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How to calculate these diagrams of O(α4)?
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Dispersion Relation Factorizable and

non-factorizable
terms
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q2

π

∫ ∞

4m2
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ds
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s(s − q2 − iε)

dσ

dt
=

dσ0

dt

∣∣∣∣
α(t)

α(0)
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2

see also:

Kühn, Uccirati, NPB 806 (2009) 300.

Jegerlehner, The Anomalous Magnetic Moment of the Muon, 2007 & 2017
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VP

i Πµν(q2) = i Π(q2) (gµνq2 − qµqν)

=

∫
d4x e iqx 〈0|T{jµ(x) jν(0)} |0〉

ΠRen

had
(q2) = −q

2

π
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4m2
π

dz

z

ImΠhad(z)

q2 − z + iε
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−igµν
q2 + iε

→ −igµα
q2 + iε

i Πhad(q2)(q2gαβ − qαqβ)
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π
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z
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[ −igµν
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−ImΠhad(s) =
α

3
Rhad(s) =

αs

4π|α(s)|2σtot(e+e− → γ? → anything)

Rhad(s) = σtot/
4π|α(s)|2

3s

• Fortran package alphaQED by F. Jegerlehner

www-com.physik.hu-berlin.de/fjeger/alphaQED16.tar.gz

complex(8) function cggvap(q2,error)

• Hagiwara, Teubner et al., J. Phys. G38 (2011) 085003
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Building blocks

Kühn, Uccirati NPB 806 (2009) 300

Numerical issue

• Change of variable z → y =
4m2

π

z , 0 < y < 1.

• Limit y → 0.

• Narrow resonances.

• Check with QED NNLO: Πhad → Π1−loop
qed .
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Factorizable and non-factorizable terms
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dσ

dt
∝ α2 Born

Π(q2) = αΠhad + αΠqed1 + α2 Πqed2 + . . .

dσ

dt

∣∣∣∣
O(α4)

∝ α4
[
3Π2

had + 6ΠhadΠqed1 + 3Π2
qed1 + 2Πqed2

]
Born
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2

×+2Re
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×2Re = α(t)2α vert
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×2Re = αα(t)2 boxIR+α2 α(t) boxfin

2

= αα(t)2 soft + α3 hard
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dσ

dt
∝ α2

[
Born + α(virt + real)

]

dσ

dt

∣∣∣∣
O(α4)

∝
[
3Π2

had + 6ΠhadΠqed1 + 3Π2
qed1 + 2Πqed2

]
Born

+ 2 Πhad

[
vert + boxIR + soft

]
+ Πhad boxfin

+ non factorizable terms
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2 Πhad × vert

×2Re ×2Re
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2 Πhad × boxIR

×2Re = Πhad(t)
[
boxIR + boxfin

]
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2 Πhad × boxIR

)
×+2Re

(

= Πhad(t) boxIR +

∫
dz

z
ImΠhad(z) boxfin(z)
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2 Πhad × soft

×2Re

= 2 Πhad(t) soft +

∫
dz

z
ImΠhad(z)hard(z)
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Conclusions

• Dispersion relation of vacuum polarization.

• Two building blocks: the vertex and the boxes.

• Numerical evaluation.

• Can we reabsorb factorizable terms into α(t)?

• External data input – read R(s) – only for non-factorizable terms?
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