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e.g.: Parke-Taylor formula for MHV gluon tree-level amplitudes

L) =

(i, 5)"

1,2)(2,3) - (n—1,n)(n, 1)

proved by induction with BCFW recursion relations for any n,
while increasingly painful for increasing n with Feynman graphs...
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PHILOSOPHY

Reconstructing the amplitude with the minimal amount of
information.

Amplitude is an asymptotic object

t

past o future co
asymptotic " asymptotic
incoming outgoing

states . states

The states of the Hilbert space (particles) are identified by the
symmetry of space-time (Wigner classification)
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UNIQUENESS OF THE 3-P AMPLITUDE

Lorentz structure of three-point amplitudes is fixed by symmetry
(at any order in perturbation theory!). Theory dependent
information is all in the coupling constants.

Uniqueness of Poincaré invariant 3-point amplitude in complex
spinor formalism for massless legs, up to one constant (coupling).

[Benincasa-Cachazo '07]

Uniqueness of Poincaré invariant 3-point amplitude in complex
spinor formalism for any masses, up to some constants.

[E. Conde, AM arxiv/1601.08113]
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LG for massless representations
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Spinor-Helicity formalism
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Casimir operators
P?  square of translation generator —> mass
W2  square of Pauli-Lubanski operator
W = exppM" PP

—> spin

generator of the Little Group

LG, = {Ap € LTF/APP :p}
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p—2s k= (E,0,0, E)

— LGy =I1S0O3: Isometries in 2 dim. euclidean space
Ak|k; a> — eiaAeiﬁBeiQJg, |/€; a)
If a, 8 # 0 = continuous spin

J3 admits for discrete eigenvalues: +h — helicity

J3|p; h) = hp;h)
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LG FOR MASSIVE REPRESENTATIONS

P25 K = (m,0,0,0)
— LGk = S0(3): 3-dim. spatial rotations

J0|P;37U> :0'|P;S,O'>
Ji|P;s,0) = o04|P;s,0£1)

o€ {-s,...,+s}

or =+ (sTo)(sto+1)
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How is this story helpful to constrain the amplitude?

n
pia) — M, ~ Q) Ipisai)

i=1

P — momentum conservation — M, x 5( ¥ pi)
W  — little group scaling — LG equations
“spin conservation”
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LG EQUATIONS IN THE MASSLESS CASE

From the LG action on the states descends the LG action on the
amplitude

¢?Blpih) = ¢p;h)

=

€i9J§Mn({pi7 hz}) = €i9thn({pi7hi})

The infinitesimal version of this equation,

T3 M ({pi, hi}) = hi My ({ps, hi})

yields strong constraints on the amplitude, and it is actually
enough to fully fix the 3-point one.



POINCARE REPRESENTATIONS AND LG
000
:

MASSLESS 3-P AMPLITUDE
0000000

MASSIVE 3-P AMPLITUDE

LG EQUATIONS FOR MASSIVE PARTICLES

WORK IN PROGRESS

Jé Mn()\jS\j; ag) = oy Mn(AjS‘j; ay)

equivalent of helicity eq.
JE M, (NAj; 01, 0) = ali

Mn()\jj\j; wnor 1)

j =1, ..., n+ # of massive particles

The latter equations relate different amplitudes!
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EQUATIONS FOR THE “LOWEST-SPIN” AMPLITUDE

Solution: let's take oy = —s; for every massive particle. (helicities
of possible massless legs are still free to vary)
Then

JI M, =0

JE M, = —s; M,

()M, = 0

The third equation is not as simple as the others, let's keep it for
the end. So

2 eq.s for every massive leg + 1 eq. for every massless leg
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1 homomorph.
LL(R) == SL(2,C)
L+(C) homomorph. SL(2, (C) % SL(Z, C)
1to 2
P T PaSOwle L
Auypu — <abpbi) nbd
reality condition: 7 = (T
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homomorph.
L1 (R) = 2" SL(2,C)
L. (C) h°”1°t'2°2“"“' SL(2,C) x SL(2,C)
Pu

— Daa = Ugapu
ANp —

ot = (I, 5)
Gy s

pupt = det [paa|
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det |paa| = pup” =0
a2
Paa = )\a & 5\('1 = )\aj\a

reality condition:
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... FOR MASSIVE MOMENTA

A time-like momentum can be always decomposed into two
light-like ones

P =M\ + uji
with P2 = —m? = (A, (X, /i

Crucial disadvantages with respect to the massless case:

o The on-shell condition was built-in in the spinor formalism for
massless particles, here we have to impose it
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A time-like momentum can be always decomposed into two
light-like ones .
P=X\+pup

with P2 = —m? = (\, ) A, /i
Crucial disadvantages with respect to the massless case:

o The on-shell condition was built-in in the spinor formalism for
massless particles, here we have to impose it

o The decomposition is not unique, so we are introducing some
non-physical redundancy
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FOR MASSIVE MOMENTA

A time-like momentum can be always decomposed into two
light-like ones .
P=X\+pup

with P2 = —m? = (\, ) A, /i
Crucial disadvantages with respect to the massless case:

o The on-shell condition was built-in in the spinor formalism for
massless particles, here we have to impose it

o The decomposition is not unique, so we are introducing some
non-physical redundancy

But we can still keep the advantage of having LG differential
equations in a simple and effective form!
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¢ M, (MAj b)) — 7ML, (MAhy) teC
A — tA 3 \
f\—>t15\} = M — A VLG

LG differential equation:

T My ({pi, hi}) = hi My, ({ps, hi})
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LG SCALING FOR MASSLESS PARTICLES

¢ M, (MAj b)) — 7ML, (MAhy) teC
A — tA 3 \
f\—>t15\} = M — A VLG

LG differential equation:

2 0
()\ia)\i—Ai -

o > Mn()\jj\j; h]) = —2hl Mn()\jj\j; h])
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[Benincasa-Cachazo '07]
o + 0

XNim— —

(o

) M (NjAj; hy) = =2h; M (A3 )
3 equations for 6 variables

I = <273> y L2 = (371> y L3 = <172>
Y1 = [273] y Y2 = [371] y Y3 = [172]
M?f’ll,hz,h3

_ yilz +h3—h1

Y

hi—ho—hs ho—hs—hy _hs—hi—ho
Ly Lo xr f(
h3+hi1—ho, hi+ha—hs3 ¢
2 Y3 f(

T1Y1, T2Y2, $3y3)

T1Y1, T2y, T3Y3)
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... but then we have to impose momentum conservation:
0=p

= (—p2—p3)? = 2p2ps = (2,3)[2,3] = 21 =0, or y1 =
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... but then we have to impose momentum conservation:
2
0 = p].

= (—p2—p3)? = 2pap3 = (2,3)[2,3] = 21 =0, 0or y1 =0
This implies:

or all z; are zero, or all y; are zero.
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For real kinematics (x; = 0 = y;) a 3p amplitude for massless

particles is zero, so the complex 3p amplitude had better go to
zero in this limit, rather than exploding.
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3-POINT MASSLESS AMPLITUDE

For real kinematics (x; = 0 = y;) a 3p amplitude for massless
particles is zero, so the complex 3p amplitude had better go to
zero in this limit, rather than exploding. This selects

MY = gy ghi=ha=hsgha=hs=highs=m=ha for )4 hythy <0
MR — ga y?2+h3—h1ygb3+h1—h2yéz1+h2—h3 for hi+ha+hs >0

For h1+ha+hs = 0 the answer is left undetermined (there are
claims that such interactions cannot exist).
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Take the transformation

()=v(a) G- (e

UeU(2)
under which the massive momentum is invariant (LG)
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MASSIVE LG EQUATIONS IN SPINOR FORMALISM

Take the transformation

()0 (3)

(3 8) - (3 )0

UeU(2)

under which the massive momentum is invariant (LG), then

g <0

J+ —Mﬁ—FAaiﬂ
1 o =~ 0
Jo=—3 <>\8)\ -As

=22l
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and so

I l l
JEM = —s; Ml

JE M =0
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and so

(Aa—i\ A Ay P
IaAI IaXI MI@MI ur

le -9 le

8/11) n S1 My
0 0
A — fip

( Ialul /”a)\[)

lw __
n =0
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—— angle prod.s + T square prod.s = 12 spinor prod.s
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1-MASSIVE 2-MASSLESS 3-POINT AMPLITUDE

PL=MA pa=Xds Py =A\3A3+ M)y
(3,4)[3,4] = —mg

1+142 = 4eqs

—— angle prod.s + T square prod.s = 12 spinor prod.s

momentum conservation: 12 — 6

mass on-shell condition: 6 — 5
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Mh1,h2,—$3 — <1’ 2>—33—h1—h2 <2,3>h1—h2+83 <3’ 1>h2—h1+83 f1(<3 4>)
all angle products!
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be reduced to dimensionless constant

F1((3,4)) = gmi T the=ss =l g <<3,4>>

ms3
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1-MASSIVE 2-MASSLESS 3-POINT AMPLITUDE

Mh1,h2,—$3 — <1’ 2>—33—h1—h2 <2, 3>h1—h2+33 <3’ 1>h2—h1+83 fl (<3, 4>)

(3,4) in the real-momenta limit is essentially the mass, so f; can
be reduced to dimensionless constant

F1((3,4)) = gmi T the=ss =l g <<3,4>>

ms3

1-massive 2-massless 3-point amplitude fixed up to 1 constant
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Mhh ha,—s3

=

<1 2>—83—h1—h2 <2 3>h1—h2+53 <3 1>h2—h1+83 fl
This amplitude is physically allowed for real momenta! (contrarily

to the massless one)

full non-perturbative result
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1-MASSIVE 2-MASSLESS 3-POINT AMPLITUDE

Mashes—ss — <1,2>—33—h1—h2 <273>h1—h2+33 <37 1>h2—h1+53 f

This amplitude is physically allowed for real momenta! (contrarily
to the massless one)
= full non-perturbative result

If we apply the third LG equation
(Jj%r)233+1Mh1,h27*33 =0
we get the following condition on the allowed helicities

|h1 — ha| < s3



POINCARE REPRESENTATIONS AND LG MASSLESS 3-P AMPLITUDE MASSIVE 3-P AMPLITUDE WORK IN PROGRESS

000 0000000 0000000000000
:

1-MASSIVE 2-MASSLESS 3-POINT AMPLITUDE

Mashes—ss — <1,2>—33—h1—h2 <273>h1—h2+33 <37 1>h2—h1+53 f

This amplitude is physically allowed for real momenta! (contrarily
to the massless one)
= full non-perturbative result

If we apply the third LG equation
(Jj%r)233+1Mh1,h27*33 =0
we get the following condition on the allowed helicities
|h1 — ha| < s3

“conservation of the spin”!
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2-MASSIVE 1-MASSLESS 3-POINT AMPLITUDE

Pr=MA+ XA Po=Xoda+Mh p3 = A3\
(1,5)[1,5] = —m,?

(2,4)[2,4] = —mo

24+2+1 = 5eqs

5.4 = 20 spinor prod.s
momentum conservation: 20 — 10

mass on-shell conditions: 10 — 8
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2-MASSIVE 1-MASSLESS 3-POINT AMPLITUDE
M —S1—s2:ha

(1,21t (3 1S he 9 gysenha g ((1,5) (2, 4),

Again from dimensional considerations

o

1—s1—s2+h3—[g]
fo= gmy

= ((1,5) (2,4) [4,5]
f2< my T ma ’<172>>
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2-MASSIVE 1-MASSLESS 3-POINT AMPLITUDE

M—s—s2, ks

s1+s2+hs s1—s2—hs so—s1—hs
(121t g3, (2,3) £2(415), 2.0 175 )

Using the third LG equation: (J1)2smH 07, =0 for I = 1,2

5] s1+s2+h3—k
)

5 ) s1+so+hs—k

m1 mip  m2

(1,5) (2,4)\ (m2 , (1,5)(2,4) [4
)G
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000

2-MASSIVE 1-MASSLESS 3-POINT AMPLITUDE

4, 5] ) s1+sa2+hs—k

2s1
fo — a <1’5> <2’4> @ <175> <2’4> [
f2_kzo k<m1 , m2><m1+ my mo (1,2)

257 < | ,4>> <n11+ (1,5) (2,4) [4,5]

>81+82+h3k

=2 b
mo mo mp M2 (1,2

If 81+ s2, requiring the two different expression to be consistent,
we get the following condition on the spins/helicities

|hs| < s1+ 52
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000

2-MASSIVE 1-MASSLESS 3-POINT AMPLITUDE

4, 5] ) s1+sa2+hs—k

2s1
fo — a <1’5> <2’4> @ <1’5> <2’4> [
f2_kzo k<m1, m2><m1+ my mo (1,2)

257 < | ,4>> <n11+ (1,5) (2,4) [4,5]

>81+82+h3k

=2 b
mo mo mp M2 <]-72

If 81+ s2, requiring the two different expression to be consistent,
we get the following condition on the spins/helicities

|hs| < s1+ 52

2-mass. 1-massless 3p ampl. fixed up to max. 28,,;,+1 const.s
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If the two massive particles are the same

2s1
fz = Zak <<717;5>7 2,4
k=0 1

ma <1’5> <2,4> [47 5] s1+s2+hs—k
mo ) <m1 + mp Mo <172>>
fa= :zsj_zbk <<1;j>’ <2,4>> <m1

24) (m (L5) (2.4) 49

5 s1+s2+h3—k
ma mo <1, 2) )
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REMARK:
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Fo_ (17 5) <274>
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k=0

) <1+ (1,5) (2,4) [4,5]

2s+hs—k
m  m (1, 2>>
spins...

So we cannot match, and we cannot derive any condition on
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REMARK:

If the two massive particle are the same the two expressions are the
same

fo = i“k <<1’5>, <2a4>> <1 N (1,5) (2,4) [4,5] >2$+h3—k

— m m m (1,2)

So we cannot match, and we cannot derive any condition on
spins...

But this amplitude is zero for real momenta!
So analogously to the massless case there are no constraints on
spins and helicities
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P = )\1:\1 + )\3:\3 Py = )\25\2 + )\45\4 Py = )\35\3 + )\6:\6
(LA)[1,4] = —mi® (2,4)[2,4] = —m2?  (3,6)[3,6] = —m3?

24+242 = 6eqs

6-5 = 30 spinor prod.s
momentum conservation: 30 — 14

mass on-shell conditions: 14 — 11
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<17 2>S1+82783 (37 1>53+S1782 (27 3)52+53*S1 %

X f3<<174>a <275>7 <3a6>§

[6,4] >
(1,2)" (3,1)
Again from dimensional considerations
fa=gm

1—-s1—s2—s3—[g] 7
1

((1,4) (2,5) (3,6) [4,5] [6,4]
3

mq ’ mo ’ ms3 7<1,2>’<3,1>>




MASSIVE 3-P AMPLITUDE WORK IN PROGRESS

MASSLESS 3-P AMPLITUDE
0000000008000

POINCARE REPRESENTATIONS AND LG
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000

3-MASSIVE 3-POINT AMPLITUDE

M 51 52,783

<17 2>S1+82783 <3’ 1>53+S1782 (27 3)52+S3*S1 %

< Sa((19): 2.5 360 755 57 )

Again from dimensional considerations

_ 1—s1—s2—s3—[g] 7 <174> <275> <376> [475] [6?4]
fs=g9m ng( my my T my ’<1,2>’<3,1>>

Here the third equations are more involved, since f3 depends on
) ]

two scaling variables. JZ acts only on %g{ J3 acts only on <[g 11>,

while Ji acts on both.
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WORK IN PROGRESS

From (J1)2srti M, =0 for I = 2,3

f3(

2sy

"a€2553 ZC

m12 s1—s2—s83+k
a)2se+ 6,06 - 1)
with & = [4’ 5]

The action of J}r is more complicated

but can be worked out case by case
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:

LOOKING BACKWARD...

We have determined all Poincaré invariant 3-point amplitudes
where massive particles are involved, in spinor-helicity formalism.

It is fixed up to some constants. How many?

1 massive 1 const.

s1+s2—hg+1 if s3—51<h3<s1+s2
2 massive | 251 + 1 if 51 —s3<h3<sy—s1

s1+s2+hs+1 if —s1—59 < hg<s1—59

3 massive still computing...




POINCARE REPRESENTATIONS AND LG MASSLESS 3-P AMPLITUDE MASSIVE 3-P AMPLITUDE WORK IN PROGRESS
000 0000000 0000000000080
:

LOOKING BACKWARD...

We have determined all Poincaré invariant 3-point amplitudes
where massive particles are involved, in spinor-helicity formalism.

We have it for the lowest value of the spin projection, but

1 ey =8Iy ce—S1+H1,..
JL M = M,
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LOOKING BACKWARD...

We have determined all Poincaré invariant 3-point amplitudes
where massive particles are involved, in spinor-helicity formalism.

For given known 3-point interactions these theoretical expressions
reproduce existing results.
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Moreover...

e Constructive SM: all 3-p vertices of SM reproduced

[N. Christensen, B. Field 1802.00448]
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We have determined all Poincaré invariant 3-point amplitudes

where massive particles are involved, in spinor-helicity formalism
Moreover...

e Constructive SM: all 3-p vertices of SM reproduced

[N. Christensen, B. Field 1802.00448]
e Massive Higher-Spins amplitudes in 4 dimensions

[E. Conde et al. 1605.07402]
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e Massive BCFW: tree-level 4-p amplitudes for any masses and

[N. Arkani-Hamed et al. 1709.04891]
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NEXT LEVEL

Amplitude is an asymptotic object

t

past o future co
asymptotic —— asymptotic
incoming outgoing

states . states

The states of the Hilbert space (particles) are identified by the
symmetry of space-time (Wigner classification)
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Poincaré irreps classification
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constraints on the amplitude
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NEXT LEVEL: ASYMPTOTIC SYMMETRIES

BMS irreps classification

L x ST
I

(super)constraints on the amplitude (?)
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BMS irreps classification

L x ST

Note: one may wish to include superrotations, but Wigner
classification not known for that
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L x ST
v

same LG as Poincaré

enhancement to infinite symmetries
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W.1.'s of large “gauge” transformations

l

[Strominger et al.]
soft theorems

lim An+1 (€q7p1) o apn) =
e—0

( —1600) 4 Og(1) 4 .. ) Ap(pi)

S leading soft factor, S!) sub-leading soft factor,
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lim An+1(€q7p17 . 7p7l)
e—0

(6_15(0) + EOS(l) + .. ) An(pl)
integer spin s

SU universal up to I = s (for s = 1,2)
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NEXT LEVEL: ASYMPTOTIC SYMMETRIES

lim An+l(€q7p1) .. 7pn) -
e—0

integer spin s

(6_15(0) + EOS(I) + .. ) An(pl)

SU universal up to I = s (for s = 1,2)

o large "gauge” W.l. <— soft theorems up to (sub)®-order ?
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NEXT LEVEL: ASYMPTOTIC SYMMETRIES

hm An+1(€q7p1) L 7pn) - (6_15(0) + 605(1) + ¢ ) An(pl)
e—0

integer spin s

SU universal up to I = s (for s = 1,2)

o large "gauge” W.l. <— soft theorems up to (sub)®-order ?

o higher orders in the soft expansion (¢*, k > s) ?
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NEXT LEVEL: ASYMPTOTIC SYMMETRIES

higher orders in the soft expansion?

they do not give soft theorems (no universally determined factors),
but they should give anyway constraints on the amplitude
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e hope 1: spinor-helicity formalism as effective in implementing
higher-order soft constraints as for LG constraints
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HoOPES

e hope 1: spinor-helicity formalism as effective in implementing
higher-order soft constraints as for LG constraints

e hope 2: it may provide a general fashion (naturally
generalizable to arbitrary spin) for deriving higher-spin
sub-leading soft theorems (ref. Carlo's talk of yesterday)
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MASSIVE LG EQUATIONS IN SPINOR FORMALISM

REMARK!

This group of transformations has the same algebra as the LG, but
it is not the largest group that leaves

A+ puji

invariant. Once we fix a frame by a physical LG transformation, we
can still scale y, fi independently of A, A

M+ pt t71

non-physical transformation = amplitude should be invariant
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KINEMATIC CONSTRAINTS
Z A =0 (n = 3 + # of mass. particles)
i=1
Schouten identity (linear dependency in 2 dim. vector sp.):
Choose A1 and X2, and express all the spinor products in term of
(1,2), (1,4), (2,1), withi=3,..., n

and then we use momentum conservation for the tilded spinors

Xlz—i <i,2)5\i ng—zn: <1,i>;\i
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With this we can eventually reduce the total number of
independent variables to

2n—3 + 1(n—2)(n—3)

sn(n—1) if n<5
2n —3 + 2n — 7 =2(2n —5)

if n>5




MASSIVE 3-P AMPLITUDE WORK IN PROGRESS
0000000000000
:

MASSLESS 3-P AMPLITUDE

POINCARE REPRESENTATIONS AND LG
0000000

000

1-MASSIVE 2-MASSLESS 3-POINT AMPLITUDE

Why f1((3,4)) should be a constant?

Remove the redundancy in our description of time-like momentum!
After we have fixed a LG transformation, we have still the freedom

to rotate )\45\4 independently of )\35\3
A — t A\ 5\4—>t_15\4
and we impose the amplitude to be invariant under it

= f1((3,4)) constant
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