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We analyze the antiferromagnetic SU!3" Heisenberg chain by means of the density-matrix renormalization
group. The results confirm that the model is critical and the computation of its central charge and the scaling
dimensions of the first-excited states show that the underlying low-energy conformal field theory is the SU!3"1

Wess-Zumino-Novikov-Witten model.
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I. INTRODUCTION

In recent years, a renewed interest in models of condensed
matter with a symmetry larger than SU!2" has arisen. This is
because these models represent not only challenging theoret-
ical problems but also can be effectively experimentally
implemented. In particular SU!4" systems can be realized in
laboratories in transition-metal oxides1 where the electron
spin is coupled to the orbital degrees of freedom. A possible
realization of SU!3" antiferromagnetic !AFM" spin chains in
systems of ultracold atoms in optical lattices has been re-
cently proposed.2 In this case the spin would be related to the
SU!3" rotation in an internal space spanned by the three
available atomic states #colors, in the SU!3" language$, with
the condition that the number of particles of each color is
conserved. Other examples involve the SU!3" trimer state in
a spin tetrahedron chain3,4 or the spin tube models in a mag-
netic field,5 where the low-energy effective Hamiltonian can
be identified with a particular anisotropic SU!3" spin chain.

From a theoretical point of view, the SU!3" spin model
has also been studied from different viewpoints. In recent
years the interest on ferromagnetic SU!N" spin chains has
been boosted by their implication in the anti–de Sitter/
conformal field theory !AdS/CFT" correspondence.6,7 On the
other side the family of integrable spin chains include some
models with SU!3" symmetry, as first shown by Sutherland,8

who generalized the Bethe ansatz to multiple component sys-
tems which include the SU!3" spin chain, showing that it is
gapless. Also the SU!3" Heisenberg model can be directly
related to a particular SU!3"-symmetric bilinear biquadratic
spin-1 chain, the Lai-Sutherland !LS" model, which is also
known to be critical.9,10 In terms of CFT the LS model and
the SU!3" spin chain should belong to the same universality
class, that of the SU!3"1 Wess-Zumino-Novikov-Witten
!WZNW" model.11,12

In this paper we present a numerical analysis of the SU!3"
spin chain by means of the density-matrix renormalization
group !DMRG". After a short description of the model and
its mathematical framework !Sec. II", we present our new
results !Sec. III" which confirm the criticality of the model as
well as its correspondence to the Lai-Sutherland model. In
particular, due to the ability of our program to provide the
quantum numbers for each state, we can show that the ex-

cited states of the spin chain have the same quantum num-
bers as the irreducible representations !IR" of SU!3". We
compute the scaling dimensions of the first excitations,
which turn out to agree with those of the SU!3"1 WZNW
model, which corresponds to the low-energy effective-field
theory descriptions of our spin chain. The results are further
confirmed by the computation of the central charge by means
of the vacuum entanglement entropy.

II. SU(3) MODEL

We consider the following Heisenberg model

H = J%
i=1

L

Si · Si+1, !1"

where the spin variables are expressed in terms of the gen-
erators of SU!3" in the fundamental representation: Si

a= 1
2"i

a,
with a=1, . . . ,8 and "a being the eight Gell-Mann matrices.
The sign of J selects an antiferromagnetic spin chain !J
#0" or a ferromagnetic !FM" one !J$0". In the following
we shall concentrate only on the AFM case, which has been
partially considered also in Refs. 13 and 14.

In terms of the following ladder operators, T%="1% i"2,
V%="4% i"5, and U%="6% i"7, Hamiltonian !1" becomes

H =
J

2%
i=1

L &1
4

!Ti
+Ti+1

− + Vi
+Vi+1

− + Ui
+Ui+1

− + H.c."

+
1
2

"i
3"i+1

3 +
1
2

"i
8"i+1

8 ' . !2"

This makes easier to identify two operators, Sz and Qz, given
by the sums of the two diagonal Gell-Mann matrices

Sz = %
i

1
2

"i
3, Qz = %

i

(3
2

"i
8 !3"

that commute with the Hamiltonian and correspond to con-
served quantities !isospin and hypercharge". The correspond-
ing quantum numbers label the different eigenstates of
Eq. !1".

The Lai-Sutherland model is defined as the bilinear biqua-
dratic spin-1 chain
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Magnetoresistence: Hall effect



Integer Quantum Hall effect

[von Klitzing]
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Hall Effect in 2D Torus T
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Hall Effect in 2D Torus T
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Ground State Eigenfunctions (degeneracy: |k|) :
Holomorphic sections of E(T 2,C)
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Quantum Hall effect and Fiber bundles

L2(R2) = ⊕λ∈�T2L
2(T2)

The space of states adquires a bundle structure
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λ
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Spectral Floquet-Bloch theorem

Floquet-Bloch



TKKN and the Hidden topology

The states with energies below the Fermi level
define a vector bundle over the Brillouin zone torus.

In this bundle there are gauge fields defined by the 
Berry phases of the different states
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TKKN and the Bloch bundle

First Chern class of Bloch bundle

C1 = − i
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TKKN formula:
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Quantization of Hall conductivity



Fourier-Mukai transform

Nahm transform

Real Space Brillouin Zone

U(N) gauge field  Aμ

with c1 (A)=k
U(k) gauge field  Aμ

with c1 (A)=N

[Asorey, Nature Phys. 2016]
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Hall effect with boundaries



Finite size effects



Because electrons travel always in the same direction, they are forced to avoid impurities

(Figure 1, bottom left, green dot), and thus cannot backscatter.

By contrast, the QSH state can be roughly understood as two copies of the QH state, with

one copy for each spin. The edge state structure of the QSH state (Figure 1, bottom right) can
thus be described pictorially by superposing two copies of QH edge states (Figure 1, bottom
left), with opposite chirality for each spin. Compared with a spinful one-dimensional system

(Figure 1, top right), the top edge of a QSH system contains only half the degrees of freedom.

The resulting edge states are termed helical, because spin is correlated with the direction of

propagation. This new pattern of spatial separation can be illustrated by the symbolic equation

4 ¼ 2þ2 where each 2 corresponds to a different helicity. Although electrons are now allowed

to travel both forward and backward on the same edge, there is a new “traffic rule” that

suppresses backscattering: To backscatter, an electron needs to flip its spin, which requires the
breaking of TR symmetry. If TR symmetry is preserved, as is the case for nonmagnetic impuri-

ties, no backscattering is allowed (a more detailed discussion of the stability of the QSH edge

states and the importance of Kramers’s theorem is given in Section 5).

What is the mechanism that allows this spatial separation? In the case of the QH effect, the

separation is achieved by an external magnetic field, and in the case of the QAH effect, some

internal field breaks TR symmetry. This internal field takes the form of a relativistic mass term

for emergent Dirac fermions in 2þ1 dimensions, with the sign of the internal field (and hence

the chirality of the QAH edge states) dictated by the sign of the mass. In the case of the
QSH effect, the separation is achieved through the TR invariant spin-orbit coupling—which is

why the QSH insulator can be thought of as an extreme case of the SH insulator discussed

previously.

Because the QSH state is characterized by a bulk insulating gap and gapless boundary states

robust to disorder (in the presence of TR symmetry), the QSH state is indeed a new topological

Spinless 1D chain

QH QSH

2 = 1+1 4 = 2+2

Spinful 1D chain

Impurity

Figure 1

Chiral versus helical: Spatial separation is at the heart of both the quantum Hall (QH) and quantum spin
Hall (QSH) effects. A spinless one-dimensional (1D) system (top left) has both right-moving and left-
moving degrees of freedom. Those two basic degrees of freedom are spatially separated in a QH system
(bottom left), as illustrated by the symbolic equation 2 ¼ 1þ1. The upper edge has only a right-mover and
the lower edge a left-mover. These chiral edge states are robust to disorder: They can go around an impurity
(green dot) without backscattering. By contrast, a spinful 1D system (top right) has twice as many degrees of
freedom as the spinless system owing to the twofold spin degeneracy. Those four degrees of freedom are
separated in a time-reversal (TR) invariant way in a QSH system (bottom right). The top edge has a right-
mover with spin up (red dot) and a left-mover with spin down (blue cross), and conversely for the lower
edge. That separation is illustrated by the symbolic equation 4¼ 2þ2. These helical edge states are robust to
nonmagnetic disorder, i.e., impurities that preserve the TR symmetry of the QSH state.
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Edge states and bands structure



Boundary Insulators

Boundary interactions ⇒Anderson localization



Finite size effects

σxy =
e2

2π
ν [Halperin, O’Laughlin]



Edge states and Bulk-Edge correspondence

Chern-class on the cylinder      is not any more an 
integer but

Edge states are chiral, due to the TR violation 
introduced by the magnetic field
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 is an integer quantum number



Edge states and Bulk-Edge correspondence

Chern-class on the cylinder      is not any more an 
integer but

Edge states are chiral, due to the TR violation 
introduced by the magnetic field

C1

C1 = − i

4π

ν�

n=0

|k|−1�

l=0

��

C
F l,l

n −
�

∂C
All

n

�
= ν

C = S1 × [0, 1]

 is an integer quantum number

Can edge states survive without magnetic field?



Edge states and Bulk-Edge correspondence

Chern-class on the cylinder      is not any more an 
integer but

Edge states are chiral, due to the TR violation 
introduced by the magnetic field
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Can edge states survive without magnetic field?
Yes adding SPIN and having spin-orbit couplings



Time Reversal and Kramers degeneracy

s = 1
2

spin systems

Θψ = eiπSyψ∗

Θ2
= −I

Kramers theorem:
For a time reversal invariant Hamiltonian all energy
levels are double degenerated

Θψ = λψ, Θ2ψ = |λ|2ψ = −ψ

For a non-degenerate energy level ψ

Nielsen-Ninomiya theorem: Lattice fermion doubling

at CP Kramers points
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2D Z2 topological insulator (QSH) 

k 

Z2 insulator 

(conserved TR) 

QSH = Quantum spin Hall 

Quantum Spin Hall
Two copies of Haldane model 

Because electrons travel always in the same direction, they are forced to avoid impurities

(Figure 1, bottom left, green dot), and thus cannot backscatter.

By contrast, the QSH state can be roughly understood as two copies of the QH state, with

one copy for each spin. The edge state structure of the QSH state (Figure 1, bottom right) can
thus be described pictorially by superposing two copies of QH edge states (Figure 1, bottom
left), with opposite chirality for each spin. Compared with a spinful one-dimensional system

(Figure 1, top right), the top edge of a QSH system contains only half the degrees of freedom.

The resulting edge states are termed helical, because spin is correlated with the direction of

propagation. This new pattern of spatial separation can be illustrated by the symbolic equation

4 ¼ 2þ2 where each 2 corresponds to a different helicity. Although electrons are now allowed

to travel both forward and backward on the same edge, there is a new “traffic rule” that

suppresses backscattering: To backscatter, an electron needs to flip its spin, which requires the
breaking of TR symmetry. If TR symmetry is preserved, as is the case for nonmagnetic impuri-

ties, no backscattering is allowed (a more detailed discussion of the stability of the QSH edge

states and the importance of Kramers’s theorem is given in Section 5).

What is the mechanism that allows this spatial separation? In the case of the QH effect, the

separation is achieved by an external magnetic field, and in the case of the QAH effect, some

internal field breaks TR symmetry. This internal field takes the form of a relativistic mass term

for emergent Dirac fermions in 2þ1 dimensions, with the sign of the internal field (and hence

the chirality of the QAH edge states) dictated by the sign of the mass. In the case of the
QSH effect, the separation is achieved through the TR invariant spin-orbit coupling—which is

why the QSH insulator can be thought of as an extreme case of the SH insulator discussed

previously.

Because the QSH state is characterized by a bulk insulating gap and gapless boundary states

robust to disorder (in the presence of TR symmetry), the QSH state is indeed a new topological

Spinless 1D chain

QH QSH

2 = 1+1 4 = 2+2

Spinful 1D chain

Impurity

Figure 1

Chiral versus helical: Spatial separation is at the heart of both the quantum Hall (QH) and quantum spin
Hall (QSH) effects. A spinless one-dimensional (1D) system (top left) has both right-moving and left-
moving degrees of freedom. Those two basic degrees of freedom are spatially separated in a QH system
(bottom left), as illustrated by the symbolic equation 2 ¼ 1þ1. The upper edge has only a right-mover and
the lower edge a left-mover. These chiral edge states are robust to disorder: They can go around an impurity
(green dot) without backscattering. By contrast, a spinful 1D system (top right) has twice as many degrees of
freedom as the spinless system owing to the twofold spin degeneracy. Those four degrees of freedom are
separated in a time-reversal (TR) invariant way in a QSH system (bottom right). The top edge has a right-
mover with spin up (red dot) and a left-mover with spin down (blue cross), and conversely for the lower
edge. That separation is illustrated by the symbolic equation 4¼ 2þ2. These helical edge states are robust to
nonmagnetic disorder, i.e., impurities that preserve the TR symmetry of the QSH state.

www.annualreviews.org # The Quantum Spin Hall Effect 35

A
nn

u.
 R

ev
. C

on
de

ns
. M

at
te

r P
hy

s. 
20

11
.2

:3
1-

53
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.a
nn

ua
lre

vi
ew

s.o
rg

by
 $

{i
nd

iv
id

ua
lU

se
r.d

is
pl

ay
N

am
e}

 o
n 

04
/0

9/
11

. F
or

 p
er

so
na

l u
se

 o
nl

y.

[Kane-Mele] [Bernevig-Zhang]

[Topological Insulators]





Topological Insulators

   Normal Insulators                         Topological Insulators
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 !/a 

Edge states: 2D TR-invariant insulator 

k 

Z2 = Ncross (mod 2) = Invariant  

0 !/a 

Kane-Mele Z2 index

[Fu-Kane]



Z2 Index

Time reversal matrix

wmn(k) =< um(k)|Θ|un(−k) > |un(k) > filled states

wmn(k) = −wnm(−k)

For TR invariant ka the matrix w(ka) is antisymmetric
Z2 invariant ν is defined by

(−1)ν =
∏

a

Pf (w(ka))

det w(ka)
= ±1

[Fu-Kane]



[Molenkamp]



 SUMMARY

Zoo of new topological materials with amazing 
properties 

Beyond Solid state physics systems: optical 
lattices, topological fluids, classical systems .....

Essential ingredients: topology, discrete 
symmetries and boundaries

Spectral band structures engineering
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3D Topological Insulators

Four  Z2 indices
ν0 ν1 ν2 ν3

ν0 = 1
4π
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k + 2

3fabcA
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iAb

jAc
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Weak topological insulators 

Strong topological insulators 

ν0 = 2n

ν0 = 2n+ 1

Non-trivial TR Bloch bundle



Topological Insulators

[Zhang] [Haldane] [Kane]



One shouldnʼt work on semiconductors, 
that is a filthy mess; who knows whether 
any semiconductors exist.
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ACCIDENTAL DEGENERACY 365

basis vectors for a real representation of the
space group of the crystal, and that the normal
modes belonging to a representation which is
irreducible in the field of real numbers, even
though reducible in the complex field, must all
have the same frequency. 7 Thus mathematically
the theory of normal modes and their frequencies

~ Cf. E. Wigner, Gott. Nachr. (1930), p. 133.

is just like the theory of electronic wave functions
and their energies: frequency can be plotted as a
function of wave vector, and sticking together of
two or more of these frequency bands will occur
at wave vectors k where G' has multidimensional
representations or where case (b) or case (c), as
defined above, occurs.
It is a pleasure for me to express my thanks to

Professor E.Wigner, who suggested this problem.

AUGUST 15, 1937 PHYSICAL REVIEW VOLUM E 52

Accidental Degeneracy in the Energy Bands of Crystals
CONYERS HERRING

Princeton University, Princeton, Net Jersey
(Received June 16, 1937)

The circumstances are investigated under which two wave functions occurring in the Hartree
or I'ock solution for a crystal can have the same reduced wave vector and the same energy, It
is found that coincidence of the energies of wave functions with the same symmetry properties,
as well as those with different symmetries, is often to be expected. Some qualitative features
are derived of the way in which energy varies with wave vector near wave vectors for which
degeneracy occurs. All these results, like those of the preceding paper, should be applicable
also to the frequency spectrum of the normal modes of vibration of a crystal.

"N previous papers, by Bouckaert, Smoluchow-
- - ski, and Wigner, ' and by the author, ' certain
properties of the wave functions and energy
values of an electron moving in the periodic field
of a crystal were derived. These properties were
the properties necessitated by the symmetry of
the crystal and by the reality of the Hamiltonian.
The two questions to be discussed in this paper
are:
(1) In the solution of Hartree's or Fock's

equations for a crystal to what extent may one
expect to encounter accidental coincidences in
energy between two one-electron wave functions
with the same wave vector? By "accidental"
coincidences are to be understood coincidences
not necessitated by the symmetry and reality of
the Hamiltonian.
(2) If the energies of two or more bands

coincide at wave vector k, whether accidentally
or for reasons of symmetry and reality, how may
the energies of these bands be expected to vary
with wave vector in the neighborhood of k?
' Bouckaert, Smoluchowski, and Wigner, Phys. Rev. 50,

58 (1936), hereafter referred to as BSW.' Preceding paper, hereafter referred to as I.

The analysis necessary to answer these ques-
tions is rather tedious. Despite this and the fact
that it may not be of practical significance to
bother about too fine details in an approximate
theory, the discussion to be given below may be
of value in forming pictures of the energy band
structures of metals, especially of multivalent
ones. In particular, it is hoped that the complete
determination of energy as a function of wave
vector by interpolation from the results of cal-
culations of the Wigner-Seitz-Slater type will be
facilitated and made more reliable. The results
of this paper also apply, as did those of I, to the
frequency spectrum of the normal modes of
vibration of a crystal; however numerical cal-
culation of these frequencies has not yet ad-
vanced as far as has the calculation of electronic
bands. 3
The notation to be used is the same as in I.

In addition, the symbol LM', 3P] will be intro-
duced to represent the subspace of Hilbert space
spanned together by any two linear manifolds
of wave functions M' and M'.
' Calculations for a simple cubic lattice have been made

by M. Blackman, Proc. Roy. Soc. A159, 416 (1937).

Weyl semimetals
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of this paper also apply, as did those of I, to the
frequency spectrum of the normal modes of
vibration of a crystal; however numerical cal-
culation of these frequencies has not yet ad-
vanced as far as has the calculation of electronic
bands. 3
The notation to be used is the same as in I.

In addition, the symbol LM', 3P] will be intro-
duced to represent the subspace of Hilbert space
spanned together by any two linear manifolds
of wave functions M' and M'.
' Calculations for a simple cubic lattice have been made

by M. Blackman, Proc. Roy. Soc. A159, 416 (1937).
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Discovery of a Weyl fermion
semimetal and topological Fermi arcs
Su-Yang Xu,1,2* Ilya Belopolski,1* Nasser Alidoust,1,2* Madhab Neupane,1,3*
Guang Bian,1 Chenglong Zhang,4 Raman Sankar,5 Guoqing Chang,6,7 Zhujun Yuan,4

Chi-Cheng Lee,6,7 Shin-Ming Huang,6,7 Hao Zheng,1 Jie Ma,8 Daniel S. Sanchez,1

BaoKai Wang,6,7,9 Arun Bansil,9 Fangcheng Chou,5 Pavel P. Shibayev,1,10 Hsin Lin,6,7

Shuang Jia,4,11 M. Zahid Hasan1,2†

A Weyl semimetal is a new state of matter that hosts Weyl fermions as emergent
quasiparticles and admits a topological classification that protects Fermi arc surface
states on the boundary of a bulk sample. This unusual electronic structure has deep
analogies with particle physics and leads to unique topological properties. We report the
experimental discovery of a Weyl semimetal, tantalum arsenide (TaAs). Using photoemission
spectroscopy, we directly observe Fermi arcs on the surface, as well as the Weyl fermion
cones and Weyl nodes in the bulk of TaAs single crystals. We find that Fermi arcs terminate
on the Weyl fermion nodes, consistent with their topological character. Our work opens the
field for the experimental study of Weyl fermions in physics and materials science.

W
eyl fermions have long been known in
quantum field theory, but have not been
observed as a fundamental particle in
nature (1–3). Recently, it was understood
that a Weyl fermion can emerge as a

quasiparticle in certain crystals, Weyl fermion
semimetals (1–22). Despite being a gaplessmetal,
a Weyl semimetal is characterized by topological
invariants, broadening the classification of topo-
logical phases of matter beyond insulators. Specif-
ically, Weyl fermions at zero energy correspond

to points of bulk band degeneracy, Weyl nodes,
which are associated with a chiral charge that
protects gapless surface states on the boundary
of a bulk sample. These surface states take the
form of Fermi arcs connecting the projection of
bulk Weyl nodes in the surface Brillouin zone
(BZ) (6). A band structure like the Fermi arc sur-
face states would violate basic band theory in an
isolated two-dimensional (2D) system and can
only arise on the boundary of a 3D sample,
providing adramatic example of the bulk-boundary
correspondence in a topological phase. In con-
trast to topological insulators where only the
surface states are interesting (21, 22), a Weyl
semimetal features unusual band structure in
the bulk and on the surface. The Weyl fermions
in the bulk are predicted to provide a condensed-
matter realization of the chiral anomaly, giving
rise to a negativemagnetoresistance under paral-
lel electric and magnetic fields, unusual optical
conductivity, nonlocal transport, and local non-
conservation of ordinary current (5, 12–16). At
the same time, the Fermi arc surface states are
predicted to show unconventional quantum os-
cillations in magneto-transport, as well as un-
usual quantum interference effects in tunneling
spectroscopy (17–19). The prospect of the real-
ization of these phenomena has inspired much
experimental and theoretical work (1–22).
Here we report the experimental realization of

aWeyl semimetal in a single crystallinematerial,

tantalum arsenide (TaAs). Using the combina-
tionof the vacuumultraviolet (low–photon-energy)
and soft x-ray (SX) angle-resolved photoemission
spectroscopy (ARPES), we systematically and dif-
ferentially study the surface and bulk electronic
structure of TaAs. Our ultraviolet (low–photon-
energy) ARPES measurements, which are highly
surface sensitive, demonstrate the existence of
the Fermi arc surface states, consistent with our
band calculations presented here. Moreover, our
SX-ARPES measurements, which are reasonably
bulk sensitive, reveal the 3D linearly dispersive
bulk Weyl cones and Weyl nodes. Furthermore,
by combining the low–photon-energy and SX-
ARPES data, we show that the locations of the
projected bulk Weyl nodes correspond to the
terminations of the Fermi arcs within our exper-
imental resolution. These systematic measure-
ments demonstrate TaAs as a Weyl semimetal.

The material system and
theoretical considerations

Tantalum arsenide is a semimetallic material
that crystallizes in a body-centered tetragonal
lattice system (Fig. 1A) (23). The lattice constants
are a = 3.437 Å and c = 11.656 Å, and the space
group is I41md (#109, C4v), as consistently re-
ported in previous structural studies (23–25).
The crystal consists of interpenetrating Ta and
As sublattices, where the two sublattices are
shifted by ða2 ;

a
2 ; dÞ, d≈

c
12 . Our diffraction data

match well with the lattice parameters and the
space group I41md (26). The scanning tunneling
microscopic (STM) topography (Fig. 1B) clearly
resolves the (001) square lattice without any ob-
vious defect. From the topography, we obtain a
lattice constant a = 3.45 Å. Electrical transport
measurements onTaAs confirmed its semimetallic
transport properties and reported negative mag-
netoresistance, suggesting the anomalies due to
Weyl fermions (23).
We discuss the essential aspects of the theo-

retically calculated bulk band structure (9, 10)
that predicts TaAs as a Weyl semimetal candi-
date. Without spin-orbit coupling, calculations
(9, 10) show that the conduction and valence bands
interpenetrate (dip into) eachother to form four 1D
line nodes (closed loops) located on the kx and ky
planes (shaded blue in Fig. 1, C and E). Upon the
inclusion of spin-orbit coupling, each line node
loop is gapped out and shrinks into sixWeyl nodes
that are away from the kx ¼ 0 and ky ¼ 0 mirror
planes (Fig. 1E, small filled circles). In our calcu-
lation, in total there are 24 bulkWeyl cones (9, 10),
all of which are linearly dispersive and are associated
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Weyl points and line nodes in gyroid
photonic crystals
Ling Lu*, Liang Fu, John D. Joannopoulos and Marin Soljačić

Weyl points and line nodes are three-dimensional linear point and line degeneracies between two bands. In contrast to
two-dimensional Dirac points, which are their lower-dimensional analogues, Weyl points are stable in momentum space,
and the associated surface states are predicted to be topologically non-trivial. However, Weyl points are yet to be
discovered in nature. Here, we report photonic crystals based on double-gyroid structures, exhibiting frequency-isolated
Weyl points with complete phase diagrams by breaking the parity and time-reversal symmetries. Gapless surface
dispersions associated with non-zero Chern numbers are demonstrated. Line nodes are also found in similar geometries,
the associated surface states forming flat dispersion bands. Our results are based on realistic ab initio calculations with
true predictive power and should be readily realizable experimentally from microwave to optical frequencies.

Two-dimensional (2D) Dirac points are unique linear-
dispersion point degeneracies in 2D periodic systems. For
example, most of the remarkable properties of graphene are

tied to the Dirac points at its Fermi level1,2. In photonics, 2D
Dirac cones significantly alter the dynamics of photons3,4 and
thus enable novel applications5–7. Topologically8, opening up the
2D Dirac point degeneracies can generate topologically non-trivial
frequency gaps inside which unidirectional 1D edge states are pro-
tected against disorder9–12. Similarly, it is expected that if a material
could be found that exhibits three-dimensional (3D) linear dis-
persion relations between frequency (energy) and wave vector (k),
it would also display a wide range of interesting phenomena. Such
3D linear point degeneracies between two bands are called ‘Weyl
points’. Recently, a few proposals13–16 have been made as to how
the rich physics of Weyl points17–20 could be demonstrated in elec-
tronics. However, no observation of Weyl points has yet been
reported.

In this Article, we perform analytical and numerical studies to
predict a new realization of Weyl points using 3D photonic crystals.
A key advantage of this photonic system, in contrast to the proposed
electronic systems, is the ease of its eventual experimental realization
and the associated characterization of the Weyl points. Specifically,
we demonstrate frequency-isolated Weyl points in a perturbed
double-gyroid (DG) photonic crystal system. We present complete
phase diagrams, topologically protected surface states, as well as
frequency-isolated linear line degeneracies (‘line nodes’) and their
flat-band surface states.

Before proceeding, we first point out one intriguing distinction
between the 2D Dirac points and the 3D Weyl points. 2D Dirac
cones are not robust; they are only protected by the product of
time-reversal symmetry (T) and parity (P) inversion. In two
dimensions, the Dirac cone effective Hamiltonian takes the form
of H(k)¼ vxkxsxþ vzkzsz, where vi are the group velocities and si
are the Pauli matrices. This form is protected by PT (product of P
and T), which requires H(k) to be real. Thus, one can open a gap in
this dispersion relation upon introducing a perturbation, proportional to

sy =
0 −i
i 0

( )
,

that is imaginary; for example, even an infinitesimal perturbation that
breaks just P or just T will open a gap. In contrast, 3D Weyl points
are topologically protected gapless dispersions robust against any per-
turbation. In three dimensions, Weyl point dispersions are governed
by the Weyl Hamiltonian H(k)¼ vxkxsxþ vykysyþ vzkzsz. The sy
term can exist only when PT is broken; indeed, this is a necessary con-
dition for the existence of Weyl points. Because all three Pauli matrices
are used in the Hamiltonian, there is no possibility of constructing a
term that can open a gap in this two-band degeneracy of 3D periodic
systems, therebymaking a singleWeyl point absolutely robust to pertur-
bations. The only way to eliminate and create Weyl points is through
pair-annihilations and pair-generations ofWeyl points of opposite chir-
alities, which typically requires a strong perturbation. The chirality
(c¼+1) of a Weyl point can be defined as c¼sgn(det[vij]) for
H(k)¼ kivijsj. It can also be defined by the Chern number of a closed
surface enclosing the single Weyl point in momentum space.

The organization of this Article is as follows. Our starting point
for obtaining Weyl points and line nodes is a DG photonic crystal
with a band structure that exhibits a threefold degeneracy (quadratic
in all three directions) at the Brillouin zone centre (G) in an
otherwise complete bandgap. We first obtain the line nodes by
applying a perturbation preserving P and T and show the controlled
flat band surface states in the surface Brillouin zone. Second,
we obtain the Weyl points by applying perturbations breaking
either P or T and explore the phase diagrams when both P and T
are broken. Third, we present the Chern numbers of the Weyl
points and the topologically non-trivial surface states associated
with them. Finally, we discuss various opportunities for
experimental realizations.

Gyroid photonic crystals
The gyroid, discovered by Schoen21 in 1970, is an infinitely con-
nected bi-continuous triply periodic minimal surface containing
no straight lines. Consisting of triple junctions in a body-centred
cubic (bcc) lattice, the gyroid surface can be approximated by isosur-
faces of g(r)¼ sin(2px/a)cos(2py/a)þ sin(2py/a)cos(2pz/a)þ
sin(2pz/a)cos(2px/a) (ref. 22), where a is the lattice constant.
The space group of a single gyroid (SG) is I4132 (no. 214)23–25,
which lacks inversion; adding its inversion counterpart g(–r)
gives the DG structure belonging to Ia3d (no. 230), which is a
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Nielsen-Ninomiya theorem II

Chiral fermions cannot be regularized on a lattice

TR breaking + Parity breaking  symmetries

H = α · ∇+mγ0 + γ5b · α+ µγ5

Axial anomaly: 
flow of charge from left to right Weyl points



Dirac points split into two Weyl points with 
opposite chiralities

Fermi Arc





Weyl semimetals (2015)



 ARPES
Angle-resolved photoemission spectroscopy
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 SUMMARY

Topological matter is a brand new area of CM
developing very fast

Tools of HEP are fundamental in the theory

Topological insulators do have applications for 
spintronics and quantum computation

Weyl semimetals have interesting conducting 
properties which are being explored for apps.
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FIG. 1. (a) The surface dispersion near the projection of a
Weyl point with Chern number +1, where the red solid cones
are the projection of the bulk states and the helicoid sheet
represents the surface states. This is also the Riemann sur-
face of Im[log(q)]. (b) The surface dispersion near the projec-
tions of a pair of Weyl points with opposite Chern numbers,
where the red and the blue cones represent the bulk states pro-
jection, and the green contour is an iso-energy contour also
known as a Fermi arc. This is also the Riamann surface of
Im[log q−k1

q−k2
]. (c) The surface dispersion of the nonsymmor-

phic Dirac semimetal near the Dirac point, where the gray
cones represent the projection of bulk states. This is also the
Riemann surface of the function given in Eq.(4) in the text.
(d) The surface dispersion near two nonsymmorphic Dirac
points, with iso-energy contours of two Fermi arcs.

Fig.1(a).
The winding of the energy dispersion along any loop

enclosing the Weyl point is the same as the winding of the
phase of a holomorphic function along any loop enclosing
a simple (linear order) zero. Near a simple zero, a general
holomorphic function takes the form f(z) = z − z0 +
O[(z− z0)2] up to an overall factor. As z goes around z0

counterclockwise (clockwise), the phase of f(z) increases
(decreases) by 2π. Therefore, the phase of f(z) near
z0, or the imaginary part of log[f(z)], is topologically
equivalent to the dispersion of the surface states near the
projection of a positive Weyl point. Similarly, one can
show that the phase of a holomorphic function near a
simple pole is equivalent to the energy dispersion near
the projection of a negative Weyl point. This topological
equivalence can be expressed as

E(q�) ∼ Im[log(q±1)], (1)

where q� is the surface momentum relative to the Weyl
point projection and q = qa + iqb, and ±1 corresponds
to Weyl point of positive and negative monopole charge.
There is one caveat in understanding Eq.(1): while the
function on the right-hand-side ranges from negative to
positive infinity, the energy of the surface bands always
merge into the bulk. This infinite winding of the sur-
face dispersion implies that the theory cannot be made
ultraviolet-complete in 2D, but is only consistent for the
surface states of some topologically nontrivial 3D bulk: a
demonstration of the bulk-edge correspondence principle
in Weyl semimetals.
In complex analysis, the plot of the real or the imagi-

nary part of a multi-valued holomorphic (meromorphic)
function is called a Riemann surface, which is a surface-
like configuration that covers the complex plane a finite
(compact) or infinite (noncompact) number of times[51].
Eq.(1) establishes the topological equivalence between
the surface dispersion of a Weyl semimetal and a non-
compact Riemann surface. Both share the following char-
acteristic feature: There is no equal energy (equal height)
contour that is both closed and encloses the projection of
the Weyl point, a feature that directly leads to the phe-
nomenon of “Fermi arcs”. This topological equivalence
can be extended to the case of multiple Weyl points.
If there are two Weyl points’ projections at (k1a, k1b)
and (k2a, k2b), then the corresponding function is sim-
ply log[(q − k1)(q − k2)−1], where ki = kia + ikib, whose
imaginary part is plotted in Fig.1(b). Cutting the dis-
persion at any energy, the iso-energy contour is an arc
connecting k1 and k2.
Double-helicoid Riemann surface state pro-

tected by one glide reflection symmetry in a Dirac
semimetal A Dirac point can be considered as the
superposition of two Weyl points with opposite Chern
numbers[14, 15], the same way the 3D massless Dirac
equations decouple into two sets of Weyl equations[52].
The surface states near the projection of a Dirac point
is hence a superposition of a helicoid and an anti-
helicoid Riemann surface as shown in Fig.1(c), which
cross each other along certain lines, and may have two
Fermi arcs[15, 16, 45]. Yet, if there be no additional sym-
metry that protects their crossing, hybridization along
the crossing lines opens a gap and the double-helicoid
structure of the surface dispersion is lost and the Fermi
arcs also disappear. This has been the case of all Dirac
semimetals discovered so far. Below we show that a non-
symmorphic symmetry[29, 53–61] protects the crossing
and with it the topological surface states.
Consider a three-dimensional system with the follow-

ing symmetries: a glide reflection, G, that reverses the
a-direction then translates by half lattice constant along
the b-direction, and time-reversal symmetry, T . Define
the antiunitary symmetry Θ as their composition

Θ ≡ G ∗ T : (x, y, z, t) → (−x, y + 1/2, z,−t), (2)

where (x, y, z) are the spatial coordinates along a, b, c-
axes in unit of the corresponding lattice constants. Eq.(2)
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