discretized

— LSZ formalism relates Greens fct. & S-matrix
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LATTICE QCD SETUP

discretized

momenta

27a/L

Tl.

Re T®

ImT*®

2M

35



LATTICE QCD SETUP

Lattice QCD calculations are performed in finite volume 22/L
A
boundary discretized
conditions momenta
L
momenta & spectra are discretized L
— LSZ formalism relates Greens fct. & S-matrix 1R
Tt .
— T(E*) =00 & [E* € Energy-Eigenvalues ;
)
ImT*
E

2M
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LATTICE QCD SETUP

Lattice QCD calculations are performed in finite volume 27/L
A
boundary discretized
conditions momenta

momenta & spectra are discretized

— LSZ formalism relates Greens fct. & S-matrix

— T(E*) =00 & [E* € Energy-Eigenvalues

— well established in 2-body [Liischer (1986)] J

2M
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Lattice QCD calculations are performed in finite volume

LATTICE QCD SETUP

27a/L

boundary discretized
conditions momenta
L
momenta & spectra are discretized
— LSZ formalism relates Greens fct. & S-matrix
Tl.
— T(E*) =0 & E* € Energy-Eigenvalues
— well established in 2-body [Lischer (1986)]

— 3-body analog under investigation sharpe, Rusetsky, Hansen,

Polejaeva,Briceno,

Re T®

ImT*®

Davoudi, Guo, Pang,

MM, Doring
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DISCRETIZATION

Discretize 3b-scattering amplitude — 3b Quantization Condition

e vis cut-free
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DISCRETIZATION

Discretize 3b-scattering amplitude — 3b Quantization Condition

e vis cut-free

NON RN
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DISCRETIZATION

Discretize 3b-scattering amplitude — 3b Quantization Condition

* ypis cut-free

- )

— High-dimensional problem @ O=

— B (ope potential) is singular!

S-wave infinite volume vs. A1+ finite volume

[arbitrary units]
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DISCRETIZATION

Discretize 3b-scattering amplitude — 3b Quantization Condition

* ypis cut-free

[
N2/

-

— High dimensionality

— B (ope potential) is singular!

— Project to irreps of cubic group:

{A A JEIT,IT }
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RAHRAN

[arbitrary units]

¢

S-wave infinite volume vs. A1+ finite volume




PROJECTION TO IRREPS

1) Separation of variables

— shells = sets of points related by O,  $ \
, \\

— inf. vol. analog: radii and angles

[D6ring, Hammer, MM, Pang,
Rusetsky,Wu(2018) ]
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PROJECTION TO IRREPS

1) Separation of variables

— shells = sets of points related by O,  * -

— inf. vol. analog: radii and angles

2) Find the ONB of functions on each shell
— fs \/_ Z Z ff‘as Pas

— inf. vol. analog: PWA

[D6ring, Hammer, MM, Pang,
Rusetsky,Wu(2018) ]
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PROJECTION TO IRREPS

1) Separation of variables

— shells = sets of points related by O,  * e ‘

— inf. vol. analog: radii and angles

2) Find the ONB of functions on each shell
— fs \/_ Z Z fFas Pas

' wu

— inf. vol. analog: PWA

[D6ring, Hammer, MM, Pang,
Rusetsky,Wu(2018) ]

Projection of 3-body-Quantization-Condition = FINAL RESULT

[MM, D6éring]
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QUANTIZATION CONDITION

2E, L3

Det (Bﬁff,’ (W?2) + TS(W2)_15SS/5UU/> ~0

9(s)

W — total energy U — multiplicity

\ -+ E C{ s/s’ - shell index L — lattice volume

u/u’ - basis index Es — 1p. energy

)

(
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QUANTIZATION CONDITION

2E, L3

Det (BEISIS,/ (W?) + Ts(W2)_15ss/5uu/> -0

9(s)

* 3 particles in finite volume: m=138 MeV, L=3 fm
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QUANTIZATION CONDITION

2E, L3

Det (Bﬁff,’ (W?2) + TS(W2)_15SS/5UU/> ~0

9(s)

* 3 particles in finite volume: m=138 MeV, L=3 fm
* one S-wave isobar — two unknowns:
— vertex(Isobar—2 stable particles)

— subtraction constant (~mass)
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QUANTIZATION CONDITION

2E, L3

Det [ BESS' (W2
ot (BE (W2 + 2022

Ts (WZ)_I(SSS’(Suu’) =0

* 3 particles in finite volume: m=138 MeV, L=3 fm

* one S-wave isobar — two unknowns:

— vertex(Isobar—2 stable particles) |

— subtraction constant (~mass) |

400 600 800 1000 1200
E [MeV]
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QUANTIZATION CONDITION

2E, L3

Det ( BLs (W?
et( o (W#) + 3(s)

Ts (Wz)_léss’(suu’) =0

* 3 particles in finite volume: m=138 MeV, L=3 fm

e one S-wave 1sobar — two unknowns:

— vertex(Isobar—2 stable particles) |

— subtraction constant (~mass) |

o Pl’Oject to I' = A1+ 400 'd;{io B0t 000t Hieod

E [MeV]

— prediction of 3body energy-eigenlevels
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QUANTIZATION CONDITION

2E, L3

Det ( BLs (W?
et( o (W#) + 3(s)

Ts (Wz)_léss’(suu’) =0

* 3 particles in finite volume: m=138 MeV, L=3 fm

e one S-wave 1sobar — two unknowns:

— vertex(Isobar—2 stable particles) |

— subtraction constant (~mass) |

o Pl’Oject to I' = A1+ 400 'd;{io B0t 000t Hieod

E [MeV]

— prediction of 3body energy-eigenlevels

o 200 400 800 800 1000 1200
E [MeV]
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QUANTIZATION CONDITION

2E, L3

Det | BIsS' (W2
et( o (W#) + 3(s)

Ts (Wz)_léss’(suu’) =0

* 3 particles in finite volume: m=138 MeV, L=3 fm

e one S-wave 1sobar — two unknowns:

— vertex(Isobar—2 stable particles) |

— subtraction constant (~mass) |

o Pl’Oject to I' = A1+ 400 'n;;aéo B0t 000t Hieod

E [MeV]

— prediction of 3body energy-eigenlevels

D o o o

600 800 1000 1200

E [MeV] H

unphysical lvls cancel out (exact proof available)

I~
D - .

0 200
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SUMMARY/OUTLOOK

3-body scattering amplitude from 2&3 body Unitarity

— interaction kernel = one-particle-exchange
— single approximation: number of isobars

— flexible parametrization: real contributions can be added to the kernel

3-body Quantization Condition in fin. vol. derived

— cancellations of unphysical poles revealed analytically
— projection to irreps done

— technical feasibility on a numerical example
TBD: analysis of physical systems

TBD: multiple channels

TBD: inclusion of isospin & angular momentum
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The Power of Unitarit_y

Question: Does B provide full imaginary part of all possible
3 - 3 transitions?

Riddle 1 Riddle 2 7 - Riddle 3
m”’ Im #0
m —m
m
@ % unitary
2-2
W™
A I—I
Mie % @A
p3 # m* p3 = m?
t 30 o Riddle 4
pr=m’  pi=m’

Tao
5 4\§7 Riddle 5
Ts,
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* Projection of T

TSS (f)jypj =47 Z Z XPas TFS’ Xgas (f)j’) ;

I'oo uwu’

¥ (s) 9(s")

TIs — Z > XL (BT (B, Dy )X (Byr)
J=175'=1
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Cancellations: — fin. vol. normalization of 0-distribution!

BA! singular at W+ = E,, + E,, + E(q,; + Pmi)

71 singular at W** = E,, + E((2r/L)y) = E((2r/L)y + p,,,;) for y € 7>

m

— when 1sobar-momenta are discretized in the 3-body cms momenta

T =o0(k) — Mg — (2m)3 Ja’ 2B (0 (k)—4E] +ie)
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Power-law finite-volume effects dictated by
three-body unitarity

| :/—
=-q q

P-p P

S-wave infinite volume vs. A1+ finite volume
shell 1 to shell 1

[arbitrary units]
11 [arbitraty units]

1000 1200
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-/ 1C
Y

Tower of boosted 2 - 2 amplitudes
to implement 3-body quantization condition
I

\

|
|
|
|
|
|
|
[
S

0
el ™ — )
| ~=7/
I}
l:
|
I I I 1 1 :'
400 600 800 1000 1200
W [MeV]
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SCATTERING AMPLITUDE

3 — 3 scattering amplitude is a 3-dimensional integral equation

: S~
b — et
==
T

C

S
S
5
B4
T4

T =>=®587+>=®=B_r T
O LIS LI O N

— For simplicity v=4 (full relati§ﬁ5~—ai7éiiiéble)

— Imaginary parts of B, S are ﬁxed,/by"ﬁnitgrity/ﬁiﬁtching

Disc B(u) = 2mi)\?

5(;@@_¢m)

2,/m? + Q?

* un-subtracted dispersion relation

>\2

(¢|B(s)|p) = _QW(EQ_ mz_i_QQ_i_ie)

e one-n exchange in TOPT —- RESULT!

“
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Unitarity & Matching

* 3-body Unitarity (normalization condition < phase space integral)

(g1, a2, a3|(T=T")|p1, p2, p3) = ifp<Q1aQ2>Q3|TAT|k1,kz,k3><k17k2,k3|T|P17P2,P3>
|\ s N— 7
1 1
': 4
':
X
Originally considered by \‘
AAY
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