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Classical and Quantum Kinetic Theories

@ Classical kinetic equations
(p*0,+0"m?0? ) f(x,p)=C + (p“p,—m*)f(x,p)=0 Kon-shell condition]

@® Quantum kinetic equations

12
iQ I dsA(x+sy)y
-U2

W p) = [dye™ { v+ e v(x=2)

Quantum transport equations + Constraint equations [ off-shell equations]

@® Applications in heavy ion collisions
# Many classical transport codes like AMPT, BAMPS and UrQMD

# Quantum transport + on-shell condition for chirality:

M.Stephanov and Y.Yin, PRL109, 162001 (2012);
D.Son and N.Yamamoto. PRD87, 085016(2013);
J.Chen, S.Pu, Q.Wang and X.Wang, PRL110, 262301(2013);
Y.Hidaka, S.Pu and D.Yang. PRD95, 0971901(2017); and ......

@ Off-shell effect (beyond quasiparticle approximation, non-fermion gas)
P.Zhuang and U.Heinz, Ann.Phys.245, 311(1996)

Pengfei Zhuang, Florence Workshop on Chirality, 20180319-22 2



Covariant Kinetic Equations in Chiral Symmetry Restoration Phase
A.Huang, S.Shi, Y.Jiang, J.Liao and PZ, arXiv: 1801.03640

Dirac equation for massless fermions in electromagnetic fields

V¥Dup(x) =0

Covariant kinetic equation
YHE,W(x,p) =0
ih
K, =T, +—Dy,
. 1/2 .
I, = p, — iQh f_{/z dssFy, (x — ihsd,)0"
1/2 .
D,=0,—Q f—1/z dsF,, (x — ihsd,)d”
Spin decomposition
1 _ 1
W = 7 (F +iysP + y*V, + vy A, + EGWSMV>
16 transport equations and 16 constraint equations
D.Vasak, M.Gyulassy and H.Elze, Ann.Phys.173, 462(1987)

Introducing chiral components:

1
szi(vﬂ—zAﬂ), y==1
Coupled equations for 1, and 4, — decoupled equations for J; and J, :

[m“J+=0

7

constraint equations po i 11 P
he""D, 3% =2, ("3 ~11"3%)

transport equations D“J7 =0
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Semi-classical Expansion
A.Huang, S.Shi, Y.Jiang, J.Liao and PZ, arXiv: 1801.03640

To the zeroth order in x (classical limit):
#3200 — 0
classical constraint equations 20) 2(0)
p, 7 —p,d7 =0
solution J#©® =p f96(p?), {”(x, p): particle distribution

classical transport equation (Vlasov equation): p” (aﬂ —QFWa;) f Z(O) =0

To the first order in A:
p,UJ @M —0
u

"7 (0, -QF407) 32 ==27( "3y - P34
general solution 37O =p f95(p*)+KZ5(p*)+ #QF w p” fV5(p?)

constraint equations {

K7 = ﬁe’””” p,n, (8, —QF,,d%) f” for any 4-vector n, satisfying n,n*=1
p*s'(p*) =-5(p*)
general transport equation for f, = f”+af ©:

0=20 <p2 - h;{,—%PAF’\"”II/) 1) Complete solution to A’
. 2) General non-equilibrium distribution f,
X {P s hm [(8uno)p” — QFan®] €*n,psV,,  3) General electromagnetic fields
d 4) Frame dependence n,

. X HVAP XQ —A\V o .
h—2p —e (0um) PAV, + h—2p g 2 (c%F ) nuap} fx 5) on-shell but shifted shell
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3D Anomalous Transport

f,(x, p)=[dp, T, (x p)
Integrating the transport equations over p, (with the help of the on-shell condition) in the
rest frame with n,, = (1,0,0,0):
{(1 +HQB - by) 9, + (’6 +hQ(¥ - by)B + hQE x bx) Vi

+Q (ilj +TxB+hQE- B)bx) - vp} filz,p) = 0.

~ 1
EZE_avpra Ep= ‘p|(1_hQBbX)a

v=—2=p(1+2hQB-b,) —QbB, b, = y——0
» " VT HOE: by =GR

The same results as obtained by M.Stephanov and Y.Yin, PRL109, 162001 (2012);
D.Son and N.Yamamoto. PRD87, 085016(2013);

J.Chen, S.Pu, Q.Wang and X.Wang, PRL110, 262301(2013);
Y.Hidaka, S.Pu and D.Yang. PRD95, 091901(2017); and ......
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Non-equilibrium CME
A.Huang, Y.Jiang, S.Shi, J.Liao and PZ, PLB777, 177(2018)

Strong electromagnetic fields before thermalization in heavy ion collisions
— possible non-equilibrium CME

Suppose E = 0 and B = B(t)é,,

( O fyx—Fyxth g
(6t+x-|7+p-|7p)fxz—% :
_)_;i —>.—>
) x_1+Q§_BX|ﬁ|(1+2QB b,)
i=——— QL xB

\ pP= 1+QB-b, © 19|
+ initial distribution + initial imbalance (1 + A for y = +) + B(t)

Transverse charge current Net charge density
I EES I IR AT r=0a2fmic] }le=0dafmic] 1 0
M el S i1l I sk + \ _F4
= g § i 1 0.03 [ [
5— e i = r - ~—
- - 0._ e -
I ] : _ - .
\ -5 -+ 5 y ]
E 0; §§ ; 0.02 Ot i \ G 1
g E B e
S ¥ 1 = [r=0.16fmic|. F 7=0.20fm/c i[°
I | St '@ T Q ]
i ¥ ¥ 1 W o.01 ] L : o
-5 o0 44 - of - — I+ 1
RN 1 " 1 :1: .|: :1: | 5 e A I 5 —5; “-‘.\!/‘; -:- \\./ 1' ”
- ° ° B S R
X (fm) x (fm)
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Equal-time Kinetic Theory

3D distribution f(x,p) = [ dp,f (x,p) is not equivalent to the 4D distribution f(x,p) !
They are equivalent to each other only in on-shell case.
How to obtain a quantum kinetic theory?

@® Covariant Wigner function

12
iQ J dsA(x+sy)y
~12

W p) = [d*ye™ ( y(x+2)e v(x-2)

Advantage: covariant theory.
Disadvantage: Only for quasiparticles, it can be solved as an initial value problem.

@® Equal-time Wigner function

1/2
-iQ j dsA(X+sY)-y

Wex B =[d*e ™ {pt i+ De v (6 X=2) J=[ dpW (x Py

—

Advantage: a well defined initial value problem.

Disadvantage: How to derive a complete 3D kinetic theory?
|.Bialynicki-Birula, P.Gornicki and J.Rafelski, PRD44, 1825(1991)
P.Zhuang and U.Heinz, Ann.Phys.245, 311(1996); PRD57, 6525(1998)

S.Ochs and U.Heinz, Ann. Phys. 266, 351(1998)
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Covariant Kinetic Equations in Chiral Symmetry Breaking Phase

X.Guo and PZ, arXiv: 1711.02924

@® NJL model with SU(2) symmetry and U, (1) symmetry

L =9p(iy*Dy — mo) + G X3 —o[@Ta)? + @ivsTah)?],

D, =0y +iQA,, Q = diag(Qu, Qq)
2 order parameters:
o(x) =26(Py),  n(x) = 26(PiysTs)
Dirac equation:
(iy”Du — (Mg — 0) + iysT3m)Y = 0
@® Covariant equation in chiral symmetry breaking phase:

W (x,p)-W " (x,p)

i
(y*Ky + yst3Ks = M)W (x,p) = ——yFu,

ih ih
Ky, =11, + %D,,, Ks =115 + 2—22D5. M = M +iMs

0

-

'3 h
M, = pu —iQh | dssFyu (v — ihsd,)y, Tl = sin(5V)n(x)

D, =08, —Q [ dsF,,(x—ihsd,)ds, Ds=cos(zV)m(z)

L ' 2
h o il
M; =mgy — cos(§V)0(a;), My = 5111(§V)a(:z:)

@® p,-integrating the covariant equation — equal-time transport equation for
W(x,p) = [ dpoW(x,p)y, + constraint equation for W (x,5) = [ dpopoW (x,0)V0
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Equal-time Transport and Constraint Equations

) .. X.Guo and PZ, arXiv: 1711.02924
After spin and flavor decomposition

W(z,p) = Y 74 (foq +V5f1q — i7075.f2q + V0f3q + 15707 - Gog + V07 - B1q — 17 - 82q — V57 - 83q) /3

g=1u,d
32 transport and 32 constraint equations:
. 1/2 ‘
W(Dgyfoq + Dy - 81¢) + 260 f3q + 270qf2q = (foq — fég)/ﬂ, Dy =0, +QQ/_1/2 dsE(x +ishVy) - V,,
h(D D, - 2 — &, — 27, = — fthy /g, X 1/2
(Dafia + Dy guq) + 2o = 00) oo = 2eafog = (o = fio)/ D,-v+0, [ Bl 17, <7,
hDy faq + 210, - g3g — 2(mo — Ge) f1qg — 27oq foq = (f2q — qu)/ei -1/2

N . A 1/2
hDq faq — 200, - goq + 260 fog + 2eq frg = (f3g — f1)/0, i, = iQ.h f_ | AoBiSHT,)
h(f)ngq + f)qflq) - Qﬁq X gig + Za'ogSq - 27?roq'ng = (qu - ggg)/& . 1/2
= - 3 . . h II,=p— quh/ dssB(x +ishV,) x V,,
h(Dqg1q + Dy fog) — 21y X Bog + 2(mo — 6 )82q — 27eqB3q = (814 — 814)/0,
B B - A A . h
R(Dqgaq + Dy X 83q) + 211y fag — 2(mo — e)81q — 270q0q = (820 — 855)/0,  Fe = cos(57 - Vp)o(x),
(D

~1/2
WMDyg3q + qu X ng) - 2ﬂqf2q + 26,80q + 27eqB1q = (g3q - g%’;)/@ Gy = Sin(gv -Vpa(x),

/dpopqu =Dy 82q/2 — Wafsq + Foqf1q + (m0 = Fe) foa, freq = sgn(Qq)Cos(gV - Vp)n(a),

== B - _A _A ~ h
[ ooy = W /2 = Ty g = Fefou 0o fog = sgn(@q) sin(5V - V) (z),

dpopoVoq = Ty - 814 — Uafoq + Reqfoq + (Mo — 6¢) faq: : : :
 popoVin = Tha 810~ Tladon + Featsa + (mo . Self-consistent coupling between Wigner

[ dvorodo, = ~TL - S0y — afiy + Toq fag + Gofou: function and chiral and pion condensates:
dpopoVy = hDy % goq/2 + Ty foq + T81q — Fog@sq — FoB2g, d*p
/ q qA q q; q qA q q83q q J(Q}):G/W(fgu(a?,p)+f3d(ﬂ?,p)),
fdepOAq = _ﬁDq x glq/2 - qulq -+ HngQ - 'ﬁ_qu2q - (mO — &c)g?;q’ 3
- : : @) = =G [ S 2w p) = fualip)
/dPOPOSSzei = hDygf3q/2 — Iy x gsq + g8 — TeqB0q — OoB1q: T (2m)3 /3 P 3d(T, P)).

/dpopon}cqé’ijkei e hbquq — Qﬂq Pl ggq — 2ﬁqg3q —+ Qﬁoqglq —+ 2(’!’?10 — &e)qu
Pengfei Zhuang, Florence Workshop on Chirality, 20180319-22 9



Constraint and Transport Equations in Classical Limit (1)
X.Guo and PZ, arXiv: 1711.02924

@® Expanding the 32 + 32 equations in A.

@® Relations among the classical components

fljfzz - :IZ£ : g(:)l:? i I ition:
E, = On-shell (quasi-particle) condition:
T
faty = £ i E, = +/m? 4 p?
p

+ mo—0 .4

f3q::|:E—pqu9

+ _ . P .+

g]_q_:I:E_pquJ

P X g5, + 783,
mop—a0 7

E%(mq — 0)gy, — (mo — 0)(p - 85,)P F Ep7P X g,
E,m? '

Only 2 independent distributions: f, and gj.

+ _
g?q*

gy, =+

@® Conservation laws — Physics of the classical components

f,: number density,  g,: number current, g, : spin density (32?><Ef0+g§0), f,: helicity density

f,: mass density , f,: pion condensate 53: magnetic moment, Ejz:
|.Bialynicki-Birula, P.Gornicki and J.Rafelski, PRD44, 1825(1991)
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Constraint and Transport Equations in Classical Limit (11)
X.Guo and PZ, arXiv: 1711.02924

From p
d@za/‘ )wm,m+ﬁ4,mx
_—G/ 2m)3 (f3u(@, P) — faa(z, P)).

p-integrating the classical relations for f; and f, leads to the gap equations for the
order parameters o(x) and m(x):

m(x) =0,

(mo — ola (+m/@phu namgﬁmm—@mm)qwﬂx
p

Conclusion: At classical level, chiral symmetry can be spontaneously broken, but U, (1)
symmetry is protected !
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Transport Equations to the First Order in A (I)
X.Guo and PZ, arXiv: 1711.02924

The classical transport equations for fy, and gy, (9 = u, d):

p Vm® Vp\ .
D,+— D, F ———— =0,
( Ly " 2Fp o

2-
(DaiL.DHM)g;&

E, 2F,
a 1
= é—g [p X (E X ga—La) FEDB X ga—La} — Q_E]‘} (6’tm2p F Eme2) X (p X ga—La)

Bargmann-Michel-Telegdi equation in phase space
V.Bargmann, L.Michel and V.Telegdi, Phys. Rev. Lett. 2, 435(1959).

Homogeneous solution:

+ da P
= — ( B+ — xE
80a m2 ( E x )
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Transport Equations to the First Order in A (1l)
X.Guo and PZ, arXiv: 1711.02924

@® From the 32 transport equations to the order in i, we obtain also the quantum
correction to pion condensate:

71 — G /d3p Zq[(BXV)'gO _|_E.Vfl]_
2mo (27)3 “ P “ psia

a=u,d
In homogeneous case

2 2
1) _ _£ (q2_ 2)/ d3p 2Ep+m E
amg T 94) | ory g3

o

G 9 o A?
~ o (an —ad)
Am?myg m2vA? + m?

Quantum effect: U, (1) symmetry is broken only at quantum level, due to the quark spin.

E-B

?

the same result in effective field theory, see G.Cao and X.Huang, PLB757, 1(2016),
nonequilibrium production, see the talk by Naoto Tanji in this workshop

® In chiral limit with my = ¢ = m = 0, we recover the chiral kinetic equation
{(1 +HQB - by)d, + (5 +hQ(® - by)B + HQE x bx) Vs

+Q (ﬁ +3 x B+ hQ(E - B)bx) - vp} fx(z,p) = 0.
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Full Transport Equations: Off-shell Oscillations
X.Guo and PZ, arXiv: 1711.02924

When the EM fields disappear in heavy ion collisions, is there any effect on the later
evolution of the system ?

A homogeneous system initial condition: ¢(0) = w(0) = 0.1 GeV
t<0: EM fields
t>0: no EM fields

quantum transport equations at t>0: Cov

0.20- .
5tf0a = 07 I - =0
O fra + 2(mo — 0) faa — 25g1(qa) T f34 = 0, 0.15¢
01 f2a + 2P - 830 — 2(mo — 0) fra =0, S A N

atf?)a - 2p 824 T 289”(‘1&)71—](.1(1 = 0:
atg(]a - 2p X 8la = 0:

it — 2 % gaa + 200 — O)gan —2gnla s =0, S L
atha + 2pf3£l. - 2(m0 - U)gla = 07 —0.05" v

0¢83a — 2P faa + 2591(¢a)) 7810 = 0.

0.05-

-0.10"

Strong and long-lived quantum oscillations around the quasiparticle values,
induced by off-shell effect !
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1)

2)

3)

4)

S)

Summary and Outlook

Quantum correction is systematically studied via semi-classical expansion.
A general solution to the first order in x is obtained in chiral limit.
The first order quantum correction comes from the quark spin.

Quarks are not on the shell in general case (chiral breaking phase) even at
the first order in A.

Equal-time approach is a well defined initial value problem for off-shell
quarks, W (x,B) = [ dpo W (x,p)yo and W (x,p) = [ dp, poW (x, )y, are
independent!

Off-shell induced oscillations extend the quantum anomaly.

Possible applications in heavy ion collisions.
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