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         as a stringent test of the SMaµ

• HVP leading order: largest uncertainty! (around 50% of total th. error) 

• Lattice QCD provides a way to compute this contribution in a model-independent way
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• Current TH estimate affected by 
➡ the experimental uncertainties; 
➡ perturbation theory/models 

• Lattice QCD estimate —> for a final cross-
check of the SM result and to keep up with 
the planned experimental improvements

aHV P
µ =

�↵mµ

3⇡

�2
(Z E2

cut

m2
⇡

ds
Rdata

had (s)K̂(s)

s2
+

Z 1

E2
cut

ds
RpQCD

had (s)K̂(s)

s2

)



1.Generate ensembles of field configurations using Monte Carlo 

2.Average over a set of configurations:  
➡ Compute correlation function of fields, extract Euclidean matrix elements or amplitude 
➡ Computational cost dominated by quarks: inverses of large, sparse matrix 

3.Extrapolate to continuum, infinite volume, physical quark masses (now directly accessible) 

Non - perturbative computation of 

Quarks

a {
Gluon

aµ

• Recipe for lattice QCD computation :

HVP
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Activity in the lattice community 
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• HVP from the lattice: 

➡ RBC/UKQCD, Mainz U.[CLS], HPQCD[MILC], 
BMW, MILC, ABGP, Regensburg U., …  

• HLbL from the lattice 

➡ RBC, Mainz U.(2 approaches) 

• HVP from the lattice+experiment (R-ratio data): 

➡ Bernecker&Meyer [arXiv:1107.4388 ] 

➡ ETM, MILC, RBC/UKQCD …  

• HVP from the lattice+experiment (space-like data): 

➡ this talk…



The leading hadronic contribution - HVP

Vacuum polarisation inserted in 
 the photon propagator 

The status of                    : BNL E821 experiment vs SM predictionIntro HLbL: gauge & crossing HLbL dispersive Conclusions Status of (g − 2)µ Approaches to HLbL

Status of (g − 2)µ, experiment vs SM
aµ

[

10−11
]

∆aµ
[

10−11
]

experiment 116 592089. 63.

QED O(α) 116140973.21 0.03
QED O(α2) 413217.63 0.01
QED O(α3) 30141.90 0.00
QED O(α4) 381.01 0.02
QED O(α5) 5.09 0.01
QED total 116 584718.95 0.04

electroweak, total 153.6 1.0
HVP (LO) [Hagiwara et al. 11] 6 949. 43.
HVP (NLO) [Hagiwara et al. 11] −98. 1.
HLbL [Jegerlehner-Nyffeler 09] 116. 40.

HVP (NNLO) [Kurz, Liu, Marquard, Steinhauser 14] 12.4 0.1
HLbL (NLO) [GC, Hoferichter, Nyffeler, Passera, Stoffer 14] 3. 2.

theory 116 591855. 59.

aµ = (g � 2)µ/2

aexp

µ � aSM

µ ⇠ 3 �

The Standard Model prediction for aµ

aµ [10−11] ∆aµ [10−11]

experiment 116 592 089. 63.

QED O(α) 116 140 973.21 0.03
QED O(α2) 413 217.63 0.01
QED O(α3) 30 141.90 0.00
QED O(α4) 381.01 0.02
QED O(α5) 5.09 0.01
QED total 116 584 718.85 0.04

electroweak 153.2 1.8

had. VP (LO) 6923. 42.
had. VP (NLO) –98. 1.

had. LbL 116. 40.

total 116 591 813. 58.

µ µ

hadrons

B. Kubis, Theπ0 and η Transition Form Factors and the Anomalous Magnetic Moment of the Muon – p. 5

⇧µ⌫(Q) = (QµQ⌫ � gµ⌫Q
2)⇧(Q2)

⇧̂(Q2) = ⇧(Q2)�⇧(0)

aHV P
µ =

⇣↵
⇡

⌘2
Z 1

0
dQ2f(Q2)⇥ ⇧̂(Q2)

f(Q2) = m2
µQ

2Z3(Q2)
1�Q2Z(Q2)

1 +m2
µQ

2Z2(Q2)

Figure 2: Resulting parametrisation after matching parametrisation R
1,1

using a �2 fit.

This curve is typical of the parametrisations generated using the various analytical expres-

sions and matching methods described in this paper. We find that these results typically

pass within negligible distance of the lattice data point central values.

When performing the moments method we use a representation of the HVP that is a254

function of Q̂2. However, within the moments method, derivatives are taken with respect255

to the Fourier momentum Q
0

and not Q̂
0

. We observed a marked reduction in the cut-o↵256

dependence of a(2)had,s
µ

in response to this change in momentum definitions. Within the257

determination of the ansatz parameters, the low-Q2 cut is not used as an input for this258

technique, so the resulting parameters do not depend on the low cut used in the hybrid259

method [17].260

Figure 2 shows a typical parametrisation resulting from the techniques and parametri-261

sations described above. The HVP data in these plots is computed on the 48I ensemble262

using the unitary strange quark masses. We find that both matching techniques produce263

parametrisations that di↵er negligibly from the lattice ⇧(Q2) data for Q2  Q2

low

.264

3.1.3 Integrating the low- and mid-Q2 regions265

The numerical evaluation of (2.1) is problematic, as the integrand is highly peaked near266

Q2 = 0. To overcome this di�culty we perform a change of variables267

t =
1

1 + log
Q

2
high

Q

2

, (3.7)

which allows us to rewrite the low- and mid-Q2 portions of the integral as268
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An example of the resulting integrand is given in figure 3. In this case an R
11

parametrisa-269

tion was used and the matching was performed using discrete moments with a low-Q2 cut270
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Figure 3: Low- and mid-Q2 integrand arising from the change of variables specified in

Equation (3.7). The parametrisation is achieved using discrete moments to constrain R
1,1

.

The red lattice data points are computed using unitary strange data on the 48I ensem-

ble. Note that, despite the legend, the blue curve has not actually been fitted directly

to the lattice data points. Rather, the HVP parametrisation has been constrained before

multiplying it with the integration kernel in eqn. (2.2).

of 0.7 GeV2. This figure highlights the peak in the low-Q2 region, which can significantly271

a↵ect the final value of a(2)had,s
µ

if it is poorly constrained.272

3.2 Sine cardinal interpolation273

One alternative to the hybrid method is computing the HVP directly at an arbitrary274

momentum by performing the Fourier transform in equation (2.7) at said momentum [37].275

Whereas before we used Q
0

= 2⇡

T

n
0

with n
0

2 Z, �T/2  n
0

< T/2, we now let n
0

lie276

anywhere on the real half-closed interval [�T/2, T/2). This allows for the computation of277

a(2)had,s
µ

without using a parametrisation of the HVP. Because of its connection to sampling278

theory [38], we call this technique sine cardinal interpolation (SCI). This interpolation of279

the discrete value of the HVP tensor in the calculation of a(2)had,s
µ

is a source of finite-time280

e↵ects, which can be shown to decay exponentially with m
⇡

T [38].281

Using this technique, we compute the HVP at arbitrary momenta up to Q2

high

, after282

which the perturbative result is used. To compute a(2)had,s
µ

from (2.1), the integration up283

to Q2

high

is performed in a similar way to what is described in section 3.1.3.284

3.3 Physical mass and continuum extrapolations285

We extrapolate to both the continuum limit and the physical strange quark mass using the286

values of a(2)had,s
µ

computed on the two aforementioned ensembles and the two partially287
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light quark HVP, RBC-UKQCD ‘12
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using the unitary strange quark masses. We find that both matching techniques produce263

parametrisations that di↵er negligibly from the lattice ⇧(Q2) data for Q2  Q2

low

.264

3.1.3 Integrating the low- and mid-Q2 regions265

The numerical evaluation of (2.1) is problematic, as the integrand is highly peaked near266

Q2 = 0. To overcome this di�culty we perform a change of variables267

t =
1

1 + log
Q

2
high

Q

2

, (3.7)

which allows us to rewrite the low- and mid-Q2 portions of the integral as268

Z
Q

2
high

0

dQ2f(Q2)⇧̂(Q2) !
Z

1

0

dt
Q2

t2
f(Q2)⇧̂(Q2). (3.8)

An example of the resulting integrand is given in figure 3. In this case an R
11

parametrisa-269

tion was used and the matching was performed using discrete moments with a low-Q2 cut270
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Figure 3: Low- and mid-Q2 integrand arising from the change of variables specified in

Equation (3.7). The parametrisation is achieved using discrete moments to constrain R
1,1

.

The red lattice data points are computed using unitary strange data on the 48I ensem-

ble. Note that, despite the legend, the blue curve has not actually been fitted directly

to the lattice data points. Rather, the HVP parametrisation has been constrained before

multiplying it with the integration kernel in eqn. (2.2).

of 0.7 GeV2. This figure highlights the peak in the low-Q2 region, which can significantly271

a↵ect the final value of a(2)had,s
µ

if it is poorly constrained.272

3.2 Sine cardinal interpolation273

One alternative to the hybrid method is computing the HVP directly at an arbitrary274

momentum by performing the Fourier transform in equation (2.7) at said momentum [37].275

Whereas before we used Q
0

= 2⇡

T

n
0

with n
0

2 Z, �T/2  n
0

< T/2, we now let n
0

lie276

anywhere on the real half-closed interval [�T/2, T/2). This allows for the computation of277

a(2)had,s
µ

without using a parametrisation of the HVP. Because of its connection to sampling278

theory [38], we call this technique sine cardinal interpolation (SCI). This interpolation of279

the discrete value of the HVP tensor in the calculation of a(2)had,s
µ

is a source of finite-time280

e↵ects, which can be shown to decay exponentially with m
⇡

T [38].281

Using this technique, we compute the HVP at arbitrary momenta up to Q2

high

, after282

which the perturbative result is used. To compute a(2)had,s
µ

from (2.1), the integration up283

to Q2

high

is performed in a similar way to what is described in section 3.1.3.284

3.3 Physical mass and continuum extrapolations285

We extrapolate to both the continuum limit and the physical strange quark mass using the286

values of a(2)had,s
µ

computed on the two aforementioned ensembles and the two partially287
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strange quark HVP, RBC-UKQCD ‘16

JHEP 1604 (2016) 063 [T.Blum, P.A.Boyle, L. Del Debbio, R.J. 
Hudspith,T. Izubuchi,  A.Juettner, C.Lehner, R. Lewis, K. 
Maltman, M.K.M., A. Portelli, M.Spraggs]



Plot from H. Wittig @ Lattice 2016

Hartmut	Wittig Hadronic	contributions	to	(g–2) 43

Summary	on aµ
hvp

a(s) hvp
µ · 1010

a(c) hvp
µ · 1010

light	(u,d) ≈	90%
strange	(s) 	≈		8%
charm	(c) 	≈		2%

Individual	flavour	contribu6ons:

ahvp
µ · 1010

2%
8%

90%

light: u/d strange charm

[HPQCD: arXiv:1601.03071,
Mainz: arXiv:1705.01775,
ETM: arXiv:1505.03283]

2%
8%

90%

light: u/d strange charm

Summary: strange quark HVP

1.Generate ensembles of field configurations using Monte Carlo 

2.Average over a set of configurations:  
➡ Compute correlation function of fields, extract Euclidean matrix elements or amplitude 
➡ Computational cost dominated by quarks: inverses of large, sparse matrix 

3.Extrapolate to continuum, infinite volume, physical quark masses (now directly accessible) 



Hartmut	Wittig Hadronic	contributions	to	(g–2) 43

Summary	on aµ
hvp

a(s) hvp
µ · 1010

a(c) hvp
µ · 1010

light	(u,d) ≈	90%
strange	(s) 	≈		8%
charm	(c) 	≈		2%

Individual	flavour	contribu6ons:

ahvp
µ · 1010

Dominant sources of errors

• Three complete computations of              (u/d+s+c)  

➡ recent HPQCD: ~1.8% precision for (u/d+s+c+b)
 [HPQCD arXiv:1601.03071]

➡ recent Mainz: [arXiv:1705.01775] 
➡ ETM ’15: [JHEP 1511(2015) 215, arXiv:

1505.03283]  

• Understanding the systematics is extremely important 

and more challenging: 

➡ deterioration of signal at Q2 —> 0 

➡ disconnected diagrams, isospin breaking effects 

➡ scale setting error [arXiv:1705.01775]
[Plot: H. Wittig @ LATTICE 2016]

aHVP
µ



Hybrid method

ˆ

ˆ

Phys. Rev. D 90, 074508 (2014),
[Golterman,Maltman,Peris]

• Low momentum region

➡ Pade approximants

➡ time moments

➡ conformal polynomials

• Vary low and high Q2 cut

JHEP 1604 (2016) 063 [T.Blum, P.A.Boyle, L. Del Debbio, R.J. Hudspith,T. Izubuchi,  
A.Juettner, C.Lehner, R. Lewis, K. Maltman, M.K.M., A. Portelli, M.Spraggs]

strategy applied for the strange quark 
contribution to the HVP [RBC/UKQCD]



Hybrid method Phys. Rev. D 90, 074508 (2014),
[Golterman,Maltman,Peris]

• Low momentum region

➡ Experiment (NLO, 

NNLO, radiative 

corrections … )

• Vary low and high Q2 cut

strategy proposed for the hybrid determination 
of the total HVP (u+d+s+c+b)



Proposals for new experimental measurements of   

• Relevance for lattice QCD determinations of HVP: 

1. “hybrid method” [Phys. Rev. D 90, 074508 (2014) Golterman,Maltman,Peris] with experimental+lattice QCD data 

a) to complete the exp. result 
b) to cross-check lattice data 

2. continuum limit of            at fixed Q2  

3. help in choosing the parametrization for            with less FV/cutoff effects

aHV P
µ

• Goal precision for HVP contribution to is <1%  

➡ New proposals for the space-like experimental measurements of HVP 
➡ [Phys.Lett. B746 (2015) 325-329  by Carloni, Passera,Trentadue, Venanzoni] @KLOE2

➡ [Eur.Phys.J. C77 (2017) no.3, 139  by Abbiendi et al.] @CERN 

• Estimated precision for the HVP from the μe scattering experiment is 0.3%  [see slides by G. 
Venanzoni and U. Marconi] 

⇧(Q2)

⇧(Q2)



Hybrid method:              from experimental + lattice QCD data   

• Estimated precision for the HVP from the μe exp. is 0.3% in [0,0.138]GeV2  [see slides by G. Venanzoni 

and U. Marconi]  

• Due to the experimental constraints: region [0.138, ∞] GeV2 cannot be covered by this exp.  
➡ complementary to the lattice QCD data

aHV P
µ
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Fig. 2 Left: Dahad[t(x)] ⇥ 104 (red) and, for comparison, Dalep[t(x)] ⇥ 104 (blue), as a function of x and t (upper scale). Right: the integrand
(1� x)Dahad[t(x)]⇥105 as a function of x and t. The peak value is at xpeak ' 0.914, corresponding to tpeak ' �0.108 GeV2.

3 Experimental proposal

We propose to use Eq. (2) to determine aHLO
µ by measuring

the running of a in the space-like region with a muon beam
of Eµ = 150 GeV on a fixed electron target. The proposed
technique is similar to the one used for the measurement of
the pion form factor, as described in [25]. It is very appealing
for the following reasons:

(i) It is a t-channel process, making the dependence on t
of the differential cross section proportional to |a(t)/a(0)|2:

ds
dt

=
ds0

dt

����
a(t)
a(0)

����
2
, (5)

where ds0/dt is the effective Born cross section, including
virtual and soft photons, analogously to Ref. [26], where
small-angle Bhabha scattering at high energy was consid-
ered. The vacuum polarization effect, in the leading photon
t-channel exchange, is incorporated in the running of a and
gives rise to the factor |a(t)/a(0)|2. It is understood that
for a high precision measurement also higher-order radia-
tive corrections must be included. For a detailed discussion
see Refs. [15, 26].

(ii) Given the incoming muon energy Ei
µ , in a fixed-

target experiment the t variable is related to the energy of
the scattered electron E f

e or its angle q f
e :

t = (pi
µ � p f

µ)2 = (pi
e � p f

e )2 = 2m2
e �2meE f

e , (6)

s = (p f
µ + p f

e )2 = (pi
µ + pi

e)
2 = m2

µ +m2
e +2meEi

µ , (7)

E f
e = me

1+ r2c2
e

1� r2c2
e
, q f

e = arccos

0

@1
r

s
E f

e �me

E f
e +me

1

A , (8)

where

r ⌘

q
(Ei

µ)2 �m2
µ

Ei
µ +me

, ce ⌘ cosq f
e ; (9)

The angle q f
e spans the range (0–31.85) mrad for the elec-

tron energy E f
e in the range (1–139.8) GeV (the low-energy

cut at 1 GeV is arbitrary).
(iii) For Ei

µ = 150 GeV, it turns out that s ' 0.164 GeV2

and �0.143 GeV2 < t < 0 GeV2 (i.e. �l (s,m2
µ ,m2

e)/s <
t < 0, where l (x,y,z) is the Källén function). It implies that
the region of x extends up to 0.93, while the peak of the in-
tegrand function of Eq. (2) is at xpeak = 0.914, correspond-
ing to an electron scattering angle of 1.5 mrad, as visible in
Fig. 2 (right).

(iv) The angles of the scattered electron and muon are
correlated as shown in Fig. 3 (drawn for incoming muon en-
ergy of 150 GeV). This constraint is extremely important to
select elastic scattering events, rejecting background events
from radiative or inelastic processes and to minimize sys-
tematic effects in the determination of t. Note that for scat-
tering angles of (2–3) mrad there is an ambiguity between
the outgoing electron and muon, as their angles and mo-
menta are similar, to be resolved by means of µ/e discrimi-
nation.

(v) The boosted kinematics allows the same detector to
cover the whole acceptance. Many systematic errors, e.g. on

➡    

➡    

➡

x

max

⇠ Q

2

exp,max

Q

2 =
x

2
m

2
µ

1� x

x

max

= 0.93

Q2

exp,max

= 0.138GeV2



Hybrid method:              from experimental + lattice QCD data   

• Estimated precision for the HVP from the μe exp. is 0.3% in [0,0.138]GeV2  [see slides by G. Venanzoni 

and U. Marconi]  

• Due to the experimental constraints: region [0.138, ∞] GeV2 cannot be covered by this exp.  
➡ complementary to the lattice QCD data
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(1� x)Dahad[t(x)]⇥105 as a function of x and t. The peak value is at xpeak ' 0.914, corresponding to tpeak ' �0.108 GeV2.

3 Experimental proposal

We propose to use Eq. (2) to determine aHLO
µ by measuring

the running of a in the space-like region with a muon beam
of Eµ = 150 GeV on a fixed electron target. The proposed
technique is similar to the one used for the measurement of
the pion form factor, as described in [25]. It is very appealing
for the following reasons:

(i) It is a t-channel process, making the dependence on t
of the differential cross section proportional to |a(t)/a(0)|2:

ds
dt

=
ds0

dt

����
a(t)
a(0)

����
2
, (5)

where ds0/dt is the effective Born cross section, including
virtual and soft photons, analogously to Ref. [26], where
small-angle Bhabha scattering at high energy was consid-
ered. The vacuum polarization effect, in the leading photon
t-channel exchange, is incorporated in the running of a and
gives rise to the factor |a(t)/a(0)|2. It is understood that
for a high precision measurement also higher-order radia-
tive corrections must be included. For a detailed discussion
see Refs. [15, 26].

(ii) Given the incoming muon energy Ei
µ , in a fixed-

target experiment the t variable is related to the energy of
the scattered electron E f

e or its angle q f
e :

t = (pi
µ � p f

µ)2 = (pi
e � p f

e )2 = 2m2
e �2meE f

e , (6)

s = (p f
µ + p f

e )2 = (pi
µ + pi

e)
2 = m2

µ +m2
e +2meEi

µ , (7)

E f
e = me

1+ r2c2
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e = arccos
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A , (8)

where

r ⌘

q
(Ei

µ)2 �m2
µ

Ei
µ +me

, ce ⌘ cosq f
e ; (9)

The angle q f
e spans the range (0–31.85) mrad for the elec-

tron energy E f
e in the range (1–139.8) GeV (the low-energy

cut at 1 GeV is arbitrary).
(iii) For Ei

µ = 150 GeV, it turns out that s ' 0.164 GeV2

and �0.143 GeV2 < t < 0 GeV2 (i.e. �l (s,m2
µ ,m2

e)/s <
t < 0, where l (x,y,z) is the Källén function). It implies that
the region of x extends up to 0.93, while the peak of the in-
tegrand function of Eq. (2) is at xpeak = 0.914, correspond-
ing to an electron scattering angle of 1.5 mrad, as visible in
Fig. 2 (right).

(iv) The angles of the scattered electron and muon are
correlated as shown in Fig. 3 (drawn for incoming muon en-
ergy of 150 GeV). This constraint is extremely important to
select elastic scattering events, rejecting background events
from radiative or inelastic processes and to minimize sys-
tematic effects in the determination of t. Note that for scat-
tering angles of (2–3) mrad there is an ambiguity between
the outgoing electron and muon, as their angles and mo-
menta are similar, to be resolved by means of µ/e discrimi-
nation.

(v) The boosted kinematics allows the same detector to
cover the whole acceptance. Many systematic errors, e.g. on
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Hybrid method:              from experimental + lattice QCD data   

• ABGP Pade approximants [Aubin,Blum,Golterman,Peris, Phys.Rev. D86 (2012) 054509]:  
➡ guaranteed to converge on the interval [Q2exp,max,Q2high]
➡ possible to combine with the numerical integration

• Estimated precision for the HVP from the μe exp. is 0.3% in [0,0.138]GeV2  [see slides by G. Venanzoni 

and U. Marconi]  

• Due to the experimental constraints: region [0.138, ∞] GeV2 cannot be covered by this exp.  
➡ complementary to the lattice QCD data

aHV P
µ

➡   Nf=2, E5, L/a=32 (CLS), mπ≈440MeV 

➡   Pade [1,1] 

➡   

➡   [0,Q2
exp,max] —>87% of total  

➡   [Q2
exp,max,Q2

high]—>12% total 

➡   [Q2
high,∞] —> <1% of total

aHV P,uds
µ

aHV P,uds
µ

aHV P,uds
µ

aHV P,uds
µ = 3.61(10)⇥ 10�8



Hybrid method Phys. Rev. D 90, 074508 (2014),
[Golterman,Maltman,Peris]

• Low momentum region

➡ Experiment (NLO, 

NNLO, radiative 

corrections … )

• Vary low and high Q2 cut

strategy proposed for the hybrid determination 
of the total HVP (u+d+s+c+b)

➡ continuum limit:   a—> 0
➡ infinite volume limit: V—> ∞
➡ physical quark masses
➡ isospin breaking corrections (mu≠md and αem≠0)



Cross-check experimental              vs. continuum limit from the lattice 

• For  the continuum limit of            at fixed Q2:
➡ twisted bc’s / SCI 
➡ interpolate between the values measured by conventional methods

• Take individual            values [0,0.108]GeV2 

• Continuum limit at fixed Q2 (previously extrapolated or measured at mπ,phys) 

• Compare to the slope and curvature for HVP function [see arXiv:1612.02364] 

⇧(Q2)

⇧(Q2)

⇧(Q2)

1.The HVP integral on a range [Q2
min,Q2

max] has continuum&FV limit:

➡ radiative corrections might be relevant (≈ 1‰) [c.f. slides by C. Carloni Calame for region [0,Q2
exp,max]) 

➡ cutoff effects need to be assessed systematically 

2.Plan to engage whole lattice community, look in the momentum range [0.138, ∞]GeV2

➡ Ideally, perform continuum limit (&infinite volume limit) 
➡ Help us put together yet another estimate for             joining th. and exp. effortsaHV P

µ

aHV P
µ =

⇣↵
⇡

⌘2
1Z

Q2
exp,max

dQ2 f(Q2)⇥ ⇧̃(Q2)



Work in progress: QED+QCD simulations with C* bc’s

• RC* collaboration:   http://rcstar.web.cern.ch/ 

• [A.Patella, M.K.M @ Lattice 2017] openQCD code —> added C* bc’s and dynamical SU(3)+U(1)  

• [M. Hansen @ Lattice 2017] —> first physics results with C* bc’s 

• Generating configurations for Nf=2+1 O(a) improved Wilson fermions (QCD, QCD+QED) 

• Next 1-2 years, expect to have first results on               

• Particularly convenient for computing isospin breaking effects 

➡ local formulation of QED+QCD  

➡ different (smaller and better controlled?) F.V. effects

aHV P
µ

http://rcstar.web.cern.ch/


RC* Collaboration http://rcstar.web.cern.ch/

Rome II - University of Rome Tor Vergata

• N. Tantalo 

• G.M. de Divitiis  

IFT/UAM Madrid

• Isabel Campos 

CP3 - University of Southern Denmark

• Martin Hansen

CERN

• Patrick Fritzsch 

• Agostino Patella (&Plymouth University) 

• Alberto Ramos 

• Marina Krstic Marinkovic (&TCD)
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 Leading Isospin Breaking Effects of the HVP  

• R123 method [arXiv:1303.4896] for computing leading isospin breaking corrections (LIBE) 

➡ Expanding an observable (in the full theory) with respect to the isosymmetric (mu=md 
and αem=0) QCD result 

• For a start: applying it to the connected part of the HVP 

• Main advantage w. respect to simulating QED+QCD: 

➡ Diagrams obtained individually [before multiplying with               ,                       coeff.] 
➡ No extrapolation in  

• Example:

↵em

O(↵em) O(mu �md)
Isospin Breaking Effects on the Lattice Nazario Tantalo

The graphical representation given in the last of the previous formulas, corresponding to the derivative of the quark
propagator with respect to the critical mass, is specific to the lattice Dirac operators used in this work and the ! signs
correspond, respectively, to D"

f defined in Eq. (30). In the case of standard Wilson fermions red and grey ‘‘blobs’’ would
coincide. All the disconnected contributions coming from the reweighting factor can be readily obtained by using Eq. (52).
For example,

In writing Eqs. (52) and (53) we assumed that the derivatives have been evaluated at ~g ¼ ~g0 and that the functional integral
h$iA with respect to the photon field has already been performed. Note however that, in order to apply the operator! to the
product ðR½U;A; ~g'O½U;A; ~g'Þ [see Eqs. (50) and (51) above], at fixedQED gauge background one also needs the following
expressions for the first order derivatives of the quark propagators and of the quark determinants with respect to e:

A concrete example of application of the formulas given in Eqs. (52) and (53) is represented by the correction to the S"f
quark propagators worked out below

Here quarks propagators of different flavors have been
drawn with different colors and different lines.

The formulas above have been explicitly displayed not
only because they represent the building blocks of the
derivation of the LIB corrections to the hadron masses
discussed in the following, but also for illustrating the
implications of the electroquenched approximation [see
Eq. (35) above]. This approximation is not required in
the calculation of the pion mass splitting because the quark
disconnected diagrams containing sea quark loops are ex-
actly canceled in the difference of !M!þ and !M!0 [see

Eq. (66) below]. This does not happen in the case of the
kaon mass difference; see Eq. (69). Quark disconnected
diagrams are noisy and difficult to calculate and, for this
reason, we have derived the numerical results for MKþ *
MK0 within the electroquenched approximation. The per-
turbative expansion of the electroquenched theory, i.e. the
theory corresponding to the action Se¼0

sea for the sea quarks,
is obtained in practice by setting gs ¼ g0s and

rf½U;A; ~g0' ¼ 1: (56)

G.M. DE DIVITIIS et al. PHYSICAL REVIEW D 00
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Figure 2: LIBE corrections to the quark propagator (at fixed gauge QCD background) in the graphical notation of
ref. [7]. The contributions contained in the red box are absent in the electroquenched approximation. The contributions
contained in the blue box do not “read” the charge of the valence quarks and are therefore isosymmetric.

Figure 3: Example of a non factorable diagram contributing to the physical leptonic decay rate at O(âem). In general,
the sum of factorable contributions is not QED gauge invariant, infrared divergent and, consequently, unphysical.

the different graphical contributions can be found in ref. [7]. The contributions of Figure 2 con-
tained in the red box are absent in the electroquenched approximation. The “isosymmetric vacuum
polarization” terms, those contained in the blue box, do not “read” the charge of the valence quarks
and are expected to be sizeable (see ref. [8] for a first numerical evidence). The polarization effects
proportional to the charges of the valence quarks are a flavour SU(3) breaking effect. In the case of
pseudoscalar meson masses these can be estimated by the knowledge of the low energy constants
entering the leading order chiral perturbation theory lagrangian in presence of electromagnetic in-
teractions [12].

The starting point of the calculation of LIBE on the mass of a given hadron H is the full theory
two-point correlator

CHH(t;~g) = h OH(t) O†
H(0) i~g �! eMH =

CHH(t �1;~g)

CHH(t;~g)
+ non leading exps. , (4.2)

where OH is an interpolating operator with the quantum numbers of H. If H is a charged particle,
the correlator CHH is not QED gauge invariant. For this reason it is not possible, in general, to ex-
tract physical information directly from the residues of the different poles. This can be understood
by noting that to physical decay rates contribute diagrams as the one shown in Figure 3. On the
other hand, the mass of the hadron is gauge invariant and, provided that the parameters of the ac-
tion have been properly renormalized, both ultraviolet and infrared finite. It follows that (for large
times) the ratio CHH(t � 1;~g)/CHH(t;~g) is both gauge and renormalization group (RGI) invariant.
By expanding the numerator and the denominator of this ratio one gets a formula for LIBE on

7

21

electroquenched
approximation

considering sea quarks
as electrically neutral



• Expanding the connected part of the HVP 

• Electro-quenched approximation:

LIBE of the HVP in the electro-quenched approx.0.1 Definitions

We follow the notation from the paprer [1] and derive an expression for the leading isospin breaking correction,
assuming we will work with the twisted mass Wilson fermions at a maximal twist. A simplification to the
case of O(a) improved Wilson fermions is straight forward (terms multiplying (mf �m

0
f ) and (mcr

f �m

cr,0
f )

coincide).

We are looking at the connected part of the hadronic vacuum polarisation:

= Tr{�µSf�⌫Sf} (1)
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0.2 Leading isospin breaking e↵ects - diagram by diagram (Nazario’s

technique)

Explicit expansion:
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For a start, it would be nice to compute at least electro-quenched contribution, namely setting (see ref. [1]):

rf = 1, and (10)

gs = g

0
s . (11)

In this case, only diagrams in Figure 1 contribute.

0.3 Mass preconditioned, diagram by diagram

0.4 Going beyond the electro-quenched approximation: including

the disconnected contribution

If proven to be sucessfull, we could use the tecnique presented in the note MP disconn.pdf to compute the
disconnected contribution entering as an order ↵ correction together with the electro-quenched contributions
from Figure 1.
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Summary & Outlook

• Isospin breaking corrections:  
➡ HVP: gather statistics, continuum limit, chiral limit, estimate FV effects 
➡ HVP: repeat the study on QCD configurations with C* bc’s  
➡ Full QCD+QED simulations with C* bc’s: stability with TM preconditioning, generate set of 

ensembles for a pilot measurement phase (optimisation), meson mass splittings, HVP, …  

• Lattice gives an independent theory prediction of hadronic contributions to aμ  

• Lattice goals: for HVP is <1% and goal for HLbL is <10% 

• Full control of the systematics is needed — the first one (HVP) might be achieved by utilising 

experimental data (R-ratios, space-like) 

• Proposal to do a “hybrid determination” from  μ-e scattering and lattice data (+p.t.)

• Preliminary estimate: 12% of the  total                 coming from the intermediate region [Q2exp,max,Q2high]
➡ continuum limit, infinite volume limit, isospin breaking corrections are the next challenges

aHV P,uds
µ


