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• Two point correlators:  

4.5.1 The total amplitude

Following the same steps as before one finds the e↵ective vertex4
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To compare against the localisation formula (3.42) we notice that
⇥
(2N �Nf ) tr a

6 + 30 tr a4tr a2 � 20 (tr a3)2
⇤ ���

a!'+'̄

= 20V6(', '̄) + . . . (4.71)

with dots referring to commutator and unbalanced terms that lead to trivial contributions

to the correlator. The result (4.70) matches the localisation formula (3.42) for any choice of

operators Oj
m of our special type. Explicit evaluation of the field theory correlators (4.70)

for the operators
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matches the localisation result (3.43).

4.6 The conformal case Nf = 2N

In the conformal case Nf = 2N the one-loop corrections (4.24) to the propagators and the

gauge coupling cancel between H and Q-diagrams, so any Feynman diagrams containing

the di↵erence as a sub diagram can be discarded. The only contributing diagrams are

A
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4
=
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ai

aj

bi

�
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ai

aj

bi

A
2�loops

2
= ai bi � ai bi (4.73)

4
The overall factor

8
3!2

origins as follows: from the insertions of the six three point vertices times 12

from the permutations of �2’s , �3’s inside the loop, i.e. the number of di↵erent loops one can made out of

{2A, 2B , 2C , 3A, 3B , 3C} alternating 2’s and 3’s.
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� 18 tr('2
'̄) tr'̄2

'
⇤

(4.68)

The total ampitude can be written as

A
jk

m,3�loops
(x12) = 20

⇣(5)

3

⇣
g

8⇡2

⌘
3 bCjk

m

(4⇡2x
2

12
)2m

(4.69)

with
bCjk

m =
D
bOj

2m
(')O2m(')V6(', '̄)

E

tree

(4⇡2
x
2

12)
2m+3 (4.70)

To compare against the localisation formula (3.42) we notice that
⇥
(2N �Nf ) tr a

6 + 30 tr a4tr a2 � 20 (tr a3)2
⇤ ���

a!'+'̄

= 20V6(', '̄) + . . . (4.71)

with dots referring to commutator and unbalanced terms that lead to trivial contributions

to the correlator. The result (4.70) matches the localisation formula (3.42) for any choice of

operators Oj
m of our special type. Explicit evaluation of the field theory correlators (4.70)

for the operators

c
O1

6
(x) = Tr

�
'
6(x)

�
+ c31ATr

�
'
4(x)

�
Tr

�
'
2(x)

�
+ c31BTr

�
'
2(x)

�3

c
O2

6
(x) = Tr

�
'
6(x)

�
+ c32ATr

�
'
3(x)

�2
+ c32BTr

�
'
2(x)

�3
. (4.72)

matches the localisation result (3.43).

4.6 The conformal case Nf = 2N

In the conformal case Nf = 2N the one-loop corrections (4.24) to the propagators and the

gauge coupling cancel between H and Q-diagrams, so any Feynman diagrams containing

the di↵erence as a sub diagram can be discarded. The only contributing diagrams are

A
2�loops

4
=

bj

ai

aj

bi

�

bj

ai

aj

bi

A
2�loops

2
= ai bi � ai bi (4.73)

4
The overall factor

8
3!2

origins as follows: from the insertions of the six three point vertices times 12

from the permutations of �2’s , �3’s inside the loop, i.e. the number of di↵erent loops one can made out of

{2A, 2B , 2C , 3A, 3B , 3C} alternating 2’s and 3’s.

25• S-duality: N=2* prepotentials  
Self-duality of SU(N) & SO(2r+1)/Sp(2r) duality

!
?

•  Basic tools: 

‣ Localisation: Mathematical foundations (the idea)

‣ Supersymmetric gauge theories: N=2,4

‣ D-branes: Gauge theory engineering

Se� =

Z
d4xd4�F(�) Prepotential

• Wilson loops:  

‣ N=4: AdS/CFT (N, R large) 

‣ Matrix model:  two and three loop tests

‣ Non-conformal theories:   

‣ S-duality: q-Exact formulas (small mass)

Circular Wilson loop

‣ N=2: Exact results (critical masses) 

Billo, Frau, Fucito, Lerda, JFM, Stanev, Wen 

Billo, Frau, Fucito, Lerda, JFM 

Aguilera, Correa, Giraldo, Fucito, JFM, Pando Zayas

(see Bianchi, Galvagno, Griguolo talks) 

Fucito, JFM, Poghossian
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 D-branes
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‣ Matter fields: Brane intersections

Gravity

Gauge
‣ Open strings: Gauge fields

‣ Closed strings: Gravity theories

•  Braneworlds 

•  Instantons

‣ Point-like D-branes: Moduli=open strings

!Non-perturbative effects from Matrix integrals

Instantons
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• Supersymmetric theories:  Q⇠ Supersymmetry charge and ↵ = e�S
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Gauge partition functions  
• Path integral 

ZR4(a, q) =

Z
D� e�SY M =

1X

k=0

qk
Z

dMke
�Sinst,k

ADHM instanton moduli: 
positions , sizes, orientations 

instanton number 
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Gauge partition functions  

ZR4(a, ⌧) = Zclass(a, ⌧)Zone�loop(a)Zinst(a, ⌧)

D3 branes
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✓ Fixed points : Sets of N Young tableau Y 

N=2,4 gauge theories



 6Jose F.  Morales (INFN, Tor Vergata, Roma) Localization Cortona

Gauge partition functions  

ZR4(a, ⌧) = Zclass(a, ⌧)Zone�loop(a)Zinst(a, ⌧)

D3 branes

a1 a2

�I

✏1

✏2 {
|{z}

a3

• Path integral 

• Localization:  

ZR4(a, q) =

Z
D� e�SY M =

1X

k=0

qk
Z

dMke
�Sinst,k

ADHM instanton moduli: 
positions , sizes, orientations 

instanton number 

ZR4(a, q) =
X

Y

q|Y | e�SY

detY Q2

✓ Fixed points : Sets of N Young tableau Y 

    Multi-instanton calculus :
Nekrasov

F = � lim
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�1�2 lnZ(�1, �2; q) VR4 ⇠ 1
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N=2,4 gauge theories
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Gauge partition functions  

ZR4(a, ⌧) = Zclass(a, ⌧)Zone�loop(a)Zinst(a, ⌧)

D3 branes

a1 a2

�I

✏1
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a3

• Path integral 

• Localization:  

ZR4(a, q) =

Z
D� e�SY M =

1X

k=0

qk
Z

dMke
�Sinst,k

ADHM instanton moduli: 
positions , sizes, orientations 

instanton number 

ZR4(a, q) =
X

Y

q|Y | e�SY

detY Q2

✓ Fixed points : Sets of N Young tableau Y 

No-instantons

    Multi-instanton calculus :
Nekrasov

F = � lim
�l�0

�1�2 lnZ(�1, �2; q) VR4 ⇠ 1

�1�2                         

N=2,4 gauge theories

Zinst = 1 |Zoneloop|2 = �(a) =
Y

u<v

a2uv

• N=4 theory:  

!
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•  The prepotential 

Prepotential

F = F0 + F1�loop +
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Fkqk

Gauge instantons

q = e2⇡i⌧ gauge coupling
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• Large representations

contour around the Dirichlet interval (ẽ2i+1, ẽ2i). The corresponding charges can be computed by the

following integrals

Qi
D3 =

I

�i

dC4 , (2.13)

Qj
D5 =

I

�̃j

F3 (2.14)

Using the Cauchy theorem and expanding the fluxes near the boundary, the integrals above can be

deformed to the following integrals over the branch cuts [10]:

Qi
D3 = 12iVol(S4)

Z ẽ2i�1

ẽ2i

dC + c.c. , (2.15)

Qj
D5 = 2iVol(S2)

Z ẽ2j

ẽ2j+1

dA+ c.c. , (2.16)

where

dC = B@A�A@B. (2.17)

These integrals giving the D5 and D3 RR charges are naturally associated with the Wilson loop

representation parameters (see Fig. 1) in the following way

Qi
D3 = (4⇡2↵0)2ni , Qj

D5 = �(4⇡2↵0)kj (2.18)

e1e2e3e4e2g+1

�1�2�g�1�g �̃1�̃g�1�̃g

n1
k1

n2ng�1
ng

kg�1
kg

Figure 1: Branch cuts and generic Young tableau assigned to the dual Wilson loop. Representation

parameters {kj , ni} are linked to geometric parameters through flux integrals over non-trivial 3- and

5-cycles �̃j and �i.

7

ds2 = f2
1 ds

2
AdS2

+ f2
2 ds

2
S2 + f2

4 ds
2
S4 + d⌃2 .

Dual Geometry

H2g+2(z)
2 =

2g+2Y

i=1

(z � ei) Pg+1(z)

given in terms of two polynomials
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contour around the Dirichlet interval (ẽ2i+1, ẽ2i). The corresponding charges can be computed by the

following integrals

Qi
D3 =

I

�i

dC4 , (2.13)

Qj
D5 =

I

�̃j

F3 (2.14)

Using the Cauchy theorem and expanding the fluxes near the boundary, the integrals above can be

deformed to the following integrals over the branch cuts [10]:

Qi
D3 = 12iVol(S4)

Z ẽ2i�1

ẽ2i

dC + c.c. , (2.15)

Qj
D5 = 2iVol(S2)

Z ẽ2j

ẽ2j+1

dA+ c.c. , (2.16)

where

dC = B@A�A@B. (2.17)

These integrals giving the D5 and D3 RR charges are naturally associated with the Wilson loop

representation parameters (see Fig. 1) in the following way

Qi
D3 = (4⇡2↵0)2ni , Qj

D5 = �(4⇡2↵0)kj (2.18)

e1e2e3e4e2g+1

�1�2�g�1�g �̃1�̃g�1�̃g

n1
k1

n2ng�1
ng

kg�1
kg

Figure 1: Branch cuts and generic Young tableau assigned to the dual Wilson loop. Representation

parameters {kj , ni} are linked to geometric parameters through flux integrals over non-trivial 3- and

5-cycles �̃j and �i.

7

ds2 = f2
1 ds

2
AdS2

+ f2
2 ds

2
S2 + f2

4 ds
2
S4 + d⌃2 .

S =
1

2⇡↵0

Z
d2�

q
det(GMN@↵XM@�XN ) +

1

2⇡↵0

Z
B‣ Minimal action:  Fundamental string

Dual Geometry

H2g+2(z)
2 =

2g+2Y

i=1

(z � ei) Pg+1(z)

given in terms of two polynomials
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Z
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large N and large �
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Z 1
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. !
Agree with Sugra 
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 Wilson loops in N=2
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da |Ztree(a, ⌧)Zone�loop(a)Zinst(a, q)|2 Trfund e
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Infinite sum over Young-tableaux
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column contribute
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• Wilson loops in N=2 :  

 Wilson loops in N=2

•  Critical masses SU(2) gauge +4 fundamentals 

  Exact formula !

hW i = 1

ZS4

Z

�
da |Ztree(a, ⌧)Zone�loop(a)Zinst(a, q)|2 Trfund e

2⇡ia
✏1

Infinite sum over Young-tableaux

m1 +m2 = ✏2 !Only  Young-tableaux with a single 
column contribute

�(x) =
�(x)

�(1� x)

Au =
m1 � m̄u + ✏1 � ✏2

✏1
� 1 , Bu =

m1 �mu

✏1
+ 1

Z1(q) = 2F1

⇣
A1,A2

B

��q
⌘

, Z2(q) = q1�B2
2F1

⇣
1�B+A1,1�B+A2

2�B

��q
⌘

rj =
NY

u=1

�(Bu) �(Bj �Bu)

�(Au) �(Bj �Au)

hW i =
PN

j,u=1 e
2⇡i

(mu�✏2�uj)

✏1 rj |Zj(q)|2
PN

j=1 rj |Zj(q)|2
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��q
⌘
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�(Bu) �(Bj �Bu)
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•  t’Hooft loop 

hW i =
PN

i,j cijZ̃j
˜̄Zj

PN
j=1 rj |Zj |2

hW i =
PN

j,u=1 e
2⇡i

(mu�✏2�uj)

✏1 rj |Zj(q)|2
PN

j=1 rj |Zj(q)|2

t’Hooft loop operators

q ⇡ 1 strong coupling
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QFT: Feynman diagrams
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4.5.1 The total amplitude

Following the same steps as before one finds the e↵ective vertex4

8

3
W6(x12)V6(', '̄) (4⇡

2
x
2

12)
3 (4.67)

with

V6(', '̄) = tradj ('(x1)'̄(x2))
3 =

⇥
(2N �Nf )tr(''̄)

3 + 6 tr('3
'̄) tr'̄2 + 6 tr('̄3

') tr'2

+ 6 tr('2
'̄
2) tr(''̄) + 12 tr(''̄)2 tr(''̄)� 2 tr'3 tr'̄3

� 18 tr('2
'̄) tr'̄2

'
⇤

(4.68)

The total ampitude can be written as

A
jk

m,3�loops
(x12) = 20

⇣(5)

3

⇣
g

8⇡2

⌘
3 bCjk

m

(4⇡2x
2

12
)2m

(4.69)

with
bCjk

m =
D
bOj

2m
(')O2m(')V6(', '̄)

E

tree

(4⇡2
x
2

12)
2m+3 (4.70)

To compare against the localisation formula (3.42) we notice that
⇥
(2N �Nf ) tr a

6 + 30 tr a4tr a2 � 20 (tr a3)2
⇤ ���

a!'+'̄

= 20V6(', '̄) + . . . (4.71)

with dots referring to commutator and unbalanced terms that lead to trivial contributions

to the correlator. The result (4.70) matches the localisation formula (3.42) for any choice of

operators Oj
m of our special type. Explicit evaluation of the field theory correlators (4.70)

for the operators

c
O1

6
(x) = Tr

�
'
6(x)

�
+ c31ATr

�
'
4(x)

�
Tr

�
'
2(x)

�
+ c31BTr

�
'
2(x)

�3

c
O2

6
(x) = Tr

�
'
6(x)

�
+ c32ATr

�
'
3(x)

�2
+ c32BTr

�
'
2(x)

�3
. (4.72)

matches the localisation result (3.43).

4.6 The conformal case Nf = 2N

In the conformal case Nf = 2N the one-loop corrections (4.24) to the propagators and the

gauge coupling cancel between H and Q-diagrams, so any Feynman diagrams containing

the di↵erence as a sub diagram can be discarded. The only contributing diagrams are

A
2�loops

4
=

bj

ai

aj

bi

�

bj

ai

aj

bi

A
2�loops

2
= ai bi � ai bi (4.73)

4
The overall factor

8
3!2

origins as follows: from the insertions of the six three point vertices times 12

from the permutations of �2’s , �3’s inside the loop, i.e. the number of di↵erent loops one can made out of

{2A, 2B , 2C , 3A, 3B , 3C} alternating 2’s and 3’s.

25

  Nf=2N 2-loop 

A(Nf )
N=2 = AN=4 �AH +AQ

  Tree   Adj   Fund  
QFT: Feynman diagrams
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We write the associated superspace integral as

W4(x12) = lim
x3!x2

lim
x4!x1

W4(x1, x4;x2, x3) . (C.7)

This corresponds to a point-splitting regularization of the positions of the external legs

that will be made to coincide only at the end of the computation. Indeed, although, the

total superdiagram is finite, a regularization is necessary, since at intermediate steps one

has to manipulate divergent or ambiguous (like 0/0) expressions.

Using the notation in (C.1), the superspace integral W4 can be written as

W4(x1, x4;x2, x3) =
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Since the external fields in the positions x1, . . . , x4 are scalars, we have to set ✓j = ✓̄j = 0,

j = 1, 2, 3, 4. This fact, together with the factors of ✓2 and ✓̄2 explicitly present in (C.8),

implies that the superpropagators involving external fields reduce to the standard scalar

propagators. Hence in (C.8) we can put

h15i =
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4⇡2x215
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1
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where the reduced propagator hijiR is defined as
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After performing the ✓ and ✓̄ integrations, the second line of (C.10) becomes
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Then one can perform the integrals in x6 and x8 by using (C.5) and exploiting the identity
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This identity follows by di↵erentiating the explicit expression for the integral in terms of

the Davydychev �(1) function introduced in Appendix B. Using

Tr(�µ�̄⌫�⇢�̄⌧ ) = 2 (�µ⌫�⇢⌧ � �µ⇢�⌫⌧ + �µ⌧�⌫⇢ � ✏µ⌫⇢⌧ ) , (C.14)

and simplifying the scalar products by means of
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after some algebra we obtain
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The integral in the right hand side has been computed in [20] (see also (B.9)). It is finite in

the limit x4 ! x1 but it is quadratically divergent in the limit x3 ! x2. However, taking

into account also the factor of x223 that is present in W4 we find in the end a finite result

for the two point function. Indeed,

W4(x12) = lim
x3!x2

lim
x4!x1

W4(x1, x4;x2, x3) =
6⇣(3)

(16⇡2)2
1
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2
. (C.17)

C.3 The integral W6

The last superspace integral we compute is W6 corresponding to the diagrams in Fig. 8.

As in the previous cases, also here the only di↵erence between the two diagrams is in the

colour and flavour factors, while the superspace structure is the same. Thus, in order to

computeW6 it is enough to consider just one of them, say theH-diagram, whose irreducible

three-loop part is represented in its “unfolded” version in Fig. 11.
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The integral in the right hand side has been computed in [20] (see also (B.9)). It is finite in

the limit x4 ! x1 but it is quadratically divergent in the limit x3 ! x2. However, taking

into account also the factor of x223 that is present in W4 we find in the end a finite result

for the two point function. Indeed,

W4(x12) = lim
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C.3 The integral W6

The last superspace integral we compute is W6 corresponding to the diagrams in Fig. 8.

As in the previous cases, also here the only di↵erence between the two diagrams is in the

colour and flavour factors, while the superspace structure is the same. Thus, in order to

computeW6 it is enough to consider just one of them, say theH-diagram, whose irreducible

three-loop part is represented in its “unfolded” version in Fig. 11.
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W4(x12) = lim
x3!x2

lim
x4!x1

W4(x1, x4;x2, x3) . (C.7)
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j = 1, 2, 3, 4. This fact, together with the factors of ✓2 and ✓̄2 explicitly present in (C.8),

implies that the superpropagators involving external fields reduce to the standard scalar

propagators. Hence in (C.8) we can put
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1
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the Davydychev �(1) function introduced in Appendix B. Using
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The integral in the right hand side has been computed in [20] (see also (B.9)). It is finite in

the limit x4 ! x1 but it is quadratically divergent in the limit x3 ! x2. However, taking

into account also the factor of x223 that is present in W4 we find in the end a finite result

for the two point function. Indeed,

W4(x12) = lim
x3!x2

lim
x4!x1

W4(x1, x4;x2, x3) =
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C.3 The integral W6

The last superspace integral we compute is W6 corresponding to the diagrams in Fig. 8.

As in the previous cases, also here the only di↵erence between the two diagrams is in the

colour and flavour factors, while the superspace structure is the same. Thus, in order to

computeW6 it is enough to consider just one of them, say theH-diagram, whose irreducible

three-loop part is represented in its “unfolded” version in Fig. 11.
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The last superspace integral we compute is W6 corresponding to the diagrams in Fig. 8.

As in the previous cases, also here the only di↵erence between the two diagrams is in the

colour and flavour factors, while the superspace structure is the same. Thus, in order to

computeW6 it is enough to consider just one of them, say theH-diagram, whose irreducible

three-loop part is represented in its “unfolded” version in Fig. 11.
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!
  Match with matrix model vertex          and  S4 S2

loop integrals

‣ What about divergences ?
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