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KLT relations

Two di�erent theories, stricly related amplitudes

YM theory

LY M ≥ Aˆ2A + (ˆA)A2 + A4

General Relativity

LEH ≥ hˆ2h +
+Œÿ

n=1

ˆ2hn

KLT relations:

Mtree
4 (1, 2, 3, 4) = ≠is12Atree

4 (1, 2, 3, 4)Ãtree
4 (1, 2, 3, 4),

Mtree
5 (1, 2, 3, 4, 5) = is12s34Atree

5 (1, 2, 3, 4, 5)Ãtree
5 (2, 1, 4, 3, 5)+

+is13s34Atree
5 (1, 3, 2, 4, 5)Ãtree

5 (3, 1, 4, 2, 5)

...
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KLT relations

Two di�erent theories, stricly related amplitudes

YM theory

LY M ≥ Aˆ2A + (ˆA)A2 + A4

General Relativity

LEH ≥ hˆ2h +
+Œÿ

n=1

ˆ2hn

KLT relations:

Mtree
4 (1, 2, 3, 4) = ≠is12Atree

4 (1, 2, 3, 4)Ãtree
4 (1, 2, 3, 4),

Mtree
5 (1, 2, 3, 4, 5) = is12s34Atree

5 (1, 2, 3, 4, 5)Ãtree
5 (2, 1, 4, 3, 5)+

+is13s34Atree
5 (1, 3, 2, 4, 5)Ãtree

5 (3, 1, 4, 2, 5)

...

[Kawai, Lewllen, Tye 1986]Pure gravity amplitudes

Two different YM partial amplitudes (no color, gauge-invariant)
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On the Lagrangian formulation of Gravity as a double-copy of two Yang-Mills theories
Scattering amplitudes in Yang-Mills theory and Gravity

Color-kinematics duality (tree-level)

A hidden symmetry of YM scattering amplitudes.

An = gn≠2 ÿ

iœ�3

ci nir
–i

s–i

Invariant under ni æ nÕ
i = ni + �i, if

ÿ

iœ�3

ci�i

�–i s–i

= 0

Color-kinematics duality (BCJ):

ci + cj + ck = 0 ∆ ni + nj + nk = 0 and ci = ≠cj ∆ ni = ≠nj .

(not evident from Feynman diagrams expansion!)

Proven at tree-level.

[Bern, Carrasco, Johansson 2008]
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On the Lagrangian formulation of Gravity as a double-copy of two Yang-Mills theories
Scattering amplitudes in Yang-Mills theory and Gravity

Double copy relations (tree-level)

A new implementation of GR=YM2

Yang-Mills:

An = gn ÿ

iœ�3

cini
r

–i
s–i

(with CK-dual numerators)

A new implementation of GR=(YM)2

Yang-Mills amplitude:

(in CK-dual form)

An = gn�2
X

i2�3

ciniQ
↵i

s↵i
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ñi
<latexit sha1_base64="cJLtCprquOyOvfJQjlPcg/R/Tcw=">AAACDHicbVC7TsMwFHXKq5RXgAWJxaJCYqoShARjBQtjkehDaqrKcW+LVceJ7BukKgqfwFewwsSGWPkHBv4FN3SAljMdnXOvj+8JEykMet6nU1paXlldK69XNja3tnfc3b2WiVPNocljGetOyAxIoaCJAiV0Eg0sCiW0w/HV1G/fgzYiVrc4SaAXsZESQ8EZWqnvHmRB8UimYZAHKOQAMpX3Rd53q17NK0AXiT8jVTJDo+9+BYOYpxEo5JIZ0/W9BHsZ0yi4hLwSpAYSxsdsBF1LFYvA9LIiPKfHqWEY0wQ0FZIWIvzeyFhkzCQK7WTE8M7Me1PxP6+b4vCilwmVpAiKT4PsjVAEGa6FrQboQGhAZNOfAxWKcqYZImhBGedWTG1XFduHP3/9Immd1nyv5t+cVeuXs2bK5JAckRPik3NSJ9ekQZqEkwfyRJ7Ji/PovDpvzvvPaMmZ7eyTP3A+vgEMe5xi</latexit><latexit sha1_base64="cJLtCprquOyOvfJQjlPcg/R/Tcw=">AAACDHicbVC7TsMwFHXKq5RXgAWJxaJCYqoShARjBQtjkehDaqrKcW+LVceJ7BukKgqfwFewwsSGWPkHBv4FN3SAljMdnXOvj+8JEykMet6nU1paXlldK69XNja3tnfc3b2WiVPNocljGetOyAxIoaCJAiV0Eg0sCiW0w/HV1G/fgzYiVrc4SaAXsZESQ8EZWqnvHmRB8UimYZAHKOQAMpX3Rd53q17NK0AXiT8jVTJDo+9+BYOYpxEo5JIZ0/W9BHsZ0yi4hLwSpAYSxsdsBF1LFYvA9LIiPKfHqWEY0wQ0FZIWIvzeyFhkzCQK7WTE8M7Me1PxP6+b4vCilwmVpAiKT4PsjVAEGa6FrQboQGhAZNOfAxWKcqYZImhBGedWTG1XFduHP3/9Immd1nyv5t+cVeuXs2bK5JAckRPik3NSJ9ekQZqEkwfyRJ7Ji/PovDpvzvvPaMmZ7eyTP3A+vgEMe5xi</latexit><latexit sha1_base64="cJLtCprquOyOvfJQjlPcg/R/Tcw=">AAACDHicbVC7TsMwFHXKq5RXgAWJxaJCYqoShARjBQtjkehDaqrKcW+LVceJ7BukKgqfwFewwsSGWPkHBv4FN3SAljMdnXOvj+8JEykMet6nU1paXlldK69XNja3tnfc3b2WiVPNocljGetOyAxIoaCJAiV0Eg0sCiW0w/HV1G/fgzYiVrc4SaAXsZESQ8EZWqnvHmRB8UimYZAHKOQAMpX3Rd53q17NK0AXiT8jVTJDo+9+BYOYpxEo5JIZ0/W9BHsZ0yi4hLwSpAYSxsdsBF1LFYvA9LIiPKfHqWEY0wQ0FZIWIvzeyFhkzCQK7WTE8M7Me1PxP6+b4vCilwmVpAiKT4PsjVAEGa6FrQboQGhAZNOfAxWKcqYZImhBGedWTG1XFduHP3/9Immd1nyv5t+cVeuXs2bK5JAckRPik3NSJ9ekQZqEkwfyRJ7Ji/PovDpvzvvPaMmZ7eyTP3A+vgEMe5xi</latexit><latexit sha1_base64="cJLtCprquOyOvfJQjlPcg/R/Tcw=">AAACDHicbVC7TsMwFHXKq5RXgAWJxaJCYqoShARjBQtjkehDaqrKcW+LVceJ7BukKgqfwFewwsSGWPkHBv4FN3SAljMdnXOvj+8JEykMet6nU1paXlldK69XNja3tnfc3b2WiVPNocljGetOyAxIoaCJAiV0Eg0sCiW0w/HV1G/fgzYiVrc4SaAXsZESQ8EZWqnvHmRB8UimYZAHKOQAMpX3Rd53q17NK0AXiT8jVTJDo+9+BYOYpxEo5JIZ0/W9BHsZ0yi4hLwSpAYSxsdsBF1LFYvA9LIiPKfHqWEY0wQ0FZIWIvzeyFhkzCQK7WTE8M7Me1PxP6+b4vCilwmVpAiKT4PsjVAEGa6FrQboQGhAZNOfAxWKcqYZImhBGedWTG1XFduHP3/9Immd1nyv5t+cVeuXs2bK5JAckRPik3NSJ9ekQZqEkwfyRJ7Ji/PovDpvzvvPaMmZ7eyTP3A+vgEMe5xi</latexit>̃

ni
<latexit sha1_base64="cJLtCprquOyOvfJQjlPcg/R/Tcw=">AAACDHicbVC7TsMwFHXKq5RXgAWJxaJCYqoShARjBQtjkehDaqrKcW+LVceJ7BukKgqfwFewwsSGWPkHBv4FN3SAljMdnXOvj+8JEykMet6nU1paXlldK69XNja3tnfc3b2WiVPNocljGetOyAxIoaCJAiV0Eg0sCiW0w/HV1G/fgzYiVrc4SaAXsZESQ8EZWqnvHmRB8UimYZAHKOQAMpX3Rd53q17NK0AXiT8jVTJDo+9+BYOYpxEo5JIZ0/W9BHsZ0yi4hLwSpAYSxsdsBF1LFYvA9LIiPKfHqWEY0wQ0FZIWIvzeyFhkzCQK7WTE8M7Me1PxP6+b4vCilwmVpAiKT4PsjVAEGa6FrQboQGhAZNOfAxWKcqYZImhBGedWTG1XFduHP3/9Immd1nyv5t+cVeuXs2bK5JAckRPik3NSJ9ekQZqEkwfyRJ7Ji/PovDpvzvvPaMmZ7eyTP3A+vgEMe5xi</latexit><latexit sha1_base64="cJLtCprquOyOvfJQjlPcg/R/Tcw=">AAACDHicbVC7TsMwFHXKq5RXgAWJxaJCYqoShARjBQtjkehDaqrKcW+LVceJ7BukKgqfwFewwsSGWPkHBv4FN3SAljMdnXOvj+8JEykMet6nU1paXlldK69XNja3tnfc3b2WiVPNocljGetOyAxIoaCJAiV0Eg0sCiW0w/HV1G/fgzYiVrc4SaAXsZESQ8EZWqnvHmRB8UimYZAHKOQAMpX3Rd53q17NK0AXiT8jVTJDo+9+BYOYpxEo5JIZ0/W9BHsZ0yi4hLwSpAYSxsdsBF1LFYvA9LIiPKfHqWEY0wQ0FZIWIvzeyFhkzCQK7WTE8M7Me1PxP6+b4vCilwmVpAiKT4PsjVAEGa6FrQboQGhAZNOfAxWKcqYZImhBGedWTG1XFduHP3/9Immd1nyv5t+cVeuXs2bK5JAckRPik3NSJ9ekQZqEkwfyRJ7Ji/PovDpvzvvPaMmZ7eyTP3A+vgEMe5xi</latexit><latexit sha1_base64="cJLtCprquOyOvfJQjlPcg/R/Tcw=">AAACDHicbVC7TsMwFHXKq5RXgAWJxaJCYqoShARjBQtjkehDaqrKcW+LVceJ7BukKgqfwFewwsSGWPkHBv4FN3SAljMdnXOvj+8JEykMet6nU1paXlldK69XNja3tnfc3b2WiVPNocljGetOyAxIoaCJAiV0Eg0sCiW0w/HV1G/fgzYiVrc4SaAXsZESQ8EZWqnvHmRB8UimYZAHKOQAMpX3Rd53q17NK0AXiT8jVTJDo+9+BYOYpxEo5JIZ0/W9BHsZ0yi4hLwSpAYSxsdsBF1LFYvA9LIiPKfHqWEY0wQ0FZIWIvzeyFhkzCQK7WTE8M7Me1PxP6+b4vCilwmVpAiKT4PsjVAEGa6FrQboQGhAZNOfAxWKcqYZImhBGedWTG1XFduHP3/9Immd1nyv5t+cVeuXs2bK5JAckRPik3NSJ9ekQZqEkwfyRJ7Ji/PovDpvzvvPaMmZ7eyTP3A+vgEMe5xi</latexit><latexit sha1_base64="cJLtCprquOyOvfJQjlPcg/R/Tcw=">AAACDHicbVC7TsMwFHXKq5RXgAWJxaJCYqoShARjBQtjkehDaqrKcW+LVceJ7BukKgqfwFewwsSGWPkHBv4FN3SAljMdnXOvj+8JEykMet6nU1paXlldK69XNja3tnfc3b2WiVPNocljGetOyAxIoaCJAiV0Eg0sCiW0w/HV1G/fgzYiVrc4SaAXsZESQ8EZWqnvHmRB8UimYZAHKOQAMpX3Rd53q17NK0AXiT8jVTJDo+9+BYOYpxEo5JIZ0/W9BHsZ0yi4hLwSpAYSxsdsBF1LFYvA9LIiPKfHqWEY0wQ0FZIWIvzeyFhkzCQK7WTE8M7Me1PxP6+b4vCilwmVpAiKT4PsjVAEGa6FrQboQGhAZNOfAxWKcqYZImhBGedWTG1XFduHP3/9Immd1nyv5t+cVeuXs2bK5JAckRPik3NSJ9ekQZqEkwfyRJ7Ji/PovDpvzvvPaMmZ7eyTP3A+vgEMe5xi</latexit>

Mn =
<latexit sha1_base64="RBRfGDWPxstIQiL/nSt5yMTfdzs=">AAACAHicbVA9SwNBEN3zM8avqKXNYhCswp0I2ghBGxshgvmAJIa5zSQu2ds7dueEcKTxV9hqZSe2/hML/4t3ZwpNfNXjvRnmzfMjJS257qezsLi0vLJaWCuub2xubZd2dhs2jI3AughVaFo+WFRSY50kKWxFBiHwFTb90WXmNx/QWBnqWxpH2A1gqOVACqBUuusEQPcCVHI96enzXqnsVtwcfJ54U1JmU9R6pa9OPxRxgJqEAmvbnhtRNwFDUiicFDuxxQjECIbYTqmGAG03yVNP+GFsgUIeoeFS8VzE3xsJBNaOAz+dzFLaWS8T//PaMQ3OuonUUUyoRXaIpML8kBVGpnUg70uDRJAlRy41F2CACI3kIEQqxmk/xbQPb/b7edI4rnhuxbs5KVcvps0U2D47YEfMY6esyq5YjdWZYIY9sWf24jw6r86b8/4zuuBMd/bYHzgf32vJlxA=</latexit><latexit sha1_base64="RBRfGDWPxstIQiL/nSt5yMTfdzs=">AAACAHicbVA9SwNBEN3zM8avqKXNYhCswp0I2ghBGxshgvmAJIa5zSQu2ds7dueEcKTxV9hqZSe2/hML/4t3ZwpNfNXjvRnmzfMjJS257qezsLi0vLJaWCuub2xubZd2dhs2jI3AughVaFo+WFRSY50kKWxFBiHwFTb90WXmNx/QWBnqWxpH2A1gqOVACqBUuusEQPcCVHI96enzXqnsVtwcfJ54U1JmU9R6pa9OPxRxgJqEAmvbnhtRNwFDUiicFDuxxQjECIbYTqmGAG03yVNP+GFsgUIeoeFS8VzE3xsJBNaOAz+dzFLaWS8T//PaMQ3OuonUUUyoRXaIpML8kBVGpnUg70uDRJAlRy41F2CACI3kIEQqxmk/xbQPb/b7edI4rnhuxbs5KVcvps0U2D47YEfMY6esyq5YjdWZYIY9sWf24jw6r86b8/4zuuBMd/bYHzgf32vJlxA=</latexit><latexit sha1_base64="RBRfGDWPxstIQiL/nSt5yMTfdzs=">AAACAHicbVA9SwNBEN3zM8avqKXNYhCswp0I2ghBGxshgvmAJIa5zSQu2ds7dueEcKTxV9hqZSe2/hML/4t3ZwpNfNXjvRnmzfMjJS257qezsLi0vLJaWCuub2xubZd2dhs2jI3AughVaFo+WFRSY50kKWxFBiHwFTb90WXmNx/QWBnqWxpH2A1gqOVACqBUuusEQPcCVHI96enzXqnsVtwcfJ54U1JmU9R6pa9OPxRxgJqEAmvbnhtRNwFDUiicFDuxxQjECIbYTqmGAG03yVNP+GFsgUIeoeFS8VzE3xsJBNaOAz+dzFLaWS8T//PaMQ3OuonUUUyoRXaIpML8kBVGpnUg70uDRJAlRy41F2CACI3kIEQqxmk/xbQPb/b7edI4rnhuxbs5KVcvps0U2D47YEfMY6esyq5YjdWZYIY9sWf24jw6r86b8/4zuuBMd/bYHzgf32vJlxA=</latexit><latexit sha1_base64="bzB0uW1fzy1MgMhO8gWsRy3sg4E=">AAAB5HicbVC7TsNAEFyHVzABQk1zIkKiimwaKJFoKINEHlKwovVlE045n627NVIU5QdoqegQf0XBv2CbFJAw1WhmVzs7caaV4yD49Gpb2zu7e/V9/6DhHx4dNxs9l+ZWUlemOrWDGB1pZajLijUNMkuYxJr68ey29PvPZJ1KzQPPM4oSnBo1URK5kDqjZitoBxXEJglXpAUrjJpfj+NU5gkZlhqdG4ZBxtECLSupaek/5o4ylDOc0rCgBhNy0aKKuRTnuUNORUZWKC0qkX5vLDBxbp7ExWSC/OTWvVL8zxvmPLmOFspkOZOR5SFWmqpDTlpV/E9irCwxY5mchDJCokVmskqglIWYF4X4RR3h+vObpHfZDoN2eB9AHU7hDC4ghCu4gTvoQBckjOEFXj3nvXnvP7XVvFV/J/AH3sc3ljCOsg==</latexit><latexit sha1_base64="mHNeN/O0+ZP/UN+a4f28v6ndA0w=">AAAB9XicbVA9SwNBEJ2LXzFGjbY2i0GwCnc22giCjY2gYD4giWFuM4lL9vaO3TlBjjT+Clut7MSfY+F/8S6mUOOrHu/NMG9emGjl2Pc/vNLS8srqWnm9slHd3Nqu7VRbLk6tpKaMdWw7ITrSylCTFWvqJJYwCjW1w8l54bfvyToVmxt+SKgf4diokZLIuXTbi5DvJOrscjowp4Na3W/4M4hFEsxJHea4GtQ+e8NYphEZlhqd6wZ+wv0MLSupaVrppY4SlBMcUzenBiNy/WyWeioOUocci4SsUFrMRPq5kWHk3EMU5pNFSvfXK8T/vG7Ko5N+pkySMhlZHGKlaXbISavyOkgMlSVmLJKTUEZItMhMVgmUMhfTvJ9K3kfw9/tF0jpqBH4juPahDHuwD4cQwDGcwQVcQRMkWHiCZ3jxHr1X7+27uZI3r3AXfsF7/wLq/JWl</latexit><latexit sha1_base64="mHNeN/O0+ZP/UN+a4f28v6ndA0w=">AAAB9XicbVA9SwNBEJ2LXzFGjbY2i0GwCnc22giCjY2gYD4giWFuM4lL9vaO3TlBjjT+Clut7MSfY+F/8S6mUOOrHu/NMG9emGjl2Pc/vNLS8srqWnm9slHd3Nqu7VRbLk6tpKaMdWw7ITrSylCTFWvqJJYwCjW1w8l54bfvyToVmxt+SKgf4diokZLIuXTbi5DvJOrscjowp4Na3W/4M4hFEsxJHea4GtQ+e8NYphEZlhqd6wZ+wv0MLSupaVrppY4SlBMcUzenBiNy/WyWeioOUocci4SsUFrMRPq5kWHk3EMU5pNFSvfXK8T/vG7Ko5N+pkySMhlZHGKlaXbISavyOkgMlSVmLJKTUEZItMhMVgmUMhfTvJ9K3kfw9/tF0jpqBH4juPahDHuwD4cQwDGcwQVcQRMkWHiCZ3jxHr1X7+27uZI3r3AXfsF7/wLq/JWl</latexit><latexit sha1_base64="uuiOqQG+quCIianDbopV4nZcZkI=">AAACAHicbVC7TsNAEDyHVwivACXNiQiJKrJpoEGKoKFBChJ5SEmI1pdNOOV8tu7WSJGVhq+ghYoO0fInFPwLtkkBCVONZna1s+NHSlpy3U+nsLS8srpWXC9tbG5t75R395o2jI3AhghVaNo+WFRSY4MkKWxHBiHwFbb88WXmtx7QWBnqW5pE2AtgpOVQCqBUuusGQPcCVHI97evzfrniVt0cfJF4M1JhM9T75a/uIBRxgJqEAms7nhtRLwFDUiiclrqxxQjEGEbYSamGAG0vyVNP+VFsgUIeoeFS8VzE3xsJBNZOAj+dzFLaeS8T//M6MQ3PeonUUUyoRXaIpML8kBVGpnUgH0iDRJAlRy41F2CACI3kIEQqxmk/pbQPb/77RdI8qXpu1btxK7WLWTNFdsAO2THz2CmrsStWZw0mmGFP7Jm9OI/Oq/PmvP+MFpzZzj77A+fjG2qJlww=</latexit><latexit sha1_base64="RBRfGDWPxstIQiL/nSt5yMTfdzs=">AAACAHicbVA9SwNBEN3zM8avqKXNYhCswp0I2ghBGxshgvmAJIa5zSQu2ds7dueEcKTxV9hqZSe2/hML/4t3ZwpNfNXjvRnmzfMjJS257qezsLi0vLJaWCuub2xubZd2dhs2jI3AughVaFo+WFRSY50kKWxFBiHwFTb90WXmNx/QWBnqWxpH2A1gqOVACqBUuusEQPcCVHI96enzXqnsVtwcfJ54U1JmU9R6pa9OPxRxgJqEAmvbnhtRNwFDUiicFDuxxQjECIbYTqmGAG03yVNP+GFsgUIeoeFS8VzE3xsJBNaOAz+dzFLaWS8T//PaMQ3OuonUUUyoRXaIpML8kBVGpnUg70uDRJAlRy41F2CACI3kIEQqxmk/xbQPb/b7edI4rnhuxbs5KVcvps0U2D47YEfMY6esyq5YjdWZYIY9sWf24jw6r86b8/4zuuBMd/bYHzgf32vJlxA=</latexit><latexit sha1_base64="RBRfGDWPxstIQiL/nSt5yMTfdzs=">AAACAHicbVA9SwNBEN3zM8avqKXNYhCswp0I2ghBGxshgvmAJIa5zSQu2ds7dueEcKTxV9hqZSe2/hML/4t3ZwpNfNXjvRnmzfMjJS257qezsLi0vLJaWCuub2xubZd2dhs2jI3AughVaFo+WFRSY50kKWxFBiHwFTb90WXmNx/QWBnqWxpH2A1gqOVACqBUuusEQPcCVHI96enzXqnsVtwcfJ54U1JmU9R6pa9OPxRxgJqEAmvbnhtRNwFDUiicFDuxxQjECIbYTqmGAG03yVNP+GFsgUIeoeFS8VzE3xsJBNaOAz+dzFLaWS8T//PaMQ3OuonUUUyoRXaIpML8kBVGpnUg70uDRJAlRy41F2CACI3kIEQqxmk/xbQPb/b7edI4rnhuxbs5KVcvps0U2D47YEfMY6esyq5YjdWZYIY9sWf24jw6r86b8/4zuuBMd/bYHzgf32vJlxA=</latexit><latexit sha1_base64="RBRfGDWPxstIQiL/nSt5yMTfdzs=">AAACAHicbVA9SwNBEN3zM8avqKXNYhCswp0I2ghBGxshgvmAJIa5zSQu2ds7dueEcKTxV9hqZSe2/hML/4t3ZwpNfNXjvRnmzfMjJS257qezsLi0vLJaWCuub2xubZd2dhs2jI3AughVaFo+WFRSY50kKWxFBiHwFTb90WXmNx/QWBnqWxpH2A1gqOVACqBUuusEQPcCVHI96enzXqnsVtwcfJ54U1JmU9R6pa9OPxRxgJqEAmvbnhtRNwFDUiicFDuxxQjECIbYTqmGAG03yVNP+GFsgUIeoeFS8VzE3xsJBNaOAz+dzFLaWS8T//PaMQ3OuonUUUyoRXaIpML8kBVGpnUg70uDRJAlRy41F2CACI3kIEQqxmk/xbQPb/b7edI4rnhuxbs5KVcvps0U2D47YEfMY6esyq5YjdWZYIY9sWf24jw6r86b8/4zuuBMd/bYHzgf32vJlxA=</latexit><latexit sha1_base64="RBRfGDWPxstIQiL/nSt5yMTfdzs=">AAACAHicbVA9SwNBEN3zM8avqKXNYhCswp0I2ghBGxshgvmAJIa5zSQu2ds7dueEcKTxV9hqZSe2/hML/4t3ZwpNfNXjvRnmzfMjJS257qezsLi0vLJaWCuub2xubZd2dhs2jI3AughVaFo+WFRSY50kKWxFBiHwFTb90WXmNx/QWBnqWxpH2A1gqOVACqBUuusEQPcCVHI96enzXqnsVtwcfJ54U1JmU9R6pa9OPxRxgJqEAmvbnhtRNwFDUiicFDuxxQjECIbYTqmGAG03yVNP+GFsgUIeoeFS8VzE3xsJBNaOAz+dzFLaWS8T//PaMQ3OuonUUUyoRXaIpML8kBVGpnUg70uDRJAlRy41F2CACI3kIEQqxmk/xbQPb/b7edI4rnhuxbs5KVcvps0U2D47YEfMY6esyq5YjdWZYIY9sWf24jw6r86b8/4zuuBMd/bYHzgf32vJlxA=</latexit><latexit sha1_base64="RBRfGDWPxstIQiL/nSt5yMTfdzs=">AAACAHicbVA9SwNBEN3zM8avqKXNYhCswp0I2ghBGxshgvmAJIa5zSQu2ds7dueEcKTxV9hqZSe2/hML/4t3ZwpNfNXjvRnmzfMjJS257qezsLi0vLJaWCuub2xubZd2dhs2jI3AughVaFo+WFRSY50kKWxFBiHwFTb90WXmNx/QWBnqWxpH2A1gqOVACqBUuusEQPcCVHI96enzXqnsVtwcfJ54U1JmU9R6pa9OPxRxgJqEAmvbnhtRNwFDUiicFDuxxQjECIbYTqmGAG03yVNP+GFsgUIeoeFS8VzE3xsJBNaOAz+dzFLaWS8T//PaMQ3OuonUUUyoRXaIpML8kBVGpnUg70uDRJAlRy41F2CACI3kIEQqxmk/xbQPb/b7edI4rnhuxbs5KVcvps0U2D47YEfMY6esyq5YjdWZYIY9sWf24jw6r86b8/4zuuBMd/bYHzgf32vJlxA=</latexit><latexit sha1_base64="RBRfGDWPxstIQiL/nSt5yMTfdzs=">AAACAHicbVA9SwNBEN3zM8avqKXNYhCswp0I2ghBGxshgvmAJIa5zSQu2ds7dueEcKTxV9hqZSe2/hML/4t3ZwpNfNXjvRnmzfMjJS257qezsLi0vLJaWCuub2xubZd2dhs2jI3AughVaFo+WFRSY50kKWxFBiHwFTb90WXmNx/QWBnqWxpH2A1gqOVACqBUuusEQPcCVHI96enzXqnsVtwcfJ54U1JmU9R6pa9OPxRxgJqEAmvbnhtRNwFDUiicFDuxxQjECIbYTqmGAG03yVNP+GFsgUIeoeFS8VzE3xsJBNaOAz+dzFLaWS8T//PaMQ3OuonUUUyoRXaIpML8kBVGpnUg70uDRJAlRy41F2CACI3kIEQqxmk/xbQPb/b7edI4rnhuxbs5KVcvps0U2D47YEfMY6esyq5YjdWZYIY9sWf24jw6r86b8/4zuuBMd/bYHzgf32vJlxA=</latexit>

(Super-)Gravity amplitude:

Proven at tree-level.

[Bern, Carrasco, Johansson 2008]

[Bern, Dennen, Huang, Kiermaier 2010]
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On the Lagrangian formulation of Gravity as a double-copy of two Yang-Mills theories
Scattering amplitudes in Yang-Mills theory and Gravity

Particle content of the double copy

Not only Gravity

We consider the case (Pure YM)2 = (N = 0 SUGRA):

¢ =
---
T¸ ˚˙ ˝

graviton

ü
¸˚˙˝

two≠form

ü •¸˚˙˝
scalar

Proposed action (low-energy e�ective action of closed bosonic string, here anyD):

SN =0 =
⁄

dDx
Ô

≠g
Ó 1

2Ÿ2 R ≠ 1
6e≠ 4ŸÏ

D≠2 Hµ‹⁄Hµ‹⁄ ≠ 1
2(D ≠ 2)ˆµÏˆµÏ

Ô

Double copy relations also hold in the supersymmetric case:

[NL SY M ] ¢ [NR SY M ] = [N = NL + NR SUGRA]                                                                                        
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On the Lagrangian formulation of Gravity as a double-copy of two Yang-Mills theories
Scattering amplitudes in Yang-Mills theory and Gravity

CK duality and DC at loop-level

An appealing conjecture

Di�cult part: obtaining CK dual representations of YM amplitudes (only

conjectured but several non-trivial examples). If this is possible:

AL≠loop
n = iLgn≠2+2L

ÿ

iœ�3

⁄ 1 LŸ

k=1

dDlk

(2fi)D

2 1
Si

cinir
–i

s–i

DC follows from generalized unitarity cuts and the validity of the DC at tree-level.

ML≠loop
n = iL+1!Ÿ

2
"n≠2+2L

ÿ

iœ�3

⁄ LŸ

j=1

1
dLlj

(2fi)D

2 1
Si

ñinir
–i

s–i

[Bern, Carrasco, Johansson 2010]



On the Lagrangian formulation of Gravity as a double-copy of two Yang-Mills theories
Scattering amplitudes in Yang-Mills theory and Gravity

Open questions

CK duality and DC (can be made) manifest in scattering amplitudes

What is their Lagrangian origin?

What is their geometrical meaning?

(if any)

                          

    
                                                  

                                                        

Open questions
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On the Lagrangian formulation of Gravity as a double-copy of two Yang-Mills theories
Lagrangian approach: attempts

Lagrangian approach: attempts

A (short) review of the contributions to understand the double copy

at the Lagrangian level



On the Lagrangian formulation of Gravity as a double-copy of two Yang-Mills theories
Lagrangian approach: attempts

Relating Yang-Mills and gravitational symmetries (1)

O�-shell product of YM fields:

Hµ‹(x) ©
#
Aa

µ ¶ �≠1
aaÕ ¶ ÃaÕ

‹

$
(x) ©

#
Aa

µ ı ÃaÕ
‹

$
(x)

Yang-Mills linearized gauge symmetry [Á(x)] + global symmetry [constant Ë]:
Y
____]

____[

”Aa
µ = ˆµÁa + fabcAb

µËc,

”Ãa
µ = ˆµÁ̃aÕ + faÕbÕcÕ

ÃbÕ
µ Ë̃cÕ

,

”�≠1
aaÕ = fabc�≠1

baÕ Ë
c + faÕbÕcÕ �≠1

abÕ Ë̃
cÕ

,

∆

Y
]

[
–µ = Áa ı ÃaÕ

µ , –̃µ = Aa
µ ı Á̃aÕ

”Hµ‹ = ˆµ–‹ + ˆ‹ –̃µ

Linearized (extended) gravitational symmetries: [Hµ‹ = hµ‹ + Bµ‹ + “÷µ‹Ï]
Y
____]

____[

hµ‹ = HS
µ‹ ≠ “÷µ‹Ï æ ”hµ‹ = ˆ(µ›‹),

Bµ‹ = HA
µ‹ æ ”Bµ‹ = ˆ[µ�‹],

Ï = H ≠ ˆ·ˆ·H
⇤ æ ”Ï = 0,

›µ = 1
2(– + –̃)µ, �µ = 1

2(– ≠ –̃)µ.

[Anastasiou, Borsten, Duff, Hughes, Nagy 2014]

convolution
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biadjoint (spectator) scalar field
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‹

$
(x)

Yang-Mills linearized gauge symmetry [Á(x)] + global symmetry [constant Ë]:
Y
____]

____[

”Aa
µ = ˆµÁa + fabcAb

µËc,

”Ãa
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On the Lagrangian formulation of Gravity as a double-copy of two Yang-Mills theories
Lagrangian approach: attempts

Comment: definition of the scalar field

Scattering amplitudes are on-shell quantities, with physical polarizations:

pµ = (p, 0, ..., 0, p) : Áµ(p)Á̃‹(p) © Hµ‹(p) =

Q

cca

0 ... 0
... H(D≠2)◊(D≠2)

ij ...

0 ... 0

R

ddb

∆ the actual scalar degree of freedom is the trace ofHij .

The covariant formulation of theories with massless particles calls for gauge

invariance, while ”H ”= 0 æ introduce a pure gauge term to compensate:

Ï © H ≠ ˆ · ˆ · H
⇤ such that ”Ï = 0

the non-local term is due to the necessity of extracting covariantly a

gauge-invariant scalar. It is identically zero on-shell.

The theory is local in terms of hµ‹ ,Bµ‹ , Ï.
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On the Lagrangian formulation of Gravity as a double-copy of two Yang-Mills theories
Lagrangian approach: attempts

Relating Yang-Mills and gravitational symmetries (2)

Towards a free Lagrangian

From the definition of the “product”Hµ‹ = Aµ ı Ã‹ :

Linearized Riemann tensor (with torsion): Rú
µ‹fl‡ © ≠1

2Fµ‹ ı F̃fl‡

æ fromHS
µ‹ : purely metric part [gµ‹ = ÷µ‹ + HS

µ‹].

æ fromHA
µ‹ : purely torsion part [≠Tµ–— = Hµ–— = (dB)µ–—].

Linearized YM e.o.m. ∆ linearized e.o.m. for hµ‹ ,Bµ‹ , Ï.

æ without sources.

æ with sources, introducing non-localities.

[Anastasiou, Borsten, Duff, Hughes, Nagy 2014]
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[Cardoso, Inverso, Nagy, Nampuri 2018]



On the Lagrangian formulation of Gravity as a double-copy of two Yang-Mills theories
Lagrangian approach: attempts

DC of BDHKLagrangian

Lagrangian DC at fixed gauge forA4

At four points (Feynman gauge) CK-dual rules from:

LBDHK = 1
2Aaµ⇤Aa

µ ≠ Baflµ‹⇤Ba
flµ‹ ≠ gfabc(ˆµAa

‹ + ˆflBa
flµ‹)AbµAc‹

DC in momentum space: AµÃ‹ æ Hµ‹ .

≠ 1
2

s
dk1,2”(k1 + k2)k2

1
#
A1

µAµ
2 ≠ 2Baflµ‹

1 B2
aflµ‹

$#
Ã1

–Ã–
2 ≠ 2B̃a“–—

1 B̃2
a“–—

$

æ ≠ 1
2

s
dDx

#
Hµ–⇤Hµ– ≠ 2gµ“–—⇤gµ“–— + ...

s
dk1,2,3”(k1 + k2 + k3)

q
‡œS3

(≠1)sgn(‡)#!k‡(1)
µ A‡(1)

‹ + kfl
‡(1)B

‡(1)
flµ‹

"

Aµ
‡(2)A

‹
‡(3)

$
·
q

·œS3
(≠1)sgn(·)#!k·(1)

– Ã·(1)
— + k“

·(1)B̃
·(1)
“–—

"
Ã–

·(2)Ã
—
·(3)

$

Generalized up toA6 at tree-level:

non-local CK dual Lagrangianæ auxiliary fields with cubic interactionsæDC

[Bern, Dennen, Huang, Kiermaier 2010]
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≠ 1
2

s
dk1,2”(k1 + k2)k2

1
#
A1

µAµ
2 ≠ 2Baflµ‹

1 B2
aflµ‹

$#
Ã1
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no general Lagrangian
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“ = 1
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2(D≠2) ˆµÏˆµÏ.

Possible Faddeev-Popov gauge-fixing such that:
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2 Hµ–⇤Hµ– æ “square” of Feynman gauge: Pµ–‹— = i

p2 ÷µ‹÷–— .
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Noether procedure

A powerful tool to build interacting gauge theories

From free theory (S0) + free gauge invariance (”0Ï) we add vertices with a

perturbative expansion. The gauge transformation must be deformed consistently:

S = S0 + gS1 + g2S2 + ... ∆ ”Ï = ”0Ï + g”1Ï + g2”2Ï + ...

”S = 0 ∆

Y
_______]

_______[

”0S0 = 0,

”1S0 + ”0S1 = 0,

”2S0 + ”1S1 + ”0S2 = 0,

...

æ order by order we can find Sn and then ”nÏ.
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Cubic interactions (1)

Cubic vertices forHµ‹

[D— © ˆµHµ— ≠ 1
2 ˆ—

ˆ·ˆ·H
⇤ , D̃– © ˆµH–µ ≠ 1

2 ˆ–
ˆ·ˆ·H

⇤ ]

L1 = a
)

Hµ‹ˆµˆ‹H–—H–— + Hµ‹ˆµH–—ˆ—H–‹ + Hµ‹ˆ‹H–—ˆ–Hµ—+

≠1
2ˆ · DH–—H–— ≠ D—ˆ– ˆ · D

⇤ H–— ≠ D̃–ˆ— ˆ · D
⇤ H–—

*
+

+b
)

Hµ‹ˆµˆ‹H–—H–— + 2Hµ‹ˆµˆ‹H–—H—– + Hµ‹ˆµH–—ˆ–H—‹+

+Hµ‹ˆ‹H–—ˆ–H—µ + Hµ‹ˆ‹H–—ˆ—H–µ + Hµ‹ˆµH–—ˆ–H‹—+

+Hµ‹ˆµH–—ˆ—H‹– + Hµ‹ˆ‹H–—ˆ—Hµ–+

≠1
2ˆ · DH–—H–— ≠ ˆ · DH–—H—– ≠ D—ˆ– ˆ · D

⇤ H–—+

≠D̃–ˆ— ˆ · D
⇤ H–— ≠ 2D—ˆ– ˆ · D

⇤ H—– ≠ 2D̃–ˆ— ˆ · D
⇤ H—–

*

abritrary coefficients
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Lagrangian approach: our results

Cubic interactions (2)

Comments on the cubic vertices

The choice a = 1, b = 0 reproduces the results of the DC and matches
(modulo local field redefinitions) the vertices ofN = 0 SUGRA if
Hµ‹ = hµ‹ + Bµ‹ + 1

D≠2 ÷µ‹Ï (“ = 1
D≠2 ).

With this choice: same as BDHKDC Lagrangian (at three points) + pure

gauge partæ we expect this to be the choice selected by the insertion of

quartic vertices.

b = 0 selects an enhanced symmetry: O(D ≠ 1, 1)L ¢ O(D ≠ 1, 1)R ¢Z2.

The choice a = b eliminates the two-form field.

Other choices produce the same type of amplitudes but with di�erent relative

coe�cients.
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Lagrangian approach: our results

Gauge transformations and correction to the dilaton

Hints of geometry

From the Noether procedure:
Y
]

[
”1HS

µ‹ = › · ˆHS
µ‹ + ˆµ›–HS

–‹ + ˆ‹›–HS
µ–,

”1HA
µ‹ = › · ˆHA

µ‹ + ˆµ›–HA
–‹ ≠ ˆ‹›–HA

–µ,
but ”1Ï ”= › · ˆÏ!

Solution: the actual scalar is Â = Â(1) + Â(2) + ..., with Â(1) = Ï = R
(1)
H
⇤ .

”Â = › · ˆÂ ∆ Â(2) = 1
⇤

!
R(2)

H ≠ ⇤̂(1) R(1)
H

⇤
"

=
1

RH

⇤̂

2(2)
.

Also the graviton must be modified: hµ‹ = HS
µ‹ ≠ “Xµ‹Â,X(0)

µ‹ = ÷µ‹ .

∆ X(1)
µ‹ = HS

µ‹ . Doesn’t generate new cubic vertices¡ “ = 1
D≠2 .
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Laplace-Beltrami operator for a scalar

Ricci scalar  
in terms of H
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Conclusions

Field theory def. of hµ‹ , Bµ‹ , Ï as DC, with (first) nonlinear corrections.

Quadratic Lagrangian for the DC with clear interpretation as “YM2”.

Cubic Lagrangian, related to the BDHKDC but without gauge-fixing.

Hints of new geometry given by the presence of the scalar field.

Outlook

Need for quartic vertices: compare with BDHK and understand CK duality.

Understand the geometry (DFT? Generalized geometry?).

Generalize to SUSY.

Soft theorems and asymptotic symmetries from the DC perspective.
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Thank you for your attention.


