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 50 years of Veneziano model
30 years of level truncation in OSFT
20 years of Sen’s conjectures

 SU(1,1) symmetry of the ghost vertex in Siegel 
gauge

 Scan of universal solutions in level truncation



First level 0 calculation

First level ∞ calculation 

Off-shell Veneziano amplitude



 The difference in the action between the unstable vacuum 
and the perturbatively stable vacuum should be E = V T25 , 
where V is the volume of space-time and T25 is the tension 
of the D25-brane.

 Lower-dimensional Dp-branes should be realized as 
soliton configurations of the tachyon and other string 
fields.

 The perturbatively stable vacuum should correspond to 
the closed string vacuum. In particular, there should be no 
physical open string excitations around this vacuum.

Ashoke Sen ’98 - ‘99 (this version taken from Ellwood, Taylor ’01)



Sen’s conjectures are now considered proven 
analytically in OSFT:

1. In bosonic theory: MS ‘05
In superstring: Erler ’13

2. In bosonic theory: Erler, Maccaferri ’14

3. In bosonic theory: MS, Ellwood ’06
In superstring: Erler ’13



 First evidence, however, has been provided by a 
numerical approach – level truncation

Lots of other references 
for superstring and/or 
lump solutions etc.

Actually they used (L,2L) scheme,
so their numbers are a bit different

0 -0.684616

2 -0.959377

4 -0.987822 Sen, Zwieabach 1999

6 -0.995177

8 -0.997930

10 -0.999182 Moeller, Taylor 2000

12 -0.999822

14 -0.999826

16 -1.000375

18 -1.000494 Gaitotto, Rastelli 2002

20 -1.000563 Kishimoto, Takahashi 2009

22 -1.000602

24 -1.000623

26 -1.000631 Kishimoto 2011

28 -1.000632

30 -1.000627

Overshooting observed 
by Gaiotto and Rastelli

Turns back !



 The computation gets messy pretty quickly, already at 
level 2 where the string field can takes the form

one has to find stationary points of 

Sen, Zwiebach 1999



Critical ingredients for a useful computerized level truncation

1. Convenient basis of states
universality, twist condition, gauge condition, SU(1,1) condition,…

2. Conservation laws for vertex computation 

3. Finding a good starting point for Newton’s method

4. Algorithmic tricks (parallelism)

5. Having good observables 

6. Fits to infinite level



 Employing these tricks and better computer 
power one moves on a logarithmic curve in time



 Zwiebach (2000), following an observation of Hata and 
Shinohara, has shown that the SU(1,1) generators

preserve the Witten’s vertex in Siegel gauge

For free action the symmetry was known by Siegel and 
Zwiebach already in 1986



 Under this symmetry (n c-n , b-n ) transforms as a doublet, 
so it mixes ghost numbers

 It allows however to restrict the string field states to the 
singlet sector. In consequence the coefficients of                                    

and                         are equal for such solutions, 
and there are more relations like this at higher levels 



 Convenient basis is obtained by forming twisted 
descendants using c=-2 twisted Virasoro generators

on the twisted Virasoro primaries

where 

GRSZ 2001



 Generic string field in the universal sector in Siegel gauge 
can be written as 

For classical solutions we are interested in m=0, since
ghost number g=2m+1. 

K, L are multi-indices



 Completeness of the presentation (verification of the 
multiplicities) can be checked by computing the character 
for Siegel gauge 

and rewriting it as  

where

N.B. The c=-2 theory possesses null 
states for ghost numbers 0,-3,-6,…



 The SU(1,1) symmetry of the vertex

can be used to derive the Wigner-Eckart theorem

where                           are the standard SU(2) 3-j symbols

and                                         is m-independent reduced vertex



 Cyclic property nicely manifest

 Also the selection rules for which spins can combine 
together at the vertex trivially follow SU(2)

 Less expected properties stemming from

imply that at m=0 the sum of all three spins must be an 
even integer



 Let us introduce

(this is where SU(1,1) differs from SU(2))

 Exponentiating the generators we find two which preserve 
the gh.n.=1 (m=0) subspace

These finite transformations change the sign of odd-spins 
and provide independent explanation why         



 For non-singlet string fields standard Virasoro basis is the 
most convenient and one can use the standard 
conservation laws

 For singlet string fields it is useful to be able to compute 
the vertices directly. It can be done by combining L and J
conservation laws 

and observing that we need only few extra states



 For tachyon solution one simple uses the solution from a 
previous level and improves it by Newton’s method for the 
next level. The very first starting point is thus at level 0.

 For more exotic solutions one has to start at higher level 
where there are more solutions.  A convenient way is to 
use linear homotopy method. The trick is to continuously 
deform our system of equations to something we can solve 
completely e.g.



 These days computers tend to have more cores often with 
lower performance (for energy consumption reasons). So 
one has to parallelize the computation.

 For vertices the parallelization is a bit undeterministic
(but it works!), since we have a recursive algorithm, but 
we do not know when a given core finishes its task 

 Parallelization can be also employed for matrix 
manipulations in the Newton’s method



 Energy computed from the action E=V+1

 The only independent Ellwood invariant

 Out-of-Siegel-gauge equations (we take just the first one)

 Ratios



Our results:



 Properties of the surviving solutions 



List of all solutions
With

They are not that 
many! 



 Tachyon vacuum up to level 30



Out-of-Siegel-gauge equations seem to be problematic ! 
But it is not far from being asymptotically real.



At level 10 it looks like a double brane, but then it wonders 
away…

Interestingly the quadratic identities are asymptotically 
violated at 10-20% level



Solution inherently complex, but it has smallest         ,, 
difference between the two energies, and also the R’s are close to 1!



Solution becomes pseudo-real starting at L=22.  Some fits are difficult!



 Without gauge fixing 
we have enormous 
proliferation of 
solutions (figure 
shows level 6)

 No good notion of 
good solutions except 
for proximity of the 
two energies 
(denoted by color)

 Newton’s method 
erratic without gauge 
fixing



 Level truncation is still fun after 30 years

 Provides interesting information and clues about 
possible solutions (see upcoming work with Vošmera).

 Are there proper exotic solutions (possibly 
complex) ? If yes, what is their interpretation?

 One can go beyond twist symmetry, reality, singlet 
condition etc., but not past gauge fixing


