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Introduction

I Relativistic hydrodynamics with spin based on distribution functions
see W. Florkowski’s talk, and R. Ryblewski’s poster

I Study formal aspects of distribution functions

I Connection between polarization 3-vector, spin tensor
and Pauli-Lubański 4-vector
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Spin-density matrix
I Pure state: |ψ〉 =

∑
λ cλ|λ〉

Expectation value of an operator 〈O〉 = 〈ψ|O|ψ〉
I Mixed state: incoherent mixture of |ψi 〉 with statistical weight ai

f =
∑
i

ai |ψi 〉〈ψi | =
∑
λ,λ′

fλλ′ |λ〉〈λ′|

fλλ′ =
∑

i ai c
(i)
λ c

(i)∗
λ′ . Expectation value: 〈O〉 = Tr(f O)

Spin-1/2 particle (2× 2 hermitian matrix):

f =
1
2

(1 + P · σ)

I Polarization 3-vector: P = 〈σ〉 = Tr(f σ)

|P | = 1 Pure state
0 < |P | < 1 Mixed state
|P | = 0 Completely unpolarized mixed state
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Local distribution functions for spin-1/2 particles
I Starting point (Becattini et al., Annals. Phys. 338 32):

f +rs (x , p) =
1
2m

ūr (p)X+us(p), f −rs (x , p) = − 1
2m

v̄s(p)X−vr (p)

X± = exp [±ξ(x) − βµ(x)pµ]M±

M± = exp
[
±1
2
ωµν(x)Σµν

]
with βµ = uµ/T , ξ = µ/T , Σµν = (i/4)[γµ, γν ]

I ωµν analogue to EM field-strength tensor Fµν = Eµuν − Eνuµ + εµνβγu
βBγ

ωµν ≡ kµuν − kνuµ + εµνβγu
βωγ ,

I Polarization tensor expressed like EM field-strength tensor

ωµν =

 0 e1 e2 e3

−e1 0 −b3 b2

−e2 b3 0 −b1

−e3 −b2 b1 0


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Spin matrices M±

I General expression

M± = 14×4

[
<(cosh z)±<

(
sinh z
2z

)
ωµνΣµν

]
+iγ5

[
=(cosh z)±=

(
sinh z
2z

)
ωµνΣµν

]
with z = 1

2
√

2

√
ωµνωµν + iωµν ω̃µν = 1

2

√
k · k − ω · ω + 2ik · ω

I Assumptions: k · ω = 0, and k · k − ω · ω ≥ 0 (ζ is real)

M± = cosh(ζ)± sinh(ζ)

2ζ
ωµνΣµν , ζ ≡ 1

2

√
k · k − ω · ω

I ζ imaginary – F. Becattini, W. Florkowski, E.S. (to be published)
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Polarization 3-vector P
I Expansion in terms of Pauli matrices

f ±(x , p) = e±ξ−p·β
[
cosh(ζ)− sinh(ζ)

2ζ
P · σ

]

P =
1
m

[
Ep b − p × e − p · b

Ep + m
p
]

= b∗

∗ denotes the PARTICLE REST FRAME
I Average polarization vector

P =
1
2

tr2 [(f + + f −)σ]

tr2 [f + + f −]
= −1

2
tanh(ζ)

P
2ζ

P = −1
2
tanh

[
1
2

√
b∗ · b∗ − e∗ · e∗

]
b∗√

b∗ · b∗ − e∗ · e∗

I CAUTION: Valid for small ωµν and particle momenta p
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Spin tensor Sλ, µν

I Energy-momentum tensor Tµν

Total angular momentum tensor ("orbital"+"spin"):

Jλ,µν = xµTλν − xνTλµ + Sλ,µν

Sλ,µν = Spin tensor
I Conservation of energy, momentum and total angular momentum

∂µT
µν = 0, ∂λJ

λ,µν = 0 =⇒ ∂λS
λ,µν = T νµ − Tµν

I Total energy-momentum and angular momentum must be fixed

Pµ =

∫
d3Σλ T

λµ Jµν =

∫
d3Σλ J

λ, µν

I Densities are defined up to divergences
=⇒ Pseudo-gauge transformations:

T ′µν = Tµν + 1
2∂λ(Φλ, µν + Φµ, νλ + Φν, µλ)

S ′λ, µν = Sλ, µν − Φλ, µν + ∂αZ
αλ, µν

Leave Pµ and Jµν invariant
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Pauli-Lubański four-vector (I)
I Phase-space density of total angular momentum of particle with momentum p

Ep
dJλ,µν(x , p)

d3p

I Pauli-Lubański four-vector

Ep
d∆Πµ(x , p)

d3p
= −1

2
εµναβ ∆Σλ(x)Ep

dJλ,να(x , p)

d3p

pβ

m

I Which spin tensor do we use?
(Becattini, Tinti, Annals Phys. 325, 1566)
used in W. Florkowski, B. Friman, A. Jaiswal, R. Ryblewski, E.S. arXiv:1705.00587

Sλ,µν = κ

∫
d3p

2Ep
pλ tr4

[
(X+−X−)Σµν

]
=

wuλ

4ζ
ωµν

See W. Florkowski’s talk
I Total angular momentum density becomes

Ep
dJλ,να(x , p)

d3p
=
κ

2
pλ (xνpα − xαpν) tr4(X+ + X−) +

κ

2
pλtr4

[(
X+ − X−)Σνα

]
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Pauli-Lubański four-vector (II)

I Particle density in the volume ∆Σ

Ep
d∆N
d3p

=
κ

2
∆Σ · p tr4

(
X+ + X−)

I PL per particle

πµ(x , p) =
∆Πµ(x , p)

∆N (x , p)

I PL four-vector in the PRF agrees with the Polarization vector (!)

π0
∗ = 0, π∗ = P

I What about other forms for spin tensor?
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Different form for spin tensor
I PL four-vector

Ep
d∆Πµ(x , p)

d3p
= −1

2
εµναβ ∆Σλ(x)Ep

dJλ,να(x , p)

d3p

pβ

m

I Canonical spin tensor

Sλ,µνcan = κ

∫
d3p

2Ep

(
pλtr4

[
(X+ − X−)Σµν

]
−pµtr4

[
(X+ − X−)Σλν

]
+ pνtr4

[
(X+ − X−)Σλµ

])
I de Groot, van Leeuwen, van Weert spin tensor

Sλ,µνGLW = κ

∫
d3p

2Ep
pλ
(

tr4
[
(X+ − X−)Σµν

]
+

i

2m2 tr4
[
(X+ − X−)pαγ

α (γµpν − γνpµ)
])

PL is identical for all forms of spin tensor considered!
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Summary

Distribution function
f

Polarization 3-vector
P

Pauli-Lubański 4-vector
πµ

Spin tensor
Sλ, µν
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