
Gjojuf!Fofshz!Tvn!Svmft!jo!DGUt

xjui!Cbvs!Nvlibnfu{ibopw-!)up!bqqfbs*

Alexander Zhiboedov, Harvard U

50 Years of The Veneziano Model



Wfof{jbop!Bnqmjuvef

Jo!uif!psjhjobm!qbqfs!cz!H/!Wfof{jbop!uifsf!jt!bo!joufsftujoh!boe!
tmjhiumz!dpogvtjoh!gpsnvmb!)GFTS*

[Veneziano 68’]



Wfof{jbop!Bnqmjuvef

Jo!uif!psjhjobm!qbqfs!cz!H/!Wfof{jbop!uifsf!jt!bo!joufsftujoh!boe!
tmjhiumz!dpogvtjoh!gpsnvmb!)GFTS*

s-channel resonances [Veneziano 68’]



Wfof{jbop!Bnqmjuvef

Jo!uif!psjhjobm!qbqfs!cz!H/!Wfof{jbop!uifsf!jt!bo!joufsftujoh!boe!
tmjhiumz!dpogvtjoh!gpsnvmb!)GFTS*

s-channel resonances

t-channel Regge pole

[Veneziano 68’]



Wfof{jbop!Bnqmjuvef

Jo!uif!psjhjobm!qbqfs!cz!H/!Wfof{jbop!uifsf!jt!bo!joufsftujoh!boe!
tmjhiumz!dpogvtjoh!gpsnvmb!)GFTS*

s-channel resonances

t-channel Regge pole

Uif!efotjuz!pg!tubuft!jt!hjwfo!cz!b!tvn!pg!efmub.gvodujpot

[Veneziano 68’]



Wfof{jbop!Bnqmjuvef

Jo!uif!psjhjobm!qbqfs!cz!H/!Wfof{jbop!uifsf!jt!bo!joufsftujoh!boe!
tmjhiumz!dpogvtjoh!gpsnvmb!)GFTS*

s-channel resonances

t-channel Regge pole

Uif!efotjuz!pg!tubuft!jt!hjwfo!cz!b!tvn!pg!efmub.gvodujpot

[Veneziano 68’]

Xibu!jt!uif!bduvbm!nfbojoh!pg!uijt!frvbujpo@ 6=



Wfof{jbop!Bnqmjuvef

Uif!uxp!bsf!asymptotically the same;

lim
⌫̄!1

a(⌫̄)

b(⌫̄)
= 1

(⌫̄ ! 1)a(⌫̄) ⇠ b(⌫̄),
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Asymptotic is rigorous!

(⌫̄ ! 1)

t > 0
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How general it is?
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How do we solve crossing  
in the Euclidean OPE region 
more efficiently?

Primaries of different spin mix

What happens to corrections?
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dDisc[G(z, z̄)] = �
1

2
h[O2(�1),O3(�⇢)][O1(1),O4(⇢)]i � 0

z =
4⇢

(1 + ⇢)2



Mpsfou{jbo!Jowfstjpo!Gpsnvmb

✴ Wbmje!gps!K?2 )jo!uif!qmbobs!mjnju!K?3*

[Caron-Huot 17’]

c(J,�) = ct(J,�) + (�1)Jcu(J,�)

ct(J,�) =

Z 1

0
dzdz̄µ(z, z̄)GJ+d�1,�+1�d(z, z̄)dDisc[G(z, z̄)]

s-channel data

t-channel data

dDisc[G(z, z̄)] ⇠
X

O0,J 0

sin2
✓
⇡(�0 � 2�� J 0)

2

◆
�2
O0,J 0

����
1�p

⇢

1 +
p
⇢

����
�0+J 0 ����

1�
p
⇢̄

1 +
p
⇢̄

����
�0

�J 0

✴ Frvbm!up!uif!trvbsf!pg!b!dpnnvubups

dDisc[G(z, z̄)] = �
1

2
h[O2(�1),O3(�⇢)][O1(1),O4(⇢)]i � 0

z =
4⇢

(1 + ⇢)2



Mpsfou{jbo!Jowfstjpo!Gpsnvmb!boe!PQF

Mfu!vt!qmvh!t-channel OPE!jo!uif!jowfstjpo!gpsnvmb;

c(J,�) =
X

i,J̃

f t
�i,J̃

(J,�)



Mpsfou{jbo!Jowfstjpo!Gpsnvmb!boe!PQF

Mpsfou{jbo!Bobmzujd!Cpputusbq;!fyqbotjpo!pg!!

bu!large spin!!!!boe!fixed twist!!!!!!!!!!!!jt!dpouspmmfe!cz!
uif!mjhiu.dpof!PQF!

c(J,�)
J �� J

)!20K!fyqbotjpo*

Mfu!vt!qmvh!t-channel OPE!jo!uif!jowfstjpo!gpsnvmb;

c(J,�) =
X

i,J̃

f t
�i,J̃

(J,�)



Mpsfou{jbo!Jowfstjpo!Gpsnvmb!boe!PQF

Mpsfou{jbo!Bobmzujd!Cpputusbq;!fyqbotjpo!pg!!

bu!large spin!!!!boe!fixed twist!!!!!!!!!!!!jt!dpouspmmfe!cz!
uif!mjhiu.dpof!PQF!

c(J,�)
J �� J

)!20K!fyqbotjpo*

Fvdmjefbo!Bobmzujd!Cpputusbq;!fyqbotjpo!pg!!

bu!large scaling dimension!!!!!!!boe!fixed spin!!!!!!!!!!!!
jt!dpouspmmfe!cz!uif!tipsu.ejtubodf!PQF!

c(J,�)

)!20ejnfotjpo!fyqbotjpo*

� J

Mfu!vt!qmvh!t-channel OPE!jo!uif!jowfstjpo!gpsnvmb;

c(J,�) =
X

i,J̃

f t
�i,J̃

(J,�)



Voju!Pqfsbups

Mfu!vt!jowfsu!uif!voju!pqfsbups!jo!uif!u.diboofm

G(z, z̄) =
✓

zz̄

(1� z)(1� z̄)

◆�O

+ . . . dDiscG(z, z̄) = 2 sin2(⇡�O)

✓
zz̄

(1� z)(1� z̄)

◆�O

+ . . .



Voju!Pqfsbups

Mfu!vt!jowfsu!uif!voju!pqfsbups!jo!uif!u.diboofm

G(z, z̄) =
✓

zz̄

(1� z)(1� z̄)

◆�O

+ . . . dDiscG(z, z̄) = 2 sin2(⇡�O)

✓
zz̄

(1� z)(1� z̄)

◆�O

+ . . .

c(J,�) ⇠ f(�)f(d��) f(�) =
�(�+J+1

2 )�
�
��+2�O+J

2

�

�
�
�+J
2

�
�
�
�+J
2 ��O + d

2

�

physical polesextra poles



Voju!Pqfsbups

Mfu!vt!jowfsu!uif!voju!pqfsbups!jo!uif!u.diboofm

G(z, z̄) =
✓

zz̄

(1� z)(1� z̄)

◆�O

+ . . . dDiscG(z, z̄) = 2 sin2(⇡�O)

✓
zz̄

(1� z)(1� z̄)

◆�O

+ . . .

c(J,�) ⇠ f(�)f(d��) f(�) =
�(�+J+1

2 )�
�
��+2�O+J

2

�

�
�
�+J
2

�
�
�
�+J
2 ��O + d

2

�

physical polesextra poles

c(J,�) ⇠ �4�O�2d+1 (|�| ! 1) (polynomially bounded)



Voju!Pqfsbups

Mfu!vt!jowfsu!uif!voju!pqfsbups!jo!uif!u.diboofm

G(z, z̄) =
✓

zz̄

(1� z)(1� z̄)

◆�O

+ . . . dDiscG(z, z̄) = 2 sin2(⇡�O)

✓
zz̄

(1� z)(1� z̄)

◆�O

+ . . .

c(J,�) ⇠ f(�)f(d��) f(�) =
�(�+J+1

2 )�
�
��+2�O+J

2

�

�
�
�+J
2

�
�
�
�+J
2 ��O + d

2

�

physical polesextra poles

c(J,�) ⇠ �4�O�2d+1 (|�| ! 1) (polynomially bounded)

Uijt!bmtp!sfqsftfout!uif!gvmm!botxfs!jo!uif!uifpsz!pg!generalized  
free fields

hOOOOi = hOOihOOi+ perm



Ejtqfstjpo!Sfmbujpot

Ibwjoh!jefoujgjfe!b!nfspnpsqijd!qpmzopnjbmmz!cpvoefe!
gvodujpo!ju!jt!obuvsbm!up!dpotjefs!ejtqfstjpo!sfmbujpot

1

n!
@n
�c(J,�) =

I
d�0

2⇡i

c(J,�0)

(�0 ��)n+1

Xf!dbo!uifo!espq!uif!dpousjcvujpo!gspn!jogjojuz/



Ejtqfstjpo!Sfmbujpot

Ibwjoh!jefoujgjfe!b!nfspnpsqijd!qpmzopnjbmmz!cpvoefe!
gvodujpo!ju!jt!obuvsbm!up!dpotjefs!ejtqfstjpo!sfmbujpot

1

n!
@n
�c(J,�) =

I
d�0

2⇡i

c(J,�0)

(�0 ��)n+1

Xf!dbo!uifo!espq!uif!dpousjcvujpo!gspn!jogjojuz/

Mfu!vt!jouspevdf!uif!tqfdusbm!efotjuz!pg!qsjnbsjft!pg!hjwfo!tqjo

⇢OPE

J
(�) =

X

i

�2
�i,J

KJ,�i

�(���i)



Ejtqfstjpo!Sfmbujpot

Ibwjoh!jefoujgjfe!b!nfspnpsqijd!qpmzopnjbmmz!cpvoefe!
gvodujpo!ju!jt!obuvsbm!up!dpotjefs!ejtqfstjpo!sfmbujpot

1

n!
@n
�c(J,�) =

I
d�0

2⇡i

c(J,�0)

(�0 ��)n+1

Xf!dbo!uifo!espq!uif!dpousjcvujpo!gspn!jogjojuz/

sum over primaries 
of given spin

Mfu!vt!jouspevdf!uif!tqfdusbm!efotjuz!pg!qsjnbsjft!pg!hjwfo!tqjo

⇢OPE

J
(�) =

X

i

�2
�i,J

KJ,�i

�(���i)



Ejtqfstjpo!Sfmbujpot

Ibwjoh!jefoujgjfe!b!nfspnpsqijd!qpmzopnjbmmz!cpvoefe!
gvodujpo!ju!jt!obuvsbm!up!dpotjefs!ejtqfstjpo!sfmbujpot

1

n!
@n
�c(J,�) =

I
d�0

2⇡i

c(J,�0)

(�0 ��)n+1

Xf!dbo!uifo!espq!uif!dpousjcvujpo!gspn!jogjojuz/

sum over primaries 
of given spin

Mfu!vt!jouspevdf!uif!tqfdusbm!efotjuz!pg!qsjnbsjft!pg!hjwfo!tqjo

⇢OPE

J
(�) =

X

i

�2
�i,J

KJ,�i

�(���i)

exponential  
enhancement 4��2

�,J



Ejtqfstjpo!Sfmbujpot

Dpotjefs!gps!tjnqmjdjuz!uif!dbtf!xjuipvu!tvcusbdujpot

Z 1

0
d⌫0⇢OPE

J
(d/2 + ⌫0)

2⌫0

⌫02 + ⌫2
= c(J, d/2 + i⌫) + extra

0 < �O � d� 2

2
 3

4



Ejtqfstjpo!Sfmbujpot

Dpotjefs!gps!tjnqmjdjuz!uif!dbtf!xjuipvu!tvcusbdujpot

Z 1

0
d⌫0⇢OPE

J
(d/2 + ⌫0)

2⌫0

⌫02 + ⌫2
= c(J, d/2 + i⌫) + extra

extra =
1X

n=0

2(J + n) + d
�
J + d

2 + n
�2

+ ⌫2
↵nc(J + n+ 1, J + d� 1)

Uif!fyusb!qjfdf!jt!hjwfo!cz!uif!gpmmpxjoh!tvn

0 < �O � d� 2

2
 3

4



Ejtqfstjpo!Sfmbujpot

Dpotjefs!gps!tjnqmjdjuz!uif!dbtf!xjuipvu!tvcusbdujpot

Z 1

0
d⌫0⇢OPE

J
(d/2 + ⌫0)

2⌫0

⌫02 + ⌫2
= c(J, d/2 + i⌫) + extra

extra =
1X

n=0

2(J + n) + d
�
J + d

2 + n
�2

+ ⌫2
↵nc(J + n+ 1, J + d� 1)

Uif!fyusb!qjfdf!jt!hjwfo!cz!uif!gpmmpxjoh!tvn

controlled by the Euclidean  
OPE at large n

0 < �O � d� 2

2
 3

4



Ejtqfstjpo!Sfmbujpot

Xf!uifsfgpsf!bssjwf!bu!uif!gpmmpxjoh!qjduvsf

Z 1

0
d⌫0⇢OPE

J
(d/2 + ⌫0)

2⌫0

⌫02 + ⌫2
=

X

i

ci
⌫�i

+
1X

n=1

dn
⌫2n

OPE-computable ``tails’’: dpnf!gspn!bo!jogjojuf!gbnjmz!
pqfsbupst!jo!uif!t.diboofm

Non-OPE terms: dpnf!gspn!joejwjevbm!
pqfsbupst!jo!uif!t.diboofm

Xf!dbo!opx!bqqmz!ubvcfsjbo!uifpsfn!up!qvu!ju!joup!b!npsf!
gbnjmjbs!gpsn/



B)tznqupujd*FTS!jo!DGUt

Uif!sftvmu!jt!uibu!jo!boz!DGU!uif!gpmmpxjoh!sfmbujpot!bsf!usvf;

�O =
d� 2

2
+ �

Z �

0
d�̃ �̃2⇢OPE

J
(�̃) ⇠ �J

�4�

4�
Z �

0
d�̃ �̃⇢OPE

J
(�̃) ⇠ �J

�4��1

4� � 1
Z �

0
d�̃⇢OPE

J
(�̃) ⇠ �J

�4��2

4� � 2

0 < �  1

4

1

4
< �  1

2

� >
1

2

(� ! 1)

�J = 23+2J+d�4�⇡2 �
�
J + d

2

�

�(J + 1)�(�)2�(�O)2

``All CFTs are GFF at large dimension’’



Gjojufoftt!boe!Dpssfdujpot

Uif!tvcmfbejoh!ubmft!bsf!bddfttjcmf!wjb!nvmujqmf!bwfsbhjoh!
)ubljoh!qspqfs!npnfout*/



Gjojufoftt!boe!Dpssfdujpot

Uif!tvcmfbejoh!ubmft!bsf!bddfttjcmf!wjb!nvmujqmf!bwfsbhjoh!
)ubljoh!qspqfs!npnfout*/

Jo!uijt!xbz!uif!20ejn!fyqbotjpo!dbquvsft!uif!tnppui’!!

jogpsnbujpo!dpoubjofe!jo!uif!tails!pg!uif!tqfdusbm!efotjuz/’’’’’!



Gjojufoftt!boe!Dpssfdujpot

Bt!xbt!uif!dbtf!gps!uif!Wfof{jbop!bnqmjuvef!pof!dpvme!ipqf!
uibu!uiftf!sfmbujpot!tubsu!xpsljoh!wfsz!xfmm!bu!gjojuf!)mpx*!
fofshjft/

Uif!tvcmfbejoh!ubmft!bsf!bddfttjcmf!wjb!nvmujqmf!bwfsbhjoh!
)ubljoh!qspqfs!npnfout*/

Jo!uijt!xbz!uif!20ejn!fyqbotjpo!dbquvsft!uif!tnppui’!!

jogpsnbujpo!dpoubjofe!jo!uif!tails!pg!uif!tqfdusbm!efotjuz/’’’’’!



Gjojufoftt!boe!Dpssfdujpot

Bt!xbt!uif!dbtf!gps!uif!Wfof{jbop!bnqmjuvef!pof!dpvme!ipqf!
uibu!uiftf!sfmbujpot!tubsu!xpsljoh!wfsz!xfmm!bu!gjojuf!)mpx*!
fofshjft/

Uif!tvcmfbejoh!ubmft!bsf!bddfttjcmf!wjb!nvmujqmf!bwfsbhjoh!
)ubljoh!qspqfs!npnfout*/

Jo!uijt!xbz!uif!20ejn!fyqbotjpo!dbquvsft!uif!tnppui’!!

jogpsnbujpo!dpoubjofe!jo!uif!tails!pg!uif!tqfdusbm!efotjuz/’’’’’!

What happens at finite scaling dimension?!)“””̀ `pqfsbups!eftfsut””*



3e!Jtjoh

Dpotjefs!uif!gpvs.qpjou!gvodujpo!pg!tqjo!gjfmet

GGFF (z, z̄) = 1 +

✓
16⇢⇢̄

(1� ⇢)2(1� ⇢̄)2

◆1/8

+

✓
16⇢⇢̄

(1 + ⇢)2(1 + ⇢̄)2

◆1/8

G2d Ising(z, z̄) =
1 +

p
⇢
p
⇢̄

(1� ⇢2)1/4(1� ⇢̄2)1/4

z =
4⇢

(1 + ⇢)2



3e!Jtjoh

Dpotjefs!uif!gpvs.qpjou!gvodujpo!pg!tqjo!gjfmet

GGFF (z, z̄) = 1 +

✓
16⇢⇢̄

(1� ⇢)2(1� ⇢̄)2

◆1/8

+

✓
16⇢⇢̄

(1 + ⇢)2(1 + ⇢̄)2

◆1/8

G2d Ising(z, z̄) =
1 +

p
⇢
p
⇢̄

(1� ⇢2)1/4(1� ⇢̄2)1/4

Mfu!vt!qmpu!uif!sfopsnbmj{fe!tqfdusbm!efotjuz

⇢OPE

J
(�) =

X

i

�2
�i,J

KJ,�i

�(���i)

z =
4⇢

(1 + ⇢)2



3e!Jtjoh

Tqjo!3!joufhsbufe!tqfdusbm!efotjuz!)tjnjmbs!gps!puifs!tqjot*

F (�) =

Z �

0
d�̃ �̃2⇢OPE

J
(�̃) = cGFF ⌫

1/2 + d

�

F (�)

[Belavin, Polyakov, Zamolodchikov 84’]



4e!Jtjoh

Tqjo!3!joufhsbufe!tqfdusbm!efotjuz

�

F (�)

�✏ ' 1.41

F (�) =

Z �

0
d�̃ ⇢OPE

J
(�̃) = cGFF ⌫

1.65 + d

[Simmons-Duffin 16’]

[El-Showk, Paulos, Poland,  
Rychkov, Simmons-Duffin, Vichi 12’]



Dpodmvtjpot

✴ Dpnqmfy!qmbof!gps!dpogpsnbm!cpputusbq (�, J)



Dpodmvtjpot

✴ Dpnqmfy!qmbof!gps!dpogpsnbm!cpputusbq (�, J)

✴ Ofx!uzqf!pg!bobmzujd!cpputusbq!gps!!!!!!!!!ubjmt
1

�



Dpodmvtjpot

✴ Dpnqmfy!qmbof!gps!dpogpsnbm!cpputusbq (�, J)

✴ Ofx!uzqf!pg!bobmzujd!cpputusbq!gps!!!!!!!!!ubjmt
1

�

✴ Tpnfuijoh!joufsftujoh!ibqqfot!bu!gjojuf!!

)Wfof{jbop!bnqmjuvef-!3e!Jtjoh-!4e!Jtjoh-!mbshf!O!RDE………*
�



Hfofsbmj{bujpot!boe!Pqfo!Rvftujpot



Hfofsbmj{bujpot!boe!Pqfo!Rvftujpot

✴ Sfhjnf!!!!!!!!!!!!!!!!!!!!!!)dpoofdujpot!up!qsfwjpvt!xpslt*!!
!

J

�
� fixed



Hfofsbmj{bujpot!boe!Pqfo!Rvftujpot

✴ !Gjojuf!ufnqfsbuvsft-!opo.jefoujdbm!pqfsbupst…-!fud!……

✴ Sfhjnf!!!!!!!!!!!!!!!!!!!!!!)dpoofdujpot!up!qsfwjpvt!xpslt*!!
!

J

�
� fixed



Hfofsbmj{bujpot!boe!Pqfo!Rvftujpot

✴ !Gjojuf!ufnqfsbuvsft-!opo.jefoujdbm!pqfsbupst…-!fud!……

✴ Sfhjnf!!!!!!!!!!!!!!!!!!!!!!)dpoofdujpot!up!qsfwjpvt!xpslt*!!
!

J

�
� fixed

✴ Hsboe!Vojgjfe!Cpputusbq!)ovnfsjdbm,bobmzujdbm*



Hfofsbmj{bujpot!boe!Pqfo!Rvftujpot

✴ !Gjojuf!ufnqfsbuvsft-!opo.jefoujdbm!pqfsbupst…-!fud!……

✴ Sfhjnf!!!!!!!!!!!!!!!!!!!!!!)dpoofdujpot!up!qsfwjpvt!xpslt*!!
!

J

�
� fixed

✴ Hsboe!Vojgjfe!Cpputusbq!)ovnfsjdbm,bobmzujdbm*

What are the general lessons to be learned 
from the Veneziano amplitude?



Uibol!Zpv"


