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Outline
o Introduction: hydrodynamic expansions and 

microscopic theories
o Method of moments for the Boltzmann-Vlasov 

equation
o Resummed moments expansion

o Numerical results (Bjorken flow)
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Relativistic hydrodynamics

𝜕𝜇𝑇
𝜇𝜈 = 0

𝜕𝜇 ෠𝑇
𝜇𝜈 = 0

𝑇𝜇𝜈 = 𝑡𝑟( ො𝜌 ෠𝑇𝜇𝜈) }
From quantum field theory, but at least ten degrees of freedom and only four equations

Expansions
Gradient expansion

• Well defined in QFT
• Requires small gradients
• Unstable
• Not converging

Method of moments
• Kinetic theory (no fields)
• No small parameter
• Non hydrodynamic modes
• Stable and converging

Hydro
𝑇𝜇𝜈 = 𝜀 𝑢𝜇 𝑢𝜈 − 𝑝Δ𝜇𝜈

+𝛿𝑇𝜇𝜈

G Denicol, J Noronha, arXiv:1608.07869A Buchel, M P Heller, J Noronha, arXiv:1603.05344

http://arxiv.org/abs/arXiv:1608.07869
https://arxiv.org/abs/1603.05344


Separation between the fluid part and the 
coherent degrees of freedom
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𝑇𝜇𝜈 = 𝑇𝑓
𝜇𝜈

+ 𝑇𝑐
𝜇𝜈

𝜀 𝑢𝜇𝑢𝜈 − 𝑝 Δ𝜇𝜈 + 𝛿𝑇𝜇𝜈

𝑇𝑐
𝜇𝜈

= 𝐹𝜇𝛼𝐹𝛼
𝜈 +

1

4
𝑔𝜇𝜈𝐹𝛼𝛽𝐹

𝛼𝛽

𝐹𝜇𝜈 = 𝐸𝜇𝑢𝜈 − 𝑢𝜇𝐸𝜈 + 𝜖𝜇𝜈𝜌𝜎𝑢𝜌𝐵𝜎

Particular case:
Magneto-hydrodynamics 𝑬𝝁 ≃ 𝟎



Moments expansion of the distribution function
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Relativistic Boltzmann equation

Expansion of the distribution

G S Denicol, H Niemi, E Molnar, D H Rischke, arXiv:1202.4551

Irreducible moments
covariant momentum integral

More convenient basis

https://arxiv.org/abs/1202.4551


Method of moments without external fields
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Exact equations for the reducible moments

Special case: 𝑇𝜇𝜈 (r=0,s=2)

Tower of equations starting from 𝑻𝝁𝝂(hydrodynamic degrees of freedom)

Residual moments:F𝑟
𝜇1⋯𝜇𝑠 ≃ F𝑟

𝜇1⋯𝜇𝑠ȁ𝑒𝑞.
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Particles interacting with external fields

Boltzmann-Vlasov equation

Immediate (but flawed!) generalization

Moments with large negative r needed, infrared catastrophe!
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Unphysical moments as a source

Moments with large negative r needed, infrared catastrophe!

𝑟 < −2 − 𝑠, diverging integral in the massless case

Numerical problems for small non-vanishing masses

Any non-trivial coupling to an electromagnetic field prevents a 
systematic expansion in the massless limit!
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Resummed expansion

o Resummed moments

o All reducible moments recovered

oWell defined equations

Contribution from the collisional kernel



Exact solutions of the Boltzmann-Vlasov equation
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• Maxwell equations, particles as the source:          𝜕𝜇𝐹
𝜇𝜈 = 𝐽𝜈 𝜖𝜇𝜈𝜌𝜎 𝜕𝜈𝐹𝜌𝜎 = 0

• Longitudinally boost invariant expansion, and homogeneous in the transverse plane (no 
parity invariance), RTA

• Massless particles, 4𝜋 ҧ𝜂 = 1

• Local equilibrium initial conditions, 𝜏0 = 1 fm/c, T0 = 0.3 GeV, E𝐿
0/𝑇0 = 0.2 fm−1.

Because of symmetry

R Ryblewski, W Florkowski, arXiv:1307.0356

𝜕𝜏𝑓 𝜏, 𝑝𝑇 , 𝑝𝜂 = −𝑞 𝐸𝜂
𝜕𝑓

𝜕𝑝𝜂
−

1

𝜏𝑅
𝑓 − 𝑓𝑒𝑞. 𝜕𝜏𝐸𝜂(𝜏) =

1

𝜏
𝐸𝜂 − 𝐽𝜂

𝜕𝜏 ҧ𝑓 𝜏, 𝑝𝑇 , 𝑝𝜂 = +𝑞 𝐸𝜂
𝜕 ҧ𝑓

𝜕𝑝𝜂
−

1

𝜏𝑅
ҧ𝑓 − 𝑓𝑒𝑞. 𝑢 ⋅ 𝐽 = 0

𝑓𝑒𝑞. = 𝑘 𝑒−
1

𝑇
(𝑝⋅𝑢) 𝐸𝜂 = −𝜏 𝐸𝐿 𝑘 =

𝑁𝑑𝑜𝑓

2𝜋 3 𝐽𝜂 = −𝜏 𝐽𝐿

http://arxiv.org/abs/arXiv:1307.0356


Set of independent moments
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❖ Linearly independent moments: Φ𝑙
± = Φ𝜇1⋯𝜇𝑙𝑧𝜇1 ⋯𝑧𝜇𝑙 ±

ഥΦ𝜇1⋯𝜇𝑙 𝑧𝜇1 ⋯𝑧𝜇𝑙

𝑧𝜇 = sinh 𝜂, 0,0, cosh 𝜂 , 𝑢𝜇= (cosh 𝜂, 0,0, sinh 𝜂)

❖ Normalized (dimensionless) moments:          𝑀𝑙
± =

Φ𝑙
±

4𝜋𝑘 𝑙+2 𝑙!𝑇0
𝑙+3

In particular

48 𝜋 𝑘 𝑇4 = 𝜀 =
2

𝜋
න
0

∞

𝑑 𝜉 −
𝜕

𝜕𝜉2
𝛷0
+ =16 𝜋 𝑘 𝑇0

3න
0

∞

𝑑 𝜉 −
𝜕

𝜕𝜉2
𝑀0

+

𝑃𝐿 =
2

𝜋
න
0

∞

𝑑 𝜉 𝛷2
+ =64 𝜋 𝑘 𝑇0

5න
0

∞

𝑑 𝜉 𝑀2
+

𝐽𝐿 = −𝑞
2

𝜋
න
0

∞

𝑑 𝜉 𝛷1
− =− 𝑞(48 𝜋 𝑘 𝑇0

4)න
0

∞

𝑑 𝜉 𝑀1
−



𝜏𝑅𝜕𝜏𝑀𝑙
± + 𝑀𝑙

± −𝑀𝑙
± ቚ

𝑒𝑞.
= −

𝜏𝑅
𝜏
ቂ 𝑙 + 1 𝑀𝑙

± − 2 𝜉𝑇0
2 𝑙 + 4 𝑙 + 1 𝑀𝑙+2

±

቉+
𝑞𝐸𝜂

𝑇0

𝑙 + 1

𝑙 + 2
𝑀𝑙−1

∓ − 2 𝜉𝑇0
2
(𝑙 + 3)(𝑙 + 1)

𝑙 + 2
𝑀𝑙+1

∓

𝜕𝜏𝑇

𝑇
= −

1

4𝜏
1 +

4𝑇0
5

3 𝜋𝑇4
න
0

∞

𝑑𝜉 𝑀2
+ − 𝑞 𝐸𝜂

𝑇0
4

𝜋𝑇4
න
0

∞

𝑑𝜉 𝑀1
−

𝜕𝜏𝐸𝜂 =
1

𝜏
𝐸𝜂 − 𝜏𝑞(48 𝜋 𝑘 𝑇0

4)න
0

∞

𝑑 𝜉 𝑀1
−
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Equations to test numerically

From the resummed moments and Maxwell equations 
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Comparisons: pressure anisotropy

Higher orders ill-defined in the traditional expasion
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Comparisons:electric current

Higher orders ill-defined in the traditional expasion
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Comparisons: electric field

Higher orders ill-defined in the traditional expasion
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Vanishing electric fields: resummed moments and viscous hydrodynamics
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Vanishing electric fields: resummed moments and viscous hydrodynamics

Both lines from the 
method of moments, at 
the same order

different treatment of the 
residual moments

F𝑟
𝜇1⋯𝜇𝑠 → F𝑟

𝜇1⋯𝜇𝑠 ቚ
𝑒𝑞.

F𝑟
𝜇1⋯𝜇𝑠 ≠ F𝑟

𝜇1⋯𝜇𝑠 ቚ
𝑒𝑞.
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The shape of the resummed moments 𝜏 = 1.6 fm 
E𝐿
0/𝑇0 = 0.2 fm−1

𝑃𝐿 = 64 𝜋 𝑘 𝑇0
5න

0

∞

𝑑 𝜉 𝑀2
+

𝐽𝐿 = −48 𝜋 𝑘 𝑇0
4න

0

∞

𝑑 𝜉 𝑀1
−

Convenient map 𝜉 ∈ 0,∞ → 𝑡 ∈ −1,1

𝜉𝑇0 =
1 + 𝑡

1 − 𝑡
⇒ 𝑡 =

𝜉 T0 − 1

𝜉𝑇0 + 1

Strong suppression for 

𝝃 > 𝑻𝟎
−𝟏 𝒕 > 𝟎

Reason of convergence?
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Suppression for small 𝜉 𝜉𝑇0 =
1 + 𝑡

1 − 𝑡
⇒ 𝑡 =

𝜉 T0 − 1

𝜉𝑇0 + 1

𝜏 = 1.6 fm 
E𝐿
0/𝑇0 = 0.2 fm−1

from the EOM: τR𝜕τMl
± = −

τR

τ
ൣ l + 1 Ml

± − 2 ξT0
2 l + 4 l + 1 Ml+2

± +⋯



Conclusions and outlook
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•Method of moments ill-defined 
with external fields

•Resummed moments expansion

•Explanation of the convergence



Back up slides
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