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Motivations

Testing the consistency of QFT in curved background by
comparing the decay rate of an accelerated proton in the
inertial and comoving frame: a ‘theoretical check" of the
Unruh effect∗.

Clarifying some conceptual problems in the context of the
inverse β decay with mixed neutrinos†.

Investigating the issue of mass or flavor neutrino states as
fundamental objects in QFT.‡

∗G. E. A. Matsas and D. A. T. Vanzella, Phys. Rev. D 59, 094004 (1999).
† D. V. Ahluwalia, L. Labun and G. Torrieri, Eur. Phys. J. A 52, 189 (2016).
‡M. Blasone and G. Vitiello, Annals Phys. 244, 283 (1995).
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Unruh effect

Rindler coordinates

x0 = ξ sinh η, x3 = ξ cosh η

Rindler vs Minkowski

ds2
M =

(
dx0

)2−(dx3)
2 − (d~x)

2 →

ds2
R = ξ2dη2 − dξ2 − (d~x)

2

Worldline of a Rindler observer

η = a τ, ξ= const ≡ a−1, ~x = const
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Fulling-Davies-Unruh effect

The Rindler observer perceives Minkowski vacuum as a
thermal bath

〈0M|N̂(ω)|0M〉 ≡ n(ω) =
1

eaω/TFDU + 1

where

TFDU =
a

2π

is the Fulling-Davies-Unruh temperature.
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Neutrino mixing

Pontecorvo mixing transformations (two flavor model)...

|νe〉 = |ν1〉 cos θ + |ν2〉 sin θ

|νµ〉 = −|ν1〉 sin θ + |ν2〉 cos θ

...lead to the quantum mechanical oscillation probability

Pe→µ = sin2 (2θ) sin2
(

∆m2L
4E

)
.
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Decay of accelerated particles

The decay properties of particles are less fundamental than
commonly thought∗.

τproton > 1028yrs.

However, in presence of acceleration...

Inverse β decay

p → n + e+ + νe

...the proton decay is not kinematically forbidden!

Remark
The lifetime of particles is not an absolute concept.

∗ R. Muller, Phys. Rev. D 56, 953 (1997).
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Inverse β decay (inertial frame)

p → n + e+ + νe
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Inverse β decay (comoving frame)

(i) p + e→ n + νe (ii) p + ν̄e → n + e+

(iii) p + e + ν̄e → n
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Setting the stage

In 2D with massless neutrino (a� MZ 0 ,MW± ≈ 1036cm/s2)∗ :

ĵµ = q̂(τ)uµδ
(

u − a−1
)
, q̂(τ) = eiĤτ q̂0e−iĤτ

Ĥ |n〉 = mn |n〉 , Ĥ |p〉 = mp |p〉 , GF = |〈p| q̂0 |n〉|

In this regime a Fermi current-current interaction can be
considered

ŜI =

∫
d2x
√
−g ĵµ

(
Ψ̂νγ

µΨ̂e + Ψ̂eγ
µΨ̂ν

)
.

∗D. A. T. Vanzella and G. E. A. Matsas, Phys. Rev. Lett. 87 151301 (2001).
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Inertial frame calculation

Field quantization:

Ψ̂ =
∑
σ=±

∫ +∞

−∞
dk
[
b̂kσ ψ

(+ω)
kσ + d̂†kσ ψ

(−ω)
−k−σ

]
, ω =

√
m2 + k2

ψ
(±ω)
k+ =

ei(∓ωx0+kx3)

√
2π


±
√

(ω ±m) /2ω
0

k/
√

2ω (ω ±m)
0



ψ
(±ω)
k− =

ei(∓ωx0+kx3)

√
2π


0

±
√

(ω ±m) /2ω
0

−k/
√

2ω (ω ±m)





Motivations Preliminary tools Historical excursus Inverse β decay with neutrino mixing Conclusions and outlook

Inertial frame calculation

The tree-level transition amplitude...

Ap→n = 〈n| ⊗ 〈e+
ke σe

, νkν σν |ŜI |0〉 ⊗ |p〉

... and the related differential transition rate...

d2Pp→n
in

dkedkν
=
∑
σe=±

∑
σν=±

|Ap→n|2 , Pp→n

T
= Γp→n

... give the inertial decay rate

Γp→n
in =

4G2
F a

π2eπ∆m/a

∫ ∞
0

dk̃e

∫ ∞
0

dk̃νK2i∆m/a [2 (ω̃e + ω̃ν)] .
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Comoving frame calculation

Field quantization:

Ψ̂ =
∑
σ=±

∫ +∞

0
dω
[
b̂ωσ ψωσ + d̂†ωσ ψ−ω−σ

]

ψω+ =

√
m cosh(πω/a)

2π2a


Kiω/a+1/2(m ξ) + iKiω/a−1/2(m ξ)

0

−Kiω/a+1/2(m ξ) + iKiω/a−1/2(m ξ)

0

e−iωη/a

ψω− =

√
m cosh(πω/a)

2π2a


0

Kiω/a+1/2(m ξ) + iKiω/a−1/2(m ξ)

0

Kiω/a+1/2(m ξ)− iKiω/a−1/2(m ξ)

e−iωη/a
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Comoving frame calculation

The transition amplitude for each process...

Ap→n
(I) = 〈n| ⊗ 〈 emit |ŜI |abs 〉 ⊗ |p〉 , I = i , ii , iii

... and the respective differential transition rates...

d2Pp→n
I

dωedων
=
∑
σe=±

∑
σν=±

∣∣Ap→n
I

∣∣2 n(abs)
F (ωe(ν))[1− n(emit)

F (ων(e))],

nF (ω) =
1

1 + e2πω/a
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Comoving frame calculation

... give the total decay rate

Γp→n
com = Γp→n

(i) + Γp→n
(ii) + Γp→n

(iii)

=
G2

F me

aπ2 eπ∆m/a

∫ +∞

−∞
dω

Kiω/a+1/2(me/a)Kiω/a−1/2(me/a)

cosh [π (ω −∆m)/a]
.

Result
At tree level

Γp→n
in = Γp→n

com
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Remarks
The equality of the two decay rates confirms:

the necessity of Unruh effect in QFT

the General Covariance of QFT in curved background
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Generalizing to 4D with massive neutrino∗...

ĵµ = q̂(τ)uµδ
(

u − a−1
)
δ(x1)δ(x2), q̂(τ) = eiĤτ q̂0e−iĤτ

Ĥ |n〉 = mn |n〉 , Ĥ |p〉 = mp |p〉 , GF = |〈p| q̂0 |n〉|

ŜI =

∫
d4x
√
−g ĵµ

(
Ψ̂νγ

µΨ̂e + Ψ̂eγ
µΨ̂ν

)

∗H. Suzuki and K. Yamada, Phys. Rev. D 67 (2003).
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Inertial frame calculation

Field quantization:

Ψ̂ =
∑
σ=±

∫
d3k

[
b̂kσψ

(+ω)
kσ + d̂†kσψ

(−ω)
−k−σ

]

ψ
(±ω)
k+ (x0,x) =

ei(∓ωx0 + k·x)

22π
3
2

1√
ω(ω ±m)


m ± ω

0
k3

k1 + ik2



ψ
(±ω)
k− (x0,x) =

ei(∓ωx0 + k·x)

22π
3
2

1√
ω(ω ±m)


0

m ± ω

k1 − ik2

−k3
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Inertial frame calculation

Using the integral representation of the Bessel function

Kµ(z) =
1
2

∫
C1

ds
2πi

Γ(−s)Γ(−s − µ)
(z

2

)2s+µ
,

together with the expansion formula...

(A + B)z =

∫
C

dt
2πi

Γ(−t) Γ(t − z)

Γ(−z)
At+z Bt
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Inertial frame calculation

...the decay rate in the inertial frame becomes

Γp→n
in =

a5 G2
F

25 π7/2 e∆m/a

∫
Cs

ds
2πi

∫
Ct

dt
2πi

(me
a )2 (mν

a )2

Γ(−s − t + 3) Γ (−s − t + 7/2)

×
[
|Γ(−s − t + i∆m/a + 3)|2 Γ(−s) Γ(−t) Γ(−s + 2) Γ(−t + 2)

+ Re
{

Γ(−s − t + i∆m/a + 2) Γ(−s − t − i∆m/a + 4)
}

× Γ(−s + 1/2) Γ(−t + 1/2) Γ(−s + 3/2) Γ(−t + 3/2))

]
,

where Cs(t) is the path picking up all poles of gamma functions
in s(t) complex plane.
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Comoving frame calculation

Field quantization:

Ψ̂ =
∑
σ=±

∫ +∞

0
dω
∫

d2k
[
b̂wσψ

(+ω)
wσ + d̂†wσψ

(−ω)
w−σ

]
, w ≡ (ω, kx , ky )

ψ
(ω)
w+ = N

ei(−ωη/a + kx x+ky y)

(2π)
3
2



i lKiω/a−1/2(ξ l) + mKiω/a+1/2(ξl)

−(k1 + ik2)Kiω/a+1/2(ξl)

i lKiω/a−1/2(ξ l) − mKiω/a + 1/2(ξl)

−(k1 + ik2)Kiω/a+1/2(ξl)



with l =
√

m2 + (kx )2 + (ky )2.
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Comoving frame calculation

Summing up the contributions of the three processes and using

xσKνKµ =

√
π

2
G40

24

(
x2

∣∣∣∣∣
1
2σ,

1
2σ + 1

2

1
2 (ν + µ+ σ), 1

2 (ν − µ+ σ), 1
2 (−ν + µ+ σ), 1

2 (−ν − µ+ σ)

)
,

the total decay rate in the comoving frame becomes

Γp→n
com =

a5 G2
F

25 π7/2 e∆m/a

∫
Cs

ds
2πi

∫
Ct

dt
2πi

( me
a )2 ( mν

a )2

Γ(−s − t + 3) Γ (−s − t + 7/2)

×
[
|Γ(−s − t + i∆m/a + 3)|2 Γ(−s) Γ(−t) Γ(−s + 2) Γ(−t + 2)

+ Re
{

Γ(−s − t + i∆m/a + 2) Γ(−s − t − i∆m/a + 4)
}

× Γ(−s + 1/2) Γ(−t + 1/2) Γ(−s + 3/2) Γ(−t + 3/2))

]
.
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Proton decay and neutrino mixing: a theoretical paradox?

Recently, it has been argued that neutrino mixing can spoil
the agreement between the two results∗.

The leitmotiv is the violation of the Kubo-Martin-Schwinger
(KMS) definition of thermal state for the accelerated neutrino
vacuum in the context of mixing.

It is claimed that the contradiction must be solved
experimentally.

∗ D. V. Ahluwalia, L. Labun and G. Torrieri, Eur. Phys. J. A 52, 189 (2016).
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It is claimed that the contradiction must be solved
experimentally.

Remark
An experiment cannot be used as a tool for checking the
internal consistency of theory against a theoretical paradox.

The question must be settled at a theoretical level, in conformity
with the General Covariance of QFT in curved background.
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An attempt to solve the ambiguity has been proposed∗, but...

Inverse β decay with neutrino mixing

p → n + ¯̀
α + νi , ` = {e, τ, µ}, i = {1,2,3}

↗
...there are several problems related to the use of definite mass
neutrinos!

It is possible to prove that their choice leads to ambiguities†.

∗G. Cozzella, S. A. Fulling, A. G. S. Landulfo, G. E. A. Matsas and D. A. T.
Vanzella, arXiv:1803.06400, to appear in Phys. Rev. D.
†S. M. Bilenky, F. von Feilitzsch and W. Potzel, J. Phys. G 38, 115002

(2011).
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Inertial frame calculation

Applying Pontecorvo transformations on both neutrino fields
and states, the transition amplitude becomes∗

Ap→n
in = GF

[
cos2 θ Iσνσe (ων1 , ωe) + sin2 θ Iσνσe (ων2 , ωe)

]
,

Iσνσe (ωνi , ωe) =

∫ +∞

−∞
dτ ei∆mτuµ

[
ψ̄

(+ωνi )
σν γµ ψ

(−ωe)
−σe

]
, i = 1,2

∗M. Blasone, G. Lambiase, G. G. Luciano, L. P., Phys. Rev. D 97, 105008 (2018).
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Consequently, the total decay rate is

Γp→n
in = cos4 θ Γp→n

1 + sin4 θ Γp→n
2 + cos2 θ sin2 θ Γp→n

12 ,

Γp→n
j ≡ 1

T

∑
σν ,σe

GF
2
∫

d3kν
∫

d3ke
∣∣Iσνσe (ωνj , ωe)

∣∣2, j = 1,2,

Γp→n
12 ≡ 1

T

∑
σν ,σe

GF
2
∫

d3kν
∫

d3ke

[
Iσνσe (ων1 , ωe) I ∗σνσe (ων2 , ωe) + c.c.

]
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Comoving frame calculation

Assuming neutrino asymptotic states to be mass eigenstates,
calculations in the comoving frame give for the process (i)

Ap→n
(i) =

GF

a

[
cos θJ (1)

σνσe (ων , ωe) + sin θJ (2)
σνσe (ων , ωe)

]
,

Jσνσe =

∫ +∞

−∞
dη ei∆mη uµ

[
ψ̄

(ων)
wνσν γ

µ ψ
(ωe)
weσe

]

Similar calculations for the other two processes lead to

Γp→n
com ≡ Γp→n

(i) + Γp→n
(ii) + Γp→n

(iii)

= cos2 θ Γ̃p→n
1 + sin2 θ Γ̃p→n

2 .
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Comoving frame calculation

Γp→n
com = cos2 θ Γ̃p→n

1 + sin2 θ Γ̃p→n
2 ,

Γ̃p→n
j =

2G2
F

a2π7eπ∆m/a

∫ +∞

−∞
dω

∫
d2kν lνj

∣∣∣Ki(ω−∆m)/a+1/2

( lνj

a

)∣∣∣2
×
∫

d2ke le
∣∣∣Kiω/a+1/2

(
le
a

)∣∣∣2 + mνj me

×Re
{∫

d2kνK 2
i(ω−∆m)/a−1/2

( lνj

a

)∫
d2keK 2

iω/a+1/2

(
le
a

)}
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Comparing the rates

Inertial vs comoving rates

Γp→n
in = cos4 θ Γp→n

1 + sin4 θ Γp→n
2 + cos2 θ sin2 θ Γp→n

12 ,

Γp→n
com = cos2 θ Γ̃p→n

1 + sin2 θ Γ̃p→n
2 ,

Although:

Γp→n
j = Γ̃p→n

j , j = 1,2

there is no counterpart of Γp→n
12 in Γp→n

com

Pontecorvo matrix elements appear with different powers.

Remark
Neutrino asymptotic states must be inevitably flavor
eigenstates
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Violating the KMS condition?

Assuming asymptotic neutrinos to be flavor eigenstates would
violate the KMS definition of a thermal state of a quantum
system by adding coherent, off-diagonal correlations in the
density matrix. Consequently, the accelerated neutrino vacuum
state would not be thermal, contradicting the essential
characteristic of the Unruh effect∗.

∗ D. V. Ahluwalia, L. Labun and G. Torrieri, Eur. Phys. J. A 52, 189 (2016).
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Non-thermal Unruh effect for mixed neutrinos

Two Bogoliubov transformations involved∗:

φR
thermal Bogol. (a)

−→ φM ⇒ condensate in |0M〉

φ1, φ2

mixing Bogol. (θ)
−→ φe, φµ ⇒ condensate in |0e,µ〉

How do they combine when flavor mixing for an accelerated
observer is considered?

∗M. Blasone, G. Lambiase and G. G. Luciano, Phys. Rev. D 96 025023 (2017).
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Non-thermal Unruh effect for mixed fields

Condensation density of Rindler mixed neutrinos in |0〉M:

〈0M|N̂(θ, ω)|0M〉 =
1

eaω/TFDU + 1︸ ︷︷ ︸
Unruh thermal spectrum

+ sin2 θ

{
O
(
δm2

m2
ν1

)}
︸ ︷︷ ︸

non−thermal mixing corrections

.

Remark

Non-thermal corrections only appear at orders higher than O
(
δm
m

)



Motivations Preliminary tools Historical excursus Inverse β decay with neutrino mixing Conclusions and outlook

Comoving frame calculation with flavor eigenstates

Taking neutrino asymptotic states to be flavor eigenstates,
calculations in the comoving frame give for the process (i)

Ap→n
(i) =

GF

a

[
cos2 θJ (1)

σνσe (ων , ωe) + sin2 θJ (2)
σνσe (ων , ωe)

]
,

Jσνσe (ων , ωe) =

∫ +∞

−∞
dη ei∆mη uµ

[
ψ̄

(ων)
wνσν γ

µ ψ
(ωe)
weσe

]

Analogous procedures for the other processes lead to

Γp→n
com ≡ Γp→n

(i) + Γp→n
(ii) + Γp→n

(iii)

= cos4 θ Γ̃p→n
1 + sin4 θ Γ̃p→n

2 + cos2 θ sin2 θ Γ̃p→n
12
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Γp→n
com = cos4 θ Γ̃p→n

1 + sin4 θ Γ̃p→n
2 + cos2 θ sin2 θ Γ̃p→n

12 ,

Γ̃p→n
12 =

2 G2
F

a2 π7
√

lν1 lν2 eπ∆m/a

∫ +∞

−∞
dω

{∫
d2ke le

∣∣∣Kiω/a+1/2

(
le
a

)∣∣∣2
×
∫

d2kν
(
κ2
ν + mν1mν2 + lν1 lν2

)
×Re

{
Ki(ω−∆m)/a+1/2

(
lν1

a

)
Ki(ω−∆m)/a−1/2

(
lν2

a

)}
+ me

∫
d2ke

∫
d2kν

(
lν1mν2 + lν2mν1

)
×Re

{
K 2

iω/a+1/2

(
le
a

)
Ki(ω−∆m)/a−1/2

(
lν1

a

)

× Ki(ω−∆m)/a−1/2

(
lν2

a

)}}
, κν ≡ (kx

ν , k
y
ν )
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Comparing the rates

Inertial vs comoving rates

Γp→n
in = cos4 θ Γp→n

1 + sin4 θ Γp→n
2 + cos2 θ sin2 θ Γp→n

12 ,

Γp→n
com = cos4 θ Γ̃p→n

1 + sin4 θ Γ̃p→n
2 + cos2 θ sin2 θ Γ̃p→n

12

Γp→n
j = Γ̃p→n

j , j = 1,2

...what about the "off-diagonal" terms?

Γp→n
12

?
= Γ̃p→n

12
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Small neutrino mass approximation

Evaluating these terms is non-trivial.

However, for δm
mν1
≡ mν2 −mν1

mν1
� 1,

Γp→n
12 = 2Γp→n

1 +
δm
mν1

Γδm + O

(
δm2

m2
ν1

)

Γ̃p→n
12 = 2Γ̃p→n

1 +
δm
mν1

Γ̃δm + O

(
δm2

m2
ν1

)



Motivations Preliminary tools Historical excursus Inverse β decay with neutrino mixing Conclusions and outlook

Small neutrino mass approximation

Evaluating these terms is non-trivial.

However, for δm
mν1
≡ mν2 −mν1

mν1
� 1,

Γp→n
12 = 2Γp→n

1 +
δm
mν1

Γδm + O

(
δm2

m2
ν1

)

Γ̃p→n
12 = 2Γ̃p→n

1 +
δm
mν1

Γ̃δm + O

(
δm2

m2
ν1

)



Motivations Preliminary tools Historical excursus Inverse β decay with neutrino mixing Conclusions and outlook

Taking a suitable limit

The calculation of Γδm and Γ̃δm

for mν1 6= 0 is still an hard task.

Significant simplifications arise from the limit

mν1 → 0.

Remark
The limit has a purely mathematical meaning.
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Result...

Γδm

mν1

=
Γ̃δm

mν1

... and its full expression

Γδm

mν1

= lim
ε→0

G2
F me a3

π3 eπ∆m/a

∫
Cs

ds
2πi

∫
Ct

dt
2πi

( ε
a

)2s+2 (me

a

)2t+2

×Γ(−2s)Γ(−2t)Γ(−t − 1)Γ(−s − 1)

Γ(−s + 1
2 )Γ(−t + 1

2 )Γ(−2s − 2t)

×
[

Γ

(
−s − t + 1 + i

∆m
a

)
Γ

(
−s − t − 1 − i

∆m
a

)

+ Γ

(
−s − t + 1 − i

∆m
a

)
Γ

(
−s − t − 1 + i

∆m
a

)]
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Conclusions

Unruh radiation gets non-trivially modified in the context of
flavor mixing.

Neutrino asymptotic states must be inevitably flavor
eigenstates for the General Covariance of QFT to be
preserved.

The agreement between the two decay rates is restored in
the first-order approximation.
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Outlook

What happens beyond the first-order approximation?

Γp→n
in = Γp→n

com Γp→n
in 6= Γp→n

com

↓ ↓
The paradox would be
solved at a theoretical
level

neutrino mixing is at odds with
General Covariance

Unruh effect with neutrino mixing
should be revised

Pontecorvo transformations are
not consistent with QFT*

*M. Blasone and G. Vitiello Annals Phys. 244 283 (1995).
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