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1) prepare a many-body quantum system in a pure state |Ψ0⟩ that is not 
an eigenstate of the Hamiltonian 

2) let it evolve according to quantum mechanics (no coupling to 
environment)

Path integral formulation

|⇧(t)⇤ = e�iHt |⇧0⇤, thus

⇥O(t, {ri})⇤ =

Z�1

⇥⇧0|e iHt

��H

O({ri})e�iHt

��H

|⇧0⇤

where Z = ⇥⇧0|e�2�H |⇧0⇤.
Path integral in imaginary time
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Z

�
[d⌅]O({ri}) e�S[�]�(⌅(⇤2)�⇧0)�(⌅(⇤1)�⇧0) =

continued to ⇤1 = �⇥ � it and ⇤2 = ⇥ � it
We end in a slab of width 2⇥

Pasquale Calabrese Quantum Quenches

Questions: • How can we describe the dynamics? 

• Does it exist a stationary state? 

• Can it be thermal? In which sense?  

|Ψ(t)⟩ is pure (zero entropy) for any t while  
the thermal mixed state has non-zero entropy

Isolated systems out of equilibrium

Quantum Quench 

Don’t forget:



T. Kinoshita, T. Wenger and D.S. Weiss, Nature 440, 900 (2006)

Essentially 
unitary time 
evolution

Quantum Newton cradle

few hundreds 87Rb atoms in a harmonic trap



- 1D system relaxes slowly in time, to a non-thermal distribution

0τ 2τ 4τ 9τ

- 2D and 3D systems relax quickly and thermalize:
Kinoshita et al 2006

Quantum Newton cradle



- 1D system relaxes slowly in time, to a non-thermal distribution

0τ 2τ 4τ 9τ

- 2D and 3D systems relax quickly and thermalize:
Kinoshita et al 2006

Local observables have the same values as if the entire system was in 
a thermal ensemble

Non-equilibrium new states of matter 
(with very unconventional features)

Quantum Newton cradle



Entanglement & thermodynamics

B

A

Infinite system (AUB )

Reduced density matrix: ρA(t)=TrB ρ(t)◉

A finite

ρA(t) corresponds to a mixed state◉
The entanglement entropy 
SA(t)= -Tr[ρA(t) ln ρA(t)] measures  
the bipartite entanglement between 
A & B

◉ Stationary state exists if for any finite subsystem A of an infinite system 

lim ρA(t) = ρA(∞)
t→∞

exists



Consider the Gibbs ensemble for the entire system AUB 

Thermalization

with

Reduced density matrix for subsystem A:   ρA,T=TrB ρT

The system thermalizes if for any finite subsystem A

ρA,T = ρA(∞)

In jargon: the infinite part B of the system acts as an heat bath for A

ρT= e-H/T /Z ⟨Ψ0| H |Ψ0⟩ = Tr[ρT H]

T  is fixed by the energy in the initial state: no free parameter!!



What about integrable systems?

Generalized Gibbs Ensemble

Proposal by Rigol et al 2007:  The GGE density matrix

ρGGE= e-∑ λm Im /Z ⟨Ψ0| Im |Ψ0⟩ = Tr[ρGGE Im]with λm fixed by

Reduced density matrix for subsystem A: ρA,GGE=TrB ρGGE

The system is described by GGE if for any finite subsystem A of an 
infinite system

ρA,GGE = ρA(∞)
[Barthel-Schollwock ’08] 
[Cramer, Eisert, et al ’08] + ........ 
[PC, Essler, Fagotti ’12]

Again no free parameter!!

Im are the integrals of motion of H, i.e. [Im ,H]=0

But, which integral of motions must be included in the GGE?
Too long and technical answer to be discussed here



Entanglement vs Thermodynamics 

ρA,TD = ρA(∞)

The equivalence of reduced density matrices

Implies that the subsystem’s entropies are the same: SA,TD = SA(∞)
The TD entropy STD=-Tr ρTD ln ρTD is extensive

TD=Gibbs or GGE

STD SA,TD SA(∞)
l lL =≃

For large time the entanglement entropy 
becomes thermodynamic entropy 

The entropy of the stationary state is just the 
entanglement accumulated during time



Quantum thermalization through entanglement in an isolated many-body system

A. M. Kaufman, M. E. Tai, A. Lukin, M. Rispoli, R. Schittko, P. M. Preiss, and M. Greiner⇤

Department of Physics, Harvard University, Cambridge, Massachusetts 02138, USA
(Dated: March 17, 2016)

The concept of entropy is fundamental to thermalization, yet appears at odds with basic principles
in quantum mechanics. While statistical mechanics relies on the maximization of entropy for a
system at thermal equilibrium, an isolated many-body system undergoing Schrödinger dynamics has
zero entropy because, at any given time, it is described by a single quantum state. The underlying
role of quantum mechanics in many-body physics is then seemingly antithetical to the success of
statistical mechanics in a large variety of systems. Here we observe experimentally how this conflict
is resolved: we perform microscopy on an evolving quantum state, and we see thermalization occur
on a local scale, while we measure that the full quantum state remains pure. We directly measure
entanglement entropy and observe how it assumes the role of the thermal entropy in thermalization.
Although the full state has zero entropy, entanglement creates local entropy that validates the
use of statistical physics for local observables. In combination with number-resolved, single-site
imaging, we demonstrate how our measurements of a pure quantum state agree with the Eigenstate
Thermalization Hypothesis and thermal ensembles in the presence of a near-volume law in the
entanglement entropy.

When an isolated quantum system is significantly per-
turbed, for instance due to a sudden change in the Hamil-
tonian, we can predict the ensuing dynamics with the
resulting eigenstate distribution induced by the pertur-
bation or so-called “quench” [1]. At any given time, the
evolving quantum state will have amplitudes that depend
on the eigenstates populated by the quench, and the en-
ergy eigenvalues of the Hamiltonian. In many cases, how-
ever, such a system can be extremely di�cult to simu-
late, often because the resulting dynamics entail a large
amount of entanglement [2–5]. Yet, surprisingly, this
same isolated quantum system can thermalize under its
own dynamics unaided by a reservoir (Figure 1) [6–8],
so that the tools of statistical mechanics apply and chal-
lenging simulations are no longer required. Under such
circumstances, a quantum system coherently evolving
according to the Schrödinger equation eventually looks
thermal: the average values of most observables can be
predicted from a thermal ensemble and thermodynamic
quantities. The equivalence of these observables implies
that a globally-pure, zero-entropy quantum state appears
nearly identical to a mixed, globally-entropic thermal
ensemble [6, 7, 9, 10]. Ostensibly the coherent quan-
tum amplitudes that define the quantum state in Hilbert
space are no longer relevant, even though they evolve in
time and determine the expectation values of observables.
The dynamic convergence of the measurements of a pure
quantum state to the predictions of a thermal ensemble,
and the physical process by which this convergence oc-
curs, is the experimental focus of this work.

On-going theoretical studies over the past three
decades [6, 7, 9–13] have, in many regards, clarified the
role of quantum mechanics in statistical physics. The co-
nundrum surrounding the agreement of zero entropy pure
states with extensively entropic thermal states is resolved

⇤ E-mail: greiner@physics.harvard.edu
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FIG. 1. Schematic of thermalization dynamics in

closed systems. An isolated quantum system at zero tem-
perature can be described by a single pure wavefunction | i.
Subsystems of the full quantum state appear pure, as long
as the entanglement (indicated by grey lines) between sub-
systems is negligible. If suddenly perturbed, the full system
evolves unitarily, developing significant entanglement between
all parts of the system. While the full system remains in a
pure, zero-entropy state, the entropy of entanglement causes
the subsystems to equilibrate, and local, thermal mixed states
appear to emerge within a globally pure quantum state.

by the counter-intuitive e↵ects of quantum entanglement.
A canonical example of this point is the Bell state of two
spatially separated spins: while the full quantum state
is pure, local measurements of just one of the spins re-
veals a statistical mixture of reduced purity. This local
statistical mixture is distinct from a superposition, be-
cause no operation on the single spin can remove these
fluctuations or restore its quantum purity. In such a way,
the spin’s entanglement with another spin creates local
entropy, called entanglement entropy. Entanglement en-
tropy is not a phenomenon restricted to spins, but exists
in all quantum systems that exhibit entanglement. And
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while probing entanglement is a notoriously di�cult ex-
perimental problem, this loss of local purity, or, equiva-
lently, the development of local entropy, establishes the
presence of entanglement when it can be shown that the
full quantum state is pure.

In this work, we directly observe a globally pure quan-
tum state dynamically lose local purity to entanglement,
and in parallel become locally thermal. Recent exper-
iments with few-qubit spin systems have demonstrated
analogies between the role of entanglement in quantum
systems and classical chaotic dynamics [14]. Further-
more, studies of bulk gases have shown the emergence
of thermal ensembles and the e↵ects of conserved quan-
tities in isolated quantum systems through macroscopic
observables and correlation functions [15–18]. We are
able to directly measure the global purity as thermal-
ization occurs through single-particle resolved quantum
many-body interference. In turn, we can observe mi-
croscopically the role of entanglement in producing local
entropy in a thermalizing system of itinerant particles,
which is paradigmatic of the systems studied in classical
statistical mechanics.

In such studies, we will explore the equivalence be-
tween the entanglement entropy we measure and the ex-
pected thermal entropy of an ensemble [11, 12]. We fur-
ther address how this equivalence is linked to the Eigen-
state Thermalization Hypothesis (ETH), which provides
an explanation for thermalization in closed quantum sys-
tems [6, 7, 9, 10]. ETH is typically framed in terms of
the smooth variation of observables among energy eigen-
states [6, 7, 10], but the role of entanglement in these
eigenstates is paramount [12]. Indeed, fundamentally,
ETH is a statement about the equivalence of the local
reduced density matrix of a single excited energy eigen-
state and the local reduced density matrix of a globally
thermal state [19], an equivalence which is made possible
only by quantum entanglement and the impurity it pro-
duces locally within a global pure state. The equivalence
between these two seemingly distinct systems, the sub-
systems of a quantum pure state and a thermal ensemble,
ensures thermalization of most observable quantities af-
ter a quantum quench. Through parallel measurements
of the entanglement entropy and local observables within
a many-body Bose-Hubbard system, we are able to exper-
imentally study this equivalence at the heart of quantum
thermalization.

For our experiments, we utilize a Bose-Einstein con-
densate of 87Rb atoms loaded into a two-dimensional op-
tical lattice that lies at the focus of a high resolution
imaging system [20, 21]. The system is described by the
Bose-Hubbard Hamiltonian,

H =
U

2

X

x,y

nx,y(nx,y � 1)� Jx

X

x,y

a
†
x,yax+1,y (1)

�Jy

X

x,y

a
†
x,yax,y+1 + h.c., (2)

where a†x,y, ax,y, and nx,y = a
†
x,yax,y are the bosonic cre-
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FIG. 2. Experimental sequence (A) Using tailored optical
potentials superimposed on an optical lattice, we determin-
istically prepare two copies of a six-site Bose-Hubbard sys-
tem, where each lattice site is initialized with a single atom.
We enable tunneling in the x-direction and obtain either the
ground state (adiabatic melt) or a highly excited state (sud-
den quench) in each six-site copy. After a variable evolution
time, we freeze the evolution and characterize the final quan-
tum state by either acquiring number statistics or measur-
ing the local and global purity. (B) We show site-resolved
number statistics right after the quench (first panel, strongly
peaked about one atom with vanishing fluctuations), or at
later times (second panel) to which we compare the predic-
tions of a canonical thermal ensemble. Alternatively, we can
measure the global many-body purity, and observe a static,
high purity. This is in stark contrast to the vanishing global
purity of a canonical thermal ensemble, yet this same ensem-
ble may be employed to predict the local number distribution
we observe. (C) To measure the atom number locally, we al-
low the atoms to expand in half-tubes along the y-direction,
while pinning the atoms along x. In separate experiments,
we apply a many-body beam splitter by allowing the atoms
in each column to tunnel in a projected double-well potential.
The resulting atom number parity, even or odd, on each site
encodes the global and local purity.

ation, annihilation, and number operators at the site lo-
cated at {x, y}, respectively. Atoms can tunnel between
neighboring lattice sites at a rate Ji and experience a
pairwise interaction energy U when multiple atoms oc-
cupy a site. We have independent control over the tun-
neling amplitudes Jx and Jy through the lattice depth,
which can be tuned to yield J/U ⌧ 1 to J/U � 1.
In addition to the optical lattice, we are able to super-
impose arbitrary potentials using a digital micromirror
device (DMD) placed in the Fourier plane of our imaging
system [22].
To initiate the experiment, we isolate a 2 ⇥ 6 plaque-

tte from a larger low-entropy Mott insulator with unity

We find that for both consumption and assets,
models trained in-country uniformly outperform
models trained out-of-country (Fig. 5), as would
be expected. But we also find that models appear
to “travelwell” across borders,with out-of-country
predictions often approaching the accuracy of
in-country predictions. Pooled models trained
on all four consumption surveys or all five asset
surveys very nearly approach the predictive power
of in-country models in almost all countries for
both outcomes. These results indicate that, at least
for our sample of countries, common determi-
nants of livelihoods are revealed in imagery,
and these commonalities can be leveraged to
estimate consumption and asset outcomes with
reasonable accuracy in countries where survey
outcomes are unobserved.

Discussion

Our approach demonstrates that existing high-
resolution daytime satellite imagery can be used
to make fairly accurate predictions about the
spatial distribution of economic well-being across
five African countries. Our model performs well
despite inexact data on both the timing of the
daytime imagery and the location of clusters in
the training data, andmore precise data in either
of these dimensions are likely to further improve
model performance.
Notably, we show that our model’s predictive

powerdeclines onlymodestlywhenamodel trained
in one of our sample countries is used to estimate
consumption or assets in another country. Despite
differences in economic and political institutions
across countries, model-derived features appear
to identify fundamental commonalities in the de-
terminants of livelihoods across settings, suggest-
ing that our approach could be used to fill in the
large data gaps resulting from poor survey cover-
age inmanyAfrican countries. In contrast to other
recent approaches that rely on proprietary com-
mercial data sets, our method uses only publicly
available data and so is straightforward and nearly
costless to scale across countries.
Although ourmodel outperforms other sources

of passively collected data (e.g., cellphone data,
nightlights) in estimating economic well-being at
the cluster level, we are currently unable to assess
its ability to discern differences within clusters, as
public-domain survey data assign identical coordi-
nates to all households in a given cluster to preserve
respondent privacy. In principle, our model can
make predictions at any resolution for which day-
time satellite imagery is available, though predic-
tions on finer scales would likely be noisier. New
sources of ground truth data, whether from more
disaggregated surveys or novel crowdsourced chan-
nels, could enable evaluation of our model at the
household level. Combining our extracted features
with other passively collected data, in locations
where such data are available, could also increase
both household- and cluster-level predictive power.
Given the limited availability of high-resolution

time series of daytime imagery, we also have not
yet been able to evaluate the ability of our transfer
learning approach to predict changes in economic
well-being over time at particular locations. Such

predictionswouldbeveryhelpful tobothresearchers
and policy-makers and should be enabled in the
near futureas increasingamountsof high-resolution
satellite imagery become available (22).
Our transfer learning strategy of using a plen-

tiful but noisy proxy shows howpowerfulmachine
learning tools, which typically thrive in data-rich
settings, can be productively employed even when
data on key outcomes of interest are scarce. Our
approach could have broad application across
many scientific domains andmay be immediately
useful for inexpensively producing granular data
on other socioeconomic outcomes of interest to
the international community, such as the large
set of indicators proposed for the United Nations
Sustainable Development Goals (5).
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STATISTICAL PHYSICS

Quantum thermalization through
entanglement in an isolated
many-body system
Adam M. Kaufman, M. Eric Tai, Alexander Lukin, Matthew Rispoli, Robert Schittko,
Philipp M. Preiss, Markus Greiner*

Statistical mechanics relies on the maximization of entropy in a system at thermal
equilibrium. However, an isolated quantum many-body system initialized in a pure state
remains pure during Schrödinger evolution, and in this sense it has static, zero entropy. We
experimentally studied the emergence of statistical mechanics in a quantum state and
observed the fundamental role of quantum entanglement in facilitating this emergence.
Microscopy of an evolving quantum system indicates that the full quantum state remains
pure, whereas thermalization occurs on a local scale. We directly measured entanglement
entropy, which assumes the role of the thermal entropy in thermalization. The entanglement
creates local entropy that validates the use of statistical physics for local observables. Our
measurements are consistent with the eigenstate thermalization hypothesis.

W
hen an isolated quantum system is
perturbed—for instance, owing to a sud-
den change in the Hamiltonian (a so-
called quench)—the ensuing dynamics
are determined by an eigenstate distri-

bution that is induced by the quench (1). At any
given time, the evolving quantum state will have

amplitudes that depend on the eigenstates popu-
lated by the quench and the energy eigenvalues
of the Hamiltonian. In many cases, however,
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Quantum thermalization through entanglement in an isolated many-body system

A. M. Kaufman, M. E. Tai, A. Lukin, M. Rispoli, R. Schittko, P. M. Preiss, and M. Greiner⇤

Department of Physics, Harvard University, Cambridge, Massachusetts 02138, USA
(Dated: March 17, 2016)

The concept of entropy is fundamental to thermalization, yet appears at odds with basic principles
in quantum mechanics. While statistical mechanics relies on the maximization of entropy for a
system at thermal equilibrium, an isolated many-body system undergoing Schrödinger dynamics has
zero entropy because, at any given time, it is described by a single quantum state. The underlying
role of quantum mechanics in many-body physics is then seemingly antithetical to the success of
statistical mechanics in a large variety of systems. Here we observe experimentally how this conflict
is resolved: we perform microscopy on an evolving quantum state, and we see thermalization occur
on a local scale, while we measure that the full quantum state remains pure. We directly measure
entanglement entropy and observe how it assumes the role of the thermal entropy in thermalization.
Although the full state has zero entropy, entanglement creates local entropy that validates the
use of statistical physics for local observables. In combination with number-resolved, single-site
imaging, we demonstrate how our measurements of a pure quantum state agree with the Eigenstate
Thermalization Hypothesis and thermal ensembles in the presence of a near-volume law in the
entanglement entropy.

When an isolated quantum system is significantly per-
turbed, for instance due to a sudden change in the Hamil-
tonian, we can predict the ensuing dynamics with the
resulting eigenstate distribution induced by the pertur-
bation or so-called “quench” [1]. At any given time, the
evolving quantum state will have amplitudes that depend
on the eigenstates populated by the quench, and the en-
ergy eigenvalues of the Hamiltonian. In many cases, how-
ever, such a system can be extremely di�cult to simu-
late, often because the resulting dynamics entail a large
amount of entanglement [2–5]. Yet, surprisingly, this
same isolated quantum system can thermalize under its
own dynamics unaided by a reservoir (Figure 1) [6–8],
so that the tools of statistical mechanics apply and chal-
lenging simulations are no longer required. Under such
circumstances, a quantum system coherently evolving
according to the Schrödinger equation eventually looks
thermal: the average values of most observables can be
predicted from a thermal ensemble and thermodynamic
quantities. The equivalence of these observables implies
that a globally-pure, zero-entropy quantum state appears
nearly identical to a mixed, globally-entropic thermal
ensemble [6, 7, 9, 10]. Ostensibly the coherent quan-
tum amplitudes that define the quantum state in Hilbert
space are no longer relevant, even though they evolve in
time and determine the expectation values of observables.
The dynamic convergence of the measurements of a pure
quantum state to the predictions of a thermal ensemble,
and the physical process by which this convergence oc-
curs, is the experimental focus of this work.

On-going theoretical studies over the past three
decades [6, 7, 9–13] have, in many regards, clarified the
role of quantum mechanics in statistical physics. The co-
nundrum surrounding the agreement of zero entropy pure
states with extensively entropic thermal states is resolved

⇤ E-mail: greiner@physics.harvard.edu
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FIG. 1. Schematic of thermalization dynamics in

closed systems. An isolated quantum system at zero tem-
perature can be described by a single pure wavefunction | i.
Subsystems of the full quantum state appear pure, as long
as the entanglement (indicated by grey lines) between sub-
systems is negligible. If suddenly perturbed, the full system
evolves unitarily, developing significant entanglement between
all parts of the system. While the full system remains in a
pure, zero-entropy state, the entropy of entanglement causes
the subsystems to equilibrate, and local, thermal mixed states
appear to emerge within a globally pure quantum state.

by the counter-intuitive e↵ects of quantum entanglement.
A canonical example of this point is the Bell state of two
spatially separated spins: while the full quantum state
is pure, local measurements of just one of the spins re-
veals a statistical mixture of reduced purity. This local
statistical mixture is distinct from a superposition, be-
cause no operation on the single spin can remove these
fluctuations or restore its quantum purity. In such a way,
the spin’s entanglement with another spin creates local
entropy, called entanglement entropy. Entanglement en-
tropy is not a phenomenon restricted to spins, but exists
in all quantum systems that exhibit entanglement. And
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while probing entanglement is a notoriously di�cult ex-
perimental problem, this loss of local purity, or, equiva-
lently, the development of local entropy, establishes the
presence of entanglement when it can be shown that the
full quantum state is pure.

In this work, we directly observe a globally pure quan-
tum state dynamically lose local purity to entanglement,
and in parallel become locally thermal. Recent exper-
iments with few-qubit spin systems have demonstrated
analogies between the role of entanglement in quantum
systems and classical chaotic dynamics [14]. Further-
more, studies of bulk gases have shown the emergence
of thermal ensembles and the e↵ects of conserved quan-
tities in isolated quantum systems through macroscopic
observables and correlation functions [15–18]. We are
able to directly measure the global purity as thermal-
ization occurs through single-particle resolved quantum
many-body interference. In turn, we can observe mi-
croscopically the role of entanglement in producing local
entropy in a thermalizing system of itinerant particles,
which is paradigmatic of the systems studied in classical
statistical mechanics.

In such studies, we will explore the equivalence be-
tween the entanglement entropy we measure and the ex-
pected thermal entropy of an ensemble [11, 12]. We fur-
ther address how this equivalence is linked to the Eigen-
state Thermalization Hypothesis (ETH), which provides
an explanation for thermalization in closed quantum sys-
tems [6, 7, 9, 10]. ETH is typically framed in terms of
the smooth variation of observables among energy eigen-
states [6, 7, 10], but the role of entanglement in these
eigenstates is paramount [12]. Indeed, fundamentally,
ETH is a statement about the equivalence of the local
reduced density matrix of a single excited energy eigen-
state and the local reduced density matrix of a globally
thermal state [19], an equivalence which is made possible
only by quantum entanglement and the impurity it pro-
duces locally within a global pure state. The equivalence
between these two seemingly distinct systems, the sub-
systems of a quantum pure state and a thermal ensemble,
ensures thermalization of most observable quantities af-
ter a quantum quench. Through parallel measurements
of the entanglement entropy and local observables within
a many-body Bose-Hubbard system, we are able to exper-
imentally study this equivalence at the heart of quantum
thermalization.

For our experiments, we utilize a Bose-Einstein con-
densate of 87Rb atoms loaded into a two-dimensional op-
tical lattice that lies at the focus of a high resolution
imaging system [20, 21]. The system is described by the
Bose-Hubbard Hamiltonian,

H =
U

2

X

x,y

nx,y(nx,y � 1)� Jx

X

x,y

a
†
x,yax+1,y (1)

�Jy

X

x,y

a
†
x,yax,y+1 + h.c., (2)

where a†x,y, ax,y, and nx,y = a
†
x,yax,y are the bosonic cre-
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FIG. 2. Experimental sequence (A) Using tailored optical
potentials superimposed on an optical lattice, we determin-
istically prepare two copies of a six-site Bose-Hubbard sys-
tem, where each lattice site is initialized with a single atom.
We enable tunneling in the x-direction and obtain either the
ground state (adiabatic melt) or a highly excited state (sud-
den quench) in each six-site copy. After a variable evolution
time, we freeze the evolution and characterize the final quan-
tum state by either acquiring number statistics or measur-
ing the local and global purity. (B) We show site-resolved
number statistics right after the quench (first panel, strongly
peaked about one atom with vanishing fluctuations), or at
later times (second panel) to which we compare the predic-
tions of a canonical thermal ensemble. Alternatively, we can
measure the global many-body purity, and observe a static,
high purity. This is in stark contrast to the vanishing global
purity of a canonical thermal ensemble, yet this same ensem-
ble may be employed to predict the local number distribution
we observe. (C) To measure the atom number locally, we al-
low the atoms to expand in half-tubes along the y-direction,
while pinning the atoms along x. In separate experiments,
we apply a many-body beam splitter by allowing the atoms
in each column to tunnel in a projected double-well potential.
The resulting atom number parity, even or odd, on each site
encodes the global and local purity.

ation, annihilation, and number operators at the site lo-
cated at {x, y}, respectively. Atoms can tunnel between
neighboring lattice sites at a rate Ji and experience a
pairwise interaction energy U when multiple atoms oc-
cupy a site. We have independent control over the tun-
neling amplitudes Jx and Jy through the lattice depth,
which can be tuned to yield J/U ⌧ 1 to J/U � 1.
In addition to the optical lattice, we are able to super-
impose arbitrary potentials using a digital micromirror
device (DMD) placed in the Fourier plane of our imaging
system [22].
To initiate the experiment, we isolate a 2 ⇥ 6 plaque-

tte from a larger low-entropy Mott insulator with unity

We find that for both consumption and assets,
models trained in-country uniformly outperform
models trained out-of-country (Fig. 5), as would
be expected. But we also find that models appear
to “travelwell” across borders,with out-of-country
predictions often approaching the accuracy of
in-country predictions. Pooled models trained
on all four consumption surveys or all five asset
surveys very nearly approach the predictive power
of in-country models in almost all countries for
both outcomes. These results indicate that, at least
for our sample of countries, common determi-
nants of livelihoods are revealed in imagery,
and these commonalities can be leveraged to
estimate consumption and asset outcomes with
reasonable accuracy in countries where survey
outcomes are unobserved.

Discussion

Our approach demonstrates that existing high-
resolution daytime satellite imagery can be used
to make fairly accurate predictions about the
spatial distribution of economic well-being across
five African countries. Our model performs well
despite inexact data on both the timing of the
daytime imagery and the location of clusters in
the training data, andmore precise data in either
of these dimensions are likely to further improve
model performance.
Notably, we show that our model’s predictive

powerdeclines onlymodestlywhenamodel trained
in one of our sample countries is used to estimate
consumption or assets in another country. Despite
differences in economic and political institutions
across countries, model-derived features appear
to identify fundamental commonalities in the de-
terminants of livelihoods across settings, suggest-
ing that our approach could be used to fill in the
large data gaps resulting from poor survey cover-
age inmanyAfrican countries. In contrast to other
recent approaches that rely on proprietary com-
mercial data sets, our method uses only publicly
available data and so is straightforward and nearly
costless to scale across countries.
Although ourmodel outperforms other sources

of passively collected data (e.g., cellphone data,
nightlights) in estimating economic well-being at
the cluster level, we are currently unable to assess
its ability to discern differences within clusters, as
public-domain survey data assign identical coordi-
nates to all households in a given cluster to preserve
respondent privacy. In principle, our model can
make predictions at any resolution for which day-
time satellite imagery is available, though predic-
tions on finer scales would likely be noisier. New
sources of ground truth data, whether from more
disaggregated surveys or novel crowdsourced chan-
nels, could enable evaluation of our model at the
household level. Combining our extracted features
with other passively collected data, in locations
where such data are available, could also increase
both household- and cluster-level predictive power.
Given the limited availability of high-resolution

time series of daytime imagery, we also have not
yet been able to evaluate the ability of our transfer
learning approach to predict changes in economic
well-being over time at particular locations. Such

predictionswouldbeveryhelpful tobothresearchers
and policy-makers and should be enabled in the
near futureas increasingamountsof high-resolution
satellite imagery become available (22).
Our transfer learning strategy of using a plen-

tiful but noisy proxy shows howpowerfulmachine
learning tools, which typically thrive in data-rich
settings, can be productively employed even when
data on key outcomes of interest are scarce. Our
approach could have broad application across
many scientific domains andmay be immediately
useful for inexpensively producing granular data
on other socioeconomic outcomes of interest to
the international community, such as the large
set of indicators proposed for the United Nations
Sustainable Development Goals (5).
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STATISTICAL PHYSICS

Quantum thermalization through
entanglement in an isolated
many-body system
Adam M. Kaufman, M. Eric Tai, Alexander Lukin, Matthew Rispoli, Robert Schittko,
Philipp M. Preiss, Markus Greiner*

Statistical mechanics relies on the maximization of entropy in a system at thermal
equilibrium. However, an isolated quantum many-body system initialized in a pure state
remains pure during Schrödinger evolution, and in this sense it has static, zero entropy. We
experimentally studied the emergence of statistical mechanics in a quantum state and
observed the fundamental role of quantum entanglement in facilitating this emergence.
Microscopy of an evolving quantum system indicates that the full quantum state remains
pure, whereas thermalization occurs on a local scale. We directly measured entanglement
entropy, which assumes the role of the thermal entropy in thermalization. The entanglement
creates local entropy that validates the use of statistical physics for local observables. Our
measurements are consistent with the eigenstate thermalization hypothesis.

W
hen an isolated quantum system is
perturbed—for instance, owing to a sud-
den change in the Hamiltonian (a so-
called quench)—the ensuing dynamics
are determined by an eigenstate distri-

bution that is induced by the quench (1). At any
given time, the evolving quantum state will have

amplitudes that depend on the eigenstates popu-
lated by the quench and the energy eigenvalues
of the Hamiltonian. In many cases, however,
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It’s a paradigm shift about the origin of entropy

The understanding of the quench dynamics cannot 
prescind the characterisation of the entanglement 
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FIG. 7. Space-time picture illustrating how the entanglement between an interval A and the
rest of the system, due to oppositely moving coherent quasiparticles, grows linearly and then
saturates. The case where the particles move only along the light cones is shown here for clarity.

momentum p produced at x is therefore at x + v(p)t at time t, ignoring scattering effects.
Now consider these quasiparticles as they reach either A or B at time t. The field at

some point x′ ∈ A will be entangled with that at a point x′′ ∈ B if a pair of entangled
particles emitted from a point x arrive simultaneously at x′ and x′′ (see Fig. 7).

The entanglement entropy between x′ and x′′ is proportional to the length of the interval
in x for which this can be satisfied. Thus the total entanglement entropy is

SA(t) ≈
∫

x′∈A

dx′

∫

x′′∈B

dx′′

∫ ∞

−∞

dx

∫

f(p′, p′′)dp′dp′′δ
(

x′ − x − v(p′)t
)

δ
(

x′′ − x − v(p′′)t
)

.

(4.1)
Now specialize to the case where A is an interval of length ℓ. The total entanglement

is twice that between A and the real axis to the right of A, which corresponds to taking
p′ < 0, p′′ > 0 in the above. The integrations over the coordinates then give max

(

(v(−p′) +
v(p′′))t, ℓ

)

, so that

SA(t) ≈ 2t

∫ 0

−∞

dp′
∫ ∞

0

dp′′f(p′, p′′)(v(−p′) + v(p′′)) H(ℓ − (v(−p′) + v(p′′))t) +

+ 2ℓ

∫ 0

−∞

dp′
∫ ∞

0

dp′′f(p′, p′′) H((v(−p′) + v(p′′))t − ℓ) , (4.2)

15

• After a global quench, the initial state |ψ0› has an extensive excess of energy 

• It acts as a source of quasi-particles at t=0. A particle of momentum p has 
energy Ep and velocity vp=dEp/dp 

• For  t > 0 the particles moves semiclassically with velocity vp 

• particles emitted from regions of size of the initial correlation length are 
entangled, particles from far points are incoherent  

• The point x ∈ A is entangled with a point x’ ∈ B if a left (right) moving particle 
arriving at x is entangled with a right (left) moving particle arriving at x’. This 
can happen only if x ± vp t ∼ x’∓ vpt 

Light-cone spreading of entanglement entropy 
PC, J Cardy 2005



Light-cone spreading of entanglement entropy 
PC, J Cardy 2005

• The entanglement entropy of an interval A of length l	is proportional to the 
total number of pairs of particles emitted from arbitrary points such that at 
time t, x ∈ A and x’ ∈ B  

• Denoting with f(p) the rate of production of pairs of momenta ±p and their 
contribution to the entanglement entropy, this implies 

[width=10cm]2tl.eps

FIG. 7: Space-time picture illustrating how the entanglement between an interval A and the rest

of the system, due to oppositely moving coherent quasiparticles, grows linearly and then saturates.

The case where the particles move only along the light cones is shown here for clarity.

in x for which this can be satisfied. Thus the total entanglement entropy is

SA(t) ⇡
Z

x02A
dx0

Z

x002B
dx00

Z 1

�1
dx

Z
f(p0, p00)dp0dp00�

�
x0 � x� v(p0)t

�
�
�
x00 � x� v(p00)t

�
.

(4.1)

SA(t) ⇡
Z

x02A
dx0

Z

x002B
dx00

Z 1

�1
dx

Z
f(p)dp�

�
x0 � x� vpt

�
�
�
x00 � x+ vpt

�

/ t

Z 1

0

dpf(p)2vp✓(`� 2vpt) + `

Z 1

0

dpf(p)✓(2vpt� `) (4.2)

Now specialize to the case where A is an interval of length `. The total entanglement

is twice that between A and the real axis to the right of A, which corresponds to taking

p0 < 0, p00 > 0 in the above. The integrations over the coordinates then give max
�
(v(�p0)+

v(p00))t, `
�
, so that

SA(t) ⇡ 2t

Z 0

�1
dp0

Z 1

0

dp00f(p0, p00)(v(�p0) + v(p00))H(`� (v(�p0) + v(p00))t) +

+ 2`

Z 0

�1
dp0

Z 1

0

dp00f(p0, p00)H((v(�p0) + v(p00))t� `) , (4.3)

where H(x) = 1 if x > 0 and zero otherwise. Now since |v(p)|  1, the second term cannot

contribute if t < t⇤ = `/2, so that SA(t) is strictly proportional to t. On the other hand as

t ! 1, the first term is negligible (this assumes that v(p) does not vanish except at isolated

points), and SA is asymptotically proportional to `, as found earlier.

However, unless |v| = 1 everywhere (as is the case for the conformal field theory cal-

culation), SA is not strictly proportional to ` for t > t⇤. In fact, it is easy to see that

the asymptotic limit is always approached from below, as found for the Ising spin chain in

Sec. III. The rate of approach depends on the behavior of f(p0, p00) in the regions where

v(�p0) + v(p00) ! 0. This generally happens at the zone boundary, and, for a non-critical

quench, also at p0 = p00 = 0. If we assume that f is non-zero in those regions, we find a

correction term ⇠ �`3/t2 in the limit where t � t⇤.

15

• When vp is bounded (e.g. Lieb-Robinson bounds) |vp|<vmax, the second 
term is vanishing for 2 vmax t<l and the entanglement entropy grows 
linearly with time up to a value linear in l	

B BA

l

Note: This is only valid in the space-time scaling limit t,l→∞, with t/l constant 
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Evolution of entanglement entropy following a quantum quench:
Analytic results for the XY chain in a tranverse magnetic field

Maurizio Fagotti and Pasquale Calabrese
Dipartimento di Fisica dell’Università di Pisa and INFN, Pisa, Italy

(Dated: November 28, 2010)

The non-equilibrium evolution of the block entanglement entropy is investigated in the XY chain
in a transverse magnetic field after the Hamiltonian parameters are suddenly changed from and to
arbitrary values. Using Toeplitz matrix representation and multidimensional phase methods, we
provide analytic results for large blocks and for all times, showing explicitly the linear growth in
time followed by saturation. The consequences of these analytic results are discussed and the e↵ects
of a finite block length is taken into account numerically.

PACS numbers: 03.67.Mn, 02.30.Ik, 64.60.Ht

The non-equilibrium evolution of extended quantum
systems is one of the most challenging problems of con-
temporary research in theoretical physics. The subject
is in a renaissance era after the experimental realization
[1] of cold atomic systems that can evolve out of equilib-
rium in the absence of any dissipation and with high de-
gree of tunability of Hamiltonian parameters. A strongly
limiting factor for a better understanding of these phe-
nomena is the absence of e↵ective numerical methods to
simulate the dynamics of quantum systems. For meth-
ods like time dependent density matrix renormalization
group (tDMRG) [2] this has been traced back [3] to a too
fast increasing of the entanglement entropy between parts
of the whole system and the impossibility for a classical
computer to store and manipulate such large amount of
quantum information.

This observation partially moved the interest from the
study of local observables to the understanding of the
evolution of the entanglement entropy and in particular
to its growth with time. Based on early results from
conformal field theory [5, 6] and on exact/numerical ones
for simple solvable model [5, 7] it is widely accepted [3]
that the entanglement entropy grows linearly with time
for a so called global quench (i.e. when the initial state
di↵ers globally from the ground state and the excess of
energy is extensive), while at most logarithmically for a
local one (i.e. when the the initial state has only a local
di↵erence with the ground state and so a little excess of
energy). As a consequence a local quench is simulable by
means of tDMRG, while a global one is not.

However, despite this fundamental interest and a large
e↵ort of the community, still analytic results are lacking.
In this letter we fill this gap providing the full analytic
expression for the entanglement entropy at any time in
the limit of large block for the XY chain in a transverse
magnetic field. The model is described by the Hamilto-
nian

H(h, �) = �
NX

j=1


1 + �

4
�x

j �x
j+1 +

1� �

4
�y

j �y
j+1 +

h

2
�z

j

�
,

(1)

where �↵
j are the Pauli matrices at the site j. Periodic

boundary conditions are always imposed. Despite of its
simplicity, the model shows a rich phase diagram being
critical for h = 1 and any � and for � = 0 and h  1, with
the two critical lines belonging to di↵erent universality
classes. The block entanglement entropy is defined as the
Von Neumann entropy S` = �Tr⇢` log ⇢`, where ⇢` =
Trn�`⇢ is the reduced density matrix of the block formed
by ` contiguous spins. In the following we will consider
the quench with parameters suddenly changed at t = 0
from h0, �0 to h, �.

Our result is that, in the thermodynamic limit N !1
and subsequently in the limit of a large block ` � 1, the
time dependence of the entanglement entropy is

S(t) = t

Z

2|✏0|t<`

d'

2⇡
2|✏0|H(cos �')+ `

Z

2|✏0|t>`

d'

2⇡
H(cos �') ,

(2)
where ✏0 = d✏/d' is the derivative of the dispersion re-
lation ✏2 = (h � cos ')2 + �2 sin2 ' and represents the
momentum dependent sound velocity (that because of
locality has a maximum we indicate as vM ⌘ max' |✏0|),
cos �' = (hh0 � cos '(h + h0) + cos2 ' + ��0 sin2 ')/✏✏0
contains all the quench information [8] and H(x) =
�((1 + x)/2 log(1 + x)/2 + (1� x)/2 log(1� x)/2).

We first prove Eq. (2) and then discuss its interpreta-
tion and physical consequences. The readers not inter-
ested to the derivation can jump directly to latter part.

The method. Writing the entanglement entropy in
terms of a block Toeplitz matrix is rather standard
[5, 9]. One first introduce Majorana operators ǎ2l�1 ⌘�Q

m<l �
z
m

�
�x

l and ǎ2l ⌘
�Q

m<l �
z
m

�
�y

l and the corre-
lation matrix �A

` through the relation hǎmǎni = �mn +
i�A

` mn with 1  m, n  `, that is a block Toeplitz matrix

�` =

2

66664

⇧0 ⇧1 · · · ⇧`�1

⇧�1 ⇧0

...
...

. . .
...

⇧1�` · · · · · · ⇧0

3

77775
, ⇧l =


�fl gl

�g�l fl

�
.

Analytically for t, l ⨠ 1 with t/l constant 
M Fagotti, PC 2008

The determination of the time-dependent state | (t)i = e�iHI(h)t| 0i (and consequently

of the entanglement entropy) proceeds with the Jordan-Wigner transformation in terms of

Dirac or Majorana fermionic operators. All the details of these computations can be found

in the Appendix A.

The final result is that the time-dependent entanglement entropy for ` consecutive spins

in the chain can be obtained (analogously to the ground state case [2]) from the correlation

matrix of the Majorana operators

ǎ2l�1 ⌘
 
Y

m<l

�z

m

!
�x

l
, ǎ2l ⌘

 
Y

m<l

�z

m

!
�y

l
. (3.2)

We introduce the matrix �A

`
through the relation hǎmǎni = �mn + i�A

` mn
with 1  m,n  `.

It has the form of a block Toeplitz matrix

�A

`
=

2

6666664

⇧0 ⇧�1 · · · ⇧1�`

⇧1 ⇧0
...

...
. . .

...

⇧`�1 · · · · · · ⇧0

3

7777775
, ⇧l =

2

4 �fl gl

�g�l fl

3

5 . (3.3)

with

gl =
1

2⇡

Z 2⇡

0

d'e�i'le�i✓'(cos�' � i sin�' cos 2✏'t) ,

fl =
i

2⇡

Z 2⇡

0

d'e�i'l sin�' sin 2✏'t , (3.4)

where

✏' =
q
(h� cos')2 + sin2 ' ,

✏0
'

=
q
(h0 � cos')2 + sin2 ' ,

e�i✓' =
cos'� h� i sin'

✏'
,

sin�' =
sin'(h0 � h)

✏'✏0'
,

cos�' =
1� cos'(h+ h0) + hh0

✏'✏0'
. (3.5)

Calling the eigenvalues of �A

`
as ±i⌫m, m = 1 . . . `, the entanglement entropy is S =

P
`

m=1 H(⌫m) where H(x) is

H(x) = �1 + x

2
log

1 + x

2
� 1� x

2
log

1� x

2
. (3.6)

8

The determination of the time-dependent state | (t)i = e�iHI(h)t| 0i (and consequently

of the entanglement entropy) proceeds with the Jordan-Wigner transformation in terms of

Dirac or Majorana fermionic operators. All the details of these computations can be found

in the Appendix A.

The final result is that the time-dependent entanglement entropy for ` consecutive spins

in the chain can be obtained (analogously to the ground state case [2]) from the correlation

matrix of the Majorana operators
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We introduce the matrix �A
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Evolution of entanglement entropy following a quantum quench:
Analytic results for the XY chain in a tranverse magnetic field

Maurizio Fagotti and Pasquale Calabrese
Dipartimento di Fisica dell’Università di Pisa and INFN, Pisa, Italy

(Dated: November 28, 2010)

The non-equilibrium evolution of the block entanglement entropy is investigated in the XY chain
in a transverse magnetic field after the Hamiltonian parameters are suddenly changed from and to
arbitrary values. Using Toeplitz matrix representation and multidimensional phase methods, we
provide analytic results for large blocks and for all times, showing explicitly the linear growth in
time followed by saturation. The consequences of these analytic results are discussed and the e↵ects
of a finite block length is taken into account numerically.

PACS numbers: 03.67.Mn, 02.30.Ik, 64.60.Ht

The non-equilibrium evolution of extended quantum
systems is one of the most challenging problems of con-
temporary research in theoretical physics. The subject
is in a renaissance era after the experimental realization
[1] of cold atomic systems that can evolve out of equilib-
rium in the absence of any dissipation and with high de-
gree of tunability of Hamiltonian parameters. A strongly
limiting factor for a better understanding of these phe-
nomena is the absence of e↵ective numerical methods to
simulate the dynamics of quantum systems. For meth-
ods like time dependent density matrix renormalization
group (tDMRG) [2] this has been traced back [3] to a too
fast increasing of the entanglement entropy between parts
of the whole system and the impossibility for a classical
computer to store and manipulate such large amount of
quantum information.

This observation partially moved the interest from the
study of local observables to the understanding of the
evolution of the entanglement entropy and in particular
to its growth with time. Based on early results from
conformal field theory [5, 6] and on exact/numerical ones
for simple solvable model [5, 7] it is widely accepted [3]
that the entanglement entropy grows linearly with time
for a so called global quench (i.e. when the initial state
di↵ers globally from the ground state and the excess of
energy is extensive), while at most logarithmically for a
local one (i.e. when the the initial state has only a local
di↵erence with the ground state and so a little excess of
energy). As a consequence a local quench is simulable by
means of tDMRG, while a global one is not.

However, despite this fundamental interest and a large
e↵ort of the community, still analytic results are lacking.
In this letter we fill this gap providing the full analytic
expression for the entanglement entropy at any time in
the limit of large block for the XY chain in a transverse
magnetic field. The model is described by the Hamilto-
nian

H(h, �) = �
NX

j=1


1 + �

4
�x

j �x
j+1 +

1� �

4
�y

j �y
j+1 +

h

2
�z

j

�
,

(1)

where �↵
j are the Pauli matrices at the site j. Periodic

boundary conditions are always imposed. Despite of its
simplicity, the model shows a rich phase diagram being
critical for h = 1 and any � and for � = 0 and h  1, with
the two critical lines belonging to di↵erent universality
classes. The block entanglement entropy is defined as the
Von Neumann entropy S` = �Tr⇢` log ⇢`, where ⇢` =
Trn�`⇢ is the reduced density matrix of the block formed
by ` contiguous spins. In the following we will consider
the quench with parameters suddenly changed at t = 0
from h0, �0 to h, �.

Our result is that, in the thermodynamic limit N !1
and subsequently in the limit of a large block ` � 1, the
time dependence of the entanglement entropy is

S(t) = t

Z

2|✏0|t<`

d'

2⇡
2|✏0|H(cos �')+ `

Z

2|✏0|t>`

d'

2⇡
H(cos �') ,

(2)
where ✏0 = d✏/d' is the derivative of the dispersion re-
lation ✏2 = (h � cos ')2 + �2 sin2 ' and represents the
momentum dependent sound velocity (that because of
locality has a maximum we indicate as vM ⌘ max' |✏0|),
cos �' = (hh0 � cos '(h + h0) + cos2 ' + ��0 sin2 ')/✏✏0
contains all the quench information [8] and H(x) =
�((1 + x)/2 log(1 + x)/2 + (1� x)/2 log(1� x)/2).

We first prove Eq. (2) and then discuss its interpreta-
tion and physical consequences. The readers not inter-
ested to the derivation can jump directly to latter part.

The method. Writing the entanglement entropy in
terms of a block Toeplitz matrix is rather standard
[5, 9]. One first introduce Majorana operators ǎ2l�1 ⌘�Q

m<l �
z
m

�
�x

l and ǎ2l ⌘
�Q

m<l �
z
m

�
�y

l and the corre-
lation matrix �A

` through the relation hǎmǎni = �mn +
i�A

` mn with 1  m, n  `, that is a block Toeplitz matrix

�` =

2

66664

⇧0 ⇧1 · · · ⇧`�1

⇧�1 ⇧0

...
...

. . .
...

⇧1�` · · · · · · ⇧0

3

77775
, ⇧l =


�fl gl

�g�l fl

�
.
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FIG. 3. Dynamics of entanglement entropy. Starting from a low-entanglement ground state, a global quantum quench
leads to the development of large-scale entanglement between all subsystems. We quench a six-site system from the Mott
insulating product state (J/U ⌧ 1) with one atom per site to the weakly interacting regime of J/U = 0.64 and measure the
dynamics of the entanglement entropy. As it equilibrates, the system acquires local entropy while the full system entropy
remains constant and at a value given by measurement imperfections. The dynamics agree with exact numerical simulations
with no free parameters (solid lines). Error bars are the standard error of the mean (S.E.M.). For the largest entropies
encountered in the three-site system, the large number of populated microstates leads to a significant statistical uncertainty
in the entropy, which is reflected in the upper error bar extending to large entropies or being unbounded. Inset: slope of the
early time dynamics, extracted with a piecewise linear fit (see Supplementary Material). The dashed line is the mean of these
measurements.

filling as shown in Figure 2A (see Supplementary Mate-
rial). At this point, each system is in a product state of
single-atom Fock states on each of the constituent sites.
We then suddenly switch on tunneling in the x-direction
while the y-direction tunneling is suppressed. Each chain
is restricted to the original six sites by introducing a bar-
rier at the ends of the chains to prevent tunneling out
of the system. These combined steps quench the six-site
chains into a Hamiltonian for which the initial state rep-
resents a highly excited state that has significant over-
lap with an appreciable number of energy eigenstates.
Each chain represents an identical but independent copy
of a quenched system of six particles on six sites, which
evolves in the quenched Hamiltonian for a controllable
duration.

In the data that follow, we realize measurements of
the quantum purity and on-site number statistics (Fig-
ure 2C). For measurements of the former, we append
to the quench evolution a beam splitter operation that
interferes the two identical copies by freezing dynam-
ics along the chain and allowing for tunneling in a pro-
jected double-well potential for a prescribed time [23]. In
the last step for both measurements, a potential barrier
is raised between the two copies and a one-dimensional
time-of-flight in the direction transverse to the chain is
performed to measure the resulting occupation on each
site of each copy.

The ability to measure quantum purity is crucial to

assessing the role of entanglement in our system. To-
mography of the full quantum state would typically be
required to extract the global purity, which is particu-
larly challenging in the full 462-dimensional Hilbert space
defined by the itinerant particles in our system. Fur-
thermore, while in spin systems global rotations can be
employed for tomography [24], there is no known anal-
ogous scheme for extracting the full density matrix of a
many-body state of itinerant particles. The many-body
interference described here, however, allows us to extract
quantities that are quadratic in the density matrix, such
as the purity [23]. After performing the beam splitter
operation, we can obtain the quantum purity of the full
system and any subsystem simply by counting the num-
ber of atoms on each site of one of the six-site chains
(Figure 2C). Each run of the experiment yields the par-

ity P
(k) = ⇧ip

(k)
i , where i is iterated over a set of sites of

interest in copy-k. The single-site parity operator p(k)i re-
turns 1 (-1) when the atom number on site-i is even (odd).
It has been shown that the beam splitter operation yields
hP (1)i = hP (2)i = Tr (⇢1⇢2), where ⇢i is the density ma-
trix on the set of sites considered for each copy [4, 23, 25].
Because the preparation and quench dynamics for each
copy are identical, yielding ⇢1 = ⇢2 ⌘ ⇢, the average par-
ity reduces to the purity: hP (i)i = Tr(⇢2). When the
set of sites considered comprises the full six-site chain,
the expectation value of this quantity returns the global
many-body purity, while for smaller sets it provides the

In the experiment
Kaufmann et al 2016



What is the evolution of the entanglement 
entropy for a generic integrable models?

• In a generic integrable model, there are infinite species of quasiparticles, 
corresponding to bound states of an arbitrary number of elementary 
excitations  

• These must be treated independently 

• To give predictive power to this equation, we should devise a way to 
determine vn and sn
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FIG. 2. Theoretical scheme to calculate the entanglement dynamics
after a quantum quench in an integrable model.

for t � `/(2vM ), the first term vanishes, and the entangle-
ment is extensive in the subsystem size, i.e., S / `. This
light-cone spreading for the entanglement dynamics has been
analytically confirmed only in free models [42–44], but not
in interacting ones. On the other hand, it has been verified
in several numerical studies (see e.g. [45–47]), in the holo-
graphic framework [48–51], and in a recent experiment [18].

In a generic interacting integrable model, there are differ-
ent species of quasiparticles, corresponding to bound states of
an arbitrary number of elementary excitations. As a conse-
quence of integrability, different types of quasiparticles must
be treated independently. It is then natural to conjecture
that the time-dependent entanglement entropy for an arbitrary
quench in an integrable model should have the form

S(t) =
X

n

h
2t

Z

2|vn|t<`

d�vn(�)sn(�) + `

Z

2|vn|t>`

d�sn(�)
i
, (2)

where the sum is over the types of particles n, vn(�) denotes
the velocity of each species, and sn(�) its entropy contribu-
tion. To give predictive power to (2), one has to determine
vn(�) and sn(�), as we are going to do in the following for
Bethe ansatz solvable models.

In the Bethe ansatz framework the eigenstates of the model
are in correspondence with a set of pseudomomenta or rapidi-
ties �. In the thermodynamic limit, the rapidities form a con-
tinuum and one then introduces the particle densities ⇢n,p(�).
To fully characterize the state, it is also necessary to introduce
the hole (i.e., unoccupied rapidities) densities ⇢n,h(�) and the
total densities ⇢n,t(�) = ⇢n,p(�)+⇢n,h(�). Every set of den-
sities can be thought of as a thermodynamic “macro-state”,
and it corresponds to an exponentially large number of micro-
scopic eigenstates. Any of these eigenstates can be used as a
“representative” for the thermodynamic macro-state. The to-
tal number of microstates leading to the same densities ⇢n,p(h)
in the thermodynamic limit is e

SY Y , where SY Y is the ther-
modynamic Yang-Yang entropy of the macrostate [53]

SY Y = sY Y L = L

1X

n=1

Z
d�[⇢n,t(�) ln ⇢n,t(�)

� ⇢n,p(�) ln ⇢n,p(�)� ⇢n,h(�) ln ⇢n,h(�)]

⌘ L

1X

n=1

Z
d�s

(n)
Y Y [⇢n,p, ⇢n,h](�). (3)
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FIG. 3. Entanglement evolution after a global quench in the XXZ
chain. Entanglement entropy per site S/` versus vM t/`, with vM
the maximum velocity. Different panels correspond to the different
initial states and different lines to different �. For � ! 1, S ! 0
for the Néel quench, whereas it saturates in the other cases. Note in
(e) the substantial entanglement increase for vM t/` > 1. Panel (f):
The numerical derivative S0(vM t/`)⇥ 100 for the quench in (e).

In the Bethe ansatz treatment of quantum quenches [33,
54, 55], local properties of the post-quench stationary state
are described by a set of particles and holes densities ⇢⇤n,p(�)
and ⇢

⇤
n,h(�). The calculation of these densities is a challeng-

ing task that has been performed only in some cases [56–64].
These densities give straightforwardly the thermodynamic en-
tropy of the stationary ensemble (3) as sY Y [⇢⇤n,p, ⇢

⇤
n,h](�).

Physically, this corresponds to a generalized microcanonical
ensemble, in which all the microstates corresponding to the
macrostate have the same probability.

We now turn to discuss our predictions for the entangle-
ment dynamics. First, in the stationary state the prefactor of
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FIG. 4. Bound-state contributions to the entanglement dynamics.
On the x-axis n is the bound-state size. (a)(b) Quench from the tilted
ferromagnet. Panel (a): Bound-state contributions to steady-state en-
tropy density (second term in (2)). Panel (b): Bound-state contri-
butions to the slope of the entanglement growth at short times (first
term in (2)). Different histograms denote different tilting angles #.
All the data are for � = 2. (c)(d): same as in (a)(b) for the quench
from the tilted Néel state.



Idea: We can use the knowledge of the thermodynamic entropy in 
the stationary state to go back in time for the entanglement
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for t � `/(2vM ), the first term vanishes, and the entangle-
ment is extensive in the subsystem size, i.e., S / `. This
light-cone spreading for the entanglement dynamics has been
analytically confirmed only in free models [42–44], but not
in interacting ones. On the other hand, it has been verified
in several numerical studies (see e.g. [45–47]), in the holo-
graphic framework [48–51], and in a recent experiment [18].

In a generic interacting integrable model, there are differ-
ent species of quasiparticles, corresponding to bound states of
an arbitrary number of elementary excitations. As a conse-
quence of integrability, different types of quasiparticles must
be treated independently. It is then natural to conjecture
that the time-dependent entanglement entropy for an arbitrary
quench in an integrable model should have the form
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where the sum is over the types of particles n, vn(�) denotes
the velocity of each species, and sn(�) its entropy contribu-
tion. To give predictive power to (2), one has to determine
vn(�) and sn(�), as we are going to do in the following for
Bethe ansatz solvable models.

In the Bethe ansatz framework the eigenstates of the model
are in correspondence with a set of pseudomomenta or rapidi-
ties �. In the thermodynamic limit, the rapidities form a con-
tinuum and one then introduces the particle densities ⇢n,p(�).
To fully characterize the state, it is also necessary to introduce
the hole (i.e., unoccupied rapidities) densities ⇢n,h(�) and the
total densities ⇢n,t(�) = ⇢n,p(�)+⇢n,h(�). Every set of den-
sities can be thought of as a thermodynamic “macro-state”,
and it corresponds to an exponentially large number of micro-
scopic eigenstates. Any of these eigenstates can be used as a
“representative” for the thermodynamic macro-state. The to-
tal number of microstates leading to the same densities ⇢n,p(h)
in the thermodynamic limit is e

SY Y , where SY Y is the ther-
modynamic Yang-Yang entropy of the macrostate [53]
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chain. Entanglement entropy per site S/` versus vM t/`, with vM
the maximum velocity. Different panels correspond to the different
initial states and different lines to different �. For � ! 1, S ! 0
for the Néel quench, whereas it saturates in the other cases. Note in
(e) the substantial entanglement increase for vM t/` > 1. Panel (f):
The numerical derivative S0(vM t/`)⇥ 100 for the quench in (e).

In the Bethe ansatz treatment of quantum quenches [33,
54, 55], local properties of the post-quench stationary state
are described by a set of particles and holes densities ⇢⇤n,p(�)
and ⇢

⇤
n,h(�). The calculation of these densities is a challeng-

ing task that has been performed only in some cases [56–64].
These densities give straightforwardly the thermodynamic en-
tropy of the stationary ensemble (3) as sY Y [⇢⇤n,p, ⇢

⇤
n,h](�).

Physically, this corresponds to a generalized microcanonical
ensemble, in which all the microstates corresponding to the
macrostate have the same probability.

We now turn to discuss our predictions for the entangle-
ment dynamics. First, in the stationary state the prefactor of
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for t � `/(2vM ), the first term vanishes, and the entangle-
ment is extensive in the subsystem size, i.e., S / `. This
light-cone spreading for the entanglement dynamics has been
analytically confirmed only in free models [42–44], but not
in interacting ones. On the other hand, it has been verified
in several numerical studies (see e.g. [45–47]), in the holo-
graphic framework [48–51], and in a recent experiment [18].
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d�sn(�) (2)

In a generic interacting integrable model, there are differ-
ent species of quasiparticles, corresponding to bound states of
an arbitrary number of elementary excitations. As a conse-
quence of integrability, different types of quasiparticles must
be treated independently. It is then natural to conjecture
that the time-dependent entanglement entropy for an arbitrary
quench in an integrable model should have the form
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where the sum is over the types of particles n, vn(�) denotes
the velocity of each species, and sn(�) its entropy contribu-
tion. To give predictive power to (3), one has to determine
vn(�) and sn(�), as we are going to do in the following for
Bethe ansatz solvable models.

In the Bethe ansatz framework the eigenstates of the model
are in correspondence with a set of pseudomomenta or rapidi-
ties �. In the thermodynamic limit, the rapidities form a con-
tinuum and one then introduces the particle densities ⇢n,p(�).
To fully characterize the state, it is also necessary to introduce
the hole (i.e., unoccupied rapidities) densities ⇢n,h(�) and the
total densities ⇢n,t(�) = ⇢n,p(�)+⇢n,h(�). Every set of den-
sities can be thought of as a thermodynamic “macro-state”,
and it corresponds to an exponentially large number of micro-
scopic eigenstates. Any of these eigenstates can be used as a
“representative” for the thermodynamic macro-state. The to-
tal number of microstates leading to the same densities ⇢n,p(h)
in the thermodynamic limit is e

SY Y , where SY Y is the ther-
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FIG. 3. Entanglement evolution after a global quench in the XXZ
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modynamic Yang-Yang entropy of the macrostate [53]
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In the Bethe ansatz treatment of quantum quenches [33,
54, 55], local properties of the post-quench stationary state
are described by a set of particles and holes densities ⇢⇤n,p(�)
and ⇢

⇤
n,h(�). The calculation of these densities is a challeng-

ing task that has been performed only in some cases [56–64].
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We need an expression of  the stationary entropy written  
in terms of the quasi-momenta of entangling quasiparticles 



Elementary example: free fermions

Given a statistical ensemble ρTD , the TD entropy can be written as  

Entanglement and thermodynamics after a quantum quench in integrable systems

Vincenzo Alba1 and Pasquale Calabrese1

1International School for Advanced Studies (SISSA), Via Bonomea 265, 34136, Trieste, Italy, INFN, Sezione di Trieste

Entanglement and entropy are key concepts standing at the foundations of quantum and statistical mechanics,
respectively. In the last decade the study of quantum quenches revealed that these two concepts are intricately
intertwined. Although the unitary time evolution ensuing from a pure initial state maintains the system globally
at zero entropy, at long time after the quench local properties are captured by an appropriate statistical ensem-
ble with non zero thermodynamic entropy, which can be interpreted as the entanglement accumulated during
the dynamics. Therefore, understanding the post-quench entanglement evolution unveils how thermodynamics
emerges in isolated quantum systems. An exact computation of the entanglement dynamics has been provided
only for non-interacting systems, and it was believed to be unfeasible for genuinely interacting models. Con-
versely, here we show that the standard quasiparticle picture of the entanglement evolution, complemented with
integrability-based knowledge of the asymptotic state, leads to a complete analytical understanding of the en-
tanglement dynamics in the space-time scaling limit. Our framework requires only knowledge about the steady
state, and the velocities of the low-lying excitations around it. We provide a thorough check of our result focus-
ing on the spin-1/2 Heisenberg XXZ chain, and considering quenches from several initial states. We compare
our results with numerical simulations using both tDMRG and iTEBD, finding always perfect agreement.

Introduction.— Since the early days of quantum mechan-
ics, understanding how statistical ensembles arise from the
unitary time evolution of an isolated quantum system has been
a fascinating question [1–7]. A widely accepted mechanism
is that while the entire system remains in a pure state, the re-
duced density matrix of an arbitrary finite compact subsystem
attains a long time limit that can be described by a statisti-
cal ensemble (see, e.g., Ref. [8]). In the last decade ground-
breaking experiments with cold atoms [9–18] simulated with
incredible precision the unitary time evolution of many-body
quantum systems, reviving the interest in this topic. The sim-
plest out-of-equilibrium protocol in which these ideas can
be theoretically and experimentally tested is the quantum
quench [19, 20]: A system is prepared in an initial state | 0i,
typically the ground state of a local Hamiltonian H0, and it
evolves with a many-body Hamiltonian H . At asymptotically
long times, physical observables relax to stationary values,
which for generic systems are described by the Gibbs (ther-
mal) ensemble [3–7], whereas for integrable systems a Gen-
eralized Gibbs Ensemble (GGE) [8, 19–35] has to be used.

Although these results suggest a spectacular compression
of the amount of information needed to describe steady
states, state-of-the-art numerical methods, such as the time-
dependent Density Matrix Renormalization Group [36–39]
(tDMRG), can only access reliably the short-time dynamics.
Physically, the origin of this conundrum is the fast growth of
the entanglement entropy S ⌘ �TrA⇢A ln ⇢A, with ⇢A being
the reduced density matrix of an interval A of length ` embed-
ded in an infinite system. It is well-understood that S grows
linearly with the time after the quench [40]. This implies an
exponentially increasing amount of data that has to be stored
and manipulated during typical tDMRG simulations. Remark-
ably, the entanglement dynamics has been successfully ob-
served in a very recent experiment with cold atoms [18].

In this Letter we show that in integrable models a standard
quasiparticle picture [40] (see below), complemented with
integrability-based knowledge, allows to obtain exactly the

FIG. 1. Entanglement dynamics: Quasiparticle interpretation. Full
lines denote quasiparticles with maximum velocity. Shaded cones:
Halo of slower quasiparticles.

entanglement dynamics. An intriguing, and seemingly coun-
terintuitive, consequence of our analysis is that the steady state
and its low-lying excitations encode sufficient information to
reconstruct the entanglement dynamics up to short times.

STD = L

Z
dk

2⇡
H(nk) (1)

Quasiparticle picture.— According to the quasiparticle
picture [40], the pre-quench initial state acts as a source of
pairs of quasiparticle excitations. Let us first assume that there
is only one type of quasiparticles identified by their quasimo-
mentum �, and moving with velocity v(�). While quasipar-
ticles created far apart from each other are incoherent, those
emitted at the same point in space are entangled. As these
propagate ballistically throughout the system, larger regions
get entangled. At generic time t the entanglement entropy of
a subsystem A is proportional to the total number of quasi-
particles that, emitted in pairs from the same point, reach one
the subsystem A and the other its complement (see Fig. 1).
Specifically, when A is an interval of length `, one obtains

S(t) / 2t

Z

2|v|t<`

d�v(�)f(�) + `

Z

2|v|t>`

d�f(�), (2)

where the function f(�) depends on the production rate of
quasiparticles with quasimomentum ±�. Equation (1) is valid
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with

(i.e. each fermionic modes is independent and has probability nk to be occupied and 1-nk to be empty) 
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It exists a basis in which the Hamiltonian is 
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typically the ground state of a local Hamiltonian H0, and it
evolves with a many-body Hamiltonian H . At asymptotically
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which for generic systems are described by the Gibbs (ther-
mal) ensemble [3–7], whereas for integrable systems a Gen-
eralized Gibbs Ensemble (GGE) [8, 19–35] has to be used.

Although these results suggest a spectacular compression
of the amount of information needed to describe steady
states, state-of-the-art numerical methods, such as the time-
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(tDMRG), can only access reliably the short-time dynamics.
Physically, the origin of this conundrum is the fast growth of
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the reduced density matrix of an interval A of length ` embed-
ded in an infinite system. It is well-understood that S grows
linearly with the time after the quench [40]. This implies an
exponentially increasing amount of data that has to be stored
and manipulated during typical tDMRG simulations. Remark-
ably, the entanglement dynamics has been successfully ob-
served in a very recent experiment with cold atoms [18].

In this Letter we show that in integrable models a standard
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entanglement dynamics. An intriguing, and seemingly coun-
terintuitive, consequence of our analysis is that the steady state
and its low-lying excitations encode sufficient information to
reconstruct the entanglement dynamics up to short times.
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Quasiparticle picture.— According to the quasiparticle
picture [40], the pre-quench initial state acts as a source of
pairs of quasiparticle excitations. Let us first assume that there
is only one type of quasiparticles identified by their quasimo-
mentum �, and moving with velocity v(�). While quasipar-
ticles created far apart from each other are incoherent, those
emitted at the same point in space are entangled. As these
propagate ballistically throughout the system, larger regions
get entangled. At generic time t the entanglement entropy of
a subsystem A is proportional to the total number of quasi-
particles that, emitted in pairs from the same point, reach one
the subsystem A and the other its complement (see Fig. 1).
Specifically, when A is an interval of length `, one obtains
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where the function f(�) depends on the production rate of
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(i.e. each fermionic modes is independent and has probability nk to be occupied and 1-nk to be empty) 
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generally valid

For the quench in the Ising model 
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and the above reproduce the Toeplitz result by M Fagotti, PC 2008👍
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A slide on Thermodynamic Bethe Ansatz (TBA)

An eigenstate of an interacting integrable model in the TD limit is  
characterised by TBA data
ρn,p is the particle density (nk/2π for free fermions)
ρn,h is the hole density ((1-nk)/2π for free fermions)
ρn,t = ρn,p+ ρn,h is the total density ≠ 1/2π because of interactions

Yang-Yang interpretation:  
exp(SYY) counts the number of equivalent micro-states with the same densities

ρn,p and ρn,h are related by the (TD limit of) Bethe equations

’70: Yang-Yang, Takahashi…

Each set of ρs defines a single macrostate, corresponding to many 
microstates in a generalised microcanonical ensemble 

The TD entropy has the Yang-Yang form  
8
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1X
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(n)
Y Y [⇢n,p, ⇢n,h](�).



Caux & Essler 2013

Quench Action Approach 

Making a long story short: the stationary state may be represented 
by a Bethe eigenstate (representative state) with calculable (but 
still challenging) ρ’s. 

8

SY Y = L
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sn(λ)
is the corresponding TD entropy

This has the desired form as an integral over quasi-momenta to 
use it in the quasi-particle picture.

The Yang-Yang entropy: 
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for t � `/(2vM ), the first term vanishes, and the entangle-
ment is extensive in the subsystem size, i.e., S / `. This
light-cone spreading for the entanglement dynamics has been
analytically confirmed only in free models [42–44], but not
in interacting ones. On the other hand, it has been verified
in several numerical studies (see e.g. [45–47]), in the holo-
graphic framework [48–51], and in a recent experiment [18].

In a generic interacting integrable model, there are differ-
ent species of quasiparticles, corresponding to bound states of
an arbitrary number of elementary excitations. As a conse-
quence of integrability, different types of quasiparticles must
be treated independently. It is then natural to conjecture
that the time-dependent entanglement entropy for an arbitrary
quench in an integrable model should have the form
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where the sum is over the types of particles n, vn(�) denotes
the velocity of each species, and sn(�) its entropy contribu-
tion. To give predictive power to (2), one has to determine
vn(�) and sn(�), as we are going to do in the following for
Bethe ansatz solvable models.

In the Bethe ansatz framework the eigenstates of the model
are in correspondence with a set of pseudomomenta or rapidi-
ties �. In the thermodynamic limit, the rapidities form a con-
tinuum and one then introduces the particle densities ⇢n,p(�).
To fully characterize the state, it is also necessary to introduce
the hole (i.e., unoccupied rapidities) densities ⇢n,h(�) and the
total densities ⇢n,t(�) = ⇢n,p(�)+⇢n,h(�). Every set of den-
sities can be thought of as a thermodynamic “macro-state”,
and it corresponds to an exponentially large number of micro-
scopic eigenstates. Any of these eigenstates can be used as a
“representative” for the thermodynamic macro-state. The to-
tal number of microstates leading to the same densities ⇢n,p(h)
in the thermodynamic limit is e

SY Y , where SY Y is the ther-
modynamic Yang-Yang entropy of the macrostate [53]
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FIG. 3. Entanglement evolution after a global quench in the XXZ
chain. Entanglement entropy per site S/` versus vM t/`, with vM
the maximum velocity. Different panels correspond to the different
initial states and different lines to different �. For � ! 1, S ! 0
for the Néel quench, whereas it saturates in the other cases. Note in
(e) the substantial entanglement increase for vM t/` > 1. Panel (f):
The numerical derivative S0(vM t/`)⇥ 100 for the quench in (e).

In the Bethe ansatz treatment of quantum quenches [33,
54, 55], local properties of the post-quench stationary state
are described by a set of particles and holes densities ⇢⇤n,p(�)
and ⇢

⇤
n,h(�). The calculation of these densities is a challeng-

ing task that has been performed only in some cases [56–64].
These densities give straightforwardly the thermodynamic en-
tropy of the stationary ensemble (3) as sY Y [⇢⇤n,p, ⇢

⇤
n,h](�).

Physically, this corresponds to a generalized microcanonical
ensemble, in which all the microstates corresponding to the
macrostate have the same probability.

We now turn to discuss our predictions for the entangle-
ment dynamics. First, in the stationary state the prefactor of
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FIG. 4. Bound-state contributions to the entanglement dynamics.
On the x-axis n is the bound-state size. (a)(b) Quench from the tilted
ferromagnet. Panel (a): Bound-state contributions to steady-state en-
tropy density (second term in (2)). Panel (b): Bound-state contri-
butions to the slope of the entanglement growth at short times (first
term in (2)). Different histograms denote different tilting angles #.
All the data are for � = 2. (c)(d): same as in (a)(b) for the quench
from the tilted Néel state.

Assuming that the Bethe excitations are the entangling quasi-particles:

conjecture:

Final conjecture
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light-cone spreading for the entanglement dynamics has been
analytically confirmed only in free models [42–44], but not
in interacting ones. On the other hand, it has been verified
in several numerical studies (see e.g. [45–47]), in the holo-
graphic framework [48–51], and in a recent experiment [18].
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the velocity of each species, and sn(�) its entropy contribu-
tion. To give predictive power to (2), one has to determine
vn(�) and sn(�), as we are going to do in the following for
Bethe ansatz solvable models.

In the Bethe ansatz framework the eigenstates of the model
are in correspondence with a set of pseudomomenta or rapidi-
ties �. In the thermodynamic limit, the rapidities form a con-
tinuum and one then introduces the particle densities ⇢n,p(�).
To fully characterize the state, it is also necessary to introduce
the hole (i.e., unoccupied rapidities) densities ⇢n,h(�) and the
total densities ⇢n,t(�) = ⇢n,p(�)+⇢n,h(�). Every set of den-
sities can be thought of as a thermodynamic “macro-state”,
and it corresponds to an exponentially large number of micro-
scopic eigenstates. Any of these eigenstates can be used as a
“representative” for the thermodynamic macro-state. The to-
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(e) the substantial entanglement increase for vM t/` > 1. Panel (f):
The numerical derivative S0(vM t/`)⇥ 100 for the quench in (e).

In the Bethe ansatz treatment of quantum quenches [33,
54, 55], local properties of the post-quench stationary state
are described by a set of particles and holes densities ⇢⇤n,p(�)
and ⇢

⇤
n,h(�). The calculation of these densities is a challeng-

ing task that has been performed only in some cases [56–64].
These densities give straightforwardly the thermodynamic en-
tropy of the stationary ensemble (3) as sY Y [⇢⇤n,p, ⇢

⇤
n,h](�).

Physically, this corresponds to a generalized microcanonical
ensemble, in which all the microstates corresponding to the
macrostate have the same probability.

We now turn to discuss our predictions for the entangle-
ment dynamics. First, in the stationary state the prefactor of
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On the x-axis n is the bound-state size. (a)(b) Quench from the tilted
ferromagnet. Panel (a): Bound-state contributions to steady-state en-
tropy density (second term in (2)). Panel (b): Bound-state contri-
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term in (2)). Different histograms denote different tilting angles #.
All the data are for � = 2. (c)(d): same as in (a)(b) for the quench
from the tilted Néel state.

Assuming that the Bethe excitations are the entangling quasi-particles:

conjecture:

Final conjecture

Warning: The determination of the velocity vn(λ) is a challenge because in 
integrable models the velocities depend on the state (there is a dressing of  
the bare velocities due to interaction). 

We (reasonably) conjecture that the correct ones are the group velocities  
of the excitations built on top of the stationary state

 This is the very same working assumption as in 
• Light-cone spreading of correlation  

• Integrable hydrodynamics 

Bonnes, Essler, Lauchli  PRL 2013

Castro-Alveredo, Doyon, Yoshimura, PRX 2016 
Bertini, Collara, De Nardis, Fagotti, PRL 2016

Calculating these velocities is cumbersome, but doable
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for t � `/(2vM ), the first term vanishes, and the entangle-
ment is extensive in the subsystem size, i.e., S / `. This
light-cone spreading for the entanglement dynamics has been
analytically confirmed only in free models [42–44], but not
in interacting ones. On the other hand, it has been verified
in several numerical studies (see e.g. [45–47]), in the holo-
graphic framework [48–51], and in a recent experiment [18].

In a generic interacting integrable model, there are differ-
ent species of quasiparticles, corresponding to bound states of
an arbitrary number of elementary excitations. As a conse-
quence of integrability, different types of quasiparticles must
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that the time-dependent entanglement entropy for an arbitrary
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where the sum is over the types of particles n, vn(�) denotes
the velocity of each species, and sn(�) its entropy contribu-
tion. To give predictive power to (2), one has to determine
vn(�) and sn(�), as we are going to do in the following for
Bethe ansatz solvable models.

In the Bethe ansatz framework the eigenstates of the model
are in correspondence with a set of pseudomomenta or rapidi-
ties �. In the thermodynamic limit, the rapidities form a con-
tinuum and one then introduces the particle densities ⇢n,p(�).
To fully characterize the state, it is also necessary to introduce
the hole (i.e., unoccupied rapidities) densities ⇢n,h(�) and the
total densities ⇢n,t(�) = ⇢n,p(�)+⇢n,h(�). Every set of den-
sities can be thought of as a thermodynamic “macro-state”,
and it corresponds to an exponentially large number of micro-
scopic eigenstates. Any of these eigenstates can be used as a
“representative” for the thermodynamic macro-state. The to-
tal number of microstates leading to the same densities ⇢n,p(h)
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The numerical derivative S0(vM t/`)⇥ 100 for the quench in (e).

In the Bethe ansatz treatment of quantum quenches [33,
54, 55], local properties of the post-quench stationary state
are described by a set of particles and holes densities ⇢⇤n,p(�)
and ⇢

⇤
n,h(�). The calculation of these densities is a challeng-

ing task that has been performed only in some cases [56–64].
These densities give straightforwardly the thermodynamic en-
tropy of the stationary ensemble (3) as sY Y [⇢⇤n,p, ⇢

⇤
n,h](�).

Physically, this corresponds to a generalized microcanonical
ensemble, in which all the microstates corresponding to the
macrostate have the same probability.

We now turn to discuss our predictions for the entangle-
ment dynamics. First, in the stationary state the prefactor of
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for t � `/(2vM ), the first term vanishes, and the entangle-
ment is extensive in the subsystem size, i.e., S / `. This
light-cone spreading for the entanglement dynamics has been
analytically confirmed only in free models [42–44], but not
in interacting ones. On the other hand, it has been verified
in several numerical studies (see e.g. [45–47]), in the holo-
graphic framework [48–51], and in a recent experiment [18].

In a generic interacting integrable model, there are differ-
ent species of quasiparticles, corresponding to bound states of
an arbitrary number of elementary excitations. As a conse-
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where the sum is over the types of particles n, vn(�) denotes
the velocity of each species, and sn(�) its entropy contribu-
tion. To give predictive power to (2), one has to determine
vn(�) and sn(�), as we are going to do in the following for
Bethe ansatz solvable models.

In the Bethe ansatz framework the eigenstates of the model
are in correspondence with a set of pseudomomenta or rapidi-
ties �. In the thermodynamic limit, the rapidities form a con-
tinuum and one then introduces the particle densities ⇢n,p(�).
To fully characterize the state, it is also necessary to introduce
the hole (i.e., unoccupied rapidities) densities ⇢n,h(�) and the
total densities ⇢n,t(�) = ⇢n,p(�)+⇢n,h(�). Every set of den-
sities can be thought of as a thermodynamic “macro-state”,
and it corresponds to an exponentially large number of micro-
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In the Bethe ansatz treatment of quantum quenches [33,
54, 55], local properties of the post-quench stationary state
are described by a set of particles and holes densities ⇢⇤n,p(�)
and ⇢
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n,h(�). The calculation of these densities is a challeng-

ing task that has been performed only in some cases [56–64].
These densities give straightforwardly the thermodynamic en-
tropy of the stationary ensemble (3) as sY Y [⇢⇤n,p, ⇢
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Physically, this corresponds to a generalized microcanonical
ensemble, in which all the microstates corresponding to the
macrostate have the same probability.

We now turn to discuss our predictions for the entangle-
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FIG. 2. Theoretical scheme to calculate the entanglement dynamics
after a quantum quench in an integrable model.

for t � `/(2vM ), the first term vanishes, and the entangle-
ment is extensive in the subsystem size, i.e., S / `. This
light-cone spreading for the entanglement dynamics has been
analytically confirmed only in free models [42–44], but not
in interacting ones. On the other hand, it has been verified
in several numerical studies (see e.g. [45–47]), in the holo-
graphic framework [48–51], and in a recent experiment [18].

S
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In a generic interacting integrable model, there are differ-
ent species of quasiparticles, corresponding to bound states of
an arbitrary number of elementary excitations. As a conse-
quence of integrability, different types of quasiparticles must
be treated independently. It is then natural to conjecture
that the time-dependent entanglement entropy for an arbitrary
quench in an integrable model should have the form

S(t) =
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where the sum is over the types of particles n, vn(�) denotes
the velocity of each species, and sn(�) its entropy contribu-
tion. To give predictive power to (3), one has to determine
vn(�) and sn(�), as we are going to do in the following for
Bethe ansatz solvable models.

In the Bethe ansatz framework the eigenstates of the model
are in correspondence with a set of pseudomomenta or rapidi-
ties �. In the thermodynamic limit, the rapidities form a con-
tinuum and one then introduces the particle densities ⇢n,p(�).
To fully characterize the state, it is also necessary to introduce
the hole (i.e., unoccupied rapidities) densities ⇢n,h(�) and the
total densities ⇢n,t(�) = ⇢n,p(�)+⇢n,h(�). Every set of den-
sities can be thought of as a thermodynamic “macro-state”,
and it corresponds to an exponentially large number of micro-
scopic eigenstates. Any of these eigenstates can be used as a
“representative” for the thermodynamic macro-state. The to-
tal number of microstates leading to the same densities ⇢n,p(h)
in the thermodynamic limit is e

SY Y , where SY Y is the ther-
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modynamic Yang-Yang entropy of the macrostate [53]

SY Y = sY Y L = L
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In the Bethe ansatz treatment of quantum quenches [33,
54, 55], local properties of the post-quench stationary state
are described by a set of particles and holes densities ⇢⇤n,p(�)
and ⇢

⇤
n,h(�). The calculation of these densities is a challeng-

ing task that has been performed only in some cases [56–64].
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Entanglement and entropy are key concepts standing at the foun-
dations of quantum and statistical mechanics. Recently, the study
of quantum quenches revealed that these concepts are intricately
intertwined. Although the unitary time evolution ensuing from a
pure state maintains the system at zero entropy, local properties
at long times are captured by a statistical ensemble with nonzero
thermodynamic entropy, which is the entanglement accumulated
during the dynamics. Therefore, understanding the entanglement
evolution unveils how thermodynamics emerges in isolated sys-
tems. Alas, an exact computation of the entanglement dynamics
was available so far only for noninteracting systems, whereas it
was deemed unfeasible for interacting ones. Here, we show that
the standard quasiparticle picture of the entanglement evolution,
complemented with integrability-based knowledge of the steady
state and its excitations, leads to a complete understanding of the
entanglement dynamics in the space–time scaling limit. We thor-
oughly check our result for the paradigmatic Heisenberg chain.

entanglement | quantum quench | integrability | thermodynamics

S ince the early days of quantum mechanics, understanding
how statistical ensembles arise from the unitary time evo-

lution of an isolated quantum system has been a fascinating
question (1–7). A widely accepted mechanism is that, although
the entire system remains in a pure state, the reduced density
matrix of an arbitrary finite compact subsystem attains a long
time limit that can be described by a statistical ensemble (8).
In the last decade, groundbreaking experiments with cold atoms
(9–19) simulated with incredible precision the unitary time evo-
lution of many-body quantum systems, reviving the interest in
this topic. The simplest out-of-equilibrium protocol in which
these ideas can be theoretically and experimentally tested is the
quantum quench (20, 21). A system is prepared in an initial state
| 0i, typically the ground state of a local Hamiltonian H0, and
it evolves with a many-body Hamiltonian H . At asymptotically
long times, physical observables relax to stationary values, which
for generic systems, are described by the Gibbs (thermal) ensem-
ble (3–7), whereas for integrable systems, a generalized Gibbs
ensemble has to be used (8, 22–45).

Although these results suggest a spectacular compression of
the amount of information needed to describe steady states, state
of the art numerical methods, such as the time-dependent density
matrix renormalization group (46–49) (tDMRG), can only access
the short-time dynamics. Physically, the origin of this conundrum
is the fast growth of the entanglement entropyS ⌘�TrA⇢A ln ⇢A,
with ⇢A being the reduced density matrix of an interval A of
length ` embedded in an infinite system. It is well-understood
that S grows linearly with the time after the quench (50). This
linear behavior implies an exponentially increasing amount of
information manipulated during typical tDMRG simulations.
Remarkably, the entanglement dynamics has been successfully
observed in a very recent cold-atom experiment (19).

In this work, using a standard quasiparticle picture (50), we
show that, in integrable models, the steady state and its low-
lying excitations encode sufficient information to reconstruct
the entanglement dynamics up to short times. According to the
quasiparticle picture (50), the prequench initial state acts as a

source of pairs of quasiparticle excitations. Let us first assume
that there is only one type of quasiparticles identified by their
quasimomentum � and moving with velocity v(�). Although
quasiparticles created far apart from each other are incoher-
ent, those emitted at the same point in space are entangled.
Because these propagate ballistically throughout the system,
larger regions get entangled. At time t , S(t) is proportional to
the total number of quasiparticle pairs that, emitted at the same
point in space, are shared between A and its complement (Fig.
1A). Specifically, one obtains

S(t) _ 2t

Z

2|v|t<`

d�v(�)f (�) + `

Z

2|v|t>`

d�f (�), [1]

where f (�) depends on the production rate of quasiparticles.
Eq. 1 holds in the space–time scaling limit t , `!1 at t/` fixed.
When a maximum quasiparticle velocity vM exists [e.g., because
of the Lieb–Robinson bound (51)], for t  `/(2vM ), S grows lin-
early in time, because the second term in Eq. 1 vanishes. In con-
trast, for t � `/(2vM ), the entanglement is extensive (i.e., S _ `).
This light-cone spreading of entanglement has been confirmed
analytically only in free models (52–57), numerically in several
studies (58–60), in the holographic framework (61–68), and in a
recent experiment (19). The validity of the quasiparticle picture
Eq. 1 for the entanglement dynamics has been proven for free
models in ref. 52. In the presence of interactions, few results are
known. For instance, the validity of Eq. 1 has been proven for
rational CFTs (Conformal Field Theories) in ref. 69. In interact-
ing integrable models à la Yang–Baxter, the quasiparticle picture
has been used to describe the out-of-equilibrium dynamics after

Significance

Understanding how statistical ensembles arise from the out-
of-equilibrium dynamics of isolated pure systems has been a
fascinating question since the early days of quantum mechan-
ics. Recently, it has been proposed that the thermodynamic
entropy of the long-time statistical ensemble is the stationary
entanglement of a large subsystem in an infinite system. Here,
we combine this concept with the quasiparticle picture of the
entanglement evolution and integrability-based knowledge
of the steady state to obtain exact analytical predictions for
the time evolution of the entanglement in arbitrary 1D inte-
grable models. These results explicitly show the transforma-
tion between the entanglement and thermodynamic entropy
during the time evolution. Thus, entanglement is the natural
witness for the generalized microcanonical principle underly-
ing relaxation in integrable models.
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for t � `/(2vM ), the first term vanishes, and the entangle-
ment is extensive in the subsystem size, i.e., S / `. This
light-cone spreading for the entanglement dynamics has been
analytically confirmed only in free models [42–44], but not
in interacting ones. On the other hand, it has been verified
in several numerical studies (see e.g. [45–47]), in the holo-
graphic framework [48–51], and in a recent experiment [18].

In a generic interacting integrable model, there are differ-
ent species of quasiparticles, corresponding to bound states of
an arbitrary number of elementary excitations. As a conse-
quence of integrability, different types of quasiparticles must
be treated independently. It is then natural to conjecture
that the time-dependent entanglement entropy for an arbitrary
quench in an integrable model should have the form

S(t) =
X

n

h
2t

Z

2|vn|t<`

d�vn(�)sn(�) + `

Z

2|vn|t>`

d�sn(�)
i
, (2)

where the sum is over the types of particles n, vn(�) denotes
the velocity of each species, and sn(�) its entropy contribu-
tion. To give predictive power to (2), one has to determine
vn(�) and sn(�), as we are going to do in the following for
Bethe ansatz solvable models.

In the Bethe ansatz framework the eigenstates of the model
are in correspondence with a set of pseudomomenta or rapidi-
ties �. In the thermodynamic limit, the rapidities form a con-
tinuum and one then introduces the particle densities ⇢n,p(�).
To fully characterize the state, it is also necessary to introduce
the hole (i.e., unoccupied rapidities) densities ⇢n,h(�) and the
total densities ⇢n,t(�) = ⇢n,p(�)+⇢n,h(�). Every set of den-
sities can be thought of as a thermodynamic “macro-state”,
and it corresponds to an exponentially large number of micro-
scopic eigenstates. Any of these eigenstates can be used as a
“representative” for the thermodynamic macro-state. The to-
tal number of microstates leading to the same densities ⇢n,p(h)
in the thermodynamic limit is e

SY Y , where SY Y is the ther-
modynamic Yang-Yang entropy of the macrostate [53]

SY Y = sY Y L = L

1X

n=1

Z
d�[⇢n,t(�) ln ⇢n,t(�)
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for the Néel quench, whereas it saturates in the other cases. Note in
(e) the substantial entanglement increase for vM t/` > 1. Panel (f):
The numerical derivative S0(vM t/`)⇥ 100 for the quench in (e).

In the Bethe ansatz treatment of quantum quenches [33,
54, 55], local properties of the post-quench stationary state
are described by a set of particles and holes densities ⇢⇤n,p(�)
and ⇢

⇤
n,h(�). The calculation of these densities is a challeng-

ing task that has been performed only in some cases [56–64].
These densities give straightforwardly the thermodynamic en-
tropy of the stationary ensemble (3) as sY Y [⇢⇤n,p, ⇢

⇤
n,h](�).

Physically, this corresponds to a generalized microcanonical
ensemble, in which all the microstates corresponding to the
macrostate have the same probability.

We now turn to discuss our predictions for the entangle-
ment dynamics. First, in the stationary state the prefactor of
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Entanglement and entropy are key concepts standing at the foun-
dations of quantum and statistical mechanics. Recently, the study
of quantum quenches revealed that these concepts are intricately
intertwined. Although the unitary time evolution ensuing from a
pure state maintains the system at zero entropy, local properties
at long times are captured by a statistical ensemble with nonzero
thermodynamic entropy, which is the entanglement accumulated
during the dynamics. Therefore, understanding the entanglement
evolution unveils how thermodynamics emerges in isolated sys-
tems. Alas, an exact computation of the entanglement dynamics
was available so far only for noninteracting systems, whereas it
was deemed unfeasible for interacting ones. Here, we show that
the standard quasiparticle picture of the entanglement evolution,
complemented with integrability-based knowledge of the steady
state and its excitations, leads to a complete understanding of the
entanglement dynamics in the space–time scaling limit. We thor-
oughly check our result for the paradigmatic Heisenberg chain.
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S ince the early days of quantum mechanics, understanding
how statistical ensembles arise from the unitary time evo-

lution of an isolated quantum system has been a fascinating
question (1–7). A widely accepted mechanism is that, although
the entire system remains in a pure state, the reduced density
matrix of an arbitrary finite compact subsystem attains a long
time limit that can be described by a statistical ensemble (8).
In the last decade, groundbreaking experiments with cold atoms
(9–19) simulated with incredible precision the unitary time evo-
lution of many-body quantum systems, reviving the interest in
this topic. The simplest out-of-equilibrium protocol in which
these ideas can be theoretically and experimentally tested is the
quantum quench (20, 21). A system is prepared in an initial state
| 0i, typically the ground state of a local Hamiltonian H0, and
it evolves with a many-body Hamiltonian H . At asymptotically
long times, physical observables relax to stationary values, which
for generic systems, are described by the Gibbs (thermal) ensem-
ble (3–7), whereas for integrable systems, a generalized Gibbs
ensemble has to be used (8, 22–45).

Although these results suggest a spectacular compression of
the amount of information needed to describe steady states, state
of the art numerical methods, such as the time-dependent density
matrix renormalization group (46–49) (tDMRG), can only access
the short-time dynamics. Physically, the origin of this conundrum
is the fast growth of the entanglement entropyS ⌘�TrA⇢A ln ⇢A,
with ⇢A being the reduced density matrix of an interval A of
length ` embedded in an infinite system. It is well-understood
that S grows linearly with the time after the quench (50). This
linear behavior implies an exponentially increasing amount of
information manipulated during typical tDMRG simulations.
Remarkably, the entanglement dynamics has been successfully
observed in a very recent cold-atom experiment (19).

In this work, using a standard quasiparticle picture (50), we
show that, in integrable models, the steady state and its low-
lying excitations encode sufficient information to reconstruct
the entanglement dynamics up to short times. According to the
quasiparticle picture (50), the prequench initial state acts as a

source of pairs of quasiparticle excitations. Let us first assume
that there is only one type of quasiparticles identified by their
quasimomentum � and moving with velocity v(�). Although
quasiparticles created far apart from each other are incoher-
ent, those emitted at the same point in space are entangled.
Because these propagate ballistically throughout the system,
larger regions get entangled. At time t , S(t) is proportional to
the total number of quasiparticle pairs that, emitted at the same
point in space, are shared between A and its complement (Fig.
1A). Specifically, one obtains

S(t) _ 2t

Z

2|v|t<`

d�v(�)f (�) + `

Z

2|v|t>`

d�f (�), [1]

where f (�) depends on the production rate of quasiparticles.
Eq. 1 holds in the space–time scaling limit t , `!1 at t/` fixed.
When a maximum quasiparticle velocity vM exists [e.g., because
of the Lieb–Robinson bound (51)], for t  `/(2vM ), S grows lin-
early in time, because the second term in Eq. 1 vanishes. In con-
trast, for t � `/(2vM ), the entanglement is extensive (i.e., S _ `).
This light-cone spreading of entanglement has been confirmed
analytically only in free models (52–57), numerically in several
studies (58–60), in the holographic framework (61–68), and in a
recent experiment (19). The validity of the quasiparticle picture
Eq. 1 for the entanglement dynamics has been proven for free
models in ref. 52. In the presence of interactions, few results are
known. For instance, the validity of Eq. 1 has been proven for
rational CFTs (Conformal Field Theories) in ref. 69. In interact-
ing integrable models à la Yang–Baxter, the quasiparticle picture
has been used to describe the out-of-equilibrium dynamics after

Significance

Understanding how statistical ensembles arise from the out-
of-equilibrium dynamics of isolated pure systems has been a
fascinating question since the early days of quantum mechan-
ics. Recently, it has been proposed that the thermodynamic
entropy of the long-time statistical ensemble is the stationary
entanglement of a large subsystem in an infinite system. Here,
we combine this concept with the quasiparticle picture of the
entanglement evolution and integrability-based knowledge
of the steady state to obtain exact analytical predictions for
the time evolution of the entanglement in arbitrary 1D inte-
grable models. These results explicitly show the transforma-
tion between the entanglement and thermodynamic entropy
during the time evolution. Thus, entanglement is the natural
witness for the generalized microcanonical principle underly-
ing relaxation in integrable models.
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