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Introduction

Relativistic hydrodynamics with spin based on distribution functions
see W. Florkowski's talk, and R. Ryblewski's poster

Study formal aspects of distribution functions

Connection between polarization 3-vector, spin tensor
and Pauli-Lubanski 4-vector
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» Pure state: ) =", a\|\)
Expectation value of an operator (O) = ()| O|)

» Mixed state: incoherent mixture of |¢);) with statistical weight a;

f= Z ajlwi) (il = Z fan (M) (V] J

i AN

hy =>;a c/(\")c/(\",)*. Expectation value: (O) = Tr(f O)
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Spin-density matrix
Pure state: |[¢) = )", c\|\)
Expectation value of an operator (O) = (¥|O|v)

Mixed state: incoherent mixture of |t;) with statistical weight a;

f= ailv(wil =D An NN

i AN

Ho = ai cgi)cgi,)*. Expectation value: (O) = Tr(f O)

Spin-1/2 particle (2 x 2 hermitian matrix):
1
Polarization 3-vector: P = (o) = Tr(f o)
|P| =1 Pure state
0<|P|<1 Mixed state

|P| =0 Completely unpolarized mixed state
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> Starting point (Becattini et al., Annals. Phys. 338 32):

L op) = 5o B(PX us(p), f (6p) =~ B(P)X ulp)
X* = exp[£E(x) — Bu(x)p"] M*
M* = exp {:I:%ww(x)zw]

with B# = /T, £ = p/T, T = (i/4)[*,7"]
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Local distribution functions for spin-1/2 particles

Starting point (Becattini et al., Annals. Phys. 338 32):

F00p) = o B(P)X Tus(p), i (x,p) = — 5 B(R)X ()

X* = exp [££(x) — Bu(x)p] M*
M* = exp {:ﬁ:%ww(x)zuu}
with 8" = u" /T, &= p/T, T = (i/4)["",7"]

wyy analogue to EM field-strength tensor F, = E,u, — Eyuy + €upy u’ B

— B,y
Wy = kpuy — kpuy + €y u”w?,
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Local distribution functions for spin-1/2 particles

Starting point (Becattini et al., Annals. Phys. 338 32):

F00p) = o B(P)X Tus(p), i (x,p) = — 5 B(R)X ()

X* = exp [£€(x) — Bu(x)p"] M*
M* = exp {:ﬁ:%ww(x)zuu}
with 8" = u# /T, & = p/T, T = (i/4)[",~"]

wyy analogue to EM field-strength tensor F, = E,u, — Eyuy + €upy u’ B
W = kyuy — kyuy, + ewgﬂ,uﬁw'y,

Polarization tensor expressed like EM field-strength tensor

0 et e? e’
=€t 0 b b?
Wnr =12 pd 0 —bt

—e3 —p% bt 0
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» General expression

ME = 1404 [éR(cosh z)+ R (su;h Z) wm,zl“’]
z

+is [S(cosh z) S <5|;h z) W/wz’w]
z

with z = ﬁ\/w,“,wl“’ + iwy,, oM = %\/k- k—w-w+2ik- -w
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» General expression

ME = 1404 [éR(cosh z)+ R (9;22) wm,zl“’]

inh
+is [S(cosh z) S <SIZZZ> W/wz’w]

with z = ﬁ\/w,“,wl“’ + iwy,, oM = %\/k-k—w‘w+2ik-w

» Assumptions: k-w =0, and k- k —w-w >0 (C is real)

M* = cosh(¢) + sinzhg(g) W (=
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» General expression

ME = 1404 [éR(cosh z)+ R <su;:z> wm,zl“’]

inh
+is [S(COSh z) S (s";ZZ) wwzuu}

with z = %ﬁ\/wu,,w“” + iwy,, oM = %\/k-k—w‘w+2ik-w

» Assumptions: k-w =0, and k- k —w-w >0 (C is real)

sinh(¢)

M* = cosh(¢) + 2

DL ¢ =

» (¢ imaginary — F. Becattini, W. Florkowski, E.S. (to be published)
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» Expansion in terms of Pauli matrices

fi(x, p) = ere—pPh [cosh(() — sinzhc(g) P- o-]

1
P=— [pr—pxe—
m

* denotes the PARTICLE REST FRAME

6/11



Polarization 3-vector P

Expansion in terms of Pauli matrices

fE(x,p) = e**=PF {cosh({) — sin2P1<(C) P- 0'}
1 .
P=— [prpxe Eermp} = b.

« denotes the PARTICLE REST FRAME
Average polarization vector

Lirg [(FT 4 7)o 1 P

S A Y Y V(e

2 [ 4] 5 t2nh(C)5z

1 1 b.
’P——Etanh 5 b*'b*_e*'e* b*-b*—e*-e*
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Polarization 3-vector P

Expansion in terms of Pauli matrices

fE(x,p) = e**=PF {cosh(() — sinzhc(C) P o’}
1 .
P=— {prpxe Eermp} = b.

« denotes the PARTICLE REST FRAME
Average polarization vector

Lirg [(FT 4 7)o 1 P

S A Y Y V(e

2 [ 4] 5 t2nh(C)5z

1 1 b.
’P——Etanh 5 b*'b*_e*'e* b*-b*—e*'e*

CAUTION: Valid for small w,,,, and particle momenta p
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» Energy-momentum tensor T+
Total angular momentum tensor ("orbital"+"spin"):

J)\,;u/ — xH T}\l/ — XY T)\p, + SA,;w

SNV = Spin tensor
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Spin tensor SN

Energy-momentum tensor T#
Total angular momentum tensor ("orbital"+"spin"):

J)\,/l,u — xH T)\V — XV Tkp, 4 5)\,;11/

SMHY = Spin tensor
Conservation of energy, momentum and total angular momentum

9, T =0, NI =0 = B = T — T )

Total energy-momentum and angular momentum must be fixed

Pt = /c/’°‘zA T = /d3zA S
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Spin tensor SN

Energy-momentum tensor T#
Total angular momentum tensor ("orbital"+"spin"):

J)\,/l,u — xH T)\V — XV Tkp, 4 5)\,;11/

SMHY = Spin tensor
Conservation of energy, momentum and total angular momentum

9, T =0, NI =0 = B = T — T )

Total energy-momentum and angular momentum must be fixed
Pt = /c/’°‘zA T = /d3zA S

Densities are defined up to divergences
—> Pseudo-gauge transformations:
T//w — THV + %a/\(d))\, uv + d)/L,y)\ + v /L)\)
5/)\,“1/ _ SA,HV _ q))\,ul/ + aazak,uu

Leave P* and J*¥ invariant )
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» Phase-space density of total angular momentum of particle with momentum p

A, uv
g 47" (x,p)

P d3p
» Pauli-Lubanski four-vector
dAN,(x,p) 1 dJM(x, p) p?
Ep a3p = T 5Cuwap AXA(x) Ep a3p m
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Pauli-Lubanski four-vector (1)

Phase-space density of total angular momentum of particle with momentum p

A, v
E, dJ> " (x, p)
d3p

Pauli-Lubanski four-vector

E dAN.(x,p) _ leuuaﬁ AT (x) E,

B dJ*e(x, p) p°
P d3p o2

L
d3p m

Which spin tensor do we use?

(Becattini, Tinti, Annals Phys. 325, 1566)
used in W. Florkowski, B. Friman, A. Jaiswal, R. Ryblewski, E.S. arXiv:1705.00587

d*p _ wu
A pv + wl v
ST =k ?p tra [(XT—X )Z*}_T”
See W. Florkowski's talk
Total angular momentum density becomes
J>\ ve «@ vV - — ra
Ep# B P (P — X)X XT) + 5 pher (X XT) 2]
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Pauli-Lubanski four-vector (1)

Particle density in the volume AY

dAN K " _
gy 2 AT Pt (XTI XT)

PL per particle

o AHH(X, p)
"l P) = A p)

PL four-vector in the PRF agrees with the Polarization vector (!)

WS:O, T =P }

What about other forms for spin tensor?
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Different form for spin tensor

PL four-vector

dAM,(x,p) 1 dJ v (x, p) p’
By = e AW T B

Canonical spin tensor

d3p _
Shiv — n/ — (pMtry [(XT = X7)Z]
2E,
—pttry [(XT = XT)ZM] + pUtry [(XT — X7)ZM])

de Groot, van Leeuwen, van Weert spin tensor
Sty = / (tr4 (Xt — X))

+2m try [(XT = X7 )pay® (440" — 7“#‘)])
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Different form for spin tensor

PL four-vector

dAN,(x,p) _ 1 dJ e (x, p) p°
By = e AW T B

Canonical spin tensor

d3p _
Shiv — n/ — (pMtry [(XT = X7)Z]
2E,
—pttry [(XT = XT)ZM] + pUtry [(XT — X7)ZM])

de Groot, van Leeuwen, van Weert spin tensor
Sty = / (tr4 (Xt — X))
+2m try [(X* — X7 )pay® (¥1p” — 7“#‘)])

PL is identical for all forms of spin tensor considered! )
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Distribution function
f
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Polarization 3-vector

P

Distribution function
f
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Polarization 3-vector

P
Distribution function
f
Spin tensor
5)\, %
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Polarization 3-vector

P
Distribution function Pauli-Lubanski 4-vector
f s
Spin tensor
5)\, %
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Polarization 3-vector

TN

Distribution function Pauli-Lubanski 4-vector

f s
\ Spin tensor /

5)\,;1,1/
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