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Classical tools

Phase space
A classical system with n spatial degrees of freedom is described in
a 2n-dimensional symplectic manifold (M, w).

Physical state
A pOint X = (qlv ey qn7p17 "'7pn)

Dynamics
A curve in (a, b) 5 t — x(t) € M satisfying Hamilton equations:

dx

— =X t
= Xu(x(1)
H : M — R is the Hamiltonian function.

Xy is the Hamiltonian vector field, given by: wy(Xu, ) = dHx(+)
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QM in a classical-like fashion

Standard formulation of QM in a Hilbert space H:

Quantum states: D = {0 € B1(H)|oc >0, tr(c) = 1}
Quantum observables: Self-adjoint operators in K.

Pure states (extremal points of D) are in bijective correspondence
with projective rays in H:

PH)==  $~¢ ©TJacC\{0} st v =as
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QM in a classical-like fashion

Standard formulation of QM in a Hilbert space H:

Quantum states: D = {0 € B1(H)|oc >0, tr(c) = 1}
Quantum observables: Self-adjoint operators in K.

Pure states (extremal points of D) are in bijective correspondence
with projective rays in H:

PH)==  $~¢ ©TJacC\{0} st v =as

dimH = n < 400
P(H) is a real (2n — 2)-dimensional manifold with the following
characterization of tangent space:

p € P(H): Vv e TyP(H) FA, € H(H) s.t. v=—i[A,,p].
$H(H) is the space of hermitian operators on H.
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P(H) as a Kdhler manifold
Symplectic form: wp(u, v) == —ik tr([As, Avlp) k>0
Riemannian metric:

gp(u, v) := =k tr(([Au, PI[Av, P] + [Av, PI[Au, PI)P) k>0

Almost complex form: j, : T,P(H) 3 v — i[v,p] € T,P(K)
p — jp is smooth and jpj, = —id for any p € P(H):

wp(u, v) = gp(u,jpv)
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P(H) as a Kdhler manifold

Symplectic form: wp(u, v) == —ik tr([As, Avlp) k>0
Riemannian metric:

gp(u, v) := =k tr(([Au, PI[Av, P] + [Av, PI[Au, PI)P) k>0

Almost complex form: j, : T,P(H) 3 v — i[v,p] € T,P(K)
p — jp is smooth and jpj, = —id for any p € P(H):

wp(u, v) = gp(u, jpV)
Quantum observables as phase space functions
O HH) A= PH)—-R

Equivalence Hamilton/Schrédinger dynamics:

dp dp

o = iHp0] & =X (p(1)
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From operators to functions

Definition
A map f : P(H) — C is called frame function if there is Wr € C

s.t.
> flp) =W
peN

for any N C P(H) s.t. dg(p1,p2) = 5 for p1, p2 € P(H) with
p1 7% p> and N is maximal w.r.t. this property.
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From operators to functions

Definition
A map f : P(H) — C is called frame function if there is Wr € C
s.t.

> flp) =W

peN

for any N C P(H) s.t. dg(p1,p2) = 5 for p1, p2 € P(H) with
p1 7% p> and N is maximal w.r.t. this property.

F2(H) == {f : P(H) — C|f € L2(P(H),p), fis a frame function}

Theorem (V. Moretti, D.P. 2014)

Phase space functions describing quantum observables are real
functions in 32(3() and obtained from operators by:

O:H(H)S A 4 falp) = k tr(Ap) + tr(A) k>0
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From operators to functions

Definition
A map f : P(H) — C is called frame function if there is Wr € C
s.t.

> flp) =W

peN

for any N C P(H) s.t. dg(p1,p2) = 5 for p1, p2 € P(H) with
p1 7% p> and N is maximal w.r.t. this property.

F2(H) == {f : P(H) — C|f € L2(P(H),p), fis a frame function}

Theorem (Ashtekar et al. 1995)

A vector field X on P(H) is the Hamiltonian vector field of a
quantum observable (i.e. X(p) = —i[A, p] with A € $(H)) if and
only if

Lxg =0
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C*-algebra of quantum observables in terms of functions

O:H(H)>A—fa linear extension O : B(H) — F2(H)
F2(H) as C*-algebra of observables

-) Involution: A = O(f), A* = O(f);
-) * - product: fxg =0 (071(f)0(g)):

] 1
frg=3{f.glpa+G(df dg)+fg k=1
) Norm: [[|f][| =] 0-2(F) |

1
fll| = =
171N =+

1—k
— f du
n - Jao

k>0

o0
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Quantum control

Controlled n-level quantum system

Ho+ZHu,

with initial condition [1(0)) = |t)o).

IﬁfldJ P(t) (%)

Pure state controllability

The n-level system is pure state controllable if for every pair
[1o), |11) € H there exixst controls uy, ..., un and T > 0 such that
the solution [¢)) of (x) satisfies

[¥(T)) = [v)
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Quantum control

Controlled n-level quantum system

Ho—l—ZHU:

with initial condition U(0) = 1.

d
ih—U(t

> U ()

Complete controllability

The n-level system is complete controllable if for any unitary
operator Ur € U(n) there exist controls vy, ..., u, and T > 0 such
that the solution U of (xx) satisfies

U(T) = Ur
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Differential geometry and quantum controllability

Geometric Hamiltonian formulation

p(t) = Xo(p(1)) + D Xi(p(1))ui(t)
i=1
X; are the Hamiltonian fields on P(%H) defined by the classical-like

Hamiltonians obtained with our prescription.

Accessibility algebra

The smallest Lie subalgebra € of the Lie algebra of smooth vector
fields on P(H) containing the fields Xp, ..., Xp,.

Accessibility distribution
C(p) :==span{X(p) | X € C}
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Theorem (D.P. 2016)

A quantum system is pure state controllable if and only if the
following condition is satisfied:

TpyP(H) = span{X(p)|X € €}
for some p € P(H).

The proof is based on this proposition:

Acl <+ Xf,€C
where £ is the Lie algebra generated by —iHy, ..., —iH;.

Corollary

A quantum system is completely controllable if and only if

e = Kill(P(H))
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An example

Consider a controlled 4-level quantum system whose dynamical Lie
algebra £ is given by the matrices of the form:

—ia ¢ z d
e b f w

-z d ia e
f —-w ¢ —ib

A=

where a,b,c,d,e,f € R and z,w € C.
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An example

Consider a controlled 4-level quantum system whose dynamical Lie
algebra £ is given by the matrices of the form:

—ia ¢ z d
e b f w

-z d ia e
f —-w ¢ —ib

where a,b,c,d,e,f € R and z,w € C.
Let p = diag(1,0,0,0) and calculate:

0 —c -z —d
e 0 0 0

XaP)=1 3 o o o |
f 0 0 0

dim €(p) = 6 = dim T,P(H). Pure state controllability!
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Thank you for your attention!
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