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Emitted energy and Wilson lines

In Quantum Field Theory, the typical experiment consists in probing the vacuum and
measuring the response of the system far from the probed region.

Example is the energy emitted by a moving particle, the Bremsstrahlung radiation.

The motion of a heavy particle is approximated by a Wilson line. The emitted
energy can be related to Wilson line deformations.

For certain superconformal field theories this energy can be
computed exactly. Examples are

1 1/2 BPS WL for N = 4 SYM [Correa, Henn, Maldacena, Sever,

2012 ]
2 1/2 BPS WL for ABJM theory [M.S.Bianchi, Griguolo, Leoni,

Penati, Seminara, 2014; M.S.Bianchi, Griguolo, Mauri, Penati, Preti,

Seminara, 2017; LB, Griguolo, Preti, Seminara, 2017; LB, Preti,

Vescovi, 2018; M.S.Bianchi, Griguolo, Mauri, Penati, Seminara, 2018 ]
3 1/6 BPS WL for ABJM theory [Lewkowycz, Maldacena, 2013;

M.S.Bianchi, Mauri, 2017; LB, Preti, Vescovi, 2018; M.S.Bianchi,

Griguolo, Mauri, Penati, Seminara, 2018 ][see also Luca’s talk]

Superconformal defect approach proved very useful.

Here we focus on N = 2 theories in 4d, where a conjecture
was put forward. [Fiol, Gerchkowitz, Komargodski, 2016]
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Displacement operator

A defect breaks translation invariance

∂µT
µm(xν) = δΣ(x) Dm(τ),

Dm(τ) is the displacement operator

It implements small modifications of the defect

δ 〈X 〉W = −
∫

dτ δxm(τ) 〈Dm(τ)X 〉W

or, alternatively

Pm |W 〉 = −i
∫

dτ Dm(τ) |W 〉 ≡ −i
∫

dτ |Dm〉

Its two-point function is fixed by symmetry

〈Dm(τ)Dn(0)〉W = CD
δmn

|τ |4 .
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One-point functions

A defect breaks translation invariance

∂µT
µm(xν) = δΣ(x) Dm(τ),

Local operators acquire a non-vanishing one-point
function.

The kinematics is fixed by conformal invariance

〈O〉W ≡
〈W O〉
〈W 〉 =

CO

r∆

For the stress tensor

〈Tττ 〉W =
h

r 4

〈Tab〉W = − h

r 4
(δab − 2nanb)

Lorenzo Bianchi (QMUL) Line defects and emitted radiation 22/05/2018 4 / 11



Cusped Wilson lines

〈Wcusp〉 = e−Γcusp(φ) log
L
ε

In the limit of small angle the expectation value is again controlled by the displacement
operator.

Γcusp(φ) ∼ −Bφ2 = −1

2
φ2

∫
dτ 〈D(τ)D(0)〉 = −CD

12
φ2
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Emitted energy and CD

Energy emitted by a moving electron (Larmor formula)

∆E =
2e2

3

∫
dtv̇ 2

For a heavy probe in a CFT we can use conformal defect
techniques.

Energy emitted by a heavy probe in a CFT

∆E =
π

6
CD

∫
dtv̇ 2 = 2πB

∫
dtv̇ 2
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In summary [Correa, Henn, Maldacena, Sever, 2012;]

Γcusp(φ) ∼ −B φ2 ∆E ∼ 2π B

∫
dtv̇ 2 〈Da(x i )Db(0)〉W =

12B δab

|x i |2(d−1)

The flux of energy at large distances is related to stress tensor insertions.

Relation between B and h? Not in general.

For N = 4 SYM and ABJM [Lewkowycz, Maldacena, 2013].

B =
4π

d+1
2

Γ( d−1
2

)

d − 1

d − 2

h

4π2
=

{
3h d = 4
2h d = 3

What about other theories/defects?
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Wilson lines in N = 2 theories

N = 2 theories
Supergroup SU(2, 2|2)
16 fermionic generators Qa

α, Q̄
aα̇, Sa

α, S̄
aα̇

Bosonic subgroup SO(1, 5)× SU(2)R × U(1)r

1/2 BPS Wilson lines in N = 2

W = TrP exp

[
i

∫
dτ(Aµẋ

µ + |ẋ |φ)

]

Straight Wilson line in N = 2
Supergroup OSP(4∗|2)
8 fermionic generators Qa

α,Sa
α

Bosonic subgroup SO(1, 2)× SU(2)× SU(2)R

Qa
α = Qa

α − iσ4
αα̇Q̄

aα̇ Sa
α = Sa

α + iσ4
αα̇S̄

aα̇
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Stress tensor and displacement [LB, Meineri, Lemos, 2018]

Tµν

Tµν

Jµα

Jµα

J̄µα̇

J̄µα̇

HαβH̄ α̇β̇ jµ, jµab

jµ, jµabjµ, jµab

χa
αχ̄a

α̇

O2
Qa
αQ̄a

α̇

O2

4

7
2

3

5
2

2

−1 − 1
2 0 1

2 1r
∆

Scalar superprimary

U(1)r current

SU(2)R current

Supersymmetry currents

Stress tensor

Symmetries are broken by the line

∂µT
µm(x , τ) = δ3(x)Dm(τ)

∂µJ
µa
α = δ3(x)�a

α(τ)

∂µj
µ(x , τ) = δ3(x)O(τ)

Qa
α

D multiplet

W2 Ŵ1
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Lorenzo Bianchi (QMUL) Line defects and emitted radiation 22/05/2018 9 / 11



Stress tensor and displacement [LB, Meineri, Lemos, 2018]

Tµν

Tµν

Jµα

Jµα

J̄µα̇

J̄µα̇

HαβH̄ α̇β̇ jµ, jµab

jµ, jµabjµ, jµab

χa
αχ̄a

α̇

O2
Qa
αQ̄a

α̇

O2

4

7
2

3

5
2

2

−1 − 1
2 0 1

2 1r
∆

Scalar superprimary

U(1)r current

SU(2)R current

Supersymmetry currents

Stress tensor

Symmetries are broken by the line

∂µT
µm(x , τ) = δ3(x)Dm(τ)

∂µJ
µa
α = δ3(x)�a

α(τ)

∂µj
µ(x , τ) = δ3(x)O(τ)

Qa
α

D multiplet

W2 Ŵ1
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Defect correlators [LB, Meineri, Lemos, 2018]

The symmetries preserved by the line allow to fix the kinematics of various correlators up
to some constants [Billò, Goncalves, Lauria, Meineri, 2016]

Bulk one-point function of the full stress tensor multiplet

〈W2〉W ∼ h

Defect two-point function of the full displacement multiplet

〈Ŵ1Ŵ1〉W ∼ B

Bulk to defect two-point function of the two multiplets using
defect Ward identities

〈W2Ŵ1〉W ∼ B, h

W2
Ŵ1

Ŵ1

Ŵ1W2

Using 〈δsusy(W2Ŵ1)〉W we found several equations, all solved by

B = 3h
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Conclusions and outlook

We proved a very simple relation between the radiation emitted by a heavy probe
and the one-point function of the stress tensor.

First of two steps towards the exact result for the Bremsstrahlung function in terms
of the localization result for circular Wilson loops on a squashed sphere [Fiol,

Gerchkowitz, Komargodski, 2016]

B = 3h =
1

4π
∂b log 〈Wb〉|b=1

Second step needs better understanding. Stress tensor related to geometrical
deformation, but connection to matrix model is not transparent. Perhaps one would
need to understand the relation of the scalar superprimary with matrix model d.o.f.
[Billò, Galvagno, Gregori, Lerda, 2018][see also Francesco’s talk]

Is there a similar relation for other superconformal defects in four or other
dimensions?

THANK YOU
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[Billò, Galvagno, Gregori, Lerda, 2018][see also Francesco’s talk]

Is there a similar relation for other superconformal defects in four or other
dimensions?

THANK YOU

Lorenzo Bianchi (QMUL) Line defects and emitted radiation 22/05/2018 11 / 11


