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A quantum particle on a segment

‘ test functions
compact support
D (T)= D(O, 1)
i S A D(T) = D(0,1
2m 2m dx?

D(T')= {«! L?0,1),v ! L?0,1)} = H?[0,1



Quantum Boundary Conditions
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(1 +U)! =(1! U)X
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M. Asorey, A. Ibort, G. Marmo, Int. J. Mod. Phys. A 20, 1001(2005)



Quantum Boundary Conditions

(1 +U)! =(1! U)W U'! U2)

M. Asorey, A. Ibort, G. Marmo, Int. J. Mod. Phys. A 20, 1001(2005)



Examples

(0)

Dirichlet :

U —! e "

0'(0)= ! tan b (0).
vO=tan L) |
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Examples

(0)

1(0)=0 ;
1 '(1) =tan %! (1)

Periodic

00 = v(D) |
) s vl

1O=11(Q)
1/(0)=11'Q) |




Boundaries without boundaries

Generatequantum boundary conditions starting
from a particle on a manifold without boundaries ?

Y
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P.F., G. Garnero, G. Marmo, J. Samuel, S. Sinha, arXiv:1711.030@iant-ph]



Reduction by symmetry

i)

l () = | x

S, = S/ =[0,!]

Manifold with boundary



QBC by reduction

l () = | x
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parity operator
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QBC by reduction

"\ 5 Free particle Hamiltonian
5 p2 e !2 d2
- 2m 2m da?

domain of self-adjointness

HE(S) = (e S S IS e (he = S (e (S e R

second Sobolev space

HP = PH commutes with parity

L°(S) = H+ # H_ invariant subspaces



QBC by reduction

H2 () = {" $H L 11" )="(0),"" =" circle
restriction to even functions:

DH|g,)=H?S)! Hy = {! " H?[#","]! H, :1'#")=0=1"'(")}

W Us :He $ L%(0,") interval
y #X) = (UL)(x) = 2! (x) X" [0, 7]
/ X | 2 d2
Rl = TR E s U= s on L%(0,")

2m dx?

\/\ / Di(H ) =0 e RO M G =0 =Rl )
: . Neumann




QBC by reduction

H2 () = {" $H L 11" )="(0),"" =" circle
restriction to odd functions:

DH|g, )=H*(S)! H ={! " H*#","]! H- ;1 #")=0="! (")}

W U :H- $ L%0,") interval
3 #) = (U 1)) = 24 (x)  x" [0]
/ X !2 d2 2 :
S He =U Hw, U =#°——5 on L°(0.")

\/\ / D(H-)= {1 " H[0,"]:1 (0)=0= ! (")}
\ : Dirichlet

C



QBC by reduction

2 2 2
7 i _ < d
2m 2m da?
restriction to even functions Neumann
restriction to odd functions Dirichlet

Other boundary conditions?




General QBC

spatial metric dle = @l
| 2 d2
Hamiltoni H=1! -
amiltonian T |
0
Neumann bc (D= )

Change of coordinateson |[0,! ]
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General QBC

spatial metric

dxqqr2 1
2 _  OX o 2
ot Y= For?

dy
unitary transformation :

()= (U #)(y) = %#(F' "), aly)=f(FH(Y)

Transformed Hamiltonian

Hf = Us HU :#g2!2 d2#gg{££+v V = |2[
j 2m dy?2 m dy 8m

(9)°+299 |



General QBC

(¢'(0) = v $(0),

boundary conditions <\¢,,(7T) Lighega
| = | } f!(O) Ba } f!(") Robin!
R R (1) e S Y T

But transformed Hamiltonian!  kinetic energy

Change the metric only in a boundary layer!



Hom Neumann to Robin

#gg'aw+v,
o 2 o e
B2 R

seguence of functions
frlz) " K x# (0,")

He "1 ikzd_zzl Lo
- 2m  dy?2 = 2M dy?

ool — g =

e—0

Lias p2e—s )

e—0




Symmetry?

Crucial ingredient for reduction:

HP = PH. Hamiltonian commutes with parity

L°(S) = H+ # H_  invariant subspaces

What if [H,P]| %0 and there are no invariant subspaces'

Replace projections by unitaries: folding



Folding

Replace projections (02
by unitaries

>
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Momentum on the half-line

D ”dix on L2(R,)

It admits no self-adjoint extensions!



Momentum on the half-line

Consider the momentum on the full line

p="!1! i
dx
D(P)=H*(R)={! " L*(R) |!"" L*(R)} brst Sobolev space

It Is self-adjoint.

Need a unitary mapping onto the half-line



Ancillary spin W

Lo
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Unitary:

U:L*(R) % L°%R:)$ C?

L (x) &% ! (y)= *8’; = (U1 )(y) = !!(!(3?/)



Momentum on the half-line

U:L’(R) % L?%(R,)$ C?

; _I v
Image of the momentum: /\l

p= UpuU [—R-

o d I 11 !! @
=11l @ z  Dirac operator _}/\

D(p) = {®# H'(Ry)" C*|®(0) = 0x®(0)} QBC




Momentum on the half-line

o
dy o
1(0) = "x! (0) g

L

L
nin-1/2 particle: Both momentum and OC

S

spin Bips when bouncing off the boundary. % i
Helicity Is conserved,
S
C

o/

ninless particle + detector: the detector
icks when the particle bounces off the
boundary.




Entanglement vs self-adjointness

: _I T
Factorized initial state /\l
|T +|¢
Entanglement generation! N
Evolution:

e!itp"!z:!(x)l |# 2|$# :!(X' t)! %%&+!(X+t)! Qg




Momentum on an Iinterval

Consider the momentum on the circle

d

) Y [
P .I.dx

D(P)=HXS={$ &H ##]|$( #)= $(#)}
brst Sobolev space

It is self-adjoint.

Need aunitary mapping onto the interval



Momentum on an Iinterval

Unitary "
e LA e (o)) 1 (2

- 4 L= -

"(By)

Ancillary spin \/\




Momentum on an Iinterval

Unitary W

U:L%(S) ) L?%0,#)! C?

) X :

Image of the momentum

=
= UpU
4} J\{}/
p—.z.@ 7 I: / 6

Quantum boundary conditions

D(p) = {! %H'O,!]" C*|' (0)= $x! (0),! (*)= $x! (1)}






